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Abstract In this paper, we show an existence and uniqueness of fixed point for contractive
mappings of integral type using altering distance functions in fuzzy metric spaces. Moreover,
we give examples to support our results. Our results generalize corresponding results given
in the literature.
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1 Introduction

Fixed point results have been studied in many contexts, one of which is the fuzzy setting.
It is well thought that the fuzzy set concept plays an significant role in plenty of scientific
and engineering applications. In 1965, the notion of fuzzy sets was presented by Zadeh [13].
After that, in 1975, Kramosil and Michalek [10] offered the notion of fuzzy metric spaces. It
is emerge that a fuzzy metric space is a great extension of the metric space. Thereafter, many
authors continued the study of Kramosil and achieve many fixed point results for contractive
mappings in fuzzy metric spaces. See,e.g [6,7,10].

Branciari [4] was the first to study the existence of fixed points for the contractive mappings
of integral type. He appointed good integral prescription of the Banach contraction principle
[3]. The authors [8,9] and others continued the study of Branciari and showed the existence
of fixed point theorems using a general contractive condition of integral type in complete
metric spaces.

Lately, Shen et al. [12] presented the concept of altering distance in fuzzy metric spaces
and showed a fixed point theorem in complete and compact fuzzy metric spaces.
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In this paper, we introduce two families of functions and obtain an existence and unique-
ness theorems for contractive mappings of integral type using altering distance functions in
fuzzy metric spaces. Throughout this paper, we assume that R™ = [0, co) and @ is the family
of mappings on R™ such that are Lebesgue integrable, summable on each compact subset
and for each € > 0, f(f ¢ (1)dt > 0.

The following lemmas and definitions will be needed in the sequel.

Definition 1.1 [1] A binary operation % : [0, 1] x [0, 1] — [0, 1] is called a continuous
triangular norm (t-norm) if the following conditions hold:

1. x is associative and commutative;

2. *is continuous;

3. cx1=cforallc €[0,1];

4. cx f <exd,wheneverc <eand f <d,forallc, f,e,d € [0, 1].

Basic t-norms [7] are: e %1 f = min{e, f},e*x f =e.f,ex3 f = max{e + f — 1,0} and
exs = sty ford € (0, 1),

Definition 1.2 [1] A fuzzy metric space is a triple (X, M, *), where X is a non-empty set,
is a continuous t-norm and M is a fuzzy set on X x X x [0, 00), satisfying, forall e, f € X,
the following properties:

M(e, f,t) > Oforalle, f € X and t > 0;

M(e, f,t) =1forallt > Oifand only ife = f;

Me, f,t) = M(f,e,t)foralle, f € Xandt > 0;

Me,k,t+5) > M(e, f,t) x M(f,k,s) forallk € X and ¢, s > O;
M(e, f,.) : (0,00) — [0, 1] is continuous for all e, f € X.

A S

Lemma 1.3 [1] M(e, f,.) is non-decreasing for all e, f € X.

Definition 1.4 [1] Let (X, M, *) be a fuzzy metric space. Then

1. Asequence {y,},en convergenceto y € X, thatislim, oo y, = y,iflim, o0 M (yy, y, 1)
= 1forallt > 0.

2. A sequence {y,},eN is called M-cauchy, if for each € € (0, 1) and # > O there exists
ng € N such that M (y,, y,t) > 1 — € forall m, n > ny.

3. A sequence {yy},eN is called G-cauchy, if lim,— 0o M (Yn, Yn4m,t) = 1 forallt > 0
and m € N.

A fuzzy metric space (X, M, %) is called M-complete(G-complete) if every M-cauchy(G-
cauchy) sequence is convergent.

Lemma 1.5 [8] Let y € ® and {c,},eN be a nonnegative sequence with lim ¢, = c. Then
n—oo

Cn

lim y(t)dt = /C y (1)dt.
0

n—o0o 0

Lemma 1.6 [9] Let y € ® and {c,},en be a nonnegative sequence. Then

Cn
fim [ y@dt =0,

n—o0 0

if and only if lim,_, o, ¢, = 0.
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Definition 1.7 [2] A mapping ¢ : [0, 1] — [0, 1] is an altering distance if
1. ¢ is strictly decreasing and continuous;
2. p(y)=0ifandonly if y = 1.

