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Abstract We study the exponential convergence to the stationary state for nonequilibrium
Langevin dynamics, by a perturbative approach based on hypocoercive techniques developed
for equilibrium Langevin dynamics. The Hamiltonian and overdamped limits (corresponding
respectively to frictions going to zero or infinity) are carefully investigated. In particular, the
maximal magnitude of admissible perturbations are quantified as a function of the friction.
Numerical results based on a Galerkin discretization of the generator of the dynamics confirm
the theoretical lower bounds on the spectral gap.
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Résumé Nous considérons la convergence exponentielle vers 1’état stationnaire pour des
dynamiques de Langevin hors d’équilibre, par une approche perturbative reposant sur des
techniques d’hypocoercivité initialement développées pour des dynamiques d’équilibre. Les
limites hamiltoniennes et suramorties (qui correspondent respectivement au cas des frictions
tendant vers zéro ou I’infini) sont étudiées précisément. En particulier, nous quantifions la
magnitude maximale des perturbations admissibles en fonction de la friction. Des simulations
numériques utilisant une discrétisation de Galerkin du générateur de la dynamique confirment
les bornes inférieures que nous obtenons théoriquement pour le trou spectral.

Mathematics Subject Classification 82C31 - 35H10 - 65N35
1 Introduction

Langevin dynamics are a commonly used model to describe the evolution of systems at con-
stant temperature, i.e., in contact with a heat bath at equilibrium at a given temperature. The
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interaction with the heat bath is modeled by a dissipative term and a random fluctuating term
related by a fluctuation-dissipation relation. This dynamics is therefore a stochastic pertur-
bation of the Hamiltonian dynamics. It can be used to sample configurations of a physical
system at equilibrium, according to the canonical ensemble, which allows to numerically
estimate average macroscopic properties; see for instance [18] for a mathematically oriented
introduction to molecular dynamics. The Langevin dynamics is by now well-understood,
both for its theoretical properties and its discretization, see the review article [21].

On the other hand, the properties of nonequilibrium Langevin dynamics, as obtained for
instance by the addition of a non-gradient drift term, have been less investigated. We consider
in this work the following paradigmatic nonequilibrium Langevin dynamics in a compact
position space with periodic boundary conditions (see Sect. 2 for a more precise description):

dg, = Plar,
m

J P |2 W
pr = (=VU(q) +tF)dt — Sﬁdt + gdW,,

where the position ¢ belongs to D = (27 T)? (with T = R/Z the one-dimensional unit
torus), the momentum p is in RY, W; is a standard d-dimensional Brownian motion, and
U : D — R is the potential energy function. We assume U to be smooth in all this work,
and denote by £ = D x R the phase-space of the system. The dynamics (1) is parametrized
by several constants: the mass m > 0 of the particles (for simplicity, we consider a single
mass m, although our results can be extended to account for more general mass matrices), the
inverse temperature 8 > 0, the friction & > 0 and the magnitude of the external force T € R,
with given direction F € ST (ie., F € RY with |F| = 1). Let us emphasize that the
external forcing induced by tF is indeed non-gradient since tF is not the gradient of a
smooth, periodic function. Let us also mention that our analysis could be extended to more
general non-gradient forcings F'(q) genuinely depending on the position variable, as long as
the function F is sufficiently smooth.

There are two interesting limiting regimes that can be considered: (i) the limit £ — O,
which corresponds to a Hamiltonian limit; (ii) the limit m — 0 or & — +oo (with, in the
latter case, a time rescaling by a factor &), which corresponds to an overdamped limit. More
precisely, fixing for instance m = 1 and setting t = 0, a simple proof shows that gg;, the
solution of (1) observed at time &7, converges in law to the solution Q; of the overdamped
Langevin dynamics (see for instance [20, Proposition 2.14])

dQ, = —VU(Q,)dz+\/gth. )

In the absence of external forcing (t = 0), the system described by (1) has an equilibrium
stationary measure given explicitly by the canonical Gibbs measure:

2
1 - P _
wdgdp) = Z,'e PP @D dgdp,  H(g.p) = U@ +5-.  Zy =[£e BH (3)

When t # 0, there exists a unique nonequilibrium stationary measure, but it cannot be
computed explicitly.

Although the Langevin dynamics (1) is not elliptic (the noise acts only on the momenta
and not directly on the positions), it can be shown to be hypoelliptic. The rate of the expo-
nential convergence to the stationary state can be obtained by Lyapunov techniques, see for
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instance [22,25]. The corresponding convergence rates are however usually not very explicit
in terms of the parameters of the dynamics. In particular, it is difficult to make explicit their
dependence on £. A more quantitative approach is based on estimates in L2 (1), where expo-
nential convergence rates for the law of the process towards p can be obtained by a careful
use of commutator identities, as pioneered in [11,14,29] and later abstracted in the theory of
hypocoercivity [30]. The application of this theory to Langevin dynamics allows to quantify
the convergence rates in terms of the parameters of the dynamics; see for instance [13] for the
Hamiltonian limit & — 0 and [19,21] for partial results on the overdamped limit § — +-oc0.
A more direct route to prove the convergence was subsequently proposed in [8,9], which
makes it even easier to quantify convergence rates; see [7] for a complete study on the depen-
dence of a parameter similar to & by this approach for a dynamics similar to an equilibrium
Langevin dynamics, as well as [1] for sharp estimates for equilibrium Langevin dynamics and
a harmonic potential energy function. An extension to nonlinear potentials was also provided
in the latter work, based on a non-symmetric Bakry—Emery condition; although further work
is required to use this approach in our context because the results are stated for equilibrium
dynamics with potentials U which are convex and such that v/max U” — +/min U” < &.
Let us finally mention the recent work [10] which provide the correct qualitative rates of
convergence in terms of & by a coupling strategy.

Our aim in this work is to investigate the exponential convergence to the stationary state
for nonequilibrium Langevin dynamics. The new contributions of this work are the following:

1. we provide some technical variations/improvements on the theoretical side by

(a) giving explicit decay estimates for nonequilibrium Langevin dynamics, both in the
Hamiltonian limit £ — 0 and in the overdamped limit &€ — +o00, thereby extending
the results obtained at equilibrium. Similar convergence results were very recently
stated for a different nonequilibrium model and a fixed friction in [5];

(b) deriving hypocoercive estimates in a degenerate H'(u) norm, which allows to
obtain lower bounds on convergence rates which are more explicit than the ones
obtained with a non-degenerate H! (1) norm. Such degenerate norms where already
considered in [29], and were also recently used in [2,3,23];

(c) comparing the results obtained by either the standard hypocoercive approach fol-
lowed by hypoelliptic regularization, or the direct L? approach of [8,9].

