SeMA (2016) 73:17-30 @ CrossMark
DOI 10.1007/s40324-015-0053-x

Existence and stability results for a partial impulsive
stochastic integro-differential equation with infinite delay

Mamadou Abdoul Diop! - Khalil Ezzinbi? -
Mahamat Mahamat Zene!

Received: 12 August 2015 / Accepted: 16 October 2015 / Published online: 26 October 2015
© Sociedad Espaiiola de Matemadtica Aplicada 2015

Abstract This article presents the result on existence and stability of mild solutions of
stochastic partial differential equations with infinite delay in the phase space 5 with non-
lipschitz coefficients. We use the theory of resolvent operator devolopped in Grimmer (Trans
Am Math Soc 273(1):333-349, 1982) to show the existence of mild solutions. An example
is provided to illustrate the results of this work.
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1 Introduction

In this paper, we study the existence of mild solutions for a class of abstract partial impulsive
integrodifferential equations with infinite delays:

t
dx(t) = [Ax(t) +/ B(t — s)x(s)ds + F(z,xt)i| dt+ H(t, x;)dw(t), teJ:= [0,T],
0
Ax(t) = x(t) —x(t)) = Lk(x®), k=1,2,...,m,

X0 = (pEB.
(1.1)
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Here, the state x(-) takes values in a separable real Hilbert spaces Hwith inner prod-
uct (-, -)and norm ||-||, Ais the infinitesimal generator of a strongly continous semigroup of
bounded linear operators S(¢),¢ > 0 on H,with D(A) C H, and B(¢),t € Jis a closed
linear operator on H.The history x; : ] —o00,0] — H, x,(0) = x(t+0),for t > 0,
belongs to some abstract phase space Bwhich will be described axiomatically in Sect. 2.
Let K be another separable Hilbert spaces with inner product (-, -)x and norm ||-||x. Sup-
pose {w(s) : 0 < s < t} is a given K-valued Wiener process with covariance operator
Q > 0 defined on a complete probability space (2, F, {F;};>0, P) equipped with a normal
filtration {F;};>0 which is generated by the Wiener process w. We are also employing the
same notation ||-|| for the norm £(H; K), where £(H; K) denotes the space of all bounded
linear operator from K into H. Assume that F : Ry x B — Hand H : Ry x B — £g are
two appropriate mappings specified later. Here Lg = L7(Ko; H) denotes the space of all
Q-Hilbert-Schmidt operators from Ko to Hwich will be defined in Sect. 2. The initial data
¢ = {p(t) : —oo < t < 0}is an Fp-adapted, B-valued random variable independent of the
Wiener process w with finite second moment, I : B — H, k =1, 2, ..., mareappropriate
functions. The fixed moments of time #; satisfies0 <t < --- <t, < T, x(t,f) and x ()
represent the right and left limits of x(¢) at r = #, respectively, Ax(#;) represents the jump
in the state x at time f; with I} determining the size of the jump.

In recent years, stochastic differential equations have received more attention. They have
been applied to model various phenomena in mechanical, electrical, economics, pysics and
several fields in engineering. There have been increasing interest in investigating Impulsive
stochastic differential equations. For instance in [10] nonautonomous and random dynamical
systems perturbed by impulses is investigated. Yang et al. [16], studied the stability analysis
of ISDEs with delays; Yang et al. [26], studied the exponential p-stability of ISDEs with
delays. In [12,23], Sakthivel and Luo the existence and asymptotic stability in p-th moment
of mild solutions to ISDEs with and without infinite delays through fixed point theory.

Motivated by the works of [12,19,20,23], we will generalize the existence and uniqueness
of the solution to impulsive stochastic partial functional integrodifferential equations under
non-Lipschitz condition and Lipschitz condition. Moreover, we study the stability through
the continuous dependence on the initial values by means of Corollary of Bihari’s inequality.
Our main results concerning (1.1), relay essentially on techniques employing a strongly
continous family of operators R(t),t > 0 defined on the Hilbert space H and called their
resolvent (the precise definition will be given below). The paper is organized as follows: in
Sect. 2, we recall some preliminaries which are used throughout this paper. In Sect. 3, we
state the existence and uniqueness of a mild solution. In Sect. 4, we study the stability through
the continuous dependence on the initial values. Finally in Sect. 5, an example is given to
illustrate our results.

