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Abstract

In this paper, some characterizations for the compact difference of composition oper-
ators on weighted Bergman spaces A% with doubling weights are given, which extend
Moorhouse’s characterization for the difference of composition operators on the
weighted Bergman space Ag.
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1 Introduction

Let D be the the unit disc and H (D) be the class of analytic functions on D. A function
w : D — [0, 00), integrable over D, is called a weight. It is radial if w(z) = w(|z])

Communicated by Karl-G. Grosse-Erdmann.

This project was partially supported by NNSF of China (Nos. 11901271 and 11720101003) and a grant of
Lingnan Normal University (No. 1170919634).

B Songxiao Li
jyulsx@163.com

Yecheng Shi
09ycshi@sina.cn

Dan Qu

Igsuestc@163.com

School of Mathematics and Statistics, Lingnan Normal University, Zhanjiang 524048,
Guangdong, People’s Republic of China

Faculty of Information Technology, Macau University of Science and Technology, Avenida Wai
Long, Taipa, Macau

Institute of Fundamental and Frontier Sciences, University of Electronic Science and Technology of
China, Chengdu 610054, Sichuan, People’s Republic of China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40315-021-00382-9&domain=pdf

288 Y. Shietal.

for all z € D. For 0 < p < oo and a radial weight w, the weighted Bergman space
AP is the space of all f € H (D) such that

1717, = [ 17@1re@da <o,
@ D

where dA is the normalized Lebesgue measure on ID. As usual, A stands for the
classical weighted Bergman space induced by the standard radial weight w(z) =
(1 — |z%)%, where —1 < a < oo. AL equipped with the norm || - (Y4 is a Banach
space for 1 < p < oo and a complete metric space for 0 < p < 1 with respect to the
translation-invariant metric (f, &) — [ f — gll 4».

For a radial weight w, we assume throughout the paper that @(r) = frl w(s)ds
forall 0 < r < 1. We say that w is a doubling weight, denoted by v € D, if there
exists a constant C > 1 such that @(r) < Co((1 +r)/2) when 0 < r < 1. If there
exist K = K(w) > 1 and C = C(w) > 1 such that o(r) > Co(1 — (1 —r)/K),
0 <r < 1, we say that w is a reverse doubling weight, denoted by w € D. We write
D = DN D. For some properties of these classes of weights, see [13—19] and the
references therein.

Let ¢ be an analytic self-map of . The map ¢ induces the composition operator
C, on H(D), which is defined by C,, f = f o ¢. We refer to [4,22] for various aspects
of the theory of composition operators acting on analytic function spaces. Efforts
to understand the topological structure of the space of composition operators in the
operator norm topology have led to the study of the difference operator Cy, — Cy, of two
composition operators induced by analytic self-maps ¢ and ¢ of D. By Littlewood’s
subordination principle, all composition operators, and hence all differences of two
composition operators, are bounded on all Hardy spaces H” and weighted Bergman
spaces AL. Thus the question of when the operator Cy — Cy is compact naturally
arises. Shapiro and Sundberg [23] raised and studied such a question on Hardy spaces,
motivated by the isolation phenomenon observed by Berkson [1]. After that, such
related problems have been studied between several spaces of analytic functions by
many authors. See, for example, [6,12,24] on Hardy spaces and [2,3,7,9,11,20,21,25]
on weighted Bergman spaces.

In 2005, Moorhouse [11] characterized the compact difference of composition
operators on weighted Bergman spaces Ai with the angular derivative cancellation
property. More precisely, she showed that C, — Cy, is compact on Ag if and only if

nm( Ll S el )p(go(z) ¥(2) =0 (1)
et \ T jp@P T 1= W@ ’ '

We remark here that this characterization has been extended not only to higher dimen-
sional balls and polydisks, but also to a general parameter p, see [2,3,9].

It is known that all composition operators and hence all differences of two compo-
sition operators, are bounded on A% for w € D (see [16]). In this paper, we extend
Moorhouse’s characterization to A2, whenever w € 9. Our main result (Theorem 12) is
a characterization of compact combinations of two composition operators. As a corol-
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lary, we obtain that Moorhouse’s characterization for compact difference (1) remains
valid when 0 < p < oo and w € D. According to this result, the compactness of
Cy — Cy : Aly — Al depends neither on p nor w.