2. on the numerical side, we perform a study of the spectral gap of the generator of the
dynamics (which is related to the exponential convergence of the law of the process to the
invariant measure), as a function of the friction £ and the magnitude t of the external
forcing, in order to assess the sharpness of the bounds provided by the theoretical
results. Let us emphasize that we consider a situation where the invariant measure does
not have an explicit expression, so that it is difficult to rely on Monte-Carlo techniques
to estimate the convergence rate as in [7]. We consider instead a Galerkin discretization
of the generator of the dynamics.

This article is organized as follows. We first start by describing the stationary state of
the nonequilibrium Langevin dynamics we consider in Sect. 2. We next state in Sect. 3 the
exponential convergence to 0 of the evolution semigroup in various functional settings. Our
emphasis is on carefully estimating the scaling of these rates with respect to the friction & and
the magnitude 7 of the external forcing. The estimates we obtain provide lower bounds on
the spectral gap of the Fokker—Planck operator. The relevance/sharpness of these bounds is
investigated from a numerical viewpoint in Sect. 4 by a Galerkin discretization. The longest
proofs of the results presented in Sect. 3 are postponed to Sect. 5.
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2 Stationary states of nonequilibrium Langevin dynamics

We make precise in this section some properties of the nonequilibrium Langevin dynamics.
We first state a result on the existence and uniqueness of the steady-state, as well as (non
explicit) exponential convergence results (see Sect. 2.1). We next give some simple properties
of the stationary state in Sect. 2.2. We conclude with a perturbative expansion of the steady-
state in terms of the magnitude t of the external forcing, making explicit the admissible
magnitude of the perturbation t in terms of the friction & (see Sect. 2.3).

2.1 Existence and uniqueness of the invariant measure

We recall in this section a result on the existence and uniqueness of the invariant measure
for any value of t, as well as exponential convergence rates in weighted L spaces (see [21,
Proposition 5.1]). To state this result, we denote by L¢ ; the generator of the dynamics (1):

['E,r = Lham +&LrD + f['perts

where the generator associated with the Hamiltonian part of the dynamics, the fluctua-
tion/dissipation and the external perturbation respectively read

p p 1
Lram = Vg =VU@ Voo Lrp==-Vp+ ghp Lpen = F V.
We also introduce the Lyapunov functions K, (¢, p) = 14 |p|" forn > 2, and the functional
spaces
o0

Lg, = {(/J measurable, [lg|lr e = ’ ’Cﬁ
" n

< +oo} .
Lo
Proposition 1 Fix 7, > 0 and & > 0. For any T € [—714, T, the dynamics (1) admits a
unique invariant probability measure which admits a C* density ¥ (q, p) with respect to
the Lebesgue measure. Moreover, for any n > 2, there exist Cy, A, > 0 (depending on t,)
such that, for any T € [—14, T«] and for any ¢ € L%l &),

etﬁrq) - / © Y
&

Let us however emphasize that it is difficult to quantify the above convergence rates in
terms of the parameters of the dynamics (such as the friction & or the potential U) and the
magnitude of the external forcing t, since the proof relies on minorization conditions for
which the dependence on the parameters is not very explicit.

In order to write more explicit convergence results, it will be convenient to work in
(subspaces) of LZ(u), see Sect. 3. In the sequel, we consider by default all operators as
defined (by their extensions) on the Hilbert space L?(w), the adjoint A* of a (closable)
operator A being defined with respect to the associated canonical scalar product. Working
in L2(1) however requires that the invariant measure itself admits a density 4, with respect
to u which is in L2(p), i.e.,

vt >0,

—X
< Cpe ot ”(p”L}"én .

00
LICn

Ve =hew,  he € LA(w). 4

Such a result is provided by perturbation results for linear operators, see Sect. 2.3. In this
setting, the invariance of the measure ¥/, can be translated into the following Fokker—Planck
equation:
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L:Q,Thf =0, /ghf dp =1, 5)

with i, > 0. More explicitly, the action of LI; the adjoint of L¢ ; considered as an operator

,T°
on L%(), is given by

B
Li . :_Eham'i‘fﬁFD—tF-Vp—‘,—zF.p_ ©)

2.2 Qualitative properties of the steady-state

We provide here some simple properties of the stationary state. The first one is that, due to
the constant force applied on the momenta, a non-zero velocity builds up in the system. More
precisely, denoting by . the expectation with respect to v/, this average velocity v, satisfies

ve = E, (%) - é(rF - ]ET(VU)). %)

This relation follows from the following identities (the first equality arising from the invari-
ance of y; through the nonequilibrium Langevin dynamics (1)):

fg(ﬁs,rp)wr=0=—§/S§wf—fgvuwf+rﬁ

Another relation is obtained by computing the average of L¢ ; H with respect to v/, where
the Hamiltonian H is defined in (3). Indeed, since

2

LerHgpy =6 (-2 4 L) 4or. 2,
’ m?2  Bm m

it follows that

The above identity expresses the energy conservation: the work performed by the non-
conservative force t F is equal to the heat, i.e., the energy flow into the heat bath.

Let us now turn to the entropy production rate of the stationary state, which is proportional
to T F - v, by the above discussion. We consider to this end L¢ - (In h;) (where A is defined
in (4)). The following computations are formal but could be made rigorous upon obtaining
appropriate estimates on VA Since

£ |Vphe|?
heLler(Inhy) = Lechy — > —L—
B he

’

and the entropy production rate is

14
/ (Leche)du =/ (Cf ) hedp =tBF / “hedp =1BF - v,
£ £ em
it follows, after integration with respect to u and in view of (5),

IV phe)?
du.
n, H

/hrcg,t (lﬂhr)dﬂ=/ (qurhf)lnhtdl/L:O:TﬁF.Ur_%/
€ £
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This shows that the entropy production rate is positive. Using (7), we also obtain the following
bound on a degenerate Fisher information:

IV phe | Bt (ﬁr)2 Bt (ﬂr>2 e
P g =CF 0 = (2] R R V) < (2) + 5V,
/g = T v = (5 = v < (F) + vl

which provides some information on the distance of the stationary distribution of the momenta
to the equilibrium Gaussian distribution with variance m /.

A last information on the stationary state is provided by the Einstein relation, first proven
in [27], which provides a linear response result on the average velocity v :

—

dt

T=

, = BDFE, ®)

where D € RY*? is the diffusivity of the system at T = 0 i.e., the asymptotic variance:

t t
D= lim lEO[(/ ﬁds)@(/ &ds>], ©)
t—o00 2t 0o m 0o m

with Eq the expectation over all initial conditions (go, po) ~ 1 and all realizations of the
Brownian motion W;. This relation also follows from the first order term in the expansion of
h. recalled in Sect. 2.3.