2 Preliminaries
2.1 Wiener process

Let (2, F, P, F) with (F = {#;},50) be a complete filtered probability space satisfying that
JFo contains all P-null sets of 7. An H-valued random variable is an F-mesurable function
x(t) : @ — H and the collection of random variables S = {x(f,w) : Q — H| ¢t € J} is
called a stochastic process. Generally, we juste write x(¢) instead of x (¢, ®) and x(¢) :

J — H in the space of S. Let {¢;}7°, be a complete orthormal basis of K. Suppose that
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{w(t) : t > 0} is a cylindrical K-valued Wiener process with a finite trace nuclear covariance
operator Q > 0, denote Tr(Q) = ZZO:I Ai = A < oo, which satisfaies that Qe; =
Aiei. So, actually, w(t) = Z?Zl JAiw;i(t)e;, where {w; 22| are mutually independent one-
dimensional standard Wiener processes. We assume that 7; = o {w(s); 0 <s <t} is the
o -algebra generated by w and Fr = F. Let L(K; H) denote the space of all bounded linear
operators from K into H. For A1, ho € L(K; H), we define (h1, h2) = Tr(hy1Qh}), where
h3 is the adjoint of the operator /5 and Q is the nuclear operator associated with the Wiener
process, where Q € L;F(K), the space of positve nuclear operator in K. For ¢ € L(K, H)
we define

2

Wi = Trar v = X [Van ven
n=1

If [¥llp < oo, then ) is called a Q-Hilbert Schmidt operator. Let L o (K, H) denote the space
of all Q-Hilbert Schmidt operator vr. The completion L o (K, H) of L(K, H) with respect to
the topology induced by the norm ||| o where ||¢r ||2 = (¢, ¥) is a Hilbert space with the
above norm topology. For more details, we refer the reader to Da Prato and Zabczyk [26]. The
collection of all strongly measurable, square integrable, H-valued random variables, denoted
by L, (2, F, P; H) = L,(£2, H), is a Banach space equiped with norm

1
IxOliz, = ElxC, o)),

where the expectation, E is defined by Ex = fQ x(w)dP.Let C (J, Lo(£2, H)) be the Banach
space of all continuous maps from J into L (€2, H) satisfying the condition

supE [l x(1)||* < o0.

teJ
An important subspace is given by Lg(Q, H) ={f € L2(R,H) : f is Fy — measurable}.

We say that a function u : [v, T] — H is a normalized piecewise continuous function on

[v, T]if u is piecewise continuous and left continuous on [v, T]. We denote by PC([v, t]; H)
the space formed by the normalized piecewise continuous, F;-adapted measurable processes
from [v, 7] into H. In particular, we introduce the space PC formed by all F;-adapted mea-
surable, H-valued stochastic processes {u(t) : t € [0, T]} such that u is continuous at ¢ # t,
u(t, ) = u(t) and u(t,:r) exists, for k = 1,..., m. In this paper, we always assume that

PC is endowed with the norm ||ullpe = (supye; E ||u(s)||2)%. It is clear that (PC, ||-]|p¢)
is a Banach space. Further, let Bz be a Banach space B ((—oo, T], L), the family of all
Fi-adapted process ¢(f, w) with almost surely continuous in ¢ for fixed w € 2 with norm
defined for any ¢ € Br

2
lllz, = (OsupTE ||<p||,2) .
<t=<

where [|gll; = sup_og<o ¢l

2.2 Partial integrodifferential equations in Banach spaces
In the present section, we recall some definitions, notations and properties needed in what
follows.Let Z; and Z, be Banach spaces. We denote by L£(Z;, Z;)the Banch space of

bounded linear operators from Z; into Z, endowed with operator norm and we abbreviate
this notation to £(Z;)when Z| = Z,.
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20 M. A. Diop et al.

In what follows, H is a Banach space, A and B(¢) are closed linear operators on H. Y
represents the Banach space D(A) equipped with the graph norm defined by

Iyly == |Ay[+|y| for ye?Y.

