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Abstract This paper deals the implementation of homotopy perturbation transform method
(HPTM) for numerical computation of initial valued autonomous system of time-fractional
partial differential equations (TFPDEs) with proportional delay, including generalized Burg-
ers equations with proportional delay. The HPTM is a hybrid of Laplace transform and
homotopy perturbation method. To confirm the efficiency and validity of the method, the
computation of three test problems of TFPDEs with proportional delay presented. The pro-
posed solutions are obtained in series form, converges very fast. The scheme seems very
reliable, effective and efficient powerful technique for solving various type of physical mod-
els arising in sciences and engineering.
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1 Introduction

Fractional differential equation have achieved great attention among researchers due to its
wide range of applications in various meaningful phenomena in fluid mechanics, electrical
networks, signal processing, diffusion, reaction processes and other fields of science and
engineering [4,19,26], among them, the non-linear oscillation of earthquake can be modeled
with fractional derivatives [9], the fluid-dynamic traffic model having fractional derivatives
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[11] can eliminate the deficiency arising from the assumption of continuum traffic flow,
fractional non linear complex model for seepage flow in porous media in [10].

Indeed, it is too tough to find an exact solution of a wide class of the differential equation.
Keeping all this in mind, various type of vigorous techniques has been developed to find an
approximate solution of such type of fractional differential equations, among others, gener-
alized differential transform method [22], variational iteration method [32], local fractional
variational iteration method [47], reproducing kernel Hilbert space method [7], Adomian
decomposition method [27] and homotopy analysis method [31], reduced differential trans-
form method [39,43] and fractional reduced differential transform method [34,36-38,40,44].

In the recent, vigourous techniques with Laplace transform has been developed, among
them, see [8,13-18,20]. Among others, HPTM has been employed for solving fractional
model of Navier-Stokes equation [21], optimal control problems [6], fractional coupled
sine-Gordon equations [30], Falkner—Skan wedge flow [24], time- and space-fractional cou-
pled Burgers’ equations [42], strongly nonlinear oscillators [28], non-homogeneous partial
differential equations with a variable coefficient [23]. The reader also refer to read [33].

The partial functional differential equations with proportional delays, a special class of
delay partial differential equation, arises specially in the field of biology, medicine, population
ecology, control systems and climate models [46], and complex economic macrodynamics
[12].

In this paper, we obtain the numerical solution of initial valued autonomous system of
TFPDEs with proportional delay [33] defined by

{ DY (u(x, 1) = f <x, waox, bot), eularx, bit), ..., Lowulanx, bmt)> :
uk(x, 0) = Pr(x).

where a;, b; € (0, 1) forall i € N U{0}. g is initial value and f is the differential operator,
the independent variables (x, t) (where ¢ denote time, and x-space variable) generally denotes
the position in space or size of cells, maturation level, at a time while its solution may be the
voltage, temperature, densities of different particles, form instance, chemicals, cells, etc.. One
significant example of the model: Korteweg—de Vries (KdV) equation, arise in the research
of shallow water waves is as follow:
B] 33

DY (u(x, 1)) = bu—ul(aox, bot) + —ulaix,b1r), 0<a < 1.
dx dx3

where b is a constant. The another well-known model: time-fractional nonlinear Klein—
Gordon equation with proportional delay, aries in quantum field theory to describe nonlinear
wave interaction

2
DY (u(x, 1)) = uaa?u(aox, bot) — bu(aix, bit) — F(u(axx, bat)) + h(x,t), 1 <o <?2.
where b is a constant, 4(x, t) known analytic function and F is the nonlinear operator of
u(x, t). For details of various type of models, we refer the reader to [33,46] and the references
therein.