The present paper is organized as follows. In Sect. 2, we give some notation and
preliminary results which will be used later. Section 3 is devoted to the question of
when a given finite linear combination of composition operators is compact. In Sect. 4
we show that Moorhouse’s characterization for compact difference remains valid when
0 < p <ooand w € D. We also obtain a characterization for a composition operator
to be equal modulo compact operators to a linear combination of composition operators
(see Theorem 14).

For two quantities A and B, we use the abbreviation A < B whenever there is a
positive constant C (independent of the associated variables) such that A < CB. We
writte A < B,if A S B < A.

2 Prerequisites

In this section we provide some basic tools for the proofs of the main results in this
paper.

2.1 Pseudo-Hyperbolic Distance
We denote by o, the M6bius transformation on DD that interchanges the points 0 and z.

More explicitly, o, (w) = (z — w)/(1 —wz), w € D. It is well known that o, satisfies
the following properties: o, o o;(w) = w, and

A —=1z»HA = |w?)
|1 —wz|?

1 — o, (w)]* = , zyweD.

For z, w € D, the pseudo-hyperbolic distance between z and w is defined by p(z, w) =
|o;(w)|. For z € D and r > 0, the pseudo-hyperbolic disk at z with radius r € (0, 1)
is given by A(z,r) = {w € D : p(z, w) < r}. Note that A(z, r) is an open Euclidean
disk with center and radius given by

. 1—|z2 .
=22

(1—r?)z
= — d t
c TR an
respectively. For w € A(z, r), it is geometrically clear that |c| — f < |w| < |[c| + ¢.
Therefore,

d—lzpd =rizhd =r) - _

_ U= lzhA +rlzhd + 1)
1 —r2z? B

w
[l = 1 —r2z)?

s

and |w| — 1 uniformly as |z] — 1.
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2.2 Basic Properties of Weights

The following two lemmas contain some basic properties of weights in the class D
and D and will be frequently used in the sequel. For a proof of the first lemma, see
[13, Lem. 2]. The second one can be proved by similar arguments.

Lemma A Let w be a radial weight. Then the following statements are equivalent:
() ® € D;
(i) There exist C = C(w) > 0 and B = B(w) > 0 such that

~ 1—r\f _
or)<C l_t o), 0<r<t<l;

(iii) There exists y = y(w) > 0 such that

/ dAG) D)
D

— = , D
T—Zr e C €

Lemma B Let w be a radial weight. Then w € D if and only if there exist C = C(w) >
0 and a = a(w) > 0 such that

- 1—1\" .
o) <C — or), 0<r<t<l.
—r

LemmaC [18, Lem. 5] Let 0 < p < 00, w € Dand —a < y < 00, where o =
a(w) > 0 is that of Lemma B. Then

/le(z)l”(l—Izlz)yw(z)dA(z)x/le(z)l”(l—Izlz)’”_la(z)dA(z), feHD).

The following estimate plays an important role in this paper and will be frequently
used.

Lemma 1 Let ¢ be an analytic self-map of D and w € D. Then

( 1 — Iz )ﬁ“< »(S(2)) << 1 — Iz )““
I—lp@l) ~ o) “\1-lp@l)

where @ = a(w) and B = B(w) are that of Lemmas B and A, respectively.

Remark 1t is worth noticing that the right hand inequality is valid for all w € D.

Proof An application of Lemma A shows that
@(S(2) x @)1 — |z]) and @ (S(p(2)) = &(p@)(1 = p)D.
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By Schwarz’s Lemma, we have

c—1 |z 1+ |@(0)]
< —_— —_ h = —
lp(z)| < c + ot where ¢ = 00)|

By Lemmas A and B, we get

oz o(z) ® <% + ‘i_l)

29@) & (% + %) a(¢(2))

B
“ =l 4 Iz
S i ) “ (= >ﬁ

1— (%_’_%) 1 —lo(2)] 1 =)
and
@ @@ (< + 1)
o(p(2)) a(% + %) o(p(2))
_ 1 -z g 1—(%+@) V( 11—z )“
~ - 4B 1— ()| “\l-le@l/) -
The proof is complete. O

Lemma2 Let w € D. If 0 < A < «a(w), where a(w) is that of Lemma B, then
o () =w)/(1—|-D* € Dand
o(2)

a(Z) = m, fOi"(lllZ e D.

