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Abstract

The main purpose of this paper is to establish existence and multiplicity of positive solutions
for a system of fourth-order boundary value problem with multi-point and integral conditions.
To prove our results, we used Leggett—Williams fixed point theorem. An example is presented
to illustrate our main results.
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1 Introduction

Boundary value problems for ordinary differential equations play a very important role in
theory and application see for example [8,14,16,17]. They describe a large number of nonlin-
ear problems in physics, biology and chemistry. For example, the deformations of an elastic
beam are described by a fourth-order differential equation, often referred to as the beam
equation, which has been studied under a variety of boundary conditions [1,8,10]. This kind
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of problem was studied by many authors via various methods, such as the Leray—Schauder
continuation method, the topological degree theory, the shooting method, fixed point theo-
rems on cones, the critical point theory, and the lower and upper solution method, we refere
the readers to [2-5,8,9,12] and the references therein.

Recently, Sun et al. [15] investigated the existence of positive solutions for the following
fourth-order boundary value problem:

uP @)+ fu@)=0,0<r<1 (1.1)
u(0) = u'(0) = u”(0) =0, (1.2)
u;/(l) — au;/(n) = A, (1.3)

where o € [0, %), 0 < n < 1 are constants, A € [0, 400) is a parameter, f (¢, u(t)) singular
att = 0 and r = 1. Using Guo—Krasnosel’skii fixed point theorem the authors prove that
(1.1)—(1.3) has at least one positive solution. In this paper, we generalize the results in [15]
to a multi-point boundary value problem of the form.

u (@) + fit,u@), (@), 0" (1) =0, 0 <1t <1, (1.4)
subject to multi-points and integral boundary conditions

u;i (0) = hy;(ilurl, ..., Yilun)),
u;(0) = ha i (Yoluil, ..., ¥alunl),
ui(0) =0, (1.5)

P
ul(1) = Z,Bj,i’/l;/(ﬂj,i) +h3i (s3lurl, ..., Y3lual),

Jj=1

where u(s) = (u1(s), ..., u,(s)),fori e {1,...,n},je{l,..., p},ke{1,2,3},8;; =0,
nji > Osuchthat 0 < Y0 Brimji < 1, fi (0, 1) x R x R} x R} — Ry are
continuous functions and may be singular at ¢t = 0, 1, hg; : R — R, are continuous
functions, ¥ : C([0,1]) — R is a linear functional defined in the Lebesgue—Stieltjes
sense by Yilw] = fol w(s)deoy(s), where ¢y is a function of bounded variation. Note
thatif Ay ; (Y [uql, ..., Yilusl) = ZZ:O lak i |lu; (§k.i), then, we have multi-point boundary
conditions. The particularity of problem (1.4)—(1.5) is that the boundary condition involves
multi-points and nonlinear integral conditions, which leads to extra difficulties.

In the special case, our problem reduces to the following classical boundary value problems
coupled with the cantilever beam boundary conditions:

{u<4>(z) + f(t,u(s) =0 0<t<1, (16)

w(0) = u'(0) = u”(0) = u” (1) = 0.

Note that problem (1.4)—(1.5) is a generalization of system (1.1)—(1.3). However, to the best
of the authors knowledge, there are no results for triple positive solutions of the nonlinear
differential equation (1.4) jointly with conditions (1.5) by using the Leggett—Williams fixed-
point theorem. The aim of this paper is to fill the gap in the relevant literature. This paper
is structured as follows: in next section, we give some properties of the Green’s function
associated to the problem (1.4)—(1.5) and transform problem (1.4)—(1.5) into Hammerstein
integral equations. Moreover, we show some preliminary results which are used along the
paper. In Sect. 3, we state the main theorems and give the proofs. Indeed, we firstly apply
the well known Leggett—Williams fixed point theorem to prove the existence of at least three
positive solutions, and after, by induction method we show the existence of countably many
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positive solutions for the problem (1.4)—(1.5). An example is presented in Sect. 4 to illustrate
our main results.

2 Preliminaries

In this section we present some preliminary results which are useful in the proofs of the main
results. First let us give the definition and some properties of the Green’s function. Unless
otherwise specified, the letters i and k in the remainder of this work always denote arbitrary
integers in {1, 2, ..., n} and in {1, 2, 3} respectively.

