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Abstract We discuss approximation of extremal functions by polynomials in the
weighted Bergman spaces A2 where —1 < a < min(0, p — 2). We obtain bounds on
how close the approximation is to the true extremal function in the A% and uniform
norms. We also prove several results on the relation between the Bergman modulus of
continuity of a function and how quickly its best polynomial approximants converge
to it.
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1 Introduction

In this article we discuss uniform approximation of extremal functions in weighted
Bergman spaces. In general, we approximate these functions by solutions to extremal
problems restricted to spaces of polynomials.
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440 T. Ferguson

Definition 1.1 For 1 < p < coand —1 < a < oo we define the weighted Bergman
space A to be the space of all analytic functions in ID such that

1/p
1fllpe = (/D If(z)l”dAa(z)> < 00,

where dAy = (@ + D11 = |z1)* dA(z) and d A is the Lebesgue area measure.

For 1 < p < oo, it is known that the dual of A% is isomorphic to A, where
1/p+1/qg = 1. Also, if ¢ € (A})* and k € Al correspond to each other, then
||¢||(A§)* < lklge < C||¢||(Ag)*, where C is some constant depending of p and «.

Definition 1.2 Let k € AZ be given, where | < ¢ < oo and k is not identically 0.
Let F € AL be such that | F|| = 1 and Re f]D) FkdA, is as large as possible, where
1/p + 1/q = 1. There is always a unique function F with this property. We say that
F is the extremal function for the integral kernel k, and also that F' is the extremal
function for the functional ¢ defined by ¢ (f) = [y fk dAq.

We do not usually study the case p = 2 because in this case F is a scalar multiple of
k.

It is known (see [4]) that the spaces AL, since they are subspaces of L spaces,
are uniformly convex. In [7], general results are proven about approximating extremal
functions in uniformly convex spaces, and a proof is given there of the well-known
fact that extremal functions are unique in uniformly convex spaces. See [2,3] for
more information on extremal problems in spaces of analytic functions. See also
[8,10,12,14] for more information on regularity questions related to the extremal
problems we discuss.

Definition 1.3 Let f € AL. Suppose

)+ fe™) =2f)llpa < CltlP

for some constants C > 0 and 0 < B < 2. We then say that f € A:; Iz Further-

more, we define || f|| A% p.AD 1O be the infimum of the constants C such that the above
inequality holds.

We refer to functions in the A* classes as being (mean) Bergman-Hdélder continuous
(see [8]). We prove several estimates that relate the mean Bergman-Holder continuity
of A functions to the minimum error in approximating these functions with poly-
nomials of fixed degree. We apply these results to obtain estimates for how close the
solution of an extremal problem is to the solution to the problem with the same linear
functional posed over the space of polynomials of degree at most n. By using inequali-
ties related to uniform convexity due to Clarkson [4] and Ball, Carlen and Lieb [1], we
are able to obtain quantitative estimates for the distance from approximate extremal
functions to the true extremal functions.

The estimates just mentioned are all in the A2 norm. However, our goal is to
approximate (in certain cases) extremal functions in the uniform norm (i.e. the L™
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norm). To do so, we use results from [8] to obtain bounds on the C# norm of the
extremal functions and the functions approximating them for certain S, as long as the
integral kernels are sufficiently regular. We also use Theorem 4.2, which allows us to
conclude that two functions that are each not too large in the C# norm and that are close
in the A% norm must actually be close in the uniform norm. In stating the theorems,
we do not aim for the most general estimates possible; however, the estimates we state
do apply to the case where k is a polynomial, or even in C2(DD).

We note that in [11], Khavinson and Stessin derive Holder regularity results for
extremal problems in unweighted Bergman spaces. However, they do not state explicit
bounds on the exponent § or on the C# norm of the extremal function, so we cannot
use their result to get explicit bounds on extremal functions.

The following lemma about the uniform convexity of L? will be needed. The
inequality for I < p < 2 can be proved from [1, Thm. 1]. The other inequality
follows from Eq. (3) in [4, Thm. 2].