To best of my knowledge, a little literature of numerical techniques to solve TFPDE with
delay, among them, Chebyshev pseudospectral method for linear differential and differential-
functional parabolic equations by Zubik-Kowal [48], spectral collocation and waveform
relaxation methods by Zubik-Kowal and Jackiewicz [49] and iterated pseudospectral method
[25] for nonlinear delay partial differential equations, two dimensional differential transform
method (2D-DTM) and RDTM for partial differential equations with proportional delay by
Abazari and Ganji [2], Abazari and Kilicman [1] used DTM for nonlinear integro-differential
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equations with proportional delay, group analysis method for nonhomogeneous mucilaginous
Burgers equation with proportional delay due to Tanthanuch [45], homotopy perturbation
method for TFPDE with proportional delay by Sakar et al. [33] and Shakeri-Dehghan [35], and
Biazar and Ghanbari [3], variational iteration method (VIM) for solving neutral functional-
differential equation with proportional delays by Chena and Wang [5] and TFPDE with
proportional delay by Singh and Kumar [41], functional constraints method for the exact
solutions of nonlinear delay reaction-diffusion equations by Polyanin and Zhurov [29] and
so forth.

In this paper, our main goal is to propose an alternative numerical solution of initial
valued autonomous system of time fractional partial differential equation with proportional
delay [33]. The paper is organized into five more sections, which follow this introduction.
Specifically, Sect. 2 deals with revisit of fractional calculus. Section 3 is devoted to the
procedure for the implementation of the HPTM for the problem (4). Section 4 is concerned
with three test problems with the main aim to establish the convergency and effectiveness
of the HPTM. Finally, Sect. 5 concludes the paper with reference to critical analysis and
research perspectives.

2 Preliminaries

This section revisit some basic definitions of fractional calculus due to Liouville [26], which
we need to complete the paper.

Definition 1 Let 4 € R and m € N. A function f : Rt — R belongs to C,, if there exists
keR, k> pand g € C[0, 00) such that f(x) = x¥g(x), Vx € Rt. Moreover, f € (CZ“ if
fmecC,.

Definition 2 Let J (¢ > 0) be Riemann-Liouville fractional integral operator and let
f eC,,then

t
() JAf (1) =pizs [ =D f (1) de, ife >0,
0
%) JOf (1) =f (), where I' (z) := ?e_’tz_ldt, zeC.
0

For f e Cy,u > —1,0,8 > 0andy > —1, the operator J;* satisfy the following properties
Q) Jo T F) =T fo0 =P TEF@), () TN = ms ety
The Caputo fractional differentiation operator Df defined as follows:

Definition 3 Let f € C,, u > —landm — 1 < o <m, m € N. Then

t
1
DYf(t)=T" D] f (1) = Fon—d / t—o)" e rm () dr, (1)
0

Moreover, the operator Dy satisfy following the basic properties

Lemmal Letm — 1 <o <m,m € N, and f GCZ',ME —1l,andy > o — 1, then

+ JNQ! —
@ DEDf () =Dy f(); () DExy = e,

© DETES (1) = f(1), (d) TEDES (1) = f (1) = Y4y £ (07) &, fort > 0.
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For more details on fractional derivatives, one can refer [4,19,26].

Definition 4 The Laplace transform of a piecewise continuous function u(z) in (0, c0) is
defined by

Us) = L{u(t)} = /OO u(t) exp(—st)dt, 2)
0

where s is a parameter. Moreover, for the Caputo derivative Df u (1) and Riemann— Liouville
fractional integral 7 u (¢) of a functionu € C,, (u > —1), the laplace transform [19,26] is
defined as

L{T u (1)) = s“U(s),

m—1 (3)
LD f Oy =s"Us) = Y s u(0+), m—1<a=<m)

r=0

3 Implementation: HPTM for TFPDEs with proportional delay

This section describes the implementation of HPTM to the initial valued autonomous system
of TFPDEs with proportional delay, defined as below:

[ Df (u(x, 1) = f (x, u(aopx, bot), %u(alx, bit), ..., ;T";u(amx, bmt)) , @)
u(x, 0) = 9 (x).
Taking Laplace transform on Eq. (4), we get
Ux,s) = u@.0) + LE |:f (x, u(apx, bot), iu(alx, bit), ..., ﬂu(amx, b,,ﬂ))]
s ox oxm
5

Inverse Laplace transform of Eq. (5) leads

u(x, ) = Yx)+ L7 [iﬁ [f (x, u(aox, bot), 9 u(a1x, bit), ..., L u(amx,bmt))]],
s ax axm
(6)

where v (x) denotes source term, usually the recommended initial conditions.
Let us assume from homotopy perturbation method that the basic solution of Eq. (5) in a
power series:

ut(x,t) = Zp’ul(x,t). @)