Lemma 2.1 Let h; € C([0, 1]; R) and gk; € R, then the problem

uP @)+ hit) =0, 0<1 <1,
ui(0) = g,
u;(0) = g2,
P
wf(1) =" Bjiuf (i) + g3
j=1

is equivalent to

1 3 P 392G i
ui(t)Z/ G(’vs)‘f‘LKiZ,Bj,iM hi(s)ds + ¢i(1),
0 6

— 02
where
Gl s) = é { 8 :3;2— (t =), Zif;; L @2)
@i(t) = Kigs.it® +1g2i + &1 (2.3)
and K; be such that
P
Kil 1= Bjmji|=1 (2.4)
j=1

Proof We can integrate equation (2.1) to obtain
L 3 1 3,1 2
ui(ty=—— [ (¢t =s)yhi(s)ds + -Cs;t" + -Ca;t" + Cy,it + Co ;.
6 Jo 6 2
By the boundary conditions u; (0) = g1.;, u;(0) = g2,; and u/(0) = 0 we have Co; = g1,

Cii =g, and C2; =0.
On the other hand, from the condition u (1) = Zle Bj.iu!(mji) + g3,i, we obtain

1 p nj.i
C3; = Ki/ (1 =s)hi(s)ds — K; E ﬂj,i/ mj,i —s)hi(s)ds + K; g3,
0 0

j=1
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where K; is given by (2.4). It follows from the above informations that

3 1 P nj.i
u;(t) = 13 <Ki /0 (I =s)hi(s)ds —K; Zﬁj,i/o mj,i —s)hi(s)ds + K; g3,
=1

1 t
+trg2it8Li— 8/ (t —$)hi(s)ds
0

P 1 -
=3 piix (s [ L2 _/"u >
=1 jzlﬁj,l X (771.1/0 6 hi(s)ds A G hi(s)ds

l3 1 t3 1 t
+— | (A=s)hi(s)ds+ —K;gs;i+tgri+gLi— */ (t —$)hi(s)ds
6 Jo 6 6Jo

1 3 P 2
t 0°G(ji, )
=f0 G(t.9) + = Ki j§_lﬁ,~,i7m’2’ hi(s)ds + ;i (1),

where G (, s) and ¢; (¢) are given by (2.8) and (2.3) respectively. The proof of Lemma 2.1 is

now completed. O

Now, we need some properties of the Green function G (¢, s) for more details, we refer the
interested reader to [7,11,15].

Lemma 2.2 The Green function has the following property:

1 —
( S)S, we have:

Let o(s) =

1. e Forall(t,s) € [0,1] x [0,1], 0 < G(t,s) < 2¢p(s).
0G(t,s)

e Forall (t,s) €[0,1] x[0,1],0 < o =< @(s).

e Forall (t,s) €[0,1] x[0,1],0 < < 2¢(s).

2. Let0 € (0, %), then

392G (t, s)
ar?

3
e forall (t,s) € [0,1 —0] x[0,1], G(t,s) > %(p(s).

G (1,

e Forall (t,s5) €[0,1—6]x]0,1], ;t ) > 0%¢(s).
392G (z, s)

e Forall (t,5) €[6,1—6]x[0,1], —a > 0g(s).

The Leggett—Williams fixed point theorem is the main tools for proving the multiplicity
results. For the convenience of the reader, we present here the Leggett—Williams fixed point

theorem [13].
Let P beaconein areal Banach space E,0 < a < b and let 8 be a nonnegative continuous

concave functional on K. Define the convex sets P and P(f, a, b) by
Pr={xeK||x|=<r}

and
P(B,a,b) ={x € K |a < Bx), x|l <b}.

Theorem 2.3 (Leggett—Williams fixed point theorem) (see [13]) Let A : P. — P, be com-
pletely continuous operator and B be a nonnegative continuous concave functional on P
such that B(x) < ||x|| for x € P.. Suppose there exist0 < a < b < d < c such that
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(A1) {x € P(B,b,d); B(x) > b} # W and B(Ax) > b forx € P(B,b,d)
(A2) Ax|l < a for|lx|l < a,
(A3) B(Ax) > b forx € P(B, b, c) with | Ax|| > d.

