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Abstract In this paper we introduce some of the main tools to study non-linear boundary
value problems whose simplest model is

—A, @) = —div(|VulP72Vu) = f(x), inQ;
u=0, on 02

and f(x) belongs to L™ (2), m > 1.
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1 Introduction

The main purpose of these lectures is to introduce some of the main tools to study nonlinear
boundary value problems. In particular, we are concerned with the Dirichlet problem for the
p-Laplace operator which is the simplest example of these ones. To be more precise, given
€2 a bounded open set in RN, N > 2, we consider the problem

—A, @) = —div(|VulP72Vu) = f(x), inQ;
u=0, on 92;
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10 L. Boccardo, L. Moreno-Mérida

or the more general

A(u) = —div(a(x)|Vu|p_2Vu) = f(x), in€; (1.1)
u=0, on 9; '
where
fel™Q), m=>1, (1.2)
l<p<N, (1.3)
O<a<alkx) <8, (1.4)

for some constants 0 < a < 8.

The classical theory of nonlinear elliptic equations states that W(;’p (R2) is the natural
functional space framework to find weak solutions of (1.1), if the function f belongs to the
dual space of Wol’p (€2). However, for the model problem (1.1), the existence of W(;’p ()
solutions fails if the right hand side is a function which does not belong to the dual space of
Wo1 P(Q). Ttis possible to find distributional solutions in function spaces larger than W()l’p ()
but contained in WO1 ’I(SZ). Keeping this in mind, these lecture notes are divided into four
sections. After this introductory section, the second one deals with existence and regularity
results when the right hand side belongs to the dual space of Wé’p (R2). In this case, the
model problem (1.1) is a variational boundary value problem. In Sects. 3 and 4 we consider
the problem (1.1) when the right hand side is a function which does not belong to the dual
space Wo1 "7(£2). In the former, we study the existence of distributional solutions belonging to a
function space strictly contained in Wol’ ! (£2). On the other hand, in the latter we will prove the
existence of solutions belonging to WOI’I(Q) and not belonging to W(;'q (R),1 < g < p.The
existence of Wol’l (£2) solutions, instead of Wol’q (2) or Wol’p (2) solutions, of the boundary
value problem (1.1) is a consequence of the poor summability of the right hand side. We
point out that existence results of Wol’l(Q) distributional solutions is not so usual in elliptic
problems.

Note that our approach is “direct” and that there are no regularity assumptions w.r.t. x € 2.

We have made an effort to keep these lecture notes self-contained, specifically orientated
to Master and PhD students. For the basic tools of functional analysis and Sobolev spaces we
refer to the book by Brezis [7]. Some similar problems are also studied in the books [1,2].

2 Weak solutions

Theorem 2.1 If f € L™ (Q) withm > (p
ue Wol’p(Q) of (1.1), i.e., u satisfies

*\/ __ Np . .
) = NpFp=N’ then there exists a weak solution

/ a(x)|Vul? 2 Vu Ve :/ fo, Yoe W, (). 2.1)
Q Q
Proof Thisresultis deduced using variational methods. We consider the following functional
1 » Lp
J(w) = — a(x)|Vu|P — fu, Yve W, ().
pPJa Q
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Existence and regularity results for p-Laplacian boundary value problems 11

Since m > (p*)’, the functional J is well defined. Moreover, using Holder inequality with
exponents (p*, (p*)’) and (1.4), we obtain

o
J(v) > » ||v||€vdvp(m = Loy @ VIl Lr g)-

Thus, using Sobolev inequality, we have
J) =2 p S
(v) > » IIUIIWJW(Q) = SHfll oy @ IIUIIWJ,p(Q),
which implies that J is coercive. On the other hand, thanks to the weak lower semiconti-

nuity of the norm ||.||W1, Py 10 Wol’p (£2), we deduce that the functional J is weakly lower
0

()
semicontinuous. Then, there exists u € WO1 "P(2) a minimizer for J and the Euler-Lagrange
equation that u satisfies is the equation of (1.1), in the sense of (2.1). ]

Theorem 2.2 If f € L™ (Q) withm > (p*) =
is unique.

pN-Is\-lﬁ’ then the weak solution u of (1.1)

Proof This fact is due to the strict convexity of the functional J defined above. O

2.1 Summability of the weak solutions

We make use of the following functions, defined for k > O and s € IR,

—k, s<-—-k
Ti(s) == 3 s, Is| <k  Gi(s) :=s5 — Ti(s). 2.2)
k, s>k

Theorem 2.3 If f € L™(Q) with (p*) <m < %, then the weak solution u of (1.1) given
by Theorem 2.1 belongs to L{(P~Dm")" (Q).

Proof The idea is to take a suitable power of the weak solution « as a test function (see [6]).
But, it is not possible because the solution is not bounded. In this way, we take as a test
function

¢ =Te|”Y" VT, y=>1,

which is a bounded function. Hence we have,

(py —p+1 /Q a() |\ VT ()P | T ()P~

1
< fllm ) (/ |Tk(u)|(IJV*P+1)m) .
Q

Moreover, using Sobolev inequality and (1.4), we have

/ a(x)|VT(u)|? |Tk(u)|P(J/—1)
Q

L2
3

1 o AW
=y7/ga(x)|V(Tk(u))V|pZ S (/QIT/((M)IV”) .