The notations C ([0, +00); Y), L(Y, H) stand for the space of all continuous functions from
[0, 400) into Y, the set of all bounded linear operators from Y into H, respectively. We
consider the following Cauchy problem

t

V() = Av(z)+/ B(t — s)v(s)ds for t >0
v(0) = vg € H. ’

@2.1)

Definition 2.1 [3] A resolvent operator for Eq. (2.1) is a bounded linear operator valued
function R(¢) € L(H) for t > 0, having the following properties:

(i) R(0) =1 and |R(r)| < NeP! for some constants N and B.
(i1) For each x € H, R(¢)x is strongly continuous for r > 0.
(ili) Forx € ¥, R(-)x € C'([0, +00); H) N C([0, +00); ¥) and

t
R'(t)x = AR(t)x +/ B(t — s)R(s)xds
0

t
= R(t)Ax +/ R(t — s)B(s)xds for t >0
0

For additional details on resolvent operators, we refer the reader to [3,13]. The resolvent
operators plays an important role to study the existence of solutions and to give a variation
of constants formula for non linear systems. We need to know when the linear system (2.1)
has a resolvent operator. Theorem 2.2 gives a satisfactory answer to this problem.

In what follows we suppose the following assumptions:

(H1)A is the generator of a strongly continuous semigroup on H.

(H2) For t > 0, B(t) is closed linear operator from D(A) to H, and B(t) € B(Y, H).
Forany y € Y, the map r — B(¢)y is bounded, differentiable and the derivative t — B’(t)y
is bounded uniformly continuous on R™

Theorem 2.2 [3] Assume that the assumptions (H1) and (H2) hold. Then there existe a
unique resolvent operator of the Cauchy problem Eq. (2.1).

In the following, we give some results on the existence of solutions for the following
integrodifferential equation

t

v/(t) = Av(r) +/ B(t —s)v(s)ds +q(t) for t >0
v(0) = vy € H, ’

2.2)

where ¢ : [0, +oo[— H is a continuous function.

Definition 2.3 [3] A continuous function v : [0, +00) — H is said to be a strict solution of
Eq. 2.2) if
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(i) v e C'([0, +-00); H) N C ([0, +00); ),
(ii) v satisfies Eq. (2.2) for t > 0.

Remark 2.4 From this definition, we deduce that v(¢) € D(A), the function B(t — s)v(s) is
integrable, for all t > O and s € [0, +00).

Theorem 2.5 [3] Assume that (H1)—(H2) hold. If v is a strict solution of Eq. (2.2), then the
following variation of constants formula holds

t
v(t) = R(t)vg —I—/ R(t —s)q(s)ds for t>0. 2.3)
0

Accordingly, we make the following definition.

Definition 2.6 [3] For vy € H. A function v : [0, +00) — H is called a mild solution of
(2.2) if v satisfies the variation of constants formula (2.3).

The next theorem provides sufficient conditions for the regularity of solutions of Eq. (2.2).

Theorem 2.7 [3] Let g € CL([0, +00); H) and v be defined by (2.3). If vo € D(A), then v
is a strict solution of Eq. (2.2).

In the whole of this work, we suppose that the phase space is axiomatically defined, we use
the approach proposed by Hale and Kato in [8]. To establish the axioms of the phase space
B, we follows the terminology used in Hino et al. [7]. The axioms of the phase space Bare
established for Fyp-measurable functions from ] — oo, O]into H, endowed with a seminorm
wich satisfies the following axiomns:

Axiom 2.8 (Al) If x : (—oo, T]—H, T >0 is such that xo € B and x|, ,, € PC([v, t]; H)

then, for every ¢ € [0, T'], the following conditions hold:

1) x, € B,

@) lx@I =< Lllx g,

(3) lIxtllg < u(t)supyy<; |x(s)| + v(¢t) llxollg, where L > 0 is a constant ; u(-), v(-) :
[0, +00) — [1, +00), u(-) is continuous, v(-) is locally bounded, and L, u(-), v(-) are
independent of x(-)

(A2) The space B is complete.
The next result is a consequence of the phase space axioms.

Lemma 2.9 Let x : (—00,0] — H be a Fi-adapted measurable process such that the
Fo-adapted process xo = ¢ € Lg(Q, B) and x|, ;, € PC(J, H), then

Ellxsllg < vrEl¢llg +ur sup Ellx(s)] 24

0<s<T
where ur = sup;cj{u(t)} and vr = sup,;{v(?)}.
Remark 2.10 In retarded functional differential equations without impulses, the axioms of
the abstract phase space Binclude the continuity of the function t — x;; see for instance [7].

Due to the impulsive effect, this property is not satisfied in impulsive delay systems and, for
this reason, has been eliminated in our abstract description of 5.
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22 M. A. Diop et al.