2.3 Perturbative expansion of the invariant measure

We prove in this section that the decomposition (4) is well defined, and actually give a
complete characterization of /1, as some series expansion for t sufficiently small. Define the
subspace of L (1) composed of functions with average 0 with respect to u:

L) = {f e L*(w), /Efdu = 0} :

We also denote by Z(X) the operator norm on a Banach space X.

The operator L ¢ is invertible on L%(M). This can be seen as a particular case of the
convergence results provided in Sect. 3 (for T = 0). In fact, it can be proved that there exists
K > 0 such that

K

Ve e (0,400, |5t <5
§ € (0,400 §00z 2wy ~ min(g, £-1)

see also [13,19,21]. In addition, recalling that | F'| = 1, we obtain, for a smooth and compactly
supported function ¢ € L(z)(u),

2 2 B B
||£pert(pHL2(w0) < ”Vp(p”LZ(M) = _E<¢’, £§,0¢>L2(M) < g”cs,o(p”Lz(wo) ||(/’||L2(1//o)

We next project Lperrg onto L(z)(u), replace ¢ by ﬁg})q{) and take the supremum over ¢ €
L%(M) to obtain a bound on the operator £pen£;(l) considered as an operator on L%(/L)I

VBK

LoertLr )
H pert=E,0 23wy - min(l, &)

BUIGW) 50
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Let us denote by r the spectral radius of the operator appearing in the left hand-side of the
previous inequality, namely

1/n

. 1 *n
= i |[(emnccd)

The following result (given by [21, Theorem 5.2]) provides an expression of /..

B (L)

Proposition 2 For |t| < r~!, the unique invariant measure can be written as W, = h. 1,
where hy € L*>(i) admits the following expansion in powers of T:

he = (147 (Lpenﬁglo)*)_l 1= (1 + +f(—r)" [(cpmcga)*]"> 1 (10)
n=1

Since 0 < 7 < | Lpen £ ity 1THOIS
0
1 min(l,6) o
r VBK

This shows that the upper limit on t for the validity of the expansion (10) should be of
order min(1, &). This is consistent with physical intuition: when the fluctuation/dissipation
is small, the external forcings which can be sustained by the system are at most of the same
order of magnitude than the dissipation mechanism; while for large fluctuation/dissipation
mechanisms, external forcings of the same order of magnitude as VU can be sustained. Let us
mention that it is not clear whether the condition (11) really is a necessary one. For extremely
large forcings t, we expect that the invariant measure will be quite different from g, so that
it is not a surprise that the perturbative approach of Proposition 2 fails as such.

As an application of the power expansion provided in Proposition 2, let us recall one way
to obtain (8), (9). Note first that (9) can be rewritten as

—+00
D=/ Eo[ﬁ@a@]dt.
0

m m

Next, in view of (10) and using the following equality in the sense of bounded operators on
L%(M) (relying for instance on the convergence results of Sect. 3 with T = 0, which ensure
that the time integral is well defined):

+00
—L o= / e'Fe0 dr,
’ 0

it follows that

d _ p " —1 " B /PP
dt o T _/; m (E$,0> Loernldp = _'3/;55,0 (%) . Fdu
+00
Zﬂ/ Bo[ 2 (22 F)]ar.
0 m \m
This is indeed (8).
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3 Exponential convergence of the law

From the convergence result provided in Proposition 1 and the stationary Fokker—Planck
equation (5), it is expected that e'fer f converges to h, for any initial density f € L*(u)
such that

/gfdu=1, f>0.

We state several such results in this section: the first two are based on the hypocoercive
approach presented in [30] and used also in [13] for equilibrium Langevin dynamics (see
Sect. 3.1 for a result in a degenerate H 1 (1) norm and the related convergence in Lz(u)
after hypoelliptic regularization), while the third one follows from the more direct approach
of [8,9] (see Sect. 3.2). The main point is that the latter approach is the only one which
allows to state exponential convergence results consistent with the upper bound (11) on the
series expansion of the invariant measure, while the more traditional hypocoercive approach
is limited to small forcings t = O™ for large frictions.

Although the convergence results are stated here for probability densities, they can in fact
be obtained for general elements of Lz(u) (i.e., the functions under consideration need not
be non-negative and be of integral 1 with respect to 1). We write them however for elements
of L?(u) of mass 1, introducing to this end

L3) = {f e L2, /gfdu= 1}.

Convergence results for arbitrary elements of L%(w) follow by an appropriate renormaliza-
tion.

3.1 Standard hypocoercive approach

We start by stating a convergence result in a norm finer than the L (1) norm, but coarser
than the H'! (1) norm usually considered in the theory of hypocoercivity. Instances of such
degenerate norms can be found in [2,3,23,29]. More precisely, we consider the Hilbert space

H=1{feL*w, (Vp + V) f € L*(w)},

endowed with the scalar product (for a > 0)

(f? g)a = <f’ g)LZ(/L) +a<(vp + Vq)fa (Vp + vq)g)LZ(M) .

The associated scalar product is denoted by || - ||,. The precise convergence result is the
following.

Theorem 1 There exist 8, > 0 and a continuous function a : (0, 4+00) — (0, +00) satisfy-
ing

lim @:EO>O, lim &a(§) =as > 0,

£->0 & £—+00
such that, for any 8 € [0, 8%], there is A5 > 0 for which, for all £ € (0, 400) and T €

[—8 min(&, £71), §min(€, €71,
VfeHNLi(w), V1 >0, e MMnEED £ p . (12)

tLf
e s f—h
S = G

Moreover, hs = Ao + O(8).
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The proof of this result can be read in Sect. 5.1. A careful inspection of the final argument
based on an asymptotic analysis of the key matrix inequality (28) would allow to give more
precise expressions of @, dso and Ag as a function of the parameters of the dynamics. Let
us also emphasize that, in the degenerate norm we consider, there is no prefactor on the
right-hand side of (12), contrarily to convergence theorems stated in H ! () for which the
prefactor degenerates in the limits £ — 0 or & — +-c0. Let us finally mention that the way
we formulate our result, by considering 7 € [—d min(§, & —1), s min(&, £~1)] (rather than
T € [—6, min(§, S’l), S min(§, & —1y)), allows to emphasize that the convergence rate has
some uniformity with respect to t.

By hypoelliptic regularization, the convergence result of Theorem 1 can be transferred to
LZ(M) (see Sect. 5.2 for the proof).

Theorem 2 There exist C, 8, > 0 such that, for any 8 € [0, §*], there is Ay > 0 for which,
forall € € (0, +00) and all T € [—8 min(¢, £~1), s min(g, 1)),
ettgff —h,

VfeLi(w, Vi >0, < Ce™MEED | B2, (13)

L2()

The convergence rate A is the same as in Theorem 1. Note also that the prefactor C is
independent of § since the regularization properties of the dynamics can be shown to be
uniform with respect to t (see Proposition 3 in Sect. 5.2).