Lemma 1.1 Let || fll, = ligllp = 1and (1/2)| f +gllp, > 1—6. Let || f — gllp = €.
If1l < p<2thene < /%81/2. If p>2thene < 2p'/Psl/p,

2 Mean Holder Continuity and Best Polynomial Approximation

In this section we prove several results relating mean Holder continuity of functions
to their distance from the space of polynomials of degree at most n. Some of these
results are used in the rest of the paper. The proofs of these results are similar to the
proofs for similar results about classical Holder continuity that can be found in [15,
Vol, 1, p. 115 ff.].

Definition 2.1 Let f € AL. We define
E}(f) =min{||f — P p.« : P is a polynomial of degree at most n}.
Theorem 2.1 Let 0 < < 1. Suppose that ||f||A*,ﬁ,A{; < 00. Let

21+ﬁ 00

Ap=—"— [cos(t) — cos(20)[tP2 dt.
T Jo

Then
EP® < Agn P fllye g ar-

Proof Let f|, represent the function f restricted to the circle of radius r. Let T, be
the best polynomial approximant of f, let R, = f — T, be the remainder and let
px be the k™ Cesaro sum of the remainder. Let K,, be the Fejér kernel for the m'h
Cesaro sum. Then K, has L' norm of 1, and Young’s inequality for convolutions
shows that M, (r, pr) = [|Rn)r * Killp < Mp(r, R)IKkll1 = Mp(r, Ry). Let o be
the k™ Cesaro sum of f.From [15, Vol. 1, p. 115, eq. (13.4)] we see that
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n

~Pn—1-

n n n
(1 + }_z) Onth—1 = 3 On—1 = I, + (1 + Z> Pnth=1 =4

Using this equation with 2z = n, subtracting f from both sides and using the fact

that M, (r, px) < Mp(r, Ry) shows that M, [r, (202,—1 — 0—1) — f] < 4Mp(r, Ry).
Multiply by (« 4+ 1)2r(1 — r?)* and integrate r from O to 1 to see that

(20201 — 0u—1) — f”p,a < 4||Ry, ”p a-
Let 7, = 202,_1 — 0,—1. Now
ix ix 2 * i[xHt/m)] i[x—(t/m)] ix ()
e = fe=2 | [t fire )=2f(re™)| =5
2.1

where h(t) = (cos(t) — cos(2¢t))/2. Let M = ||f||A*’ﬁ’A5. Apply Minkowski’s
inequality to see that

2m—

EPO‘ ix ix 2 o B _ﬁ|h(t)| }3
1 St re™) — fre)lpa <; A t"Mm dt = AgM(2m)~

Since E5»* < EJ |, the theorem follows. m]

We can also prove the following theorem. The symbol Dy stands for %:

Theorem 2.2 Let K > 0 be an integer. Suppose that ||D§< f(reig)llp,a < M. Let

4 00
Cj =;/0 |H,(1)| dt

where

h(t) = (cos(t) — cos(21))/2,  Ho(t) = h(t)/t*,  H;({t) = foo H;_1(x)dx.
t

Then EP® < 2KCprMn=K

Proof Let f™9(rel%) = f (re'?). Then integrating by parts in Eq. (2.1) shows

that

9 n

T(re™) — f(re'™)
2

- /OO [f(K,a)(ret[th/m)])Jr(_1)Kf<K,0>(,ei[x—<z/m>])] Hy (1) di
mm 0
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Applying Minkowski’s inequality shows that

T () — F) I pa < Cxm™ KIDE fllp.a-
As above, this implies that EL** < Cg2KXMn=K. o

Define the AL modulus of continuity for f by

Wpa(S, f) = sup £ 2) = @)l pa-

Theorem 2.3 Let K > 0 be an integer. Suppose Dg f has modulus of continuity
wp,o(8). Then

2 _
Eé’,a(f) < Bgwpq <7> n K’

where Bg = 2KCK+1/71 + 2K Ck.