Lemma 2.11 (Bihari inequality) [18] Let T > 0 and ug > 0, u(t), v(t) be continuous
functions on [0, T]. Let K : RT™ — R* be a concave, continuous and nondecreasing function
such that K (r) > 0 forr > 0. If
t
u(t) <ug +/ v()K (u(s))ds for 0<t<T,
0
then
t
u(t)y < G™! (G(uo)—l—/ v(s)ds)
0
forall t € [0, T] such that

t
G(uo)+/ v(s)ds € Dom(G™),
0

where G(r) = flr Kd(ss) (r = 0) and G~ is the inverse function of the G. In particu-
lar,moreover if, ug = 0 and f0+ % = +4o00, then u(t) =0 forallt € [0, T].

In order to obtain the stability of solutions, we use the following extended Bihari’s inequality

Lemma 2.12 [17] Let the assumption of Lemma 2.11 hold. If
T
u) w0+ [ OK W) ds for 01 =T,
t
then

T
u(t) < G| (G(uo) +/ v(s)ds) forall t €0, T]
12
T
such that G(ug) —I—/ v(s)ds € Dom(G_l),
!

where G(r) = lr %, for r = 0and G~ is the inverse function of the G.

Corollary 2.13 [17] Let the assumptions of Lemma 2.11 hold and v(t) > 0 fort € [0, T].

If for all € > 0, there exists t; > 0 such that for 0 < ug < e, f[]T v(s)ds < f;o Kd(ss) holds,
then for every t € [t1, T, the estimate u(t) < € holds.

Lemma 2.14 (Burkholder-Davis-Gundy inequality) [11], p. 182 For any p > 1 and for
arbitrary Eg-valued predictable process ¢ (.),

sup E

0<s<t

where C, = (r2r — 1))".

2r t r
<c, ( / <E|¢<s)||§;o)ds) , @.5)
H 0 2

/0 “pUdw(D)

Before starting and proving the main results, we present the definition of the mild solution
to (1.1).

Definition 2.15 A Stochastic process {x(t) € Br,t € (—oo, T]}, (0 < T < 00) is called a
mild solution of the Eq. (1.1).

(1) x(¢t) € His F;-adapted,
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Existence and stability results for a partial impulsive stochastic... 23

(i1) x(¢) satisfies the integral equation
Existence and Uuniqueness

(1) for t €] — 00, 0],
t

t
R(t)p(0) +/ R(t — s)F (s, x5)ds +/ R(t —s)H (s, xs)dw(s)
0 0

x(t) = (2.6)

+ D R —t)L(x®) astel0,T].

O<t <t

3 Existence and uniqueness of solution for Eq. (1.1)

In this section we discuss the existence and uniqueness of mild solution of the system 1.1.
Now we assume the following assumptions: (H3): the functions F : Ry x B — H and
H:Ri xB— Eg satisfy forall r € J, @1, Py € B

I|F(t, 1) — F(t, D> V | H(t, ®1) — H(t, D)II> < K(|®1 — 2l5°),

where K (.) is concave non-decreasing function from R™ to R*, K(0) = 0, K(u) > 0 for
u > 0 and f0+ % = 00. (H4) The function I; € C (H, H) and there exists some constant

hi such that || I (D1 (t) — Ik (P2(t)) 1> < hill 1 — P2|%, for each @1, 5 € B, k =
1,2,...,m. (HS): Forall t € J ,F(z,0), H(r,0), It(0) € L% fork = 1,2,...,m and
there exists a positive constant ko, such that

£, 01>V IH (2, 0)1* v [ 1 (0)]1* = ko.

Let us now introduce the successive approximations to Eq. (2.6) as follows

0 [(p(t) for t €] — 00, 0], o
R(t)p(0) for t € [0, T],
and forn =1,2,...,
() for t €] — o0, 0],
! _ n—1 /t _ n—1
() = R(t)p(0) —l—/o R —s)F(s,x; )ds + A R —s)H(s,x;” )dw(s) 3.2)

+ D0 R —t) L&) astel0,T],

O<t <t

with an arbitrary non-negative initial approximation x° € Br.

Theorem 3.1 Assume that (H1)—(HS) hold. Let M = SUP;c(0,7] |R(t)|l, then the system
(1.1) has unique mild solution x(t) in Br, provided
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24 M. A. Diop et al.