We conclude by emphasizing an important restriction of the results in this section: in the
large friction limit, only very small forcings 7, of order 1/£ are allowed, whereas, in view
of (11), the density /. is well defined for values of t of order 1. This restriction can however
be bypassed by the more direct approach from [8,9], as made precise in Sect. 3.2.

3.2 Direct L2 estimates

We state a convergence result similar to Theorem 2, with the important difference that the
too stringent restriction on the upper bound of t is removed; see Sect. 5.3 for the proof.

Theorem 3 There exist C, 8, > 0 such that, for any § € [0, §*), there is As > 0 for which,
forall & € (0, +00) and all T € [-6 min(§, 1), § min(&, 1)],
ezcg’ff —h,

Ve L. Vi >0, < CeTHmEED £ a0, (14)

L2 ()

Moreover, Ls = Ao + O(8).

Asin Sect. 3.1, the convergence rate A5 can be quantified in terms of the various parameters
of the dynamics by optimizing the smallest eigenvalue of a matrix (see (32) in the proof).

* *
It would also be possible to obtain a contraction result on ||el£5J f— eLer gll 2y for two

elements f, g € L%(M), from which the existence and uniqueness of an invariant measure
characterized by A, can be deduced as in [5].

4 Numerical estimation of the spectral gap

Let us first relate the exponential decay of the semigroup e'“er with the spectral gap
of L;T in L%(w); and in fact the spectral gap of L¢ .. We fix £ € (0,400) and T €
[-8 min(&, 1), §, min(&, 1)], where 0 < § < 8, is defined in Theorem 3. We first note
that the decay estimate (14) implies that for all f, g € L*(u),
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(e’&"g, f>L2(/L) =g he) 2 /g fdpb‘

<g, oLhe f / fdu>
£ 12(0)

Lo f / fdu
E

’(efﬁ“g — {8 ho) 2 » f)Lz(M)‘ =

< g2

L2(p)

T min(e £-1
< Ce As min(§,§ )t”g”Lz(/L)

f—hzfgfdu

L2(w)
+ ||hr||L2(p.)) ”f”Lz(u)’

< Ce R mnEE N o) a0, (1
using a Cauchy—Schwarz inequality for the bound || f|I;1¢,) < [Ifll12(,)- By taking the

()

supremum over f € L2(w) with Il Fllz2¢uy = 1, it follows that

— s mi -1
le“erg — (g hed 12y | 12y < €™M Mgl L2y (14 hell2g) - (15)

Let us introduce the subspace of observables with average 0 with respect to the invariant
measure of the nonequilibrium system:

L§ . (w) ={g € L*(10) | (g. he) 20y =0}

A simple computation shows that this space is stable by e/“¢7. The decay estimate (15)
then shows that the following equality holds in L%’ c(n): for all z € C such that Re(z) <

ks min(g, 1),
-1 oo
(z+Ler) = —/ e'fer e gy,
0

with

C (14 N1l r2)
B2 ,(1w)  Agmin(£, 1) — Re(z)

H (Z + [,gﬁf)_l

This means that the spectral gap y (§, 7) of the generator L¢ ; on L%’ (1), defined as

y (&, 1) = min {Re(2), z € 0(=L¢,)\{0}} ,

is bounded from below as B
y(E. 1) > Asmin(E, 7). (16)

We show in Sect. 4.1 how to approximate the spectral gap using a Galerkin discretization of
the generator Lg ;. We then study in Sect. 4.2 the relevance of the lower bound (16) from a
numerical viewpoint, and check that it is in fact sharp.

4.1 Discretization by a Galerkin procedure

We consider d = 1 for simplicity, although the discretization procedure described below
can be extended to any arbitrary dimension by a tensorization argument, with of course the
caveat that the computational cost of the method explodes. The Galerkin discretization we use
relies on a tensor product of Fourier modes in space and Hermite functions for the momenta,
see for instance [17,24,28] for previous similar discretizations as well as [26] for a seminal
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presentation of such approaches. More precisely, we introduce the following discretization
basis forn € {0,..., N}and k € {—K, ..., K}:

7. .
Yak(q. p) = Gr(@) Ha(p).  Gi(q) =,/ ie‘kw’f‘q’/z,

where H, is the Hermite polynomial of degree n:

(=D" ( [m\" 4. d" [ 4
Hy(p) = — 5 hr /<2m>dpn (e Bp /<2m)),

and

2
Z, =/ e AU
0

is the normalization constant of the marginal of w in the position variable. Recall that the
Hermite polynomials are orthonormal on L%(k), where k(dp) is the marginal of u in the

momentum variable:
w(dp) = f w(dq dp) = \/—2’3 e FrH/em gp, (17)
D am

Note that the family {¥ (¢, p)}o<n<N,—k <k<k is orthonormal in L?(s), and spans L?(j1)
in the limit N — 400 and K — +00.
The generator Lg . is represented in this basis by a matrix with elements

[LE*T]n’k',nk = (l[fn/k’v ES,II/fnk>L2(H_) . (18)

These matrix elements are easily computed using the following properties of Hermite func-

tions:
| Bn
8pHn(p) = ZHn—l(P) ,
1
5 Hy(p) = %”Hn(m — 9pHy1(p) = ,/% Hyi1(p).

In particular, Hermite polynomials are a complete set of eigenfunctions for Lpp on L?(«),
and Lpp H,, = —nH,,/m. In addition, the action of derivatives on the Fourier modes can be
evaluated as

. /3 1 o ’ iKq
(G, 34Gk>L2(V) = kg + Sk UK =S A U'(g)e™dq.
Finally, note also that the Hamiltonian part of the generator can be rewritten as
Lham = ! 0,0% — 09,0
ham = B ( q%p — Op q) .
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Therefore,

1
Wi, LhamWnk)LZ(M) = B ((Gk/v 8q Gk)Lz(v) (Hl’l/v 8;Hn>L2(K)

_<Gk’ 9 Gk’)LZ(u) <H"” 9p Hn)LZ(K))

Bn+ 1) ik 1
=\, e E5k.k/ + St

L [Br ik 1
m n',n—1 ,8 k., k zukfk .

Moreover, with F = 1,

Bn
<Wn’k/, ﬁpert¢nk>L2(M) = ESn’,n—lak,k“
In conclusion,

[Bi+ 1) ik |
(Vs ﬁs,r\ﬁnk)Lz(M) = T5n’,n+1 E&c,k’ + 5 U=k

L [Bny LA 1
_— VA —_ T ;) — — I
m n',n—1 /3 k,k Zuk k

En

- *8n,n’6k k-
m .