Proof By the trivial estimate on the denominator,

e o 80

an= | Gyt R ao

An integration by parts shows that
o(r)

1
on(r) = a- + xfr o) (1 — 1)~ Pdr.

Therefore, by Lemma B, we have

_ a(r) a(r) /1 i a(r)
< A 1—n* dt < .
e AT AR S A=
Thus, @;.(z) < w(z)/(1 — |z])* for all € D. By Lemmas A and B, w; € D. O
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2.3 Local Estimates and Test Functions

The following lemmas are crucial in our work and will be used in this paper. The
following lemma can be found in [10, Lem. 1].

Lemma3 Let0 < p <00, w € Dandry € (0,1) be arbitrary. Set o(-) = o(-)/(1 —
| ). Then there exist r» € (0, 1) and a constant C = C(p, w, r1, r2) > 0 such that

)P fA(Z,rz) |f(§)|p6~0(f)dA(§)

i P
If@) — f@I” <Cp(z.a w(8(2))

foralla eD, z € Ala,ry) and f € AP

By [26, Lem. 4.30], for all a, z, w € D with p(z, w) < r and any real s, we have

()

and therefore, for all w, z,a € D with z € A(a, r) and any s > 0,

< C(s,r)p(z, w),

1
<C(s,r)p(z, w) 'm .

1
‘(1 —az® (1—aw)

Although the reverse inequality does not hold, we have the following partial reiverse

inequality (see [7, Thm. 2.8] or [25, Lem. 2.3]), which is crucial in the proof of the
necessity part of Theorems 12 and 14.

LemmaD Suppose s > 1 and 0 < ro < 1. Then there exist N = N(rg) > 1 and
C = C(s, rg) > 0 such that

‘ 1 _ 1
(1 —az)’ (1 —aw)’
1

>Cp(z,w) ‘m

1 1
+ ‘(1 —tyaz)’ B (1 —tyaw)®

’

forall z € A(a,ro) withl — |a| < 1/2N), ty =1 — N(1 — |a|) and w € D.
2.4 Carleson Measure

Let u be a finite positive Borel measure on D. u is called a p-Carleson measure for

AL if the identity operator I; : AL — LP(du) is bounded, i.e. there is a positive
constant C > 0 such that

/le(Z)Ide(Z) = CIIfIIZZ
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for any f € AL. Also, uu is called a vanishing p-Carleson measure for A} if the
identity operator I : AP — LP(dp) is compact.

The characterization of a (vanishing) p-Carleson measure for Al has been solved
forw € D [14,19]. It is worth mentioning that the pseudo-hyperbolic disk is not the
right one to describe the Carleson measure for A? when w € D, since for a fixed
r > 0, the quantity w(A(a, r)) may equal to zero for some a close to the boundary
(see [15]). However, if @ € D, we have the following characterization. The proof is
similar to the proof of [14, Thm. 2.1]. For a proof, see [10, Thm.2].

Theorem 4 Let 1 be a positive Borel measure on D, 0 < p < o0, w € D and
0 < r < 1. Then the following assertions hold:

() wis a p-Carleson measure for AL if and only if

naar) _

sup 2)
ach @ (S(a))
(ii) w is a vanishing p-Carleson measure for AL, if and only if
wu(Aa, r))
oS 3)

m
la|>1 w(S(a))

Remark Inthe above, w (S(a)) can be replaced by w(A(a, r))) for any fixed r € (0, 1)
large enough.

The connection between composition operators and the Carleson measure comes
from the following standard identity.

/(fo<p)(z)w(z)dA(z) :/ f(@2)dv(z),
D D

where v denotes the pullback measure defined by v(E) = fqu(E) w(z)d A(z), for all

Borel sets £ C ID. One can easily see from the above equality that C,, : Al — AP
is bounded (compact) on A if and only if v is a (vanishing p-Carleson measure)
p-Carleson measure for A%,

The following result plays a fundamental role in this study. Itis proved by employing
the method used by Moorhouse [11].