Summarizing the last inequalities, we deduce that

Y (S y)” ( / ov— H)mr)m"
T Y p I A m T py—rp .
(/Q| 0 ) < s Wl (] T
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12 L. Boccardo, L. Moreno-Mérida

Now, it is sufficient to choose y such that y p* = (py — p + D/, i.e.,

_ = Dm' _ (= Dm*)*
pm/ _ P* p* :

The fact that (px)’ < m < X implies that y > 1 and % - % > 0. To finish, we apply Fatou
Lemma (as k tends to infinite) to deduce that

L

1
T ()
(/ Iul”’*) = —fllmw-
Q alpy —p+1
That is
Sy
_ s PTom Y
(/ Ju| (P70 ) < ————Ifll
Q alpy —p+1D
which completes the proof. O

Theorem 2.4 If f € L™(Q2) with m > %, then the weak solution u of (1.1) given by
Theorem 2.1 belongs to L*°(S2).

Proof Following the Stampacchia method (see [10]) for L*°-estimates, we take G (u) as a
test function in the weak formulation of (1.1) to obtain, using Holder inequality and (1.4),

that ]
Ot/ VG @)” < || fllLme) (/ |Gk(“)|m/) . (2.3)
Q {lun|>k}

Sobolev inequality and Holder inequality with exponents f;% and its Holder conjugate imply
that

A L

o P p* o ¥ (I_Ll*i)i/
57 |G (u)] < IIfllLm |G ()] mllun| >k} o’
Q Q

(where p is the Lebesgue measure) and thus

A1
7 *

=g
* p*
(/Q |G @)]” ) = 7 W llmy pdunl > Ky

Therefore, using Holder inequality again (with exponents p* and its Holder conjugate) we
have

pebse EEE (1= L) (p=1)
|G (u)] < o W fllom) mllunl > kY »* uflu,| >k} » ,
Q

and then

SN e I
/ |Gk(u)| = (7) ||f||L/m(€Q))M{|Mn| > k} m-p )P_l A
Q o

The fact that m > & implies (% — # ﬁ +1-— # > | and by Lemma 5.2 (see Appendix
A below), we deduce the result.
Remark 2.5 Let f belongs to L™ (2) withm > %. Ifafunctionu € W(}’p(Q), not necessary

a solution of a differential problem, satisfies the inequality (2.3), then u belongs to L*>°(2).
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Existence and regularity results for p-Laplacian boundary value problems 13

2.2 Nonlinear b.v.p. with lower order term

We make use of the following well known inequalities.
Lemma 2.6 (See Appendix B below) Let £ and n be arbitrary vectors of IR" .
e I[f2<p <N, then
(617726 — 101" 6 —m) = yp |5 — 0l (2.4)

o Ifl < p <2, then

)
(6172 — P> € = = vy 1§ = ul 2.5

+ &1+ Inh2=P’
where y,, denotes positive constants depending on p. O
Next, we study the Dirichlet problem for the p-Laplace operator with a lower order term.

We refer to the paper [8] as a starting point of this type of problems. In particular, we consider
the problem

—div(a ()| VulP 72 Vu) +ulul" = f(x), inQ; (2.6)
u=0, on 9%2; '
where r > 1 and f € L™(2) with m > (p*)’.
Theorem 2.7 Assume thatr > 1 and f € L™(Q) with m > (p*)' = —Np__ Then, there

Np+p—N"
exists a weak solution u € W(;'p(Q) of (2.6), i.e., lu|" € LY(Q) and u satisfies

/a(x)|Vu|p_2VuV<p+/ |u|’—‘u<p=/f<p, Vo € W, P (Q) N L=(9Q).
Q Q Q

Proof We follow a standard approximation procedure. We fix n € N and define the function

gn(s) = T, ()" " Tu(s), Vs € R,

where the function 7}, is given by (2.2). Firstly, using again variational methods, we study
existence results for the following approximated problems

[ ~div(a()|Vun |7 Vun) + gn(n) = f. in @7

u=020, on 0%2.

To this aim we consider, for each n € IN, the function

Ou(s) == /S gn(t)dt, Vs e IR,
0

and we define the functional
1
J,(v) = 7/ a(x)|Vu|? +/ ¢,,(u)—/ fv, Yve WOI"’(Q).
P Ja Q Q

We observe that J,, is well defined (since the function g, is bounded and m > (p*))).
Moreover, using that ¢, is a positive function, we get

1 L,p
J(v) > —/ a(x)|Vv|? —/ fv, Yve W, (Q).
pPJg Q
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14 L. Boccardo, L. Moreno-Mérida

Thus, recalling the proof of Theorem 2.1, we deduce that J, is a coercive and weakly lower
semicontinuous functional. As a consequence, there exists u, € WOl "7 () a minimizer for
J,, and the Euler—Lagrange equation that u satisfies is the equation of (2.7), in the sense

/ 4 ()| Vitn P~ Vit w+/gn<un)<p=/ fo. Yeew @, @8
Q Q Q

Next, we find a solution of (2.6) as a limit (in a sense) of the sequence {u, }. Keeping this
in mind, we divide the proof into four steps.