The spectral gap of L¢ ; is approximated by the spectral gap of the matrix with elements (18).
There are currently no error estimates on the spectral approximation provided by this pro-
cedure, while in contrast there is a large body of literature on the Galerkin approximation
of operators defined by quadratic forms (see for instance [6] and references therein). Some
preliminary steps in this direction are however provided in [28] in the form of error estimates
on the discretization of solutions of Poisson equations —L¢ ;@ = f.

Although the extension of the Galerkin procedure poses no difficulties from a conceptual
viewpoint, it is strongly limited by the size of the matrices to be considered, which, for a
standard tensorized basis, are of dimension (N + 1)? (2K + 1)?. The two-dimensional case
is therefore already challenging. In order to make the method more efficient, it would be
necessary to use the sparsity of the matrices under consideration, devise better bases than
tensorized ones by using tensor formats [12], relying on preconditionning strategies, etc. This
work is in progress.

4.2 Numerical results

We choose U(g) = Up(1 — cosq), which corresponds to the so-called rotor model. The
partition function Z, can be explicitly computed as

Z, =2me P 1(BUY),

where Iy(a) = 2m)~! foz T e4¢08(@) dg is the modified Bessel function of the first kind. In
addition,
iUy
g = ——~ (k1 — Sk k—1) -
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Fig.1 Convergence of the estimated spectral gap as a function of the basis sizes K = N /2, for Uy = 1. Left:
£ =0.1.Right: £ =1

We first show in Sect. 4.2.1 that the spectral gap can be estimated with the procedure described
in Sect. 4.1, by comparing the computed spectral gap to known analytical values in the case
when Uy = 0 (see [16]) and studying the convergence of the spectral gap in the limit
N, K — +o00. We next present in Sect. 4.2.2 plots of the spectral gap a function of the
friction, for various values of the external forcing v and magnitude Uy of the potential
energy.

4.2.1 Checking the convergence

We first study the convergence of the spectral gap with respect to the basis sizes N, K. We
choose N = 2K in all our simulations, as well as m = 8 = 1. As can be seen from the
numerical results presented in Figure 1 and as confirmed by extensive simulations not reported
here, the convergence is faster for larger values of the friction &. In the results reported below,
we consider the spectral gap to be converged when the relative variation between the current
estimation of the spectral gap for a given basis size K = N/2 and the average of the last
three ones corresponding to values of K — 1, K — 2, K — 3 is lower than 1073, Let us also
emphasize that, when the values of t are too large in the case of small frictions, we do not
observe convergence for reasonable values of K (about 20). In fact, for too large forcings,
we observe that the spectral gap is negative for the smallest values of K, but then becomes
positive again for sufficiently large K; although this stabilization to a positive value may
occur for prohibitely large values of K for small &.

As a consistency check, we next verify that the spectral gap predicted by the Galerkin
method agrees with the one which can be analytically computed in the case when Uy = 0.
More precisely, the results of [16] show that the eigenvalues are

2
p= - _ K
m &
so that the spectral gap is
(&1
y(§,0) = min (a 7) . 19)
m- &

The crossover from one eigenvalue branch to the other occurs at & = ./m/B. Figure 2
presents the eigenvalues which are numerically computed. They are in perfect agreement
with the theoretical prediction (19).
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Fig. 2 Predicted spectral gap as 16 -
a function of the friction & when
Ug=0,8=1andm =1 (solid
line), and theoretical 12 b
prediction (19) (dashed lines; one

of the lines represents & the other % 1
one 1 g

/€) E
206 -
04 -
02 |-

0 ‘ ! ‘ ! ‘ ! ‘ ! ‘ |

0 1 2 3 4 5

friction (&)

Fig. 3 Spectral gap as a function
of & fort =0,0.1, 1 when
U(g) =1 —cos(q)

spectral gap (1)

friction (&)

spectral gap (log10)

spectral gap (L)

o
o
o
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0.4 I I ! | | | | ) friction (log10)
0.8 1 12 1.4 16 1.8 2 22 24 =0 = 1=1 =3 —— 1=10
friction (&) 5 1201 —o— 1=2 =5

Fig. 4 Zoom of Figure 3 around £ = 1 (Left) and large £ (Right; logarithmic scale)

4.2.2 Spectral gap as a function of the friction

We report in Figures 3 and 4 the spectral gap as a function of the friction & for various
values of the forcing t and the choice Uy = 1 (withm = 1 and B = 1). The first point to
mention is that the introduction of a potential smoothes out the sharp transition observed at
& =.m/B = 1when Uy = 0 and v = O (recall Figure 2). As t is increased, we were
able to compute the spectral gap only for frictions above a certain treshold, roughly & > |t].
The spectral gap is increased with respect to the case T = 0 in a certain range of values of &
(roughly, 1 < & < 4), and decreased for other ones (in particular £ < 1). Forcings however
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Fig.5 Spectral gap as a function of £ for t = 0, 0.1, 1 when U(g) = Up(1 —cos(q)). Left: Uy = 0.1. Right:
Up =10

have to be sufficiently strong in order for the perturbation to have some non-negligible impact
(when t = 0.1, the perturbation on the spectral gap is visible only around & = 2). Lastly,
we observe that the spectral gap decreases as I'; /€ for large & (for some prefactor I'; > 0)
whatever the value of t we considered, with I'; decreasing as 7 increases.

We next study the influence of the potential by computing the spectral gap for various
values of 7, £ when the potential is U(g) = Ug(1 — cos(gq)). The results for Uy = 0.1 and
Up = 10 are reported in Figure 5. Note that the effect of the perturbation is less visible on
these pictures: the spectral gaps are much closer to the ones corresponding to T = 0. For Uy
small, this is related to the fact that the spectral gap is independent of T when Uy = 0 (see [15]
for further precisions), a feature which approximately persists for small but non-zero values
of Up. For large Uy, the perturbation 7 F is dominated by the gradient part of the force U’(q);
hence it has less impact on the spectral gap.

5 Proofs of the results

We introduce the marginal measure in the position variable:
vdg) = [ widgdp) = 271 U@ dg.
R

Recall also the definition (17) for the marginal k(dg) in the momentum variable. These
measures satisfy the following Poincaré inequalities:

1
Vo e H'ONLFV).  lglliza < 2190 l20. (20)
v

and

1
Yo e H'() N LG, 18l < o IVpd 20 @1
K
In fact, K, = +/B/m. The measure u therefore also satisfies a Poincaré inequality:
Ve H'N L3, gltg, < w5108l 0 + 5 19gl? (22)
8 19 0 Mm), 8 L2(l/«) X Kg qg Lz(ll) K’g pg LZ(M).
This also implies

1 1
Vg e H'(w) N L§(w), gl r2g < ?||ng||L2(M) + 7||Vpg||L2(M)‘ (23)
v K
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In all the proofs below, we start by fixing a function f in the Hilbert space under consid-
eration, and define

f@6)=e* e f —h,. (24)

Note that, to simplify the notation, we omit the dependence of f(¢) on &, . We also consider
that L ; is defined on L? (), with domain D(Ls ;) = {f € L*(w), Leof € L*>(w)}). In
all cases under consideration, f () has average 0 with respect to p for all times ¢ > 0.