Lemma5 Let ¢ be an analytic self-map of D, w € D, and u be a non-negative,
bounded, measurable function on D. Define the measure v(E) = f g U)o (2)dA(z)
on each Borel subset E of D. If limz—1 u(z)(1 — |z])/(1 = l¢()|) =0, then v o !
is a vanishing p-Carleson measure for AL, and hence the inclusion map I po AP —
LP(v o~ Y) is compact.

Proof Fix r € (0, 1). Fora € D, set

€:=€(a) = sup u(z)_—m.
zep~1(A(a,r) 1 — el
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Using the Schwarz-Pick Lemma, we get

L=z _1+1eO)] _
= le@l = 1= 1pO)

If 9(2) € A(a, r), then

(I —lap)(@ —=rla])(1 +r)
1 —r2jal|?

-zl =CA = e =C

This implies that |z| — 1 uniformly in z € ¢~ !(A(a, r)) as |a| — 1. Therefore, by
the hypothesis € (a) — 0 as |a| — 1.
Now, fix 0 < A < min{1, a(w)}. Taking M to be an upper bound of u, we have

Vo (A, ) = / U@ ()dA)

=A@,

A 1— A
7 a,r

< M1 - Jal) f _2@ .

o1 (n@ry (I —1zh*

Denote w; (z) = w(z)/(1 — |z])*. By Lemma 2, we get w;, € D. Therefore, Cy:
Ab, — AL, is bounded, that is

(1 — la])* / L)AdA(z) < (I — la]) @i (A(a, 1))
o~ (A(a,r)) (I—1zDh
= @;(a)(1 — |a)'*
= &(a)(1 — |a])

= w(A(a,r)).
Therefore

vop (A, 1)

A
w(Ma, 1) Se@

forall ¢ € D. Hence v o ¢! is a vanishing p-Carleson measure for A%. The proof is

complete. O

2.5 Angular Derivative

Let ¢ be an analytic self-map of D. We say that ¢ has a finite angular derivative, denoted
by ¢'(¢) € C,at¢ € dDif thereexists n € dD suchthat Zlim,_,; (¢(z)—n)/(z—¢) =
@' (), where Z lim stands for the non-tangential limit. We denote by F(¢) the set of
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all boundary points at which ¢ has finite angular derivatives. Note from the Julia-
Carathéodory Theorem (see [4, Thm. 2.44]) that

F(p) = {{ € dD :dy(¢) = limi?fllL(pl(T)l < oo}.
= — <

For ¢ € F(p), we call the vector D(g, ¢) = (¢(£), dy(¢)) € D x R the first-order
dataof p at ¢.

If ¢ and ¢ are two analytic self-maps of the disk with finite angular derivative at
D, we say that ¢ and ¥ have the same first-order data at ¢ if D(p, ¢) = DY, ¢).

3 Linear Combination of Composition Operators

For a linear operator 7 : X — Y, the essential norm of 7', denoted by || T |l¢.x—v.
is defined by ||T|le.x—y = inf{||T — K||x—y : K is compact from X to Y}. It is
obvious that the operator 7 is compact if and only if || 7|, x—y = 0.

We have the following lower estimate for the essential norm of a linear combination
of composition operators acting on A%

Lemma6 Let 0 < p < oo and w € D. Let @1, - .., @y be finitely many analytic
self-maps of D. Then there are constants C > 0 and y = y(w) > 0 such that

n P n P
ZAijj > Clim sup Z)”J'C‘/’f fa|
j=1 j=1

) lal—1 )
e, Ay Ay

where

1—lal? (r+D/p
fa(2) = < 1_|g|z > a)(S(a))*l/P.