Lemma 1.8 [5] Let (X, M, %) be a fuzzy metric space. Then M is a continuous function on
X x X x (0, 00).

2 Main results

Now we give the following definition.

Definition 2.1 Suppose that ¢; is the set of mapping g : [0, 00)3 — (0, c0) satisfying the
following conditions:

1. g is continuous;
2. 0F [ y()ds < k(@) [E y(s)ds, then [}y (s)ds < k(1) [ y(s)ds;
3.0 [ y(s)ds < k@) [EOD y(s)ds or [y (s)ds < k(@) [£O0 y (s)ds, then u = 0;

where k : (0, c0) — (0, 1) is a mapping and y € .
For example, the following functions belong to ¢i.

1. If g(a, b, c) = max{a, b, c}, then g € ;.

Obviously, g is continuous. If

v max{v,u,u} u v
/ y (s)ds < k(1) / y(s)ds=k(t)max{ / y (s)ds, / y(s)ds},
0 0 0 0

then we have [ y (s)ds < k(1) [y ¥ (s)ds.
Also if

u max{0,0,u} 0 u u
f y(s)ds < k(t)/ y (s)ds = k() max {/ y(s)ds,f y(s)ds} = k(t)/ y (s)ds,
0 0 0 0 0
so (1 — k(1)) [y y(s)ds <0, then u = 0. If

u max{0,u,0} 0 u u
/ y(s)ds < k(t)/ y (s)ds = k(t) max {/ y(s)ds,/ y(s)ds} = k(t)/ y(s)ds,
0 0 0 0 0

so (1 — k(1)) fou y (s)ds < 0 which implies that # = 0.
2. gla,b,c) = #;
3. gla,b,c) =a;
4. g(a,b,c) =c.

Now we prove our first result.
Theorem 2.2 Suppose that (X, M, ) is a G-complete fuzzy metric space and ¢ is an altering
distance mapping and f : X — X is a mapping satisfying

g(pM(x, fx,1),d(M(y, fy,1)),¢p(M(x,y,1)))

¢M(fx,fy,1))
/ y(s)ds < k(t)/ y()ds, x,yeX,
0

0

where g € {1 and y € © and let k : (0, 00) — (0, 1) be a function. Then f has a unique
fixed point.

@ Springer



448 N. B. Sadabadi, R. H. Haghi

Proof Consider x,+1 = fxp, foralln € N.If x, = x,4; for some n € N, hence x,
is a fixed point of f. Let x, # x,41, for all n € N. First we show that the sequence
M, = {M(x,, x,+1, t)} is an increasing. Contrariwise, suppose that there exists ng € N such
that M,,, < M,,—1. Since ¢ is strictly decreasing, so ¢ (Mp,) > ¢ (My,—1). We have

& (Myy—1) B (M) G M Qing Xng+1.1))
/ y(s)ds 5/ y(s)ds = / y(s)ds
0 0 0

M (fXng—1. [ Xng 1)
= / y (s)ds
0

8(@M (Xny—1.Xny 1), @M (Xng Xng41:1). O M (Xng—1.%ng 1))
ko [ (s)ds
0

so definition 2.1, follows that

& (Mug-1) ¢ (Myy) O (Myy-1)
/ y(s)ds < / y(s)ds < k(t)/ y (s)ds,
0 0 0

that is a contradiction. Thus the sequence {M,} is an increasing sequence of positive real
numbers in [0, 1]. Now we show that lim, oo M (X, X,+1,1) = 1. We have

(M (xp41.2%n.1)) SM(fxn, [xp—1,1))
/ y(s)ds = f y(5)ds
0 0

g(¢M(Xn,an,f).¢M(Xn7] vfxn—] ,I),¢M(x,,.x,,,| ,1)
< k() f y (s)ds
0
8(OM (xp,Xp41,1),OM (Xp—1,Xp,1), @M (Xy—1,X5,1))
— k() [ s, (2.1)
0

so by definition 2.1

GM @s1.50.0)) ¢ (M (xn—1.5n.1))
/ y(s)ds < k(t)/ v (s)ds,
0 0

again

¢ (M (xp,xp—1,1)) M (fxp—1,fxn—2,1))
/ y(s)ds = f y (s)ds
0 0

8(PM (xp—1,Xn, 1), @M (xp—2.Xn—1,1), M (Xp—1,%p-2,1))
< k(l)/ y (s)ds,
0

(2.2)

then definition 2.1 follows that

(M (xp,xp—1,1)) O (M (xp—2,x,-1,1))
f y (s)ds < k(1) / y (s)ds,
0 0

by 2.2 and 2.1, we get

GM @y e1.50.1)) 5 [PM G2 x10)
/ y(s)ds < k (t)/ y (s)ds,
0 0
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similarly we have