Then A has at least three fixed points x1, X2, X3 in P, such that
lx1]] < a, B(x2) > b and ||x3|| > a with B(x3) < b.

For convenience, we introduce the following notations. Define

/1 0 H; (1, 5)
M; = max max —
def0,1,2}t€[0,1] Jo ot
where
3 p 2
! °G(nji, )
) = 609+ K 2 By a7
Put e
: Y99G, s)
0) = ——~ds, de{0,1,2
mi@ = win [ 500D 0 e .12
and

1 1 1
—, Ly = ——+ =—.
Yi[l] ' Yo[1] Kiys[1]

The basic space used in this paper is a real Banach space E = (C>([0, 1]; R))" equipped
with the norm

L= , L3

n 2
d
=" e oo

i=1d=0
Let
Et={u=(up,....,un) € E,u;j(t) > 0,u;(t) > 0,u(t) > 0,1 €[0,1],i € {1,...,n}}.

Then the set

n

2
K(e)z{ueE+, min ZZu}”(r)zy(@)Hun}

9,1-6
1el6. =010 0

is a cone of E, where 6 € (0, %) and y(0) = %. The following result follows immediately
from Lemma 2.1

Corollary 2.4 Assume that hy; € C([0,1] x R",Ry) and f; € C((0,1) x R} x R x
RY,Ry). Then, u € E is a solution of (1.4)-(1.5) if and only if

T(u) =u,
where T is the operator defined on E by
Tw) =T, ..., T,(w),

and for all t € [0, 1].
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1 3 p 82G i
T ) (1) =f0 Glt.») + =K, Sy LGS
j=1

012
fiGs u(s), ' (s), 0" () ds + Pi(o), 25)
with
Pi(t) = iy L], . Yalun)) + g Wl . lin])
K6’3 hsi W3], . Yslun)) 2.6)
Definition 2.5 A functionu = (uy, ..., u,) is called a nonnegative solution of (1.4)—(1.5) if

u satisfies (1.4)—(1.5) and u; > 01in [0, 1]. If in addition, u; (f) > 0in [0, 1], then, u is called
a positive solution.

Lemma2.6 Let 6 € (0, %) and assume that fol fi(s,x,y,2)ds < +oo, for any x,y,z7 €
[0, +00) then, the operator T given by (2.5) maps K (0) into itself, i.e., T : K@) — K (0).
Moreover, T is completely continuous that is T is continuous and maps bounded sets into
precompact sets.

Proof Letu € K (6), then, from the positivity of the Green function, it is easy to see that for
allt € [0, 1]

T;(w)() >0, Ty(w)'(t) >0 and T;(w)"(z) > 0.
Thus, to prove that T(K (8)) C K (0), it suffices to prove that

min Z Z T = y @) TwW].

teif,1-0
S b s

Indeed, for all ¢ € [0, 1],

1 3 p 2 -
|T; (w)(1)] < /(.) (G(t,s) + %Ki 2_:15]13(;;?21‘)) fi(t,u(s), w'(s), 0’ (s))ds + P;(t)

P a2G i , ,
5/ ( KZﬂw T v))ﬁ-(z,u(s),u(s),u’<s>>afs+P,»<1>

2/0 0(s) f; (t,u(s), ' (s), u” (s)) ds.

Then

1 14 aZG i
||T,-<u>||oos/0 leZﬂ,, (a"; D) fiuis), o), w0 ds + Pich)

1
2/(; (s) fi(t,u(s), w'(s), u’(s)) ds.

On the other hand, it follows from Lemma 2.2 that, for all t € [0, 1 — 6],

! u G ) :
Ti(u)(t)Z/O —K,Zﬁ,, (8'1; D) i), W' (5), 0 (5)) ds
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93 1 03
+ ?/o @(s) fi(t,u(s), u'(s),u”’(s)) ds + EKih3,i(w2[ul] ----- Yolun])
+ 0hy ;i (Yolurl, ..., Yolup) + by (W2lugd, ... Yolugl)

03| ! P 2G(n;, , .
>U (K Zﬂ,, g’;’z S))ﬁ(r,u(s),u(s),u(s))ds

1
+ 2/0 @(s) fi(t, u(s), w'(s), 0" (s)) ds + Kihz i (Yoluil, ..., V2lunl)