Proof Let K be a compact operator on A%. Consider the operator on H (D) defined
by K,n(f)(z) = f(mz/(m + 1)), m € N. Denote R,, = I — K,,. It is easy to see
that K, is compact on A (see [16, Thm. 15]) and ||Km||A5) <1, ||Rm||A5) < 2 for
any positive integer m. For simplicity of notation we set T = 27:1 4jCy;. Then we
have

2T =K = |Ruo (T - K)|

.2 sup HR,,, o (T - K)(fa)

Aw aeD

APl

10)

Since K is compact, we can extract a sequence {a;} C D such that |a;| — 1 and K f,,
converges to some f € AJ. So,
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| R o (T = K)(fu) |55
2 R o Tt |y = | R o K (Fa) |2
RATad g = 1K o TCad g = [ Bm (K ) = g = [Rm DLy
)

Since K, is compact and 7 is bounded on AP we have K, o T is compact on Aff,.
Therefore, letting i — oo and then using Fatou’s Lemma as m — oo in (4), we have
T — K||A5) 2 limsup;_, ”T(fa,-)”Af)' Therefore,

7 42 = Climsup ”Tfa”

la|—1

The proof is complete. O

For M > 1 and ¢ € 9D, we denote by I'y  the {-curve consisting of points
lz—¢| = M(1 — |z|%), the boundary of a non-tangential approach region with vertex
at ¢. We will use the notation * limiiM o indicate a limit taken as z — ¢ along the
starboard leg of 'y, ;. The following result can be found in [8].

LemmaE Let ¢ and  be analytic self-maps of D. Then the following equality

lim

m ——— = (5)
Mo o I —9@¥ ()

1—lp@)I>  [1, if¢ e F(p)and D(p, ) = DWW, ¢)
0, otherwise

holds for ¢ € F(p).

We are now ready to establish a lower estimate for the essential norm of a gen-
eral linear combination of composition operators acting on Af, when w € D. Let
@1, ..., @, be finitely many analytic self-maps of D. For ¢ € F(¢;), we denote by
J (i) the set of all indices j for which ¢ € F(¢) and ¢; and ¢ have the same first-order
data at ¢.

Theorem8 Let 0 < p < coand w € D. Let @1, - .., @n be finitely many analytic
self-maps of D. Then there is a constant C(p, w) > 0 such that

P P
1

n
2omCo|  zCmax || 3 byl o ©

e, AP T JeJe (D)

forall ¢ € 0D and My, ..., A, € C. In case ¢ ¢ F(p;) the quantity inside the
parentheses above is to be understood as 0.

Proof Set

1 — |Cl|2 (y+h)/p
fa(@) = ( s ) o(S@)~"7,
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for a € D and y is that of Lemma A. Fix any index i such that ¢ € F(g;). We have
lpi(z)] — 1 asz — ¢ along any Iy .. So, by Lemma 6, we obtain

n n

) P
lecwj 2 SJ?,IP zll—I>n§ I Z)‘J'ij fwi(z)“Ag
j=1 e, A ey =1

Meanwhile, note that

p p

Z)‘jcw_/ Joi Z)‘jcw Joi(@)| @(S(2)

Jj=1 AP j=1

p
|5, (At )T _ase
=\ 1— 0@ ) o (S(@i(2))

v

Thus, applying Lemma E and the remark of Lemma 1, we get the desired result. O

From Theorem 8 we immediately derive the following three corollaries for the
compactness of linear combinations.

Corollary9 Let 0 < p < oo and w € D. Let @1, - .., @y be finitely many analytic
self-maps of D. IfZ'}Zl 4;jCy; is compact on AP then

Z Aj=0

CeF(p))
D(p;j,£)=(n,s)

forall ¢ € 0D and (¢, s) € 0D x R4..

Corollary 10 Let 0 < p < oo and w € D. Let ©, ¥ be analytic self-maps of D.
Suppose both Cy, and Cy, are not compact on AL, If aCy + bCy is compact on AP,
then the following statements hold:

(i) a+b=0;

(i) F(p) = F(¥);
(iii) D(p, &) = DY, ¢) for each & € F(p).

Corollary 11 Let0 < p < coand w € D. Let @, Q1, ..., @ be finitely many analytic
self-maps of D. If Cy — Cy, — Cy, — - - - — Cy, is compact on AL, then the following
statements hold:

1) F(e1),..., F(p,) are pairwise disjoint and F (¢) = U;’.Zl F(pj)
(i) D(p,¢) = D(pj, &) ateach & € F(p;) forj=1,...,n.
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4 Compact Difference and Further Related Results

We have the following characterization for compact linear combinations of two com-
position operators.