Let f5(z) = 21_6 ffg f(e''z) dt. Note that Dy fs = (Dy f)s. Minkowski’s inequality
shows that || f5 — fllp,a < @p,a(8, f).Let f = fs + g. Then using the fundamental

theorem of calculus, we see that

DK ¢y _ pk o—id
||D§+‘fa||p,a=” o /(2 250 /G )””’“526“wp,a<2a;D§f)

Also | Df gllpa < @p.a(8, D f).
Thus by Theorem 2.2,

EyC(f) = 28T Crn™* 0 28) w0 (28, D ) + 25 Cxn ™R w0 (8; DY f).
Taking the supremum over |¢| < § in the inequality

1) = FE@H ) <IFC) = FE@pa +IFE) = £ 2 ) pa

shows that w, ¢ (268, f) < 2w (8, f). Thus
EPC(f) < 28 Crin™®* V57w, o (8, D ) + 2K Cxn~ K w(8; DY 1),
Now choose § = 2m/n to see that
EP°(f) < Bxopa (27) 0K
where Bg = 2KCK+1/JT +2KCk.
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444 T. Ferguson

From this it follows that if f € A; AP for0 < B < 1, then

EVC(f) < @)’ Boll fllz+ g agn ™"

Theorem 2.4 Suppose that @5 ¢ AT,A{; and that ||f(9’K)||A*,LAg = M. Then
EVY(f) < BkMn= %=1 where

Bx =2K(Cxaa/m + 7Cx).
Proof Write f = fs5 + g where f55 = (fs)s. Then

f(@,K)(rei(t+28)) + f(@,K)(rei(tf28)) _ 2f(9,K)(reit)

0f T2 fis(re') = 152

as in the last equation on [15, Vol. 1, p. 117]. Thus

M
8K+2 < —.
“ t fSS”p,a =725

Following the first and second equations on [15, Vol. 1, p. 118] shows that

g @)l p.a
_ 1
T 482

)

26 ) )
/ FOB ety 4 fOB) ze=ity 27 OB ()28 — 1) dt
0 p,a

which shows that IIg(G’K)(z)II,,,a < (1/2)M$. Applying Theorem 2.2 to g and fs

and setting § = 27 /n now yields the result. O

3 Approximation of Extremal Functions by Polynomials in the Bergman
Norm

We now discuss extremal problems restricted to the space of polynomials of degree
n. Let F, denote the extremal polynomial of degree n, for the extremal problem of
maximizing Re ¢ (f) where f ranges over all polynomials of degree at most n with
norm 1. We will need the following theorem from [8]:

Theorem 3.1 Suppose that k € A; L and let F be the extremal function for k. Then

if2§p<oowehaveFeA7;/p7Agwhileif1 <p§2wehaveFeA;/2yAg.

Furthermore, suppose that f]D) FkdAy = 1 and |k(e') + k(e™t") — 2k lge <
Blt|P.If p = 2 then | Fll s g/, a2 < 2p"/P(B/2)V/P < 2¢!/¢(B/2)!/P, whereas if
1 < p <2then ||F||A*’ﬁ/2’Ag <2(p—1)~12B1/2,

The space of polynomials of degree n is isomorphic with R>"*2. The set of all
x € R?"*2 for which the corresponding polynomial has norm of at most 1 is a convex
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set. Thus, the extremal problem for finding F,, can be thought of as a problem of
maximizing a (real) linear functional over a convex set in R2"+2_ This is a convex
optimization problem, and many algorithms for approximating the solution are known.

We first introduce a bound on the rate of convergence of F, to F in the Bergman
space norm.