(M (xXp41,%n,1)) ¢ (M (x0,x1,1))
/ y(s)ds < k"(’)/ y (s)ds,
0 0

since 0 < k(t) < 1, by letting n — oo we have

& (M (xpq1,%9,1))

lim y(s)ds <0,
n—o0 0
by lemma 1.6, lim,_, o ¢ (M (x;41, Xn, 1)) = 0, by definition 1.7, we have lim,_

M(Xn+1» Xn, 1)
= 1. For fixed s € N, we have

t t
M(xp, Xpys, 1) = M (xna Xn+1, ;) * M <xn+l’ Xn+2, E)

13
*--k M (anrsfls Xn+ss ;) s

thus
M(xp, Xpts,t) > 1l x1=1,

as n — oo and thus {x,} is a G-cauchy sequence. Therefore {x,} converges to x for some
x € X. We have

& (M (xp, fx.1)) M (fxn_1,fx,0)
/ y(s)ds = / y(s)ds
0 0

&(OM (xp—1,Xp,1), M (x, fx,1), M (xy_1,x,1))
< k(1) / y(s)ds, (23)
0

since g, ¢ are continuous, by letting n — oo and lemma 1.5, we get

G (M (xpn, fx,1))
lim y(s)ds < k(1) /
0

n—oo 0

g(lim @M (xp—1,xn,1), lim ¢M(x, fx,t), lim ¢M (x,—-1,x,1))
n—00 n—o0

o y(s)ds,
S0 we obtain

0.¢(M(x, fx.1)),0)

,imoo(b(M(x"’fx't)) 8
[ yoas < ko) [ y(s)ds,
0

0
SO

G(M(x, fx,1)) 8(0,¢(M(x, fx,1)),0)
/ y(s)ds < k(t)/ y (s)ds.
0 0

Therefore from definition 2.1, ¢(M (x, fx,t)) = 0. Then M(x, fx,t) = 1,iex = fx.
We will show that x is a unique fixed point. Suppose that y is a another fixed point of f, i.e
y = fy with y # x. We have

O (M(x,y,1)) SM(fx,[fy,1)
/ y(s)ds = / v (s)ds
0 0

g(AM (x, fx,1), M (y, fy,1),¢M(x,y,1))
< k() / y (s)ds, 249
0
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hence

$(M(x.y.1) 8(0.0.6(M(x.y.1))
/ y(s)ds < k(t)/ y (s)ds,
0 0

then applying definition 2.1 we get (M (x, y, 1)) = 0,then M(x, y,t) = l,iex =y. 0O

Now we give an example to support our theorem.

Example 2.3 Supposethat X = {A, B, C, D, E} is the subset of R, where A = 0,0), B =
(1,0),C = (1,2),D = (0,1), E = (1,4) and f : X — X is a mapping such that
f(A)=f(B)=f(C)= f(D)=Aand f(E) = B. Alsoletk : (0,00) — (0, 1)

=, 1€(0,4]

k([) — %-H s

l—e7,te (4 00)
and y(s) = 2s and define ¢ : [0, 1] — [0, 1] by ¢(r) = 1 — /r. It is easy to check that
M(x,y,t)= m is a fuzzy metric space , t > 0, where by d(x, y) is metric max in RZ
,let g : [0, oo)3 — (0, 00) be g(a, b, c) = c. Note that, by (X, M, %) is given a complete
fuzzy metric space with respect to the z-norm * = x.y. We have

/ t |t
g((l)M(X’fx7t)’¢M(y7fyst)7¢M(x7yaz)):¢M(xay7t):1_ mzl_ ma

and
1
M(fx, fy, 1) = —.
(fx, fy, 1) P
Therefore
DM (fx, fy.0) -/ I \2
/ y(s)ds:/ 25ds = (1— ) ,
o 0 r+1
and

/¢(M(x,y,t)) ) /1— " oed (1 [t )2
s)as = sas = — e .
0 4 0 t+4

We have two cases: If ¢ € (0, 4], then

(M(fx.fy.0) ; $(M(x.y.0)
/ y(s)ds < ( ) / »(5)ds.
0

1
0 §+t

If t € (4, 00), then

QM (fx,[fy.1) _s G (M (x,y,1))
/0 v (s)ds < (1 - eT)/O v (s)ds.