Theorem 12 Let 0 < p < oco and w € D. Let ¢ and ¥ be analytic self-maps of D.
Then A1Cy + A Cy is compact on AL if and only if either one of the following two
conditions holds:

(i) Both Cy, and Cy, are compact;
(i) Ay +Xxp =0and

hm( Ll S Bl )p(w(z) ¥(2) =0 %)
eI\ 1= [p@I2 1= Y @) ’ '

Remark Theorem 12 is a special case of of Theorem 1 in the recent paper [10]. Take
v =uw,u(z) = A, v() = —Xt, p=qin[10, Thm. 1]. Since

< 1—|z| )(DH—I)/P> ( o) = |z )l/[’> ( 1—z| )(/3+1)/p
1 —lp@)] ~\o(p@) (1 = lp2))) ~ 1 — o)l

and

( 1—z] )(o:+1)/p - ( 3@ - |z)) >1/p - < 1 — || >(ﬁ+1)/p
1=yl ~\aW@)A = 1Y) ~\ =y @I :

we find that [10, (6)] is equivalent to (7). Here o and § are that of Lemma B and
Lemma A, respectively. On the other hand, it is obvious that A; + Ay = 0 implies [10,
(6)]. Since

1— |y @)
1 - ¥ @)

1—le@))?

—pawe VR

1—9(2)81(z) =

by combining with Lemma E and [16, Thm. 20], we see that [10, (6)] implies A1 +12 =
0 in Theorem 12. The proofs we provide below are definitely different, though they
contain some similar elements.

Proof Suppose that 11Cy, +A>Cy is compact on AL . Note that if (i) fails, then at least
one of C, and Cy is not compact on Al,. We may assume that both C,, and Cy, are
not compact on AP and show (ii). By Corollary 10, we have A1 + A> = 0 and hence
we may assume that A = 1 and A, = —1. Let’s prove it by contradiction. We assume
that (7) does not hold. Then there exists a sequence {z,} C D with |z,| — 1 such that
either

1 — |zal

= mp((p(zn)v w(Zn))

dn
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or

1 —
by : |Znl

= mp((ﬂ(zn)» I//(Zn))

does not converge to zero. By passing to a subsequence, we may assume that
lim,, o0 @, = a and lim,,_, oo b, = b exist and that one of them is non-zero. Without
loss of generality we may further assume that a # 0. Again by passing to a subse-
quence, we may assume that ¢ = limy,— oo |¢(z5,)| exists. Since a # 0, we have ¢ = 1.
Thus, we may assume that |z,| — 1, |¢(z,)] — 1 and a # 0. For u € D, consider
the test functions

1— |I/l|2 y+b/p
gu(z) = < ) o(Sw)™P and

1—uz
(y+bh/p
1— Jul? _
hy(2) = <1——t1vﬁz) w(Su))~V?,

where t is that of Lemma D. It is easy to see that || g, ”AZ = ||y ||A(1; =< land g, — 0,
h, — 0 uniformly on compact subsets of D as |u| — 1. Therefore,

nl;n;o 1Cy = Cw)gw(zn)ﬂiz =0 and nl;rr;o I1(Cy — Cw)hw(zn)”f;g —0.
Since w(S@)|f (@I S I f1I%, forall f € Ag (see [10,15]), we have
Tim_ o (SGn) (|80 @) = 8ot (¥ )|
+ | g @(zn) = hgiy W (@))|”) = 0.

Then Lemma D yields

w(S(zn))

o n)s n P =0.
I oSGy P& V)

Therefore, by Lemma 1, we obtain that

. 1 — |znl P p
nILH;O (m) (@), Yz’ =0.

Since the two sequences {(1 — [z,|)/(1 — [@(z,)1)} and {p(¢(zn), ¥ (z1))} are both
bounded, we obtain

. 1 - |Zn|
= 1 . nls n = E)
a nggo<1 — |(p(zn)|>p(<p(z ), ¥ (zy)) =0

which is a desired contradiction.
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Conversely, we only have to prove (10) implies that C, — Cy, is compact. Let { fi }
be an arbitrary bounded sequence in A% such that f; — 0 uniformly on compact
subsets of . It suffices to show that ||(Cy, — Cy) fx ”AZ — 0, as k — oo. In order to
prove this, given 0 < r < 1, we put

E:={zeD:plpk),¥() <r} and F :=D\E.