Theorem 3.2 Let F be the extremal function for ¢ and let F,, be the extremal polyno-
mial of degree n, when the problem is posed over polynomials of degree n. Suppose

k € AZ e Then for 1 < p < 2 we have |F — F,llpo = O(n=P/*). Similarly if

2 < p < 0o we have |F — Fy|l g = O(n=F/P),
More precisely, for| < p <2and0 < 8 < 2,

— 1/2 1/4 —
IF = Fullpa < 4(p = D7 AGR0KI gn™P7%:
forl < p<2andp =2,

—3/4571/2 1/4 _
IF = Fullpo = 4(p = DB 2 1kll\F ) n =%

for2 < p<ooand0 < B <2,

1 1 — 2
|F = Fallpa < 21 01/2710 pUp s alib i 12 =PI,

Proof Let ||¢| denote ||¢||(A5)*. The argument in [7, Thm. 4.1] shows that, if 7}, is

the best approximate of F of degree n and EP® <3 and Tn = T/ Tull p,«> then
Re ¢ (T,) > 1+8 ||¢>|| This also shows that Re ¢ (F},) > 1+5 ||¢|| Thus

1-56
d((Fn+ F)/2) = o]l < 2(1——i—8)>

Therefore, (1/2)||F, + F|| > § + ﬁ > 1 — §. This shows that ||F, — F| <

JE8 V2 for p < 2and | Fy — FIl < 2p!/78Y/7 for p > 2. o

The convergence rate in the previous theorem may be slow, especially for large p.
However, a given F,, may be more accurate than this predicts. The following theorem
gives a way to bound the distance of a given function g from F in terms of the distance
from P, (|F|?/F) to Py(g|?/g). An advantage of the theorem is that it applies to
any A} function g, so we can directly apply it to an approximation of F,, and not
just F,, itself. In the theorem statement, P, denotes the Bergman projection for A,
which is the orthogonal projection from L2 onto A2. Also |F|P /F = FP/2F(p/2-1 =
|F|P~1 sgn F should be interpreted to equal 0 when F has a zero. It is known that P,
is bounded from L% to AL for 1 < p < oo (see [9]).
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446 T. Ferguson

Lemma 3.1 Suppose that F| and F, are the AP extremal functions for ¢ and ¢,
respectively. Suppose that ||¢1|| = ||¢2|| = Land ||¢p1 —@2|| < 8. Thenfor2 < p < oo

|F1 — F| < 2'=0/P pl/pst/p,
forl <p<?2

|Fi — Fall < 2(p — 1)~ /28172,
Proof Note that

|91 (F1) + ¢1(F2)| = [91(F1) + d2(F)| + [(¢1 — 92) (F2)| = [ p1ll + NP2l — 6
>2-4.

Since ¢ has norm 1, this implies that

HFl-i-Fz

| S

The result now follows by Lemma 1.1. O

It is known that if k is a positive scalar multiple of P, (| F|”/F), where F has unit
norm, then F is the extremal function for k. It is also known that any function k which
also has F for its extremal function must be a positive scalar multiple of k (see [7]).
Since [, FPo(|F|?/F)dA = [, FIF|P/F dA = 1, we see that if k is scaled so that
fD FkdAy = 1,thenk = Py (|F|P/F).

Theorem 3.3 Let k € A, and let F be the extremal function for k. Let k be any
positive scalar multiple of k (so that k also has F as extremal function.) Let G € AL
and suppose that for some § such that 0 < § < 1 the inequality
IP(1GI7/G) = B)llga < 8
is satisfied. Then for2 < p < oo,
IF = GIl <2p"/Ps'/P
andfor1l < p <?2
|F =G| <2v2(p — D)~1/251/2,
Proof Let i be the functional of unit norm for which G is the extremal function. Then

¥ has kernel P, (|G|?/G) and ||y|| = 1. Let ¢ be the functional with kernel %. We
then have

16— Yl apye < IPalIGI?/C) = Dllga < 5.
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This implies that 1 —§ < [|¢[| < 1+8.Let ¢ = ¢/||¢]. Then ||¢ — || < & and thus
l¢ — ¥l < 28. The conclusion now follows from the previous lemma. O

4 Approximation of Extremal Functions by Polynomials in the
Supremum Norm

We now show how to use the results in the previous section to bound the distance
from a given function to F in the supremum norm. We will use the following theorem
found in [8, Cor. 4.3]. The proof of this theorem shows that the same results hold if F
is replaced by F,,. However, we may need to multiply k by a positive scalar constant
greater than 1 so that the condition fD F,kdA, > 1 holds.