1=0

From Egs. (7) and (6), we get

D P upx, =u(x,0)+p {ﬁl {SO,E {f (x, 1,y ur(aox, bot), PP ;ur(mx, by1),

r=0 r=0

gm
oo gur(amx,bmt)>}>:| ®)
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On equating like powers of p, we get

PO iuo(x, 1) = ¥(x)

1 d am
pliui(x,ty=L7" [:ﬁ [f (x, t, ug(apx, bot), Euo(mx, bit), ..., 7”0(amx’bmt))i|i|

o axﬂl

(C))

For p = 1, an approximate solution is given by

u(x, 1) = Zu,(x,t). (10)

1=0

3.1 Convergence analysis and error estimate

This sections studies the convergence of the HPTM solution and the error estimate.

Theorem 1 Let0 < y < landletu,(x,t), u(x,t)arein Banach space (C[0, 1], || - ||). Then
the series solution Z::O:O un(x, t) from the sequence {u, (x)}7, converges to the solution of
Eq. (4) whenever u, (x) < yu,_1)(x) foralln € N.

Moreover, the maximum absolute truncation error of the series solution (10) for Eq. (4)
is computed as

4

u(x,t) — Zul(x, t)

1=0

o lluoCx, D)
lluoCx, DIl < ————.
—y 1—

(In

< Y
!
Proof The proof is similar to [33, Theorem 4.1, 4.2].

4 Application of HPTM for TFPDEs with proportional delay

In this section, the effectiveness and validity of HPTM is illustrated by three test problems
of initial valued autonomous system of TFPDEs with proportional delay.

Example 1 Consider initial values system of time-fractional order, generalized Burgers equa-
tion with proportional delay as given in [33]

D, 1 aZ(I)Jr x 1\ 9 t+l([)
ux,t) = —su(x, ul—-—,—-|)—ulx, - —u(x,
! 9x2 2°2) ax 2 2

(12)
u(x,0) =ux,

Taking Laplace transformation of Eq. (12), we get

x 1 32 x t\ 9 t 1
U(x,s):;—i—s—aﬁ ﬁu(%l‘)ﬁ'u 53 au X,E +5M(xst) (13)
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Now, inverse Laplace transform with basic solution (7) leads to
> purten =x+p {ﬁ“ {Saﬁ (a (waw)
r=0 r=0
o0 o0
x t\ 0 t 1
+ Xéur <5, 5) e (x, 5) + 3 X(:)ur(x, t)) H (14)
r= r=

On comparing the coefficient of like powers of p, we get

P tup(x, 1) = x,

1. i, 32 d t 1
p oui(x,t) = Fhd b (ug(x, t))+uo(2 2) —ug (x,§> +5u0(x,t)

xt“

T Td+a
) _ 1 ’ 92 1
piup(x,t) = sf ﬁ(”l(&f))-i-iul(x’l‘)

o

x t\ 0 t x t\ 0 t
+“°<z 2) “1< 5)*“‘(56)5“0(’“5)”
(]+21—a)xt2a

01+ 20)

3. ( t)—[l*l lﬁ 92 , +u2(x,t)+ x t 3 t
pru3zlx, 1) = si"f ﬁ(uz(x, ) 2 2 2 uo X’E

x t 0 t x t d t
+°<z 5) 2( z)*“l(i’a)ax 1( E)H
xr™ ra+2
T Ar(1+3a) Tt }

$rugn = £ L[ 2 i+ B0 L (50 2 !
Pt = s et (a2 2 T\ 2) a2
x t 0 t x t d t (16)
+”‘<2’2) ax”2< 2)+”2<2 2) ax ! (x’z>
N EIAN ‘
B 22 ) a0\ "3

xt4o¢
8 (1 + 4w)

s)

{1 4ol pl-2e 4 9273a 4

{l + 29—60[ + 28—50[ + 3 X 27—30[ + 27—20[ + 27—0{ + 28—40(

+ (28750{ + 27720{)