Then for each k,

ICy - o il = fD @) — feW @) Po@dAR)

:/E|fk(¢(l))—fk(W(Z))|pw(Z)dA(Z)+/F|fk((0(Z))—fk(W(Z))|pw(Z)dA(Z)~
®)

We first estimate the second term in the right-hand side of the equality (8). Let x
denote the characteristic function of F. Since r xr < p(¢, ¥), by (7), we get

. 11—z 11—z
1 =0
o, xr @) (1 o] 12 W(z)l)

This, together with Lemma 5, yields

/F e@@) — i@ @) Po@dAR)
< /D @) xr (Do @dAR) + /D )P xr (Do (@dAR)

1=fDIfk(Z)I”dm(Z)+A;|fk(1)|”dV2(Z) -0,

as k — oo, where

vl(K)=/ XF(2)w(2)dA(z) and Vz(K)=/ xF ()@ (2)dA(z),
g1 (K) H(K)

for all Borel sets K C D.

Next, we estimate the first term on the right-hand side of the equality (8). Using
Lemma 3, Fubini’s Theorem, w(S(a)) < w(S(¢)) for ¢ € A(a, rp), Theorem 4 and
Lemma C, we have

/E | fie(@(2)) = fi(W @)IPw(2)d A(z)

Jnto@yr e @IPBE)AAQ)
o (S(p(2)))

S /Ep(w(Z), Y (2)? w(2)dA(z)
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Jo16@) ©@4AR)

o(¢)dA
©(5) w(§)dA(Z)

S Vp/ | fe(OIP
D

S rp”fk”ZZ”C:p“ St

Letting r — 0, we get [|[(Cy — CW)fk”Af, — 0 ask — oo. The proof is
complete. O

As a corollary, we obtain the following characterization for the operator Cy, — Cy; :
Al — AP The compactness of Cy—Cyon AL is independent of p and w, whenever
weD.

Corollary 13 Let 0 < p < oo and w € D. Suppose ¢ and r are analytic self-maps of
. Then the operator Cy — Cy; : AP — AP is compact if and only if

lim< L=leP |, 1-lP )p«p(z) ¥() =0
=1\ 1= p@) 21— Y@ ’ '

In the rest of this section we assume that ¢; : D — DD is analytic and ¢; # ¢; if
i # j. Wedefine F; := {¢ € 0D : ¢; has a finite angular derivative at ¢} and

¢i(z) —9;(2)

ij(2) = ===
P e @

The proof of the following Theorem will be quite similar to the proof of Theorem 12,
with a few added complications.

Theorem 14 Let 0 < p < oo and w € D. Let ¢, ¢y, . .., ¢, be finitely many analytic
self-maps of . Suppose that Cy, Cy,, ..., Cy, are not compact on AL, Then the
operator Cy — Cyy — -+ — Cy, : AL — AL is compact if and only if the following
two conditions hold.

() F=U'"_Fjand F; \Fj =@ ifi # jwithi, j > 1;
(ii)

lim( L=l | 1-kP )p(w(z)¢'(z))=0
=\ 1 —=1p@  1-19;j@2)} e

forallt € F(pj) for j=1,2,...,n.

Proof 1f C, — Z;:l Cyp; is compact on AL, then by Corollary 11, (i) holds. Now,
assume that (ii) fails. We will derive a contradiction.

Since (ii) fails, there exist ¢ € F(g;) for some j and a sequence {zx} C I such
that z; — ¢ and

1—]z)? 1 — |z |? >

B PP, 0(20) (1 —leGEOP " 1= lg; 0P
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By passing to a subsequence, we may assume that

= p(o(a), oy~ 2L
k= per), ¢j(zr 1 — |p(zx)|?
or
B oy L lal?
b := p(p(zx), j (Zk))l — loj(z)I?

does not converge to zero.