Proof Let x° € By be a fixed initial approximation to (3.2). Let M = sup,¢jo. 7 IR(D)].
Then for any n > 1, we have,

t
|x" )] < 4M? )11 + 8TM2/0 [HF(s,x;’_l) — F(s5,0) Hz + | F s, 0)||2] ds

t
+8M2/0 (17227 = B, 0+ 11H (s, 0)]2] ds

+802m 3 [ 1" ) = L) + 1L O]
k=1

Thus,

E|x"@)|; < 4m? |:IE lp(O)1* + 2(T(T + 1)+ M*m th)} ko

k=1

[

t
+8M2(T+1)E/ K (") ds
0

m
+8m2m > fE [}
k=1

Given that K (.) is concave and K (0) = 0, we can find positive constants a and b such that

K(u) <a+ bu, forall u > 0.

Then,
t
E <"} < 01 +8M*(T + DTa+8M*(T + 1)b/ E x| ds
02 °
= 2
+802m Y (B[] =120
k=1
Since, 5
E[x°®]; = M* le©O)]* = 03 < oc. (3.3)
Thus,
E|x"(0)|* < Q4 < 00 foralln =0,1,2,... andt € [0, T]. (34)

This proves the boundedness of {x"(¢), n € N}.
Let us next show that {x" ()} is Cauchy € B . For this, for n, m > 1, we have

13
Hx”“(t) _xm+1(t)||2 < 3MX(T + 1)/ K (||xn(s) —xm(s)HZ) ds
)0
Os
£ 302> i (@ — "))
k=1

——
(03
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Existence and stability results for a partial impulsive stochastic... 25

Thus,

t
sup E Hx'”rl — ] ”32 < Q5/ K( sup E |x" —x™ ||f)dS+Q6 sup E [x" —x" ||f
0<s<t 0 0<r<s 0<s<t
(3.5)

Integrating both sides of Eq. (3.5) and applying Jensen’s inequality gives that

t t N
/ sup E ”x"'H — " leds < Q5/ / K( sup E ”x" —x" ”f)a’lds (3.6)
0 0<I<s 0 JO O<r<i

t
+Q6/ sup E |x" — x| ds, 3.7)
0 0<i<s
1 N 2 1
< Qs/ s/ K| sup E|x" —x" | )=dlds (3.8)
0 Jo 0<r<I s
t
+ Q6/ sup E Hx" —x™ ||12ds, (3.9)
0 0<l=s
t N ) 1
< Qst// K\ sup E|x" —x"| -dl )ds (3.10)
0 JOo 0<r<i s
t
+Q(,/ sup E |x" —x"|7 ds. 3.11)
0 O<i<s
Then,
t
‘Iln+],m+1(t) = QS/ K ("I"n,m(s)) ds + Q6\p11,m(t) (3~12)
0
where

t 2
fo SUPg<<s E lx" —x™; ds

\Ijn,m(t) - t ’

From (3.5), it is easy to see that

sup(t) W, (1) < oo.

n,m

So letting W(r) = limsup,, ,,_, oo Yn,m(¢) and taking into account the Fatou’s lemma, we
yield that

Os
1 - Qs

Now, applying the Lemma?2.11, immediately reveals W(¢) = O for any ¢ € [0, T']. This
further means {x"(z), n € N} is a Cauchy sequence in Br. So there is an x € B7 such that

t
W(t) = @/ K (W(s))ds, where @:
0

T
lim sup E [x" — x”f dt = 0.

=00 Jo 0<s<t

In addition, by (3.4) is easy to follow that E ||x||,2 < Q4. Thus we claim that x(¢) is a mild
solution to (1.1). On the other hand, by (H3) and letting x — oo, we can also claim that for
tel0,T]
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E H/I Rt —y) [F(s,xsn_l) — F(s,x)]ds ’ — 0,
t ’ 2

E H/ R(t —s)[H(s,x!™ ") — H(s,x)]dw(s)| — 0,
’ 2

E| > Rt —t)G" (0) — L(x@)]| — 0.

O<tp <t

Hence, taking limits on both sides of (3.2), we obtain that
t
x() = R@)p(0) + / R(t — $)F (s, x;)ds
0

t
+/ Rt —$)H (s, x)dw(s) + > Rt — 1)L (x(w).
0

O<tp <t

This certainly demonstrates by the Definition 2.13 that x(¢) is a mild solution to (1.1) on the
interval [0, 7] Now, we prove the uniqueness of the solution of (1.1). Let x1, x € Br be
two solution of (1.1) on some interval (—oo, T']. Then, for t € (—o0, T'], we have

t
Ellx; — x20l7 < Q6E Ilx1 — x2/1? + Qs/ K (Ellx; — x2%) ds.
0

Thus,

0s /' 2
E|lx; — x2)l7 < K (Ellx; — x2I3) ds.
llx — x2llf < A (Ellxi — x2l5) ds
Thus, Bihari’s inequality yield that

sup Efx; —xaf>=0, 0<r<T.
t€[0,T]

Thus, x1(t) = x5(¢) for all 0 < ¢ < T. This acheive the proof.