We will also make use of the following remark: the smallest eigenvalue of the positive

definite matrix
[ a b/2
M= (b /2 ¢ )

32
A_(My =2t %\/(a o212 = dac b . (25)

2 a+c++/(a—c)?+ b2

5.1 Proof of Theorem 1

Formally,

d 1 2 *
Z (Enf(t)”a(g)) = (f([)s Es,‘[f(t)>a(s) .
The exponential decay therefore follows by a Gronwall inequality provided
Vg € DICE) NLEW). (8. LE28),6) < —2E DGl
for some L(&, t) > 0. Let us establish this inequality by considering a smooth and compactly

supported function g with average 0 with respect to u, and then conclude by density. By
the computations recalled in [21, Section 2.2.3] (which correspond to the equilibrium case

r=0)
(6 £208), , < ~XTS©OX = 22U, + Vel 26)

with

v (nvpgnw)) 5@ = ( Spp(E)1dy sqp(snddﬂ)
IVagl2g) Sap©Nda/2 S;q©dy )

the elements of the matrix S being

a(§)
Spp(§) =& <ﬁ - ) —a@®) VU | .
Sqp(®) = —a($)< 5 ||VZU||Loo) Sgq(&) = “(E)
In addition, the perturbation term can be bounded as

’<g, C;ertg>a(€)’ < ‘(ﬁpertg’ g>L2(M)‘ +a(§) |<(Vq +Vp) 8 (Vg + V) F- V;g>a(€)‘ .
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Since (3, + ;) .8 =05 (9g; + 0p;) & + 8ijBg/m. it follows that

< gl VpglliL2

’(g» [:;"“g>a<;)‘

B
+a@I(Vp + Vel <||(V[7 + V) Vpglizg + Z”g”]‘z(“)

<etizgn | (14252 ) 19,000 + 2221001200 |

+1a@) (1Vpell L2 + 1Vqell2 )2—1— @II(V + V) Vpell;
n P8IL2(w) a81L2(w) 4 p T Va) VP8l
for any n > 0 by Young’s inequality. Therefore, using (23),
L <XTr )X—i—@H (Vp +Vy) Vel (27)
8 Lpen8) | S )1 4n p T Va) Vp8lli2)

where

TE ( Tpp &, nldy qu (&, n)Idd/2>
b n = b
Typ(§, mIda/2 Tyq(§, mldg

the elements of the matrix 7 being

1
Tpp(§:m) = -~ <1 + w) +na(®),

e m
1 Ba(§) Ba(§)
T,pE.n)=—|(1 2 ,
qp(%_ n) K, < + + mK, +2na(§)
Ba(§)
Tyq (&, m) = vl + na(§).
Finally, in view of the Poincaré inequality (22), the norm || - ||4¢) can be controlled by
| X| as
1
a)+—  a)
2 T K?
lgl2e, < XTPEX,  PE) = ‘

1
a(é) tl(S)JrlTv2

The comparison between (26) and (27) suggests choosing n = B|t|/(4£). The constant
A(&, 7) can therefore be chosen as the largest real number such that
Bltl
SE) —ItIT S’@ = ME, T)PE). (28)
Let us now make this condition more explicit by distinguishing the two limiting regimes
& —>0and & — +o0.

(i) When & — 0, the condition that S should be positive definite requires in particular
that S),,(§) > 0. This means that a(&) should be sufficiently small, in fact at most of
order &£. We therefore consider a(§) = apé + O(& 2). The condition (28) then reduces
to
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1 1 a — 1712
5<E—EOHV2UHLOO>—\T|(Fk+ﬁa0|r|> “Og( HIT20le0 ) - i -

4 2 Ky 4
_aok ) lt|  Baolt| aos  paplt)?
v — -2 _
+o(52,5|r|)
1
— 0
K2
>0 1) © |l +o®
0 P
K2

v

It is then clear (by considering for instance the first element on the matrix on the left-
hand side) that T can be chosen to be at mrost of order &, which we write as |7| = 6&.
The above inequality then reduces to

1 _ ) ) ag (1 )

— —aollV°U| poo — — —— | =+ IIVUlpeo ) —

B Ky 2 \m v
_ _ +0()
D (24 v2u) d "

_0 (= o) 20
2 \m L 2K, m
1
el
> k(&gﬁ&) o +0()
0 —
K2

We next choose § > 0 sufficiently small and then a sufficiently small in order to satisfy
the above inequality. In any case, A(§, 7) is of order £. Moreover, from the above matrix
expression, it is clear that [A(§, §§) — L(§, 0)]/& = O(9).

(ii)) When & — 400, the limitation on a(£) arises from the fact that the determinant of
S(&) should be positive, which requires £a(&) to be bounded. We therefore consider
al) =ax/5+ 0 ~2).The condition (28) then reduces to

3 doo 1 1 1

- — — 0
B 2m | K. 2K, 1l K? 1
a ae | +o(p ) zren o L +o(})
2m mE 2K, K}

In view of (25), the smallest eigenvalue of the first matrix on the left-hand side is of
order 1/£, so that T can be at most of order 1/&, which we write as t = §/&. The above
inequality then shows that A(£, §/&) is of order 1/£, and that £[A(&, §&) — A(€,0)] =
0(9).

5.2 Proof of Theorem 2

The key estimate for proving the result is the following hypoelliptic regularization result.

Proposition 3 There exist K, §, > 0 such that, for any & > 0 and t € [0, 8, min(&, 1)], the
following bound holds for any g € L*():

Kmax (S, 5_1)

Hqu ffg‘ lglz2(-

L2 ()

Note that the hypoelliptic regularization is possible for values of t of order 1 when &
is large, and it is therefore not this step which limits the range of admissible forcings in
Theorem 2.
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As a corollary of Proposition 3, there exists a constant K > 0 such that 12 a@)
K32 | fll2¢y for O < ¢ < 1 when the product a(§) max(§, §~ 1y is bounded, which

is the case for the function a(§) considered in Theorem 1. Combining this inequality and
Theorem 1 with 7y = 1, for instance, we can conclude that, for ¢t > 1, and any £ € (0, +-00)
and 7 € [~8min(§, "), S min(§, )]
s min(e. £~V (1—
LF D172 < If DN, < e 28mnEED0 £) )12

< K omn@EDe0) £0)7,,
0’
which gives the claimed exponential decay in L2 (u).