STEP 1. The sequence {u,} is bounded in W(}’p (£2) by a positive constant R. Indeed, using
u, as a test function in (2.8), we obtain

/a(x)|vun|p+/ &n(uy) uy 5/ [fllunl,
Q Q Q

which implies, dropping the positive term fQ gn(uy) u, and using (1.4), that

a/ |Vun|f’s/ .
Q Q

Since m > (p*)’, using Holder inequality and next Sobolev inequality, we deduce that

P <
a||un||W(},p(Q) <S ||f||L(17*)’(Q) ||Mn||W01-V(Q)~

1
Therefore, if R := (g ||f||L(,,*)/(Q))F, we conclude that

litnlly gy < -

As a consequence, there exists a subsequence (not relabeled) such that u, converges
weakly in Wol’p(SZ) and a.e. in Q2 to a function u € Wol’p(Q).

STEP 2. Strong convergence in L'(2) of the lower order term. Using again u,, as a test
function in (2.8), we obtain that

0= [ eutuun = [ 1f1lua] = S fllyi @ linllyoey < Coo 29)

where Cp is a positive constant depending on R (which is given by Step 1).

To finish, we want to use Vitali’s Theorem to prove that the sequence {g, (i,)} converges
strongly in LY(Q) to |u|"~! u. To this aim, recalling that u, (x) converges a.e. in 2 to u (by
Step 1), we only need to prove that, for every subset measurable E, we have

lim / |gn(un)| =0, uniformly with respect to n.
E

meas(E)—0

Indeed, for every k > 0, we have, using (2.9), that

C
/ |20 ()] 5/ |gn<un>|+/ k| < 7’*+/ Ikl
E {k<lunl} E E

which implies that

. Cg
lim / lgn(up)l < T
E

meas(E)—0

Therefore, thanks to Vitali’s Theorem, we conclude that

gn(uy) —> ulu"",  strongly in L'(Q2).
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Existence and regularity results for p-Laplacian boundary value problems 15

As a consequence, we have also obtained that [u|” € L'(£).

STEP 3. Passing to the limit. In order to pass to the limit in (2.8), we observe that the weak
convergence of u, is not sufficient due to the nonlinearity of the principal part. We need to
prove that the sequence {Vu, } converges strongly in L”(2) to Vu. So, we use [u, — Ty (u)]
as test function in (2.8). Hence,

/Q(a(x)wu,,w*wn — a()|VulP72Vu)V(u, — u)
+/Q (8n(n) — gn(Te (W) un — T (w)]
= —/Q a(xX)|VulP72VuV (u, — u) —/Q a(xX) | Vi P 2Vu, Viu — Te(u)]
- /Q e (T )ty — Te()] + /Q Flitn = Tew)l,
which implies, using that /Q (8n(n) — &n(Ti () [un — Ti(u)] > 0 and (1.4),
ot/Q(|Vun|p_2Vun — |\VulP2Vu)V (up, — u)
< —/Q a()|VulP2VuV (u, _”)_/9 a(0)| Vit P>V, Vu — T (w)]

—/Q 8n (T u))[un — Ti(u)] +/Q Slun = Tie(w)]. (2.10)

In order to pass to the limit in the right hand side of (2.10), we observe firstly that
lim / a(x)|Vu|"72VuV (u, — u) =0.
n—oo Q
Moreover, (1.4) and the fact that the sequence {u, } is bounded in WO1 P (Q) (by Step 1) implies
that the sequence { a(x)|Vu, |P~1} is bounded in L% (2) and so
1
P
‘/ a()| Vi |2 Vu, Viu — Tk(”)]’ <G [/ [VIu— Tk(u)]lp] = w1 (k).
Q Q
On the other hand,
lim [ flu, — Ti(u)] =/ flu = T (w)] = wa(k),
n—0o0 Q Q
and, using that | g, (Tx ()| < |Tx(w)|” < k", we also deduce that
lim / 8n(Te ) [up — T (u)] =/ g(Tk(u))u — Ti(u)] = w3 (k),
n—0o0 Q Q

where w; (k),i = 1, 2, 3, goes to O when k tends to infinite. Passing to the limit in (2.10), we
obtain that

0 < lim SUP/ (IVun "2V, — |VulP2Vu)V (uy — u) < o1 (k) + oa(k) + w3(k),
n—oo Q

which implies, letting k tends to infinite,

n—oo

lim [ (|Vun|?">Vu, — |Vu|P2Vu)V(u, — u) = 0. 2.11)
Q
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16 L. Boccardo, L. Moreno-Mérida

As expected, the cases p > 2 and p < 2 are different. In the case 2 < p < N, recalling
(2.4), we deduce from (2.11) that the sequence Vu, converges strongly in Wé P (Q) to Vu.
On the other hand, if 1 < p < 2, using (2.5), it follows from (2.11) that