03| ! P 2G (i, .
>{/ (KZﬂ,, ;’;’2 )f,(tu(s)u(s)u(s))ds

1
+2/ @(s) fi(t, u(s), w'(s),u"(s)) ds + Pi(l):|
0

03
> 1T
Then, we obtain
min T(@)@) 2 7 O)|T;W)o. @7
In addition, we have
T (0] < /O (HG(’ Dy iﬂ, ; 82G;’Zg’ 2 ) fitu(s), w'(s), " () ds + P/ (1)

at?

r 2
5/ (K Z‘lea G(n]z S)) fi(t,u(s),u/(s),u”(s))ds+P,-/(l)

1
+/(; @(s) fi(t, u(s), uw'(s), u"(s)) ds.

Therefore

1 a 9°G jois / 1" /
17 ) lloo < / (21@ Zﬂm(""s)) Fit, u(s), 0 (), " (s)) ds + P/(1)
0

at?
j=1

1
+/(; @(s) fi(t, u(s), u'(s), u"(s)) ds.

It follows from Lemma 2.2 that, for all t € [0, 1 — 6],

P 3G, ) :
T,-<u>’(r>z/0 (K,Zﬁ,, (B'Zg S))ﬁ'(t,u(s),u(s),u’(s))ds

92
+ 92/0 @(s) fi(t,u(s), u'(s), 0" (s)) ds + EKi (h3,i (Wlurl, ..., ¥3lual))
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+ho i (Yalurl, ..., Yolual)
ld 2
> 92 (/ (K Zﬂ,la G(arzjz, )ﬁ(z w(s). 0 (5). 0 (s)) s

! 1
+ fo 96) i1 06), W (), W (D) ds + S Kiliy ], . Yalun)

4 2
= 2(/ ( K Zﬂjla G(arijzz S))ﬁ(t,u(S),ll/(S),u//(s))ds

1
+/ @(s) fi(t,u(s), u'(s), u"(s)) ds + Pi’(l))
0

> 0%|T; (W) || oo-
Thus

min _T;(w)' (1) = y (O T; ()0
tel6,1-6]

Besides,

912

2 P
T3 )] sf (a SUIL Zﬂ,za an ”) £ u), (50, () ds + PY'(0)

3 0 G i / ”
5/ (K Zﬂll gzjz S)) fit,uls),u'(s),u’(s))ds

1
+ 2/ @(s) fi (1, u(s), w'(s), u"(s)) ds + P/ (1).
0

Moreover, it follows from Lemma 2.2 that foreach t € [0, 1 — 6]

P
Ti(ll)”(t) 29/(; (K Z,lea G(njz S)) fi(t,u(s),u’(s),u”(s))ds

at?

1
+0/ 9(5) fi (1, u(), W' (), 0" () ds + OKihs i (o], .., Yalun])
0

P
. (/0 (21( Zﬂ/:a GE)ZJZZ S)) fi(t,u(s), u'(s), u"(s)) ds

v

j=1

0 1 14 azG . )
§(1 (s e ssonorwins
J
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1
+/ 2¢(s) fi(t, us), w'(s), u"(s)) ds + P{'(1)
0

93 4
> 1T o

We deduce that T(K (0)) C K ().
Now we prove the operator T is completely continuous. For any natural number m (m > 2),
we set, for all u, v, w € [0, +00)

. . 1
1nft<s5mi fi(s, u, v, w), if0<t=<,.,
e 1 1
Jim(t u,v,w) =1 fi(t,u, v, w), if - slt <l-., (2.8)
mfl_%sklf,»(s,u,v,w), lfl—ﬁftfl.

Then f; » : [0, 1] x R x R x R — [0, 4-00) is continuous and 0 < fi (¢, u, v, w)

fit,u, v, w) forallt € (0, 1).
1

Let T;m(w)(1) = / H;(t, ) fim(s,u(s), w'(s), u’(s))ds + Pi(t) and Ty(w) =

0
(Trym(), ..., Ty m(w)).
Since [0, 1] is compact, f; ,, and H; are continuous, it is easy to show by using of Arzel-
Ascoli theorem [6] that T,, is completely continuous. Furthermore, for any R > 0, set
Br ={u e K(9) : |lu|| < R}, then T,, converges uniformly to T as m — oo. In fact, for all

d ry. o
CHES) For R > 0 andu € Bg, we

IA

d e {0, 1, 2}, we denote by Ji = max s, s)e[0,1]x[0,1]
have

T (WD (1) — T; ()@ ()]