Proof of Proposition 3 We denote by g (1) = ¢! e g, and introduce

1
Ne() = 5 (ng(t)niz(m +AGIVpgD 72, + 2BEP (Vpg®), Va8 (D)2,

+COPIVg O,

where A(&), C(&) are positive and A(§)C(§) — B(& )2 > 0. The result follows provided
N, (t) has a controlled increase (in the sense that N, (1) can be controlled by Ng(0) up to a
multiplicative factor) and A(&)C (&) — B(£)? is of order min(&, £71).

By computations similar to the ones leading to (26) (see for instance the proof of [21,
Theorem 2.18]), the following inequality holds when B(§) > 3mC(§)/2:

T < (540 (5 - 3) - 1920I0m©R ) 195002,
_ (% - @) 2198072,
(23@) L A® ss@f +CEIV2U oot ) 19p 8Ol 12 [Va8®] 24,
) % (A(g) ”V (t)HLz( P g(t)”Lz(M)||Vq,,g(t)||L2(M) +C@©)r? qupgmHLz( )+rﬁg<r>,
with

e = (30, apmgm)u( +A©)1(Vp80),V ﬁpeng@))m

FCO (Vag0). Vo Lins ),

2 * *
LB ((vq 2(0), vpzpeng(z)>L2(m + (vqﬁpeng(t), Vpg(t)>L2(M)> .
Note that, using [3),, Lye] = BFi/m,

[N ()] < 1Vpg @120 18O 12
+AGVpe Ol 120 (%Ilg(t)l\mm + HV,%g(t)HLz(m>
+ CEPNV8 Ol 1200 1Vo,8 O 12

B
+ BE (nvpg(r)uu(m 192,801l 200 + V48Ol 12) [anmnm) IVl 200 | ) -
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We next recall that || g (¢)||? < 2Ng(t) and use Cauchy—Schwarz inequalities! such as

LZ(p)
2IVpg Ol 200 IVZ,8 D)l < 219,812, + 212,50
p8INL2) 1Y gp8 N L2y S S\ NV 8 IDIL2 () ap8 L2 )-

This allows to bound ﬁ (t) as follows:

pt(AE) + B(S)))

[N, ()| < (1 + Ng (1)

l\)\'—‘

(1 + At [ ﬁ] + B(S)t) ”Vpg(t)”LZ(M)

(c<s)+B<s>[ d Dﬁnvqg(z)nizw)

l\)\>—‘

*(A($)+B($))tIIV g(t)lle(M) (B(E)+C($))t v, ,,g(t)lle(m

By combining the latter inequality and the above bound on d N, /dt, it follows that, for
any t € [0, 1],

dNg (1) < (1 4 ﬂ(A(E)JrB(é))) I INy (1)
dt m

- <§ AQ) vy e - 1Y [1 +AG) (1 + E) + B(g)]) Iv
B 2 2 m

B 3C
2 ( € _3€¢E@ It [C(E) + B(&) ( ﬂ)D 14232,

m 2

A B
(2B<s> + Q + & + C(s>||v2UuLso) 1080 12, Va2

- % (A(S) HV,,g

i 7| (AG) + BE)T > 2 lt| (B +CE)

g~ 2BONT8 0120 V58Ol 2 + CE ”vqum

L2(n ))
5 V28122, + .

The discussion at this stage follows the same strategy as the end of Sect. 5.1, by rewriting
the sum of the second to the fourth lines in matrix form as

Vo] Lz(u))
[Veg @] L2(w)

and the sum of the last two lines in matrix form as

[v2e)

2
V2,825,

—xTsE X, X= (

G L

t
|70

We then distinguish the cases & — 0 and £ — 400, and look for conditions ensuring
that the matrices S(&, t), T (£, r) are nonnegative. It is easily seen that the requirements
translate into A(§) = Amin(¢,£7"), B(¢) = Bmin(£,&7"), C(¢) = Cmin(&, &) for
positive parameters A, B, C sufficiently small and such that AC — B” > 0; as well as
T € [-8, min(§, 1), 6, min(&, 1)] for §, > O sufficiently small; and the further conditions
that C and 8, are sufficiently small compared to B. There exists therefore R > 0 (independent

of t and &) such that

1 Although sharper results may be obtained with Young inequalities, the final scaling of admissible values of
T in terms of & is unaffected.
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dNg (1)
8 S RITING (1),
o |T|Ng (1)

from which we deduce that Ny (1) < e®I"IN,(0) = 2eRI7l] |17, (- The latter inequality
allows to conclude. ]

5.3 Proof of Theorem 3

We closely follow the proof of [8,9], however specializing the operators under consideration
to the case of Langevin dynamics, and considering all operators on L2(u). This allows to
simplify several arguments in the proof.

Introduce the projection IT : L?(i) — L?(v) defined as

Tg)(q) ={glq, ), V)20 = /Rd g(q, p)k(dp).

A simple computation shows that ITLp,m [T = 0 since (Lpam [1g) (¢, p) = pTVq (TTg)(g)/m
and IIp = 0. Consider also the following functional

1 2
£(8) = S8l +a®) (Ag.8) 12
for some parameter a (&) € (0, 1) to be determined later on in terms of &, and with

A=—(1 =120 TLham.

ham
The latter operator can in fact be made somewhat more explicit, by computing the action of
£z T
ham

1 1
LhanTly = —p" (VTlg)p = —VU - Y, Tp. 29)

A simple computation then shows that Hﬁﬁaml'l is, up to a multiplicative factor 1/m, the

generator of the overdamped Langevin process (2):

1 1
H‘Clzlamn(p = aﬂovdnfpa Lova=—-VU - Vq + BA,{QD.

The following result gathers some properties of the operator A (see [9, Lemma 1]).

Lemma 1 It holds TIA = A. Moreover, for any function g € L?(w),
1
14l 20 < 510 = glizgy:  ILnamAgl2g < (1 = MgllL2g,:

Proof Consider g € L*(u) and u = Ag. Then, (1 — TTL2, THu = —I1Lpamg, so that,

taking the scalar product with respect to u, e
11720y + 11 Cnam Tl 72,y = (Cham T, (1= TDg) 12,
< ham a2 10 = g2 < 10 = Mg,
+ | Cham M]3,

which gives the claimed result. O
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Denoting by #2(t) = &(f(t)) with f(¢) defined in (24), a simple computation shows
that

A1) = (1), Le o f(O)) 20y +a@(ALE L f (1), F(0) 2y
+a@)(LeAf @), f(D) 20
=&(f @), Lep f (D) 2y + T (O, Lpert f (1)) 2
— a(E)(ALham f (1), f(1) 120y +Ea(E)ALED [ (1), [(1)) 12y
+ TaENALL e £ (O, FO) 12
+ a(@) (Lham AS (1), f()) 1200

where we used in the last line that LppA = LppITA = 0 and LpenA = Lpen[1A = 0.
Therefore,