\v4 _ 2
lim / Viun = )] — =<0 2.12)
n—>0 Jo (1 + |Vuy| + |Vul)==P

But Holder inequality with exponents (%, ﬁ) and Step 1 imply that
' IV (up —uw)|? pC=p)
/ IVt — 10)|? = / " (L Vil + (V)™
@ @ (1 +Vuul + [Vul) 2

@2—p)

IV G — )2 . )
= (/Q A+ [Viol + |Vu|><2—P>) (/Q( Vil VD )

4
= |V @y — )| :
Cr 3 )
o (14 |Vuy| + [Vu)@=r)
that is to say

2
IV (up — u)|? - 27
/g(l IVl & Vapen = Ok (/Q IV (un —u)l ) : (2.13)

Therefore, using (2.12), we deduce that

2
lim (/ |V(un—u)|l’)’ <0,
n—o0 Q

which implies that the sequence {Vu,} converges strongly in Wé‘p (2) to Vu.
Finally, summarizing all the steps, we can pass to the limit in (2.8) and we conclude that

IA

[ aworvur2vave s [ wr o= [ fo. voe W @n =@,
Q Q Q
O

Remark 2.8 We observe that, if u is a solution of (2.6) given by Theorem (2.7), then we can
use Ty (u) as a test function to deduce

/a<x>|vM|P—2vak(u)+/ u|u|f—‘Tk(u>=/ £ Tow).
Q Q Q

Therefore, Levi Theorem (as k tends to 0o) gets

/a(x)|w|f’+/ |u|’“=/fu,
Q Q Q

which implies that it is possible to use u as test function, despite his unboundedness.

3 Existence results: problems with low summable data
In this section, we study existence results for the problem (1.1) when f belongs to L™ (£2)

with 1 < m < (p*)’. Here we follow [3,4]. Observe that in this case we do not have a
variational formulation.
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Existence and regularity results for p-Laplacian boundary value problems 17

Theorem 3.1 If f € L™ (2) with max(1, ﬁ) <m < (p*) = P/Vivﬁ’ then there
exists a distributional solution u € W()l’(p_l)m* (2) of (1.1), in the sense that u satisfies

/a(x>|Vu|P—2ww=/f<p, Vg € C2(Q).
Q Q

Remark 3.2 Observe thatm >
that (p — )m™ < p.

ﬁ implies that (p — 1)m* > 1 andm < (p*)’ implies

Proof We work by approximation to prove the existence of distributional solutions. By
Theorem 2.1, there exists u, € WO1 P (Q) weak solution of the problem

(3.1

—div(a(x)|Vu,|P2Vu,) = fu(x), in Q;
u, =0, on 9€2;

where f, is a sequence of function in L°°(£2) such that f, — f in L"™(Q) and | f,(x)| <
| f(x)|a.e.in Q, (forexample f;,, = I _or fn = T,(f), with T,, given by (2.2)). Moreover,

1+117]
by Theorem 2.4, u,, € L*°(R2).
Our aim is to pass to the limit. Keeping this in mind, we split the proof into four steps.

STEP 1. The sequence {u,} is bounded in L{=Dm™* (). Following the same ideas of
(p—Dym’
pm'=p*

the proof of Theorem 2.3, we define 0 = We observe that pm’ — p* > 0, since
m < % Moreover, the fact that m < (p*)’, implies that < 1. Let € be a strictly positive

real number. The function ve = [(€ + |u,)!~PU=9 — el’p(l’g)]sign(u,,) is bounded since
1 — p(1 —6) > 0 (which is equivalent to p > 1). Thus, we can use v¢ as a test function in
the weak formulation of (3.1) to deduce, using (1.4) and Sobolev embedding, that

A

Cup ([t =) =y [ DT

1 1
< (/ |f|m)m (/ (e + |u”|)1*17(179) _ €17P(179)}m’) " , (3.2)
Q Q

where C; , denotes a strictly positive constant. Since, forevery n € IN, u, belongs to L°°(S2),
the limit as € tends to zero yields, thanks to Lebesgue theorem,

P 1

1
x\ 7T m N\ m’
Cip (/ |un|9”) 5(/ Ifl’") (/ |un|“*P<1*9”'") . (3.3)
Q Q Q

The fact that m < %, implies that % > % Furthermore, the choice of 8 implies that
0 p* = [1 — p(1 — 0)]m’ and that 6 p* = ((p — 1)m*)*. As a consequence we have proved

that
ik ;
Cip (/ |un|<<1’*“'">) s(/ Ifl’“) : (3.4)
Q Q

which gives us Step 1.