1
= Jd/O | fim (s, u(s), w'(5), 0" () — fi (s, u(s), w'(s), u"(s))| ds
1

=< Jd/: | fim (s, u(s), ' (), u"(s)) — fi(s,uls), w'(s), u”(5))| ds

1
+Jd/ 1 | fim (s, u(s), ' (), 0" () — fi(s,u(s), w'(s), u"(5))| ds

1 1
<Ja (/ ﬁ(s,u(S),u/(S),u”(S))ds+/ ] fi(s,U(S),u’(S),u”(S))dS>
0 1-L
— 0as (m — o0)
So we conclude that T,, converges uniformly to T as m — oo. Thus, T is completely
continuous. The proof is completed. O
3 Main results and proofs
Let B : K(#) — [0, +00) be a functional defined by:
n 2
: (d)
= ().
pw = min ;;u ®)
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Then, it is easy to see that 8 is a nonnegative continuous and concave functional on K (6),
moreover, for eachu = (uy, ..., u,) € K(0), one has

Bw) < [[u].

Let p;, gx.; be positive numbers such that y
Our first existence result is the following:

n 1,~+ 5 2

1
r o= — < 1.
i=1p, 33 U qui T oqui —

Theorem 3.1 Leta,b,cinR suchthat0) <a < b < ﬁ < c. Assume that

(Hy) Forallu € R" suchthat ) ;_, u; € [0, c], we have

Ly,

n
hii(u) < === "u; forallk € {1,2,3}.
i=1

1

(Hp) Foralluy = (ug.1, - .., Uk.n) such that ZZ:I Y uki €10, cl, we have

¢
fit,ur,uz, u3) < A t [0, 1].

iV

(H3) Foralluy = (ug.1, - .., Uk.n) such that ZZ:I Yo' uki €10, al, we have

fit,ur,uz, u3) < , te[0,1].

a
T 3piM;
(Hy) Forall uy = (ug1, - .., Uk.n) such that 22:1 Yol uki € [b, ﬁ] we have

fit,uy, uz, u3) > ,tel6,1—0].

nY q_oma(®)

Then the boundary value problem (1.4)~(1.5) has at least three nonnegative solutions u,,
uy, uz in P, such that ||lu|| < a, B(uz) > b and ||uz|| > a with f(u3) < b.

iroof First, let us prove that the operator T maps P, intoitself. Indeed, ifu = (u1, ..., u,) €
P, then |lu|| < c. Moreover, by hypothesis (H}), we get
Ly, Ly; ¢
hyiWlugl, ..., Yilug]) < Wriluy + - +upl) < Yilllfufl = —,
q1,i 1,i q1,i
Ly, Ly, ¢
ha,i (Ualurl, ... Yolus]) < Woluy +---+uyl) < Yo[l]llull < —
q2,i q2,i q2,i
and
Li,; Li,;
h3,i(Ys3lurl, ..., ¥3lu,]) < Wsluy + -+ +up)) < Y3[1ful < .
q3,i q3,i Kiq3.i

Thus, from hypothesis (H>), we have

1
I7i ()]|oo = maX/ Hi(t,S)fi(s,ll(S),u’(S),ll”(S))dSthrle(a)viJ P (1)
0 €lo,

tel0,1]
< /l H;(t,s)d < + ¢ ¢
< max i(t,s)ds

€011y 3piM; 693 g2 g1

C c c c

St —t—+
3pi 6g3i g2 qui

)
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Multiplicity results for a boundary value problem with integral boundary conditions 375
JdH;(t,s) dP;(t)
T: / — SR /7 d
I7; @ oo = max /O 0 s us). W (5).w(5) ds + max 2
/1 0H;(t,s)ds ¢ c c
< max + —
1€[0.11 Jo ot 3piMi 293 q2,i
c c c c
<—+ +—+—
3pi 2q3i @i qui
and
I17;(w)" | = max / wf(s u(s), u'(s), u”’(s)) ds + max PR ()
! 7 e0 )y 912 ! rel0.1]  9f2