Therefore all conditions of theorem 2.2 are satisfied. Then f has a unique fixed point in X.
We see that A € X is the unique fixed point of f.

In theorem 2.2, set g(a, b, ¢) = ¢ and y (s) = 1, then we can obtain the following theorem.
Theorem 2.4 Suppose that (X, M, T) is a G-complete fuzzy metric space and f : X — X

is a mapping and let ¢ : [0, 1] — [0, 1] be altering distance function. Furthermore, let k
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be a function from (0, 0o) into (0, 1). If for any t > 0, mapping f satisfies the following
condition

M (fx, fy, 1) < k@®).o(M(x,y,1)),
where x,y € X and x # y, then f has a unique fixed point.

Also in theorem 2.2, set g(a, b, c) = max{a, b, c} and y(s) = 1, then we can obtain the
following theorem.

Theorem 2.5 Suppose that (X, M, T) is a G-complete fuzzy metric spaceand f : X — X is
a mapping and assume that ¢ : [0, 1] — [0, 1] is a altering distance function. Furthermore,
let k be a function from (0, co) into (0, 1). If for any t > 0, mapping f satisfies the following
condition

eM(fx, fy, 1) < k(r). max{o(M(x, fx,1)), p(M(y, fy, 1), p(M(x, y, 1))},
where x,y € X and x # y, then f has a unique fixed point.

In this section, we prove our next theorem. Assume that [7] @ is the family of all right
continuous mappings, and € : [0, c0) — [0, 00), with () < r, for all » > 0. Note that
for every function € € @1, we have lim,_, €"(r) = 0. Now, we mention the following
definition.

Definition 2.6 Suppose that ¢, is the family of functions g : [0, 00)?> — (0, cc) satisfying
the following conditions:

1. g is continuous;
2 0F [ y(9)ds < e (f5" y(s)ds). then [y (5)ds < e (' ¥ (5)ds);

30 [y (s)ds < ( 0.0 y(s)ds) or [1y(s)ds < € (/Og(o’o*“) y(s)ds) foralle €
then u = 0;

Similar to the previous, the following functions belong to ;.

1. g(a, b, c) = max{a, b, c};
btc.

2. gla,b,c) = %,

3. gla,b,c) =c.

Definition 2.7 [7] Suppose that (X, M, ) is a fuzzy metric space. We say that f : X — X
is B-admissible if there exists a function 8 : X x X x (0, 0c0) — (0, co) such that, for all
t >0,

x,yeX, Px,y,t)>1 implies B(fx, fy,t) > 1.
Now, we prove our next result.

Theorem 2.8 Assume that (X, M, %) is a G-complete fuzzy metric space and ¢ is an altering
distance function and f : X — X is a f-admissible mapping satisfying

dM(fx,fy,1) g(AM(x, fx,0),¢p(M(y, fy,1),p(M(x,y,1)))
ﬁ(x,y,n/ y(s)ds < e / y(s)ds|. x.yeX.
0 0

where g € £,y € ® and € € ®y. Also there exists xg € X such that B(xg, fxo,t) > 1, for
allt > 0. Then f has a fixed point.
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Proof Consider xo € X such that B(xg, fxo,?) > 1, for all t > 0. Define x,+; = fx,, for
all n € N. If x,,;, = x,441 for some ng € N, then x,, is a fixed point of f. Assume that
Xpn # Xp+1, forall n € N. Since f is B-admissible, we have

B(xo, x1,1) = B(x0, fx0,1) = 1,
again
B(fxo, fx1,0) = B(x1,x2,1) = 1.
By induction, we deduce that
Bxn, xpy1,t) > 1, forall neN and t > 0.