STEP 2. The sequence {u,} is bounded in Wol’(p 71)'"*(9). Firstly, we observe that Step
1, Fatou Lemma, (1.4) and (3.2) implies the boundedness, with respect to n, of

[Vu,|P
Q lup|PA=0"
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18 L. Boccardo, L. Moreno-Mérida

Now we can estimate fQ |[Vu,|? with g = (p — 1)m*. Indeed we have

[Vun|? _
/ Venl? _/ I |<1”9),,| unl 0
_4q
- [Vu,|? | 0 AN
= U a0 '

We observe that (1 —0) % = ¢*, so the right hand side is bounded by Step 1. Then, the

sequence {u,} is bounded by a positive constant R in WO]’(P —Dm* ().

L,(p—1m*

As a consequence, there exists u € Wy’ () such that, up to a subsequence, u,

converges weakly to u in Wl (p=Dm* (2).

In what follows, Cg denotes (different) positive constants depending only on R, given by
Step 2.

STEP 3. Passing to the limit. In order to pass to the limit in the weak formulation of (3.1),
the weak convergence of u,, is not sufficient due to the nonlinearity of the principal part. We
prove that the sequence {Vu,} is Cauchy in L"(£2) with a suitable » > 1. To this aim, we

.
fix 1 < r < min{2, (p — 1)m*} such that 3 (2 — p) < (p — 1)m*. Observe that it is
—-r

possible because, if | < p <2,then2 — p < 1 < (p — 1)m*. Next we take Ty (i, — )
as a test function to obtain, using (1.4),

« (1710017 Yty = [Va0017 ™ Vit ) ¥ty — 1)
{lun um‘<k}
</ (GO Vitn P2 Vit — a(O)[Vitm P2 Vity) V t — i)
{lun—um | <k}

<k/ o = ful. (3.5)

If 1 < p < 2, using (2.5), we deduce from (3.5) that

|V(un _Mm)|2
o <kl — fulliren.
! {lun—um|<k} (1 + |Vu,,| + |Vum|)2 P n mllL1(Q)

Thanks to Step 2, we have (using Holder inequality) that

/ IV (up — um)l”
{lun—um| <k}

V(uy —up)|"
:/ Ve =l S (v
{l

r(2 r2—p)

n=tm|=K} (14 [V | + Vi)

IVt — 1) )5 (/ o-p)
< (1 + [Vun| + [Viuy )77 377
(/{un_um|<k} (14 V| + [Vity])@» Q ! "

r/2
ccn (N 0p i =l (3.6)
= ay LY@ — €nm

P

where e” . tends to zero as n, m tend to infinite.
On the other hand, i.e., p > 2, using (2.4), we deduce from (3.5) that

ayp/ IV tn — un)? < k1 fu — FinllL 1
{un—um|<k}

@ Springer



Existence and regularity results for p-Laplacian boundary value problems 19

Then, using Holder inequality, we have

% lfL
/ vl = Vs = ) ('
{lupn —um| <k} {lun—um|<k}

=< ( d )r/p [l fn — fm||2/po IL(Q)lii = E;%m’
o[]/p (€2) ’
3.7

where 63,  tends to zero as n, m tend to infinite.
In every case (1 < p < 2 or p > 2) we deduce, using (3.6) or (3.7), Holder inequality
and Step 2, that

/ IV(up —um)|” = / IV (up — um)l” +/ IV (up —um)l”
Q {lun—um| <k} {lupn—ttm|>k}

. * (p—’l‘)m* 1— r -
se,’,,m+( / |V(un—um>|<'”>"1) w{luy — | > kY @D
Q

. ~ ——
= €um + Crulun —um| >k} @=0m7.

Using that u,, converges strongly to u in LP~1"" (), by Step 1 and Sobolev’s embedding,
we conclude from the last inequality that {Vu,} is a Cauchy sequence in L"(2) (r > 1) and
consequently, up to a subsequence, converges to Vu a.e. in 2. Since, by Step 1 and (1.4),
{a(x)|Vu, P~} is bounded in L () we deduce thata(x)| Vi, |?~2Vu, strongly converges
to a(x)|Vu|?P~2Vu in (L° (2))V, 1 < o < m*. Therefore, given ¢ € C2°(2), we conclude
that

lim / a(x)|Vun|P2Vu,Vo = / a(x)|Vu|P2VuVe.
n—o0 Q Q
To finish, we pass to the limit in the weak formulation of (3.1) to deduce that
/ a(x)|VulP2 Vu Ve :/ fo, YoeCXQ),
Q Q
1.e., u is a distributional solution. O
3.1 Regularizing effect of a power lower order term on the summability of solutions

In this section we are going to study the unexpected regularizing effect on the existence of
finite energy solutions of the problem:

—div(a()|VulP72Vu) +ulul"" = f(x), in @ 3.8)
u=0, on 0€2; ’
where f € L™(2) with
N ny Np
—— <m<((p) = —.
Np-1D+1 Np+p—-N
Specifically we prove the following theorem (see [9]).
Theorem 3.3 Assume that f € L™ (Q) with max(1, yo57p) < m < (p*)' = b

Ifr > ﬁ, then there exists a distributional solution u € Wol’p(Q) of (3.8), ie., |ul" €
LY(Q) and u satisfies
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20 L. Boccardo, L. Moreno-Mérida

/ a<x>|Vu|”—2ww+/ |u|f“w=/ fo. Vo eCX®Q.
Q Q Q

Remark 3.4 Observe that p > (p — 1)m™ and compare with the result of Theorem 3.1 to see
the regularizing effect of the lower order term.