IA

Va2H,(1,9)ds ¢ c c
max 3 + +
1€[0,11 Jo ot 3piMi  2q3i  qo.
c c c

IA

3pi @i 9

)

which yields to

n 2
IT@) =YY 1T
i=1d=0

c c c Cc
<

<> —+ +—+
=3 63 g qui

+Zn: T
=3 243 qui qui

n

DI

P 3pi q3,i q2.i

c Sc 2c
et —
= Pi 343 9 qui

Hence, | T(w)| < c, thatis, T : P. — P.. It is easy to prove by Arzel-Ascoli [6] that the
operator T is completely continuous. In the same way, the condition (H3) implies that the

condition (Aj) of Theorem 2.3 is satisfied.

We now show that condition (A) of Theorem 2.3 is satisfied. Clearly, if

b b
u() = (2 x 3n + 2 x y(9)3n> 4. D,

then, S(u) > b and |ju|| < (0), that is

{ueP(ﬂb (9));,8(u)>b}7£@.

Letu = (uy,...,uy) € P (,3 b, (9)) then, from (Hy) we have

b<ZZ Dy < —), telo,1-0].

i=1d=0
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Moreover
BdG(t 5) . L 10!
B(T)) = I;nlne 21:;)/ " fi(s, u(s), u'(s), u”’(s)) ds + in 3
1-0 ad
G (t, b
>ZZ min / (d s)ds 5
teel 0] at "Zd=omd(9)
> b.
Therefore, condition (A;) of Theorem 2.3 is satisfied.
Finally, if
b
u=(ug,...,uy) € P(B,b,c) and [T| > —-,
7(0)
then
BAW) = gin, . ZZ L) = yO) T = y(e)ﬁ b.

Therefore, the condition (A3) of Theorem 2.3 is also satisfied. By Theorem 2.3, there exist
three positive solutions uy, uy and us such that ||u;|| < a, B(uy) > b and ||uz|| > a with
B(u3) < b. The proof of Theorem 3.1 is now completed. O

From the proof of Theorem 3.1, it is easy to see that, if the conditions like (H1)-(Hy) are
appropriately combined, we can obtain an arbitrary number of positive solutions of problem
(1.4)—(1.5). More precisely, let m be an arbitrary positive integer with m > 1. Assume that
there exist numbers b; (1 < j <m — 1) and ¢; (1 <! < m) such that

by by b1
O<ci<b<——<cr<by<——<cy<-<cpol <bm <2

= = = - = Cm,
y(©) y(©) y(6)
then, if we replace the hypothesis (H;)—(Hzs) of Theorem 3.1 by the following hypothesis:
(Hm,1) Foralll <l <mandu € R" such that Y/, u; € [0, ¢;], we have

Lii <
i (u) < ]’:*f > uj. forallk e {1,2.3).
5l j=1

(Hp2) Forall 1 <1 <m and (u;,us, uz) € R such that 213(:1 S uki €10, crl, we
have

C]
i (t, uy, uz, < , te€[0,1].
fi(t,uy, uz, u3) 3o [0, 1]

(Hpn3) Forall 1 < j < m — 1 and (uy,uz, u3) € R such that Zi:] Y uki €
[bj, %], we have
filt,ui, uz, u3) > zbil telh,1-0]
ny g_oma(®)
we obtain the following result:

Theorem 3.2 Under hypothesis (Hp,1) — (Hmn 3), problem (1.4)~(1.5) has at least 2m — 1
nonnegative solutions in P,,.
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Proof In order to prove Theorem 3.2, observe that for m = 1, we know from (H3) that
T: Pfcl — P.,. Then it follows from Schauder fixed point theorem that (1.4)—(1.5) has at
least one positive solution in PTI Moreover, for m = 2, it is clear that Theorem 3.1 holds
(witha = c¢1, b = by and ¢ = ¢3). Then, we can obtain three positive solutions x», x3, and
X4.