First we show that the sequence M,, = {M (x,, x,+1, t)} is an increasing. On the opposite,
suppose that there exists ng € N such that M, < M,,_;. Since ¢ is strictly decreasing, so
¢ (M,,) > ¢(M,,—1). We have

¢ (Mag—1) $(Mag) (M (g g 1.0
/ y(s)ds < / y(s)ds = / y (s)ds
0 0 0
S (f g1 f g 1)
,B(Xnofhxno,t)v/o y(s)ds

g(¢M(Xn0—l »Xng A,t)v¢M(Xn0 sXng+1 -f)~¢M(Xn()—l »Xng .0)
€ / y(s)ds
0

IA

IA

therefore by definition 2.6

B (Myy—1) ¢ (Myy) B (Myy—1)
/ y(s)ds < / y(s)ds < e / y(s)ds ],
0 0 0

since €(r) < r, we get

¢(Mug-1) ¢ (Mng—1)
/ y(s)ds < / y (s)ds,
0 0

that is a inconsistency. Thus the sequence {M,} is an increasing sequence of positive real
numbers in [0, 1]. In this section, we show that lim,,_, o M (x;,, Xp+1, 1) = 1. We have

& (M (Xng1.%n.1)) M (fXn, fXn-1.1))
/ y(s)ds =/ y(s)ds
0 0
QM (fxn, fxn—1,1))
ﬁ(xn,xn—l,t)/(; v (s)ds

8(OM (xXpy1,Xn,1), @M (Xp—1,%n,1), ¢ M (Xp_1,X5,1))
€ / y(s)ds ],
0

IA

=<
(2.5)
so by definition 2.6, we have
(M (Xp11,Xn,1)) (M (xp—1,Xn,1))
/ y(s)ds < ¢ / y(s)ds ), (2.6)
0 0
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again

& (M (xp.xn-1,1)) M (fxn—1, fn-2.))
f y(s)ds = / y(s)ds
0 0

GM(fxp—1,fxn—2.1))
BCon_t, X2, ) / y (s)ds
0

8(PM (xp—1,%n,1), @M (xp—2,%p—1,1),¢ M (Xp—1,Xp—2,1))
€ / y(s)ds |,
0

Q@.7)

IA

IA

then definition 2.6 follows that

& (M (xp,Xp—1,1)) (M (xp—2,%n—1,1))
/ y(s)ds <€ / y(s)ds|, (2.8)
0 0

by 2.6 and 2.8, we get

(M (Xp+1,%n,1)) (M (xp—2,Xp—1,1))
/ y(s)ds < € / y(s)ds |,
0 0

similarly

& (M (xXp+1,%n,1)) ¢ (M (x0,x1,1))
f y(s)ds < €" / y(s)ds |,
0 0

since lim,_, o € (r) = 0, by letting n — oo we get

G (M (Xp41.20.1))

lim y(s)ds <0,
n—oo 0
by lemma 1.6, lim,_ o0 ¢ (M (Xp+1, Xn,1)) = 0, by definition 1.7, we have lim,_,

M (xp41, Xn, t)
= 1. Now, we prove that

lim M (x,, xp4s,1) = 1.
n—oo

For fixed s € N, we have
1t 1t
M (Xp, Xngs, 1) = M | xp, X1, ; * M xn+1,xn+21;

t
* ook M <xn+s—l,xn+m E) s
thus
My, xXpys, 1) = 1 1% x1,

as n — oo and thus {x,} is a G-cauchy sequence. Therefore {x,} converges to x for some
x € X. We have
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&M (xn, fx,1)) S(M(fxn-1,fx,1)
/ y(s)ds = / y (s)ds
0 0

SM(fxn—1,fx,1))
< Blia_1.x.1) f y(s)ds
0

8(AM (xp—1,%n,1), M (x, fx,1),¢p M (xp—1,x,1))
e/
0

y (s)ds) , (29)

since g, ¢ are continuous, by letting n — oo and by lemma 1.5 we get

(M (xy, fx,1)) 8(0,¢(M(x, fx,1)),0)
lim y(s)ds < e / y(s)ds ],
n—o0 0 O
hence
Jim ¢ (M (. fx.0) 809 (M(x. fx.1)).0)
/ y(s)ds <€ / y(s)ds |,
0 0
SO

dM(x,fx,1)) 8(0,¢(M(x, fx,1)),0)
/ y(s)ds <€ / y(s)ds | .
0 0

Therefore by definition 2.1, ¢ (M (x, fx,t)) = 0. Then M(x, fx,t) =1,i.ex = fx. ]
In the next theorem, we give a condition for the uniqueness of the fixed point.

