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1 Introduction

Let D be the open unit disk in the complex plane C and H(D) be the class of functions
analytic in D. Let N denote the set of all non-negative integers. Let σa be the Möbius
transformation on D defined by σa(z) = a−z

1−āz . For z, w ∈ D, the pseudo-hyperbolic
distance between z and w is given by

ρ(z, w) = |σw(z)| =
∣
∣
∣
∣

z − w

1 − w̄z

∣
∣
∣
∣
.

It is well known that ρ(z, w) ≤ 1.
Let ϕ be an analytic self-map of D. The self-map ϕ induces a linear operator

Cϕ which is defined on H(D) by Cϕ( f )(z) = f (ϕ(z)), z ∈ D. Cϕ is called the
composition operator. The compactness and essential norm of composition operator
on the Bloch space were studied by many authors (see, e.g., [3,8,13,14,17]). Here,
the Bloch space, denoted by B = B(D), is defined as follows.

B = { f ∈ H(D) : ‖ f ‖B = | f (0)| + sup
z∈D

(1 − |z|2)| f ′(z)| < ∞}.

In particular, Wulan et al. [14] proved that Cϕ : B → B is compact if and only if

lim
j→∞ ‖ϕ j‖B = 0.

Let ϕ be an analytic self-map of D and u ∈ H(D). The weighted composition
operator, denoted by uCϕ , is defined as follows.

(uCϕ f )(z) = u(z) f (ϕ(z)), z ∈ D.

Let 0 < α < ∞. An f ∈ H(D) is said to belong to the weighted-type space,
denoted by H∞

α , if

‖ f ‖H∞
α

= sup
z∈D

(1 − |z|2)α| f (z)| < ∞.

It is well known that H∞
α is a Banach space under the norm ‖ · ‖H∞

α
. For all z, w ∈ D,

we define

�α(z, w) = sup
‖ f ‖H∞

α ≤1

|(1 − |z|2)α f (z) − (1 − |w|2)α f (w)|.

Let ϕ and ψ be analytic self-maps of D, u, v ∈ H(D). For simplicity, we denote

Du,ϕ(z) = (1 − |z|2)βu(z)

(1 − |ϕ(z)|2)α , Dv,ψ(z) = (1 − |z|2)βv(z)

(1 − |ψ(z)|2)α .
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A New Characterization of Differences 305

Recently, many researchers have studied the differences of composition operators,
as well as the differences of weighted composition operators on some analytic function
spaces. The purpose of the study of the differences of composition operators is to
understand the topological structure of the set of composition operators acting on a
given function space. This line of research was first started in the setting of Hardy
spaces by Berkson and Shapiro and Sundberg (see [1,10]). After that, such related
problems have been studied on several analytic function spaces like H∞, the Bloch
space, H∞

α and its generalizations (see, e.g., [2,4–7,9,11,12,15,16]).
In [9], Nieminen obtained a characterization of the compactness of differences of

weighted composition operators on weighted-type spaces. Among others, he proved
the following result.

Theorem A Let 0 < α, β < ∞, u, v ∈ H(D). Let ϕ and ψ be analytic self-maps
of D. Suppose that uCϕ : H∞

α → H∞
β and vCψ : H∞

α → H∞
β are bounded. Then,

uCϕ − vCψ : H∞
α → H∞

β is compact if and only if

lim|ϕ(z)|→1
|Du,ϕ(z)|ρ(ϕ(z), ψ(z)) = lim|ψ(z)|→1

|Dv,ψ(z)|ρ(ϕ(z), ψ(z))

= lim|ϕ(z)|→1
|ψ(z)|→1

|Du,ϕ(z) − Dv,ψ(z)| = 0. (1)

Motivated by the results in [14] and TheoremA, wewill give a new characterization
for the boundedness, compactness and essential norm of the operator uCϕ − vCψ :
H∞

α → H∞
β . More precisely, we show that uCϕ − vCψ : H∞

α → H∞
β is bounded

(respectively, compact) if and only if the sequence
( ‖uϕn−vψn‖H∞

β

‖zn‖H∞
α

)∞
n=0

is bounded

(respectively, convergent to 0 as n → ∞).
For two quantities A and B which may depend on ϕ andψ , we use the abbreviation

A � B whenever there is a positive constant c (independent of ϕ and ψ) such that
A ≤ cB. We write A ≈ B, if A � B � A.

2 Boundedness of uCϕ − vCψ : H∞
α → H