Theorem 4.1 Let | < p < oo and let p and q be conjugate exponents. Suppose
k€ A;,AZ, and that [, FkdAy > 1. If1 < p < 00 and —1 < a < min(0, p — 2),
then F has Holder continuous boundary values.

Let B = ||k||A*,2,A{," For p > 2, the Holder exponent can be taken to be —a/ p.
The Holder constant is bounded above by

2\"' /T(g-D\" 2p
1532(pB/2)"/? (1 — —> (—> (1 - —> .
(PB/2) P I'(q/2)? o

For p < 2, ifwe let n be any number greater than 0, then the Holder exponent can
be takentobe 1 —2/p — «/p — n (if the indicated exponent is positive). The Holder
constant is bounded above by

1/2 -1 _ 1/
w (%) (10) (Fame) (' am)
p—1 p [(q/2)? 1-2/p—a/p—n

For ease of notation, we will call the Holder exponent 8(p, «) for p > 2and B(p, «, 1)
for p < 2. We will denote the constant by C(B, p, «) and C(B, p, «, 1), respectively.
For p > 2, if we refer to 8(p, o, ) and C(p, «, ), we mean S(p, o) and C(p, ),
respectively.

Since || F|lp,e = 1, it follows that |FF(0)| < 1. Thus the preceding estimate can be
used to bound || F|| . However, the estimates do not allow one to conclude directly that
| F — F,|lco must be small for large n. The following theorem remedies this situation.
It says that if a function is Holder continuous (with control on the exponent and size
of the constant) and the function has small L% norm, then its uniform norm cannot be
too large.

Theorem 4.2 Let e > 0 and 0 < B < 1 be given. Suppose that f € LE(D) and that
for some C > 0 we have | f(z) — f(w)| < Clz — w|P for every z, w € D. Then there
exists a 8§ > 0 such that if || f|lp.« < 6, then || flloo < €. In fact, we may take § to
be
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<(a + Dm

1/p
) B(2/B, p + DH/PC™ P 1+2/(Bp) @1
4 )
as long as € < 2P/2C. Here B(x, y) is the Beta function.

For ease of notation we will denote the § in the theorem by é(e; C, B8, p, a). We let
€(8; C, B, p, a) denote the inverse function of §(¢) = §(¢; C, B, p, ), so

§1/114+2/(Bp)]
€@ C, B, pa) =

4.2)

NN 1/[1+2/(Bp)]
[(%) BQ/B, p + 1)1/,,C_2/(,3,,)]

as long as € < 28/2C.

Proof Suppose that | f(zo)| > b > 0.Then | f(z)| > b—C|z—2z0|? for0 < |z—2z0| <
ro, where ro = (b/C)'/P. So

If1p > @+1) / (b —Clz = z0l")” (1 = 2H* dA(2).

zeD
|z—zol<ro

Now for fixed b, the quantity on the right is a continuous function of zq for zo € D,
and thus has a minimum; call the minimum §(b)”. Then if | f(z9)] > b we have
I fllp = 8@).Soif || fll, < 8(€) we have || flloo < €.

We may estimate 8(¢) for ro < +/2 by noting that in this case the region D N {z :
|z — zo| < ro} contains at least a quarter sector of the disc {z : |z — zo| < ro}, so

1 ro /2 1
8(b)P = % / / (b — CrfyPordr= @W@/ﬁ)c*z/ﬂmz/ﬁ, p+D
0 0

where B(x, y) is the beta function. O

We may also prove the following theorem. It will not be used in the sequel, but we
include it for completeness:

Theorem 4.3 Lete > 0and0 < y < B <1 be given. Suppose that f € LP (D) and
that for some C > 0 we have | f(z) — f(w)| < Clz — w|? for every z, w € . Then
there exists a 6 > 0 such that if || f1l, < 8 then | f(z) — f(w)| < €|z — w|”.