Theorem 2.9 Assume that all assumptions of theorem 2.8 are satisfied. Furthermore let for
all x,y € X and for allt > 0, there exist z € X such that B(x,z,t) > 1 and B(y, z,t) > 1.
Then f has a unique fixed point.

Proof Suppose that y and x are fixed points of f, withy # x.iey = fy and x = fx.
Assume that 8(x, z,t) > 1, since f is S-admissible, 8 (x, f”_lz, t) > 1. we have

S(M(x,f"2,1)) dM(fx. f(f"z.1)
/ y(s)ds = / v (s)ds
0 0
dM(fx. f(f"Hz.1)
Blx. 112 1) / y (s)ds
0

S@M(x, fx.0).pM (" 2, 20,0 M(x, f"'2,1))
€ f y(s)ds |,
0

(2.10)

IA

IA

since g is continuous, by letting n — oo and using lemma 1.5, we get

PM(x, ["2,0) Jim g M (fx, f(f"Nz0)
lim 1% (s)ds = /

n—oo 0

y (s)ds

IA

Jim g (fx, £(f")20)
z, l)/ y (s)ds
0

lim B(x, /!
n—o0

(0,0, lim ¢M(x, /"~ lz,0)
€ f y(s)ds |, 2.11)
0

IA
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put u = lim,_ 00 @M (x, f" 'z, 1) = lim,_ o0 dM (x, f"z, 1), then

u £(0,0,u)
/ y(s)ds < e (/ V(S)dS> ,
0 0

by definition 2.6, we getu = lim,,_, oo @M (x, f"z,t) = 0. Thenlim, oo M (x, f"z,1) =1,
i.e f"z — x. Similarly, we can deduce that "z — y. Therefore by uniqueness of the limit,
we obtain x = y. O

Example 2.10 Suppose that X = {A, B,C, D, E} is the subset of R2, where A =
0,0,B = (1,0),C = (1,2),D = (0,1),E = (1,4 and f : X — X be a map-
ping such that f(A) = f(B) = f(C) = f(D) = A and f(E) = B. Also suppose that
€ : [0, 00) = [0, 00) is €(r) = 4/r and for every t > 0

_J L o x,yeX
:B(-x’yvt)_ {07 o.w.

and y(s) = 2s and ¢ : [0,1] — [0,1]is ¢(r) = 1 — /r. Also M(x, y,t) = m,
t > 0, where d(x, y) is denoted Euclidean distance in R? and define g : [0, 00)3 = (0, 00)
by g(a, b, ¢) = c. Note that, (X, M, T) is the complete fuzzy metric space with respect to
the 7-norm % = x.y. We have

g@OM(x, fx,t), pM(y, fy, 1), pM(x,y,1)) = dpM(x,y, 1) =1 — ‘”%ﬁmﬂ04} d

an
M(fx, [y, 1) = —
X, , 1) = —.
Y t+1
Therefore
(M (fx.fy.) 17\/&21 —\2
/ )/(s)ds :/ 2sds = (] — \/») ,
0 0 t+1
and
$(M(x.y.) -/ —\2
f y(s)ds = f 25ds = (1 _ 7> _
0 0 1+4
We have
2 2
t ! ;
1— \/: < 1— - —el1-— ,
r+1 t+4 t+4
then

dM(fx,[fy,1)) (M (x,y,1))
/ y(s)ds < e / y(s)ds | .
0 0

So all conditions of theorem 2.2 are satisfied. Therefore f has a fixed point in X. We see that
A € X is the fixed point of f.

In theorem 2.2, set g(a, b,c) = ¢, y(s) = 1l and ¢(r) = - — 1, then we can obtain the
following theorem.
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Theorem 2.11 [7] Suppose that (X, M, T) is a G-complete fuzzy metric space and f : X —
X is a mapping. If for any t > 0 and x, y € X mapping f satisfies the following condition

1 1
peey.n (M(fx,fy,n - 1) =€ (M(x,y,n - 1)’

where € € B and f is B-admissible, continuous and there exists xo € X such that
B(xo, fxo,t) > 1, then f has a fixed point.
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