'+ 2a) 0_4g 3_3a I'(l+3a)
I'(d+a)? TETT 2 )1“(1 +a)F(1+2a)}

Therefore the solution for Eq. (12) is
u(x, 1) = uo(x, 1) +ui(x, 1) +ua(x, 1) +uz(x, 1) +ua(x, 1) +--- (17

The same solution is obtained by Sarkar et al. [33]. In particular, for « = 1, the seventh order
solution is
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Table 1 Approximate HPTM

solution of Example 1 with first ! Exact HPTM solution Eabs
six terms forate = 1.0 025 025 0321006  0.321004 2.122401E—06
0.50 0412180  0.412109 7.094268E—05
075 0529250  0.528686 5.634807E—04
100 0679570  0.677083 2.487124E—03
0.5 025 0642012 0.642008 4.244802E—06
0.50  0.824361  0.824219 1.418854E—04
075  1.058500  1.057373 1.126961E—03
100 1359141  1.354167 4.974248E—03
075 025 0963019  0.963012 6.369688E—06
0.50 1236541 1236328 2.128250E—04
075  1.587750  1.586060 1.690020E—03
100 2.038711  2.031250 7.461370E—03

Fig. 1 The surface HPTM solution behavior of u of Example 1 foraa =0.8;ba =0.9;ca = 1.0

Fig. 2 Plots of HPTM solution 3.5F
u(x, t) of Example 1 for
a=0.8,0.9, 1.0, 3.0
te,1);x=1
—_ 2.5
-
x
35 20
1.5
1.0
t
2B P I t’

Hexlt+r+ s 2 L T
uw, ) =x \ L1+ 5+ 2+ 2+ 150 7 720 T 5000

(18)

which is same as obtained by DTM and RDTM [2], and is a closed form of the exact solution
u(x,t) = x exp(¢). The HPTM solution for « = 1 is reported in Table 1. The surface solution
behavior of u(x, t) for different values of « = 0.8, 0.9, 1.0 is depicted in Fig. 1, and the plots
of the solution for x = 1 at different time intervals ¢+ < 1 is depicted in Fig. 2. It is found
that the results are agreed well with HPM as well as DTM solutions and approaching to the
exact solution.
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118 B. K. Singh, P. Kumar

Example 2 Consider initial value TFPDE with proportional delay as given in [2,33]

Do B t\ 9° t
culx,t)=u x,i @u X’E —u(x,t) (19)
u(x,0) :xz,

Taking Laplace transform of Eq. (19), we get

xz 1 r\ 92 t
Ux,s) = —+ s—az [u (x, 5) PyeL (x, 5) —u(x, t)} (20)

The inverse Laplace transform of Eq. (20) leads to

2
e t) = 5% 4 L] Ex + Siaa [u (x, %) %u <x, %) —utr, r)” @1)

Eq. (21) with basic solution (7) leads to

o0 o0 2 o0
Zp"un(x, 1) = 2+ p [L’_l {Slaﬁ (Z Uy (x, %) %uk_n (x, %) — Zu,,(x, t)) ]j|
n=0 n=0 n=0

(22)

On comparing the coefficient of like powers of p, we get

PO ug(x, 1) = x2,

Voo, =271 iﬁ u xi a—zu X L —ug(x, 1)
p tuilx,t) = e ol %5 ) 52k 5 o(x,
Zt(x
r\ 92 t N t
x5 8x2u1 x5 (x5

82 t / N xztza(227a - 1)
X@MQ X,E —M](x, ) _W
32 92
i el o ) B )]
1 92
o [;ﬁ [m (x, %) s (x, %) — (. ,>H (23)

X7t { o2 _ 022 | pd-Bu ra +2°‘2) 21+a}
rd+ao)

1 r\ 92 t r\ 9% t
4. _ -l
piua(x,t) =L |:s—a£ {uo (x, E) @m (x, E) + us (x, E) ﬁul (x, 5)
N r\ 9% AW r\ 9% t e )
up | x —uy | x, = us|\x, =) —suo|x, =) —uslx
%5 ) 5242 (%5 3\ %5 ) 52t % 5 3(x,

_ X
T r(+4o)