4 Stability

In this section, we study the stability through the continuous dependence on initial values.

Definition 4.1 A mild solution x(¢) of the system (1.1) with initial value ¢ is said to be
stable in the mean square if for all € > 0, there exist § > 0 such that

Ellx — 1?2 < ¢, whenever E |¢ — | <8, forall r € [0, T1. (4.1)
where X(¢) is another mild solution of the system (1.1) with initial a
Theorem 4.2 Let x(t) and y(t) be mild solution of the system (1.1) with initial values ¢,

and @y respectively. If the assumption of the Theorem 3.1 are satisfied, then the mild solution
of the system (1.1) is stable in the mean square.
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Proof Let, x(¢) and y(t) be two mild solutions of Eq. (1.1) with initial values ¢ and ¢»
respectively. Then forO <t < T

t
x(1) — y(1) = R(1) [¢1(0) — ¢2(0)] +/O R(t — ) [F(s, x5) — F(s, y5)]ds

1
+ / R(t —s)[H(s, x5) — H(s, y))1dw(s)
0

+ > Rt = 1) e (x(@)) — T (x ()]

O<rt <t

So, estimating as before, we get

t
Ellx — yl2 < 4M°E |1 — ol + 4M>(T + 1)/ K (E Ix — yl1?) ds
0

m
+AMPm Y hiE |lx — yl7 .

k=1
Thus,
2 : 2
Ellx =y = T—232m ST llor — @2l
=1
AMX(T + 1) ! )
+ K (E|x — ds.

1= 4M2m S /0 (Bl =¥15)
O
Let Ki(u) = l_ﬁ%ﬁ%l( (1), where K is a concave increasing function from R™ to

R* such that K (0) =0, K («) > 0 foru > 0and [, % = +oo. Then, K| (1) is concave
from R* to R such that K1(0) = 0,K(u) > K(u) for0 <u < 1and [, % = 4o00.
Now for any € > 0, €] = %e, we have lim,_, ¢ f;‘ ch?u) = oo. Then, there is a positive

constant § < €, such that f;‘ K‘f'(‘u) >T.
Let

4M?
1 —4M2m Y} he
u(t) = Elx —ylI7, v@) =1,

ler — @al?,

uy =

when ug < § < €;. Then from corollary 2.10, we deduce that

€] €] T
/ du_ / du_ p_ / v(t)ds.
wy Ki(u) s Ki(uw 0

It follows, for any ¢ € [0, T'], the estimate u(#) < €] hold. This completes the proof.

Remark 4.3 It m = 0 in (1.1), then the system behave as stochastic partial functional inte-
grodifferential equation with infinte delay of the form

t
dx(t) = |:Ax(t) +/ B(t — s)[x(s)ds + F(t,x,)] dt + H(t, x;)dw(t), 0<t<T,
0

x(t) =¢eCh (1—00,0],H).
(4.2)
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By applying Theorem 3.1 under the hypotheses (H1-HY), the system (4.2) guarantees the
existence and uniquiness of the mild solution.

Remark 4.4 1If the system (4.2) satisfies the Definition, 4.1, then by Theorem 4.2, the mild
solution of the system (4.2) is stable in the mean square.

5 Application

We conclude this work with an example of the form

B8 = S, ©) + [y b = )y v(s, §)ds
+ft, vt —1,&)dt +o(t,v(t —1,&))dw(t) fort
>0and é €0, 7], T>0,teJ :=[0,T],
Av(ty) = v(t,j') —v(t, ) = Lk(v(ty)) for t =1 and k=1,2,...,m,
v(t,0)=v(t,r)=0 for relJ,
v(0,&) =@, &) fort €] —00,0] and & € [0, 7],

(5.1

where w(t) denotes a R-valued Brownian motion, f,# : Rt x R — R are continuous
functions, b : RT™ — R is continuous and vy : [—r, 0] x [0, 7] — R is a given continuous
function such thatvo(.) € L2([0, 7]) is Fy-measurable and satisfies E ||vo||> < oo.