Proof Suppose | f(z) — f(w)| > €|z —w]|” for some z and w. Since | f (z) — f(w)| <
Clz — w|? we have |z — w|f~7 > €/C. Thus |z — w|” > (¢/C)Y/B=Y) and so
|f(z) — f(w)| > eP/B=r)C~v/(B=Y) But this contradicts the previous theorem if &
is small enough. O

Theorem 4.4 Let 1 < p < oo and let p and q be conjugate exponents. Suppose

ke A} g that =1 < & < min(0, p — 2) and that [, FkdAq > 1. Then if | F —

Fyllpa <8 then |F — Fylloo < € (8 C. B, p. ), where B = B(p. . n) and

C = CUlkll o g g o) + C((L—=8) M Ikl ye 5 0. Pyt 1)
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Here 1 is any number greater than O such that 1 —2/p — a/p — n > 0 and the
functions C(B, p, a,n) and B(p, «, n) are as defined in Theorem 4.1 and the function
€(8; C, B, p, a) is as defined immediately prior to Eq. (4.2).

Proof This follows from Theorems 4.1 and 4.2. We use the fact that Theorem 4.1
applies to F), if k is first multiplied by 1/(1 — 6), which ensures that the condition
f]D) F,kdA, > 1holds, and we apply Theorem 4.1 to the function F' — F,,. O

In practice, we are unlikely to know the function F;, explicitly. Thus, the following
theorem may be more useful. The proofis similar to the proof of the preceding theorem.

Theorem 4.5 Let 1 < p < oo and let p and q be conjugate exponents. Suppose
k € A;Ag, that —1 < o < min(0, p — 2) and that fD FkdAy > 1. Let n be any
number greater than O such that 1 —2/p — a/p — n > 0 and let the constants
C(B, p,a,n) and B = B(p, a, n) be as defined in Theorem 4.1. Let €(§; C, B, p, @)
be as defined immediately prior to Eq. (4.2).

Let G € AL with M = Gl % g az < 0. IflIF = Gllpa <8then |F — Glloo <
€(; C, B, p, ), where

C = CIKll pop a9+ Pr o) + 1G] pe a1

5 Approximation of Extremal Functions for Even p

We will give an example of approximating an extremal function. The case where p
is even is in some ways easier than other cases since then we can explicitly compute
PAfIP/f) = P(f”/zfp/z_l) when f is a polynomial, due to the fact that £7/? and
£P/>~1 are polynomials, so our example will involve this case.

Define

FNa+2)'(n+1)

y,e)="13, =@+ DBn+1la+1)=

T(n+a+2)
Then
y(m,a) Zm—n ifm>n
rPa(Zmzn) — Jym—n,a) — (51)
0 ifm<n

(see [9, Sec. 1.1)).

Example 5.1 Let us approximate the solution to the problem of maximizing the (real
part of) the functional f + ag+aj +a», where the a,, are the Taylor series coefficients
of f about 0, and where p = 4 and « = —1/2 (and where f has unit norm). Then
k=14z/y(1,=1/2) +22/y (2, —1/2) =1+ (3/2)z + (15/8)z>.

This problem is made simpler because the uniqueness of F implies that it must
have real coefficients. Let us take the approximation of degree N = 35. We thus seek
to maximize ag + a; + a; subject to the constraint ||f||i_1/2 — ||f2||%’_l/2 <1,ie.
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2N n 2
Z (Z am“nm) y(n,—1/2) < 1.

n=0 \m=0

Here we let @, = 0 for n > N. This is a convex optimization problem, and we are
aided by the fact that any local maximum must be a global maximum, since if F is any
local maximum (necessarily of norm 1) then a variational argument similar to the one
in the proof of [6, Cha. 5, Lem. 2] shows that the P, 35(| F|? /F) is a scalar multiple
of k, and thus F is the extremal function (see [13, p. 55]). Here we let P, 35 denote the
orthogonal projection from LY (D) onto the subspace of A% consisting of polynomials
of degree at most 35.