1
p2 cupx(x,t) = Youl [—E |:u0
s

o

_ Xt (1 e I S D S N o 2676a)
r'(1+ 4a)
N x214a (21+4o¢ _ 23+2a)1—v(1 + 20!) (22+3o¢ _ 24+2a)1—v(1 + 3a)
(1 + 4a) I +a)? (A +a) (1 +2a)
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Table 2 Approximate HPTM

solution of Example 2 with first ! Exact HPTM solution Eabs
six terms forate = 1.0 025 025 00802516  0.0802516 7.812108E—10
0.50  0.1030451  0.1030450 1.032903E—07
075  0.1323125  0.1323107 1.824464E—06
100 0.1698926  0.1698785 1.414206E—05
0.50 025 03210064  0.3210064 3.124843E—09
0.50 04121803  0.4121799 4.131611E—07
075 05292500  0.5292427 7.297854E—06
100 06795705  0.6795139 5.656823E—05
075 025 07222643  0.7222643 7.030897E—09
0.50 09274057  0.9274048 9.296126E—07
075 11908130  1.1907963 1.642017E—05
100 1.5290340  1.5289062 1.272785E—04

Fig. 3 The surface solution behavior of u# of Example 2 foraa =0.8;ba =0.9;ca = 1.0

Thus, the solution for Eq. (19) is given by
u(x, 1) =uox, 1) +ur(x, 1) +uz(x, 1) +uz(x, 1) + ua(x, 1) + - (24)

which is the required exact solution, same solution is obtained by Sarkar et al. [33]. In
particular for o = 1, the seventh order solution is obtained as

28

) =x*1+14+ =+ +t4+t5 +t6 + i (25)
wa == 276 24 7120 T 720 T 5040

which is same as obtained by DTM and RDTM [2], and is a closed form of the exact solution
u(x, ) = x2 exp(t). The HPTM solution for « = 1 is reported in Table 2. The surface
solution behavior of u(x, t) for different values of « = 0.8, 0.9, 1.0 is depicted in Fig. 3, and
the plots of the solution for x = 1 at different time intervals ¢ < 1 is depicted in Fig 4. It is
found that the proposed HPTM results are agreed well with HPM as well as DTM solutions
and approaching to the exact solution.
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Fig. 4 Plots of HPTM solution T T T T T J
u(x, t) of Example 2 for '
a=0.8,0.9,1.0;

te 0, 1);x=1

u(x,t)

Example 3 Consider initial value TFPDE with proportional delay as given in [2,33]
" 32 (x t\ 3 [(x t 19
Dlu(x,t) = —su =, = | —ul(Z, =) —<—u@, 1) —ux,1)
0x2 \272) ax \2’2 8 dx (26)
u(x,0) = x2,

Taking Laplace transform of Eq. (26), we get

U _x2+1£ 9? <x z) 9 (x t>_18 PPN s
sy ="rt G [ax 22) x'\272) Tt T ulk )] @7)

The inverse Laplace transform leads to

(t)_z_i_ﬁ*ll_i_iﬁaiz xr i X r li(t) (x,1)
v =4 ST M2\ 202) ax\272) Tgax Y T

(28)
Homotopy perturbation transform method on Eq. (28) leads to

o0

Z M (2 ) 2 = 1£ k=Zoo 82un X t\ OQugp—, (x t
uy(x,t) =x — Z - -2
prttn p 5@ a2 \2°2) “ax \2°2

n=0 n=0

gai Zun (x, 1) — Zun(x r)ﬂ) (29)
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On comparing the coefficient of like powers of p, we get

0. 2
pup(x, 1) =x7,

1 92 x t\ 8 Xt 19
1. _ -1 . - _
poruile,)y=L [saﬂ{a)ﬂ o<2 2) 8xu0<2’2> g o@D = uo(x,l)]]
_xzta
x t J X t
“\22) " \2 2

" Td+w

2. L9 x t i x t
primb =L [wﬁ w2\ 2) x\22
13
fga—ul(x t) — ul(x,t)]]
_ 2 QT4 2x 4D
2 (1 + 2a)

5 sty = L] L, 32 x t\ @ x t 32 x t) @ x t
Cruz(x,t) = —L|—uo|=, =) —ux| =z = = =
P whlo®\722) 5"\ 2) T o \2°2) 5x"'\22
32 x t\ 9 Xt 19
t22\37) 5740l 53) ~gae D —ualx.n

3a
_ ! 2 nd | -t | 520 | n—3—a | A—3-2a | H—2-3a
_m{—l—zx —2Y 42T 427 42 +2 +2 (30)
g1z, F420)
' +aw)?