Let H = L2 (0, ) with the norm ||.|| and e, := \/gsin(nx), (n=1,2,3,...) denote
the completed orthonormal basis in H.

Let w(t) == X220 /AnBn(t)en(hy > 0), where B,(t) are one dimensional stan-
dard Brownian motion mutually independent on a usual complete probability space
(Q, F, {Fth=0. P).

Define A:H— H by A = %, with domain D(A) = H2 (0, 7) N Hol O, ).

Then Ah = —Z:;O:lnz < h,e, > e,, h e D(A), where ¢,, n =1,2,3,...,
is also the orthonormal set of eigenvectors of A.It is well-known that A is the infinitesimal
generator of a strongly continuous semigroup on H, thus (H1)is true.

Let F: D(A) C H — H be the operator defined by F(¢)(z) = b(t)Az fort > 0 andz €
D(A).

Let y > 0,define the phase space B = {ga € C((—o00,0],H) : limg—_ e9V<p(9)
exists in H} and let [|¢llz = supge(_oo.0y 1€"?l@llL,} - Then (B, || - |3)is a Banach space
and satisfies (AD)—(A2)with L = 1,u(t) = ¢ 7', v(t) = max {1, e 7"} .Therefore, for
(t,9) € J x B,where ¢(0)(&) = ¢(0,§), (6,§) € (—00,0] x [0, 7], let x(1)(§) =
v(t, £)and define the functions f : J xB — Hand h : J xB — Eg(H, H) for
the infinite delay as follows: f (¢, ¥)(&) = fi)oo ko(t,€,0)G1 (¥ (0))do, h(t, v)(E) =

[0 ks(t, £, 0)G2(3(6))d6, where

(D) the functions kj, k3 are continuous in J x [0, 7] x (—o0,0] and satisfy fi’oo
K3(1,6,0)d0 = pat,§) < oo, ([T p3@t,6)ds) < 1, [° k31, 6.6)d0 =
p3(t,€) < oo, (fg P3t, 6)dE) <1,

(II) the functions G;, i = 1,2is continuous in J x [0, 7] x (—00, 0) and satisfies 0 <
1

G1(¥1(6, ) — G1(¥2(0, ) < Ki (1¥1(0,) — 26, )7,), 0 < Ga(¥1(6, §)) —
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1

G2(¥2(0,8)) < K (110, -) — 26, ~)|Iiz), for (0,&) € (—o0, 0] x [0, ], where
1 1

K.(), Kp(), K2 ("), KZ () : [0,00[ — (0, 00)are nondecreasing and concave.

Under the above assumptions, we can rewritten Eq. (5.1) as the abstract form of Eq. (1.1).

t
dx(t) = Ax (1) +/ B(t — s)x(s)dsdt
0

+ f(t, x;)dt + h(t, xp)dw(t), teJ = [0,T], (5.2)
Ax(ty) = x(t) —x(t) = L(x (%), k=1,2,...,m,
X0 =¢ €B.

Moreover, if b is bounded and C'! function such that b’ is bounded and uniformly continuous,
then (H2) is satisfied and hence, by Theorem 2.2, Eq. (1.1) has a resolvent operator (R(t));>0
on H. By assumption (I) and (IT) we have

bd 0 2
||f(t,1/f1)—f(t,1/f2)||§u=/0 (/ kz(t,é,e)(Gmﬁl(@))—G1(1/f2(9)))d9) ds

T 0 A 5
< /0 (/ ka(t, &, 0K} 10, .) — ¥ (0, )||2Lz)d9) d&

2

g 0 .
5/0 (/ ka(t, &, 0)K2 (2 |y (0, -) — ¥ (0, ~)|Iiz)d9) dt

< (/0 p%(z,s)ds) Ka(lY1 — ¥211%)
< K1 — ¥2l%).

In the same way we obtain the following estimation

It ¢1) — b, ¥l < Kp (91 — ¥2ll)-
The next results as consequence of Theorems 3.1 and 4.2, respectively.

Proposition 5.1 Assume that the hypothesis (HI1)-(H5) hold. Then there exists a mild solu-
tion x of the system (5.1) provided

Q =max{Qi, 05} < 1.

is satisfied.

Proposition 5.2 Assume that the conditions of Proposition 5.1 hold. Then the mild solution
x of the system (5.1) is stable in the quadratic mean.
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