Along this way, we can finish the proof by the induction method. To this aim, we suppose
that there exist numbers b; (1 < j <m)and ¢; (1 <! < m + 1) such that

0<Cl<bl<%fcz b2<ﬁi fcm<bm<y(7rg)fcm+la
and (Hy,41,1), (Hp+1,2) and (Hy,+1,3) hold true. We know by the inductive hypothesis that
(1.4)—(1.5) has at least 2m — 1 positive solutions u; (i = 1,2,...,2m — 1) in P,,,. At the
same time, it follows from Theorem 3.1, (Hy+1,1), (Hpu+1,2) and (Hy41,3) that (1.4)—(1.5)
has at least three positive solutions u, v and w in P, ., such that |[u| < ¢, B(V) > by, and
lw]l > ¢, with B(w) < b,,. Obviously, v and w are not in P, . Therefore, (1.4)-(1.5) has at
least 2m + 1 nonnegative solutions in P, This completes the proof. O

m+1°

We can generalize the above result and present the following result which is especially
important and useful in applications.

Theorem 3.3 Under the assumptions of Theorem 3.2. If the following additional assumption:
there exists to; € (0, 1) such that fi(to;, x,y,2) >0, Vx,y,zeR], 3.1)
holds true. Then (1.4)—(1.5) has at least 2m — 1 positive solutions in ?m

Proof Let u; , forl € {1,...,2m — 1} be the 2m — 1 nonnegative solutions of problem
(1.4)—(1.5) whose existence is guaranteed by Theorem 3.2. Then, u; ; satisfy the following
integral equation

ui (1) —/ Hi(t, 5) fi(s, w(s), wj(s), w/(s))ds + P;(1).

Indeed, on the contrary case we can find r* € (0, 1) such that u; ;(t*) = 0. Since u; ;(¢) > 0,
uj (1) > 0and uf (1) > O forall 7 € [0, 1], we have

u;(t )—0—/ H; (1%, 5) f; (s, w; (s), wy(s), uj (s))ds + P;(t*) > 0.

Since the functions H; and f; are nonnegative and continuous, we obtain
H;(t*,s) fi (s, w(s), ul(s) u '(s)) =0 almost everywhere s.
Since f; (s, w;(s), ul(s) u '(s)) > 0 and H; is positive on (0, 1), we deduce that
fi(s,w(s), u, (s), u '(s)) =0 almost everywhere s.

Now, by the condition (3.1) and the continuity of the functions f;, we deduce that there exists
a subset 2 C (0, 1) with £(€2) > 0 where p is the Lebesgue measure on [0, 1] such that
fi(s, i (s), “1 (s), u '(s)) > 0 on € and this is a contradiction. This ends the proof. ]

Remark 3.4 1tis clear that the conclusion of Theorem 3.2 remains valid if we replace condition
(3.1) by: There exist kg € {1,2,3}foralli € {1, ..., n}, there exists, #p; € (0, 1) such that
hko,i(tO,i, X) > 0 forall x € R'j_.

@ Springer



378 A. Ghanmii et al.

Remark 3.5 In the special case when the functions f; are nondecreasing with respect to the
second, third and the fourth variable on (0, 1), the condition (3.1) can be replaced by

Foralli € {1, ..., n}, there exists fo; € (0, 1) such that f; (7, 0,0, 0) > 0, (3.2)
where 0 = (0, ...,0) € R".

4 Example

In this section, we present an example to illustrate our main theorems. Let f; and f> be two
functions defined by:

sin? Qlru) 2 1 _ ) |
——+ —+ —e T, if0<u <5,
5 10 " 100
: 2+ MRS ifl<u<1
-z —+ —e T, if 3 <u<l,
"7 10 " 100° 2 =¥
St uy, uz, u3z) = %u—zﬂJrie—%, ifl <u <2,
100 10 " 100
Jeos G| | g9 L -2 if2 < u <768
LB S S § - =7
7060 100 He=u=10s
30001 7¢g_, . 2u | . ’ lzi .
2 il Y if768 < u,
000 TS Sm<768> tio0¢ T M=

ot ur,ux, uz) =

/ 3+23u s 1 1
COS
1000 ’

|sin (wu) | + 14 Jt—12

if0<u <1,

l+u V3 1 u .

ln< > >+l4 +30‘cos( u)‘+1000 cos<m>,‘ ifl <u<2,
3 V3 w 1 2 ,

<1 (2)+14> ‘cos(§u>'+30+ 1000 |<°¢ <7rt—t2)’ if 2 <u <768,
3 V3 u 1 2 ,

<ln (5) =+ 30 =+ 14) =+ E |Sln (T[M)| =+ 1000 COS <\/t7_712> . ‘ lf768 S u,

2 3
where uy = (uik, uz ) andu =D ;| D ik
Fori=1,2andv = 21‘2:1 u; 1, we define the functions %y ; as follows:

In(1
Wty e co0<v <2,
100i In(i +2) (v + 1)
hyi(uy) = InG3)
0, ifr€[0,1],2 <v,
300 In(i + 2)
ve .
— ifre[0,1,0<v <2,
40ie2i(v+ 1)
hai(uy) = 5
ve .
W’ lfIG[O, 1],251),
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7 In2
— x vin2) . ifref0.1,0<v <2,
2250 |sm1| 2(1 —|—U)( /iv + 1)
hs.i(ur) = 7 21n(2)

ifre[0,1],2 < v,

2250 | sin | x 6(@+ 1)’
and we consider the following boundary value problem:
w0 + fi(t, u(s), w/(s),0"(s) =0, 0 <1 < 1,
) (6) + fot,u(s), W(5),0"()) =0, 0 <1 < 1,
u1(0) = hi 1 (Ylurl, YiluzD,
u2(0) = hi2(Yilurl, Yiluzl),
u} (0) = ha 1 (Y2lur], ¥1luzl),

u5(0) = ha 2 (Yolur ], Y lua)), “D
W}(0) = u(0) =0,
2
w{(1) =" Bj{ (nj1) + ha 1 (Wslur], y3lual),
j=1
wf(1) =Y Bjius(nj2) + haa(Yalurl, yalual).
=1
We shall apply Theorem 3.3 in the following special cases
a=1, b =2,c=28448,0 = 4, y(6) = —, )/(9) =768, mo(0) = 1536,ml(é’) Ts
my(0) = 5. Yilll = 1, Yo[1] = 2, Y3[1] = 3, ﬂ],l =Llni=LK =13 K=,
5 5 5
K3 = §’Z3M0,1 = 336’ Mll = 336’ M21 = 28’ Ml = 23 M02 = 264’ M12 = g,
Myy =8, My=28 L1 =1Ly, =1Lz = 2,L12— 3 Ly = 33, L3p = 12,
q1,; = 100 In(@ + 2), g2,; = 20i, g3,; = 100 |sini| and p; = €'.
We can easily know that the following statements hold:
1. By calculating we have
15
dYo—+ +— + — =0.707666 < 1,
=i 3@ qui qui
L1 1 L 1 Loy 1 Ly» 1
and also we have: — = —— —= = ——— —— = , == =
q1,1 100In3" g2 200In2" g2 40" q22 80
L3, 7 L3» _ 7

—— = ————an =—\
g31  2250]sin 1| g32 2250 ]sin2|
2. f1 satisfies the following conditions:

o fi(t,ur,ur,u3) <041 < = 0.686708 for all u € [0, 1].
31?11‘21
o fi(t,uy,upy,u3) >30> —— =28.1835 for all u € [2, 768].

2% omd( )
o fi(t,ur,ur,u3) <367.931 < 3p1M1 = 580.131 for all u € [0, 844.8].
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1
° / fi1(s, x,y,2)ds < +oo for any x, y, z € [0, +00).
0

3. f> satisfies the following conditions:

3
o fo(t,ur,uz,u3) < l—f =0.124718 < 3 = 0.172602 for all u € [0, 1].

p2M;

—— - = 28.1835 for all u € [2, 768].

2% a=oma(®)
V3

3
t,uy, un, <In|( = 110.001 — <
o fo(t,uy, up, u3) n(2> + + 7 3pails
[0, 844.8].

o fr(t,uy,up,u3z) > 30>

= 213.418 forall u €

1
° / (s, x,y,2)ds < +oo for any x, y, z € [0, 400).
0

4. hy,; satisfies the following conditions: i ;(u;) < Li v, hyi(uy) < 2’iv and
qi,i q2,i
L3,
h3i(up) < v.
q3,i

Hence, all assumptions of Theorem 3.3 hold. Then, Theorem 3.3 implies that problem (4.1)
has at least three positive solutions uy, up and uz with ju;|| < 1, B(uz) > 2 and |Juz| > 1
with f(u3) < 2.
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