Proof We consider the following approximated problem

(3.9)

—div(a ()| Vit |P72Viuy) + wy un| ™' = fr(x), inQ;
u=0, on 02;

where f, is a sequence of functions in L°°(2) such that f;, — f in L™ () and | f,,(x)| <
| f(x)] a.e. in 2. By Theorem 2.7, there exists u, € Wol’p(Q) such that

- - I,
/ a(x)|Vun|"~ Vu, V<p+/ |uan " lun<ﬂ=/ Ing. Yo e Wyh(Q)NL™(Q).
Q Q Q

Moreover, for each n € IN fixed, we prove that u, belongs to L°°(£2). Indeed, consider the
real function v defined in IR by

-1, ifs < —k—1,
s+k, if —k—1<s5 < —k,

Yi(s) =10, if —k <s <k,
s—k, ifk<s<k+1,
1, ifk+1<s.

Fixed n € IN, we take ¢ = i (u,) € Wol’p(Q) N L°°(2) as a test function in (3.9) to
deduce, dropping the positive term coming from the principal part, that

/Iunlrllﬁk(un)IZ/ |t " i () 5/ In Vi (un) S/ [ful ¥k (un)l,
Q Q Q Q

that is
/ Hunl”™ = 1 ful) Wk (un)| = / [unl™ = 1 fu 1Yk (un)| < 0.
{k<lunl} Q

Thus, if we take k such that " = || f,, || . (g, then we have
= lal” = fulllvan)] < 0.
(Il full oo () <lunl"}

Therefore

1
lun| < ||fn||£00(9)~

Consequently, it is possible to take powers of u,, as test function.
Next, we find a solution of (3.8) as a limit of the sequence {u,}. We divide the proof into
three steps.

STEP 1. The sequence {u,} is bounded in W(;’p (2). We use |uy, | T sign(uy,) as test function

in (3.9). Firstly, we observe that r > ﬁ implies that 7 > 1 and thus .~ — 1 > 0.

Hence,
1
/r -1 m’
/a(x)|wn|P|u,,|(T—1 )+/ lunl™ < N fllLm (/ Iunl”") ,
Q Q Q
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1
(/Q |un|”") <1 f Il (3.10)
and then

o [ 1917 1l T < [l b T U gy GD

/ |Vun|1’=/ |wn|l’+/ V|7,
Q {lun|<1} {I<lunl}

For the first integral of the right hand side we use the estimate

1 1
/ Vin? < —/ I )] < —/ 1.
{lun|<1} o JQ o JQ

For the second integral of the right hand side we use (3.11) to get

/ Vi, | </ Vit | Juy |17
{1<lunl} {1<|unl}

Ly I
/ Vit | T < LD

o

which implies, first of all,

Now, we write

Therefore, summarizing the above two estimates, we conclude
@ [ 19?151y + 1 ooy
Q

. 1
As a consequence, there exists u € Wo‘p (2) such that, up to a subsequence, u, converges
, 1,p
weakly in W' () to u.

STEP 2. Convergence of the lower order term. Observe that, by (3.10), the sequence {u,} is
bounded in L™ (£2). Moreover, by Step 1 and using Sobolev embedding, u#,, converges (up
to subsequence) to u a.e. in 2. Then, since r < rm, we deduce that the sequence {|u,|"}
converges strongly to |u|” in L (), 1 < o < m. Furthermore |u|" € L' (Q).

STEP 3. Passing to the limit. We easily check that we can pass to the limit in the principal
part. Indeed, we observe that the use of Ty (u,, — u,,) as a test function implies

/ (a@)| Vit P> Vuay = a(0)| Vit | P~ Vi)V Tt — )
Q
+/ (|"‘n|r_1 Up — |um|r_1 )T (Up — ) < k/ [fo = fiml
Q Q
Hence, dropping the positive term,
@ [ (VP2 = Vi) VT = 0) < K [ 16y =
Q Q
i.e., we have the inequality (3.5). Following the same arguments of Step 3 of the proof

of Theorem 3.1, we prove that the sequence {Vu,} converges to Vu a.e. in Q. By Step
-
1, the sequence {|Vu,|P~'} is bounded in L 7T () and then using the almost everywhere
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convergence of the gradient we deduce that |V, |P~2 Vu,, strongly converges to |Vu|P~2 Vu
in (L'(2))V. Therefore,

lim a(x)|w,l|P*2wnv¢:/ a(x)|VulP~2Vu Ve,
Q Q

n——+00

forall ¢ € C°(R).
Using Step 2, we pass to the limit in the lower order term to deduce that

im [ Jup" P upp = | ul" ug,
n—-400 Q Q

forall ¢ € C°(Q) and so u € W,"”(Q) satisfies

/a(x)|W|P—2ww+/ |u|’—1u¢=/f<p, Vo € C°(Q),
Q Q Q

which gives us the result. O

4 Wol 1 solutions

In this section we study the problem (1.1) when f belongs to L™ (2) with 1 < m < (p*)" and
(p—1)ym* = 1.Recall Theorem 3.1 where it is proved existence results when (p — )m™ > 1.
The main difficulty of this case is due to the lack of compactness of bounded sequences, since
W(;’l (R2) is not reflexive. In this section, we follow [5].