When looking at the approximate solution the computer gave for this problem, we
noticed that the first term of F35 appears to be positive (unless our approximation
is very inaccurate). If we assume this is the case, then an equivalent problem is to
maximize

—1/4

70 / n 2
(I+a1+a2) Z(Zamanm) y(n,—1/2) :

n=0 \m=0

where we letag = 1 and a,, = 0 forn > 35. This seemed to be solved more quickly by
the computer, so this is the problem we solved to find a non-normalized form of F.An
important point is that it does not matter for our computation of error bounds whether
our approximation for Fisclose to the true F 35, since we will compute our error bounds
using Theorems 3.3 and 4.5. In particular, we do not require the first coefficient of F35
to be positive for these error bounds to be accurate. (Our computations do eventually
prove that the first coefficient of F at least is positive, since E; defined below is larger
than the first coefficient of F. )

Using Sage (for example) to approximate a solution yields a maximum functional
value of approximately 1.78785 and

F = 0.431458 + 0.496143x + 0.860246x% — 0.341597x> — 0.0225994x*
+0.110914x° — 0.052023x° — 0.00952824x” + 0.0235905x% + - - - +
+3.15-1078x33

Here, F is our approximation of F35. We have normalized F so its norm is Very
close to 1. (In fact, the fourth power of its norm is less than 1 by about 3 - 10~
smce due to rounding error we cannot guarantee that ||F lla,—12 = 1. The fact that
I F l4,—1/2 < 1 will be important later.) To save space, not all decimals and terms are
shown. All of the omitted terms have coefficients of absolute value less than 1/100.
Also, note that to avoid loss of precision, once F was calculated, we stored it as a
polynomial with rational coefficients (we checked that its norm was still smaller than
1 after approximating its coefficients by rational numbers).

If we compute k= Pa(|f |4 /F), we find that it is approximately

559332 + 0.8389987 + 1.0487572 + - .- +4.28 - 10797,
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All of the omitted terms have coefficients of absolute value at most 2 - 1078, We must
now find a multiple of & close to k. We could find the closest one as an optimization
problem, but we will choose k = k/(ao+a1+az), where the a; are the coefficients of F'.

Since we have used rational number arithmetic, this guarantees that fD Fkd Ay =1,

SO fD FkdA, > 1, where F is the true extremal function. (It is here that we require
that [|Fll4 12 < 1).

It seems difficult to compute ||k — k||4 /3,—1/2, With numerical 1ntegrat10n and to
guarantee the level of accuracy of the computation. However, since k—kisa polynomial
we can bound its norm by using the triangle inequality and the fact that ||z"[|4/3,—1/2 =

||22n/3”;/31/2 = y(2n/3, —1/2)3/2. This shows that ||k k||4/3 _1/2 is at most Ej ~

3.3406 - 1078, Using Theorem 3.3 shows that || F — F||4 —1/2 1s less than E, which
is appr0x1mately .0383. In applylng the theorem, we take 6 = E1/ ||F I3 4-1)20 since

F/||F||4 —1/2 has norm 1 and k/||F||4 ~12 is a scalar multiple of k. (Recall that

I F||4 —1/2 is nearly equal to 1, , but we made it slightly less.)
The second 6 derlvatlve of k is at most the absolute value of the z coefficient of k
plus 4 times its z2 coefficient. This may be computed exactly since the coefficients of

k are rational. Call it K (it equals approximately 5.034). Thus ||k|| A*2.4% is at most
12

K. A bound on the first @ derivative of F may be computed in a similar way: call this

bound M. It is approximately 1.3824. Now, for any two points re!?! and re!®> we may
choose |0] — 65| < 7, and thus |0; — 62| < 77/8|6; — 6,|/8. Thus

|F(re'®y — F(re'®)| < M|6; — 651 < Ma /816, — 65]'/8.