Without loss of generality, we assume that a; does not converge to zero. We
take gr = gy(z;) and hy = hgy(,) for each k. Note that the two sequences
{p(@(zk), ¢ (zk))} and {(1 — 1zx1%)/1 = |@(zx)|%)} both are bounded. Thus, by passing
to another subsequence if necessary, we may further assume that

. . 1— |z
1 N i = d 1 —_— .
Jim p(¢(ze). ¢j(zx)) = ¢ and - lim —— ooE =

for some constant ¢, co > 0 withe¢; < 1.
Also, note that ¢ ¢ F(¢;) fori # j.By the Julia—Caratheodory Theorem, we have

1 — |z L,
—— =0,1# ],
k—oo 1 — |gi(z1)|

kgnolow(S(Zk)ﬂgk((Pi(Zk)ﬂp

R Cc70 M B S 1 C0 Il
k=00 w(S(9i (z1))) |1 — @(zx) @i (zx)
< lim (—1_'Zk| )awH:o,
=00 \1 = lgi (@p)]
lim (Sl (i (o) 1P
y+1

IRCIC(C)) 1—lp@zol?
k=00 w(S(9i(zk))) |1 — tyo(zi) i (zk)

1 — a+1 1 _ y+1
< lim ( |7k ] ) ( k49 )
k=00 \ 1 — @i (z)] 1 —tylei (zp)l

1 — a+y+2
< lim (i) —0
k=00 \ 1 — |¢; (zk)]
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The same argument as in the proof of Theorem 12 yields

p

Jim o(S@) | |sel@) = | D Coyse | @)
j=1
p

+ (@) = | D Cou | @] | =0.
j=1

Thus, similar to the proof of Theorem 12 we get

lim (ﬂ) p(p(zk), 9j(zx)) = 0,
k—oo \ 1 — |§0(Zk)|

which is a desired contradiction.
Next, assume that both (i) and (ii) hold. We will prove that Cy, — Z?:l Cy; is
compact. The proof will be quite similar to the proof of Theorem 12. Define

1—|z)? 1—|z)?
2 z 2’
1 —gi(2)] 1 —|p;(2)l

D; :={ze]D): forallj;éi}

fori =1,..., N.Fix0 < r < 1 and define
Ei:={z e Dj:p(p(),¢i(z)) <r} and E;:= D;\E;.

By the proof of [11, Thm. 5], we get

lim x (Z)( Lk 1=l ) =0, foralli,j )
=1 T = e T 1=1g;1) o
and
) 11—z .
lim xg,(z)—————— =0, wheneveri # j. (10)
lz|—1 1 — ;@)

Now, let { f;} be a bounded sequence in A, such that f; — 0 uniformly on compact
subset of D. Since D = U;’ZI D;, we have

n P " ; .
(Cq)_zcw,‘)fk =A|fko¢—2fko¢i|PwdASZL_}_Z/;/'
/=l i=l i=1% =1

)4
Aw
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Note, as in the proof of Theorem 12, that the second sum of the above tends to 0 as
k — 00, by equality (9) and Lemma 5. For the i-th term of the first sum, we have

f g/ | fro@ — frowi|lPwdA + E f | fiopjlPwdA.
E; . . . JE;
i i JF#i !

Note from equality (10) and Lemma 5 that the second term of the above tends to 0 as
k — oo. Finally, from the proof of Theorem 12 we see that the first term of the above is
dominated by r”. So, we conclude that lim sup;_, o, [[(Cy — Z?:] Cﬁﬂj)fk”Zgj <rP.
Letting r — 0, we obtain

n P

lim sup || (C, — Z Co) fi| =0.
k—o00 j=1 AZ

The proof is complete. O

Theorem 14 and Corollary 9 immediately yield the following characterization for
a composition operator to be equal module compact operators to a linear combination
of composition operators.

Theorem 15 Let 0 < p < oo and w € D. Let ¢, ¢y, ..., ¢, be finitely many ana-
Iytic self-maps of D. Suppose that Cy, Cy,, ..., Cy, are not compact on Ab. Let
Aty ...y Ay € C\{0}. Then the operator Cy — 27:1 AjC(pj c AP — Al s compact if
and only if the following three conditions holds:

O
(i) F=U!_ Fjand F; \Fj = 0ifi # jwithi, j > 1;
(iii)

hm( L=l 1= )p@@)w@»:o
e \1—[p@)2  1—lp;j@@)? T

forall¢ € Fjfor j=1,2,...,n.
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