Theorem 4.1 Assume that f € L™(Q) with1 < m = ﬁ
Then, there exists a distributional solution u € WOl ’1(52) of (1.1), i.e., u satisfies

andthat1<p<2—%.

/ a(x)qu|”72Vqu0:/ fo, V(pECfo(Q).
Q Q

Remark 4.2 Observe that m = ﬁ implies that (p — )m* = 1.

Proof Following the same arguments used in the proof of Theorem 3.1, we consider u,, €
W&’p(Q) N L*°(R2), solutions of (3.1). Furthermore, we observe that the use of T (u,) as a

test function yields, using (1.4), that

06/ IVTic(un)|? = k/ |1, 4.1
Q Q

i.e., the sequence {7} (u,,)} is bounded in Wé’p(Q).
As in the proof of Theorem 3.1, we are going to find a solution of (1.1) as a limit of the
sequence {u,}. Keeping this in mind, we divide the proof into several steps.

STEP 1. The sequence {up) is bounded in L¥T () and in W' (). This is immediately
deduced following the same arguments of Step 1 and Step 2 of the proof of Theorem 3.1 in
the case (p — )m* = 1.

As a consequence, there exists a subsequence, not relabelled, such that {u,} converges in
L' (Q),withl <r < %, and almost everywhere in Q to a function u in L" (2).

STEP 2. There exists Z such that {Vu,} converges to Z in measure.
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‘We define the function

, VtelR,
1+ ¢

g(t) =
and use g(u, — u,;,) as a test function in the weak formulation of (3.1). Hence, we have
@ 19101772 V1t = N0 1)t = )8 = )
< [ = gt =)

which implies, using (1.4) and (2.5), that

VOt —un)® /
— < _ .
‘””/Q(1+|wn|+|wm|>2—ﬂg(”” ) = fo Vo= Il

Thus, using Holder inequality, we have
IV (uy — um)| _ IV(uy —um)l/ g n — um) (1 + [Vuy| + Ivuleig
Q 1+ |up — upl Q (1+ |Vu,|+ IVumI)l_% (L4 up — um/ & (Un — um)

1 1
< ( |V (tn = ttm) 28"t — ttm) ) (/ (4 Vi |+ [Vum)*~P )
- o I+ [Vu,|+ |vum|)27p Q (1+|un_um|)28,(un — Um)

which implies that

1 1
/ V@ Zum)l (i/ |fn—fm|)2 (/(1 Vil + |Vum|>2*")2.
o 1+ |uy —upl ayp Jo Q

Since 2% > 1, from the a priori estimates given by Step 1, it follows that the last term is
bounded. Then, using Holder inequality again,

1
1 V(u, —um)|? 1
\/‘|Vun_vum|z f/ |(n—m)|1(1'i'|’/ln_um|)j
2 @ (1 + |ty — n)?

1 i
< cR( /I.fn—fml) .
aYp JQ

Therefore, since the metric space (L%(Q), d(f.g) = JoIf — gl%) is complete, there
exists Z such that

/|wm—m%a0
Q

which implies that
Vu, (x)converges in measure to Z

and Step 2 is proved.

STEP 3. The sequence {%’;f’ } is equi-integrable. Following the same ideas of Step 1 and Step

2 of the proof of Theorem 3.1, we use (Ju,| 1-p-0) _ kl’p(l’g))Jrsign(u,,) as a test function
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in the weak formulation of (3.1) with 8 = (ppn;li)ﬁ: . Thanks to (1.4) and Step 1 (see (3.4)
too), we have that

1
C3p/ M < (/ |f|m)m (/ {|un|1*P(179) kl p(1— 9)}m)
Szt 1un P07\ iy {k<lunl)
1
< (/ Ifl’") (/ iy |1 =P "“m) <c4,,(
k<lun) k<lun) {k<lun)

Consequently, by Holder’s inequality we have (using that p’(1 — 0) = A

N—1
/ Vit | :/ Wunl -0
k<l ) (k<luy]) |tn|1=0
1

1
IVunl? \7 o\ o
< (/ R w7 0=0)" < s, )
<y} |Unl Q <1y}

where C; , denotes a strictly positive constant. Thus, for every measurable subset E, thanks
to (4.1) and the last inequality we have

/ 5/ IVitn| 5/ |VTk(un)|+/ Vitn|
E E E {k<|unl}

1 1

1 [k P m
< meas(E) (*”f”]‘l(g)) +Csp (/ |f|m)
o {k<|unl}

which implies the result.

\_/
-

~|—

duy,

Bxi

STEP 4. Passing to the limit. As a consequence of Step 2 and Step 3 and using Vitali’s
Theorem, we deduce that

Vu, —> Z strongly in (L' ().