Thus || 1?|| A% BAY < Mn/3. We now apply Theorem 4.5. To do so, we first compute

B4, —-1/2) = 1/8 and C(B,4, —1/2) from the statement of Theorem 4.1 using
B = K. We then add the value M7"/8 to C(K, 4, —1/2) to obtain the value of C in
Theorem 4.5. (The value we obtain is approximately 123821). We now compute € from
Eq.(4.2)using B = —(—1/2)/4 = 1/8and § = E; and C ~ 123821 from above. This
shows that | F — F||sc < 11363.28. This calculation is valid since 11363.28 < 28/2C.
I suspect the true error is much smaller. For example, if ﬁto is the approximation to
F40 found using a similar method to the above, then || F40 -F loo < 81072, and the
true error may be this order of magnitude.

It would be interesting to see if the estimates in this paper can be improved in order
to yield better estimates on the approximation of extremal functions in the uniform
norm. The example above shows that the estimates in the paper are likely too large by a
substantial margin. However, the estimates in this paper are the only ones known (as far
as [ know) that allow approximation of these extremal functions in the uniform norm,
and they have the advantage of being explicitly computable without great difficulty.

6 Non-zero Extremal Functions

The preceding results can be used to find explicit conditions on k that guarantee that
F is non-zero. In Theorem 6.2 we give one such result.
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Theorem 6.1 Let 0 < 0 < 27 and 6 < 21 (p — 1). Suppose that k € Al has range
that is a subset of the sector —0/2 < argz < 0/2, and that ||k||4,« = 1. Let F be the

extremal function for k and let
. ((P —2)0 )
sin | ————
4p—1

where Cp,  is the norm of the Bergman projection from LL onto AL. Then if 2 <
p < oo we have ||F —k]/(P’l)Hpﬂ < 2p1/1’C91/p and if 1 < p < 2 we have
IF =k P=D, 0 < 232(p = D720,

Proof Note that G = K= g well deﬁned, where we take the branch with
11/(r=1) = 1. Notice that |G|~ sgn G = |k|e! @2®)/(P=1) Thus

: ((P—Z)Q)’
sin| ———
2p—1

: ((p—2)9)‘
sin | ——— )|
2(p—1

Let C), o be the bound for the Bergman projection from L, onto A%. Then

—2)9
sin (uﬂ 1kllg.ar
4(p—1

since P, (k) = k. The result now follows from Theorem 3.3. O

’

Co=2Cpa

lk — |G|‘”—1 sgn G| = |k| ol gk _ eiarg(k)/(p—l)‘ < 2lk|

and, therefore,

Ik —1G17~" sgn Gllp.o < 21Kll e

Ik — Pa(IGIP " sgn G)llga < 2Cpa

Theorem 6.2 Let0 <d < land1 < p < ocoand —1 < o < min(0, p — 2). Let
lkllg,« = 1 and suppose that ||k||A*,2,A{; < B. Then there exists a 6 > 0 depending
onlyond, B, p, and o such that if the range of k is a subset of {z : —0/2 < argz <
0/2 and |z| > d} then F is non-zero.

Proof Let 0 > 0 be given. This 6 will make the conclusion of the theorem true if the
assumptions show that ||F — k/P=D) o < gV =D Let » = d"/®=D For p <2
choose 0 <n<1—2/p—a/pandlet B = B(p, «, n); otherwise, let 8 = B(p, ).

Note that by [8, Thm. 3.1, Thm. 1.2] and [5, Thm.-5.9, Thm. 5.1], we have k €
C?7%/p=«/P < CP with Holder constant depending only on B, p, and «. Since k
is bounded away from 0, we also have that k'/(P~D e C# with constant depending
only on B, d, p, and «. Let D be the smallest constant such that |k(z)1/(”_l) -
k(w)/P=V| < Dlz — w|’ .

By Theorem 4.2 we will be done if we can show that

IF — kP01, <8,

where 6 = §(A,C + D, B, p,«a), where C = C(B, p,«, n). But by the previous
theorem, this is true if 6 is small enough. O
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Notice that, given B, d, €, p and «, we could if we wish calculate an explicit value for

0.
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