A1) SES@) Lop £ ) 120y + T, Lper f(O) 1200
— a(E)(ALpam £ (1), f () 12y +EaENALED £ (1), (1)) 12(y0) (30)
+ Tla@NALper I f ONl 20 ITLF Ol 12y + @@ — H)f(l)lliz(u),
where we used Lemma 1 to write LpamA = Lham 1A = (1 — IT)Lham A, so that
[(Cram Ah, 1) 12| = [(Lham AR, (1= TD) 12| < (1= TDAIZ, -

Let us now consider successively the various terms in (30):

e The sum first two terms on the right-hand side of (30) can be bounded as
E(f(@0), Lep f () 20y + T(f @), Lpert f (1)) 120

< —%nvpﬂr)niz(m 1ML Ol L2001V f Ol 20

§_ Il i
<- (E - %) IVp f D2 + 5 1 O,
§ It nltl
< -KZ <E - E) I =T f D172 + 1 Oz,

where n > B|t|/(2%), and where we used V,IT = 0 and a Poincaré inequality to obtain
the last inequality (since (1 — IT)g(¢, ¢, ) € L%(K) for almost all g).
o We rewrite the first term of the second line of (30) as

(ALbam (). () 120y = (ALbam L @), F (1)) 120y HALham (1=TD £ (1), £)) 12,0)-

(3D
We start with the first term on the right-hand side of the above equality. Denoting by
B = LpamIl, it holds (Bh)(q, p) = pTVq(Hh)(q)/m. When & € L(Z)(/,L), and since v
satisfies the Poincaré inequality (20), it holds

| d | d
||Bh||L2(M) = ;ﬂ||vq(nh)||L2(v) z K, mfﬂlll'lhllew)-

This can be rephrased as
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in the sense of symmetric operators on L3 (). Since ALnamI1 = (1 + B*B)~!B*B =
1 — (1 + B*B)~!, we can conclude that

dK2/(mp)
1 +dK2/(mB)

For the second term on the right-hand side of (31), we write (using [TA = A)

{ALbam(1 = TD £ (1), F() 200y = —((1 = T (0. Lram AT (1)) 12,0

By Lemma 2 below, the operator Lnam A* is bounded, so that the absolute value of
the right-hand side of the above equality is bounded by || Lham A* ||| (1 — IT) £ (¢) 22
ITLF (D L2y -

e Inorder to treat the second term in the second line of (30), we compute the action of ALpp.
Now, ALpp = —(1-T1L3, T "' Lham Lrp = —(1—-T1L2,  T1) ™' TI[Lham, Lrp] since
[MLpp = 0. In order to evaluate the commutator, we compute

~(ALbamILf (1), f () 12y < — ITLf (D)1,

d
1 P 2 2
Coam, Lrolh = VU - Vph 5 Vah = 23 05, h.

Upon applying IT to the various terms and noting that

ﬁf
92 hdk = — 13,1 dic,
/l;(l ql])’ K m del ql K

it follows that I1[ Lham, LFp] = —I1Lpam/m. Therefore, ALgp = —A/m is bounded by
Lemma 1. More precisely,

1
(ALED F (). FO) 12| € 3= 10 = DL Ol 20 T Ol 2.

e Finally, AL, is bounded by Lemma 2 below, with ||A£;ert | < /B/Em).

per

Gathering all estimates, we obtain

H'W) < =X () ~ [7IT®) X (1),

with
B ( ITLF (O 220 ) S(E) = ( S——(8) S—+(S)/2>
I =T fOll2g) S.+®)/2 S14®) )
T__(§) T-+(8)/2
TeE) = ,
T_+()/2 Tv+ ()
where
_ dK3/(mB) _ 1 \/E
S_—¢&)= a(&)ma T__(¢) = a(é) +n),
S-4+(6) = —a(®) (nchamA*n = %) o) = “(@ \f
1.9
Si+(8) = —a(®), Ty (£) = < > :
B n
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Therefore, since 2.7 (t) < (1 + a(é))||f(t)||2Lz(u) by Lemma 1,

28-(5@) — 1T (®))
I+a()

where A_ is defined in (25). We next follow a discussion similar to the one performed at
the end of Sect. 5.1. When t = 0, the requirement that S(£) is positive definite shows that
a(£) should be chosen of order min(£, £ 1. Next, in order for S(£) — |t|T (£) to be positive
definite for T # 0, we see that T should be of order § when & — 0 (choosing n = Bt/(4§)
for instance), but can be taken to be of order 1 as & — +o00 by setting n = 1/&. Indeed, this
choice leads to

H' W) < =A- (S = [TITO )1 DIz, < - AW, (D)

ds dKj/mp) G L+ asy/B/m
| E Trakymp) | w2
SE)—ItIT¢) = i e - . ﬁ ,
4m B 2

where a o, the limit of £a(£) as & — 400, should be sufficiently small. In conclusion, it is
Eossible to set T = § min(&, 1) for || sufficiently small, and, for such a choice, there exists
As > 0 for which, for any £ € (0, +00),

A (6) < —ksmin(, EDIF O,

Moreover, As = Ag + O(6).
The final result is obtained by noting that, in view of Lemma 1, and considering functions
a with values in a compact subset of (0, 1),

2 2 1+a(§)

This shows that the constant C in (14) can be chosen as (by restricting a(§) to remain lower

than 1/2 for instance)
1
C = sup L(éj)_
g0\ 1 —a()

It remains to prove the following technical result.

2

(1 — ek

Lemma 2 The operators LramA* = L2 ham

ham
Moreover, || Lpert A*|| < /B/(4m).

Proof In view of (29), the action of LpamA*™ = Lpam A*IT is

! and Lpert A* are bounded.

1 1
LramA*Tlg(q, p) = —5 p" (VT (@)p = —VU(9) - Vg (q),

with
1 -1
Y= <1 - *Eovd> [p.
m

The operator Lnam A*IT is then bounded since 1 — Lyyq/m is a bounded operator from L? (v)
to H2(v).
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We next consider Lper A* = LpertLham T (1 — ﬁo\,d/m)’1 I1. Since
1 1
LpereLnam [ = — Lper (p-VyIh) = —F - V,Tlh,

the operator Lpet A is also bounded since 1 — Loya/m is a bounded operator from L2(v) to
H'(v). Moreover, for ¢ € L?(u),

1 Lpert A* @[> = (@, ALer Loert A*0) 12()

(@. TI(1 = Lova/m) " (F - V)*F - V(1 = Loya/m) ™ 'Tlg)

m? 2w
Since 0 < (F - Vq)*F - Vg < V;; V4 = —BLovd in the sense of symmetric operators, it
follows that, by spectral calculus,
MopenA* 2 < sup —— P Py Y L

= up —m@Mm =
x>0 m2(1 +x/m)2 m y}% (1 + y)2 dm

which gives the claimed bound. O
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