Since % is the distributional partial derivative of u,,, we have, for every n € IN,

duy ap
= — —, Vg e CX ().
/ani % /Q”n ox; 4 ()

We now pass to the limit in the above identities. We use that d;u,, converges to Z; in LY(Q)
and that, by Step 1, u,, converges to « in L'(£2). We obtain

/Zi<p=—/u8,~go, Vo € C(Q),
Q Q

which implies that Z; = 0,u, and then

Vu,, — Vu strongly in (LI(Q))N

Finally, summarizing all the steps, we can pass to the limit in the weak formulation of
(3.1) to deduce that u satisfies

/ a(x)|Vul? 7 Vu Ve =/ fo. YoeCXQ),
Q Q
which gives us the result. O

Acknowledgments These lecture notes are the result of a course given by the first author which took place
at the Fisymat—University of Granada (April 2013).

@ Springer



Existence and regularity results for p-Laplacian boundary value problems 25

Appendix A
For convenience of the reader we have collected in this section all the necessary prerequisites

used (in particular) in Sect. 2.
Given a measurable function f : 2 — IR, we use the following notation

g(k)::/gle(f)l and Ag:={xeQ:|f@x)| >k}, k>0.

Lemmas5.l If f € LY(), then the function g is differentiable a.e. and g'(k) =
—p{lun| > k}.

Proof Firstly, we observe that it is sufficient to prove that the function

g(k)z/ (fF—k). k>0,
{f—k>0}

is differentiable a.e. with g’ (k) = —u(Ak.+), where Ay 4 = {x € Q : f(x) — k > 0}.
We observe that the function g is monotone and then g is differentiable a.e. Next we check
its derivative. Let & be a positive number, then

g(k+h)— gk 1
glk+h) =5k g()=(/ (f—k—h)—/ (f—k))
h h Akth,+ Ak,+

1(/ —h—/ (f—k))
R\ J Avin k< f<k-+h)

1
= —/ X(f>k+h) — Z/ (f = k).
Q {k<f<k+h}

The fact that
o</ (b= h,
{k<f=<k+h} {k<f<k+h}
implies
1
= (=0 = [ xusserin
{k<f=<k+h} Q
and then the term (f — k) converges to 0 as h — 0T. As a consequence,
{k< f <k+h)
.8k +h) —g(k) .
lim —=—— =—1 =— k}) = —p(A
Jim A Jim o X{f >k-+h) u{f >k} w(Ag+)
which gives us the result. O

Lemma 5.2 Assume that f € L'(Q). If there exist « > 1 and B > 0 such that the function
g satisfies

g(k) < Bu{|u,| > kY%, foreveryk > 0,
then f € L®°(2). Moreover, there exists a positive constant y = y («, ) such that

I fllLe@ < By.

@ Springer



26 L. Boccardo, L. Moreno-Mérida

Proof Using Lemma 5.1 one has

gk) < B[—g'(k)]*, forevery k > 0,

that is, .
g/(k)[g(k)]*rx <——, foreveryk > 0. (5.1

Ba

Integrating this inequality on (0, k) we get

1\ k _1 -5
_ (1 — &) — >gk)w i —g(0)! "7 = g(k)! = LA

B o
Consequently,
-1 1-1 1y &
g0 < fl (1 —2) o vk=o (5:2)
. alf! LI(Q)
In particular, (5.2) holds true for kg = ]7 This implies that g(kg) = 0 and as a
consequence “

1o 1-1 1 1-1
Ba|lfll ¢ Ba | fll, o ()~
L' (Q L°°(R2
FOl ko= ——5F = 4
o

o

Then, we deduce that

1\ _
I fllLe@) = (l - &) u(Q)*'B.

Appendix B

Here we give just an idea about the proof of (2.4), (2.5): we only work with the simple case
N = 1; the general case can be found in http://www.uam.es/personal_pdi/ciencias/ireneo/
ALMERIAL.

e If 1 < p < 2,then ﬁ > 1; so that the local Lipschitz continuity of the real function

1
L
s|s|pT says

Pty < L =
lla|P="""a — |b|P=T""b| < _1|a—b|(|a|+|b|)”

=

1 2-p 1 \2-p
cla =627 (|77 +1p7T)

1 1
Define x = |a|ﬁ_]a, y = |b|ﬁ_]b. If a > b, we have

2—

(x—y)?* s s
Ao = ot FIT X =P =y, x>y,

If a < b, the symmetry implies the same inequality.

@ Springer


http://www.uam.es/personal_pdi/ciencias/ireneo/ALMERIA1
http://www.uam.es/personal_pdi/ciencias/ireneo/ALMERIA1

Existence and regularity results for p-Laplacian boundary value problems 27

e If p > 2, thanks to the symmetry, we prove the inequality

e = y17 < (X772 = Iy P20 (= ),
in the case
@ =P =@ =y Ha -y, x>y,
which is equivalent to the positivity of
Y@ =@ =y =P =00 x>y

The function ¥ (x) is positive, since it is increasing and ¥ (y) = 0.
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