1 %ug (x t\ duz [(x t uy (x t\ Ouy (x ¢
4 -1 3
: n=7L —L - === = = 5
Piualx ) La [8x2 (2 2) ax (2 2>+ x2 (2 2) x (2 2)
+82u2 X t\ouy [x t +82u3 X Buo x t 10 .0 .0
A R Y R [ _
w2 \272) ax \272) T2 \202) ax \272) " gan T

_ e —5 _ h—3—a _~r—3-2a | n—3—da , H—3—5a
_r(1+4a){(3X2 -2 -2 +2 +2 )}
+ L {((_2—2—30( _ 2—2—20{ _ 2—2—0[ + 3 x 2_3)X +x2)}
(1 + 4a)
A e e H I'(l 4+ 2a)
7__240! 2520{ 222057
HTETS * + i +ay
4o
— ! 2—4—40t(_2+211 + 23+ctx) I"(1+3w)
r'(l+4a) I+ 2a) x I'(1 + 4a))
The required solution of Eq. (26) is
u(x, 1) = uo(x, 1) +ur(x, 1) +ua(x, 1) +uz(x, 1) + - - (31)

which is a closed form to the exact solution and the solution obtained by Sarkar et al. [33].
In particular, for « = 1, the seventh order solution is obtained as

P RPN A A A Ly (32)
u(x, 1) =x — = = — - —
376 724 120 7720 5040
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Table 3 Approximate HPTM solution of Example 3 with first six terms for at @ = 1.0

X t

Exact

HPTM solution

Eqps

0.25 0.25
0.50
0.75
1.00
0.50 0.25
0.50
0.75
1.00
0.75 0.25
0.50
0.75
1.00

4.867505E—-02
3.790817E—02
2.952291E—-02
2.299247E—-02
1.947002E—01
1.516327E—01
1.180916E—01
9.196986E—02
4.380754E—01
3.411735E—01
2.657062E—01
2.069322E—01

4.867505E—-02
3.790826E—02
2.952442E—02
2.300347E—02
1.947002E—01
1.516330E—01
1.180977E—-01
9.201389E—02
4.380754E—01
3.411743E—-01
2.657198E—01
2.070313E—-01

7.338727E—10
9.114643E—08
1.512146E—06
1.100715E—05
2.935491E—-09
3.645857E—07
6.048582E—06
4.402860E—05
6.604854E—09
8.203179E—-07
1.360931E—05
9.906434E—05

Fig.5 The solution behavior of HPTM solution u of Example 3 foraa = 0.8,0.9, 1.0;ba = 0.9;ca = 1.0

Fig. 6 Plots of HPTM solution
u(x, t) of Example 3 for
a=0.8,0.9,1.0;
te0,1);x=1

u(x,t)

which is same as obtained by DTM and RDTM [2], and is a closed form of the exact solution
u(x,t) = x2 exp(—t). The HPTM solution for @ = 1.0 is reported in Table 3. The solution
behavior of u for different values of « = 0.8, 0.9, 1.0 is depicted in Fig. 5, while the plots for
x = 1 at different time levels ¢ < 1 is depicted in Fig. 6. This evident that HPTM solutions
are agreed well with HPM as well as DTM solutions, and approaching to the exact solution.
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5 Conclusion

In this paper, homotopy perturbation transform method is successfully
employed for numerical computation of initial valued autonomous system of time-fractional
model of TFPDE with proportional delay, where we use the fractional derivative in Caputo
sense. Three test problems are carried out in order to validate and illustrate the efficiency
of the method. The proposed solutions agreed excellently with HPM [33], VIM [41] and
DTM [2]. The proposed approximate series solutions are obtained without any discretization,
perturbation, or restrictive conditions, which converges very fast. However, the performed
calculations show that the described method needs a small size of computation in comparison
to HPM [33] and DTM [2]. Small size of computation of this scheme is the strength of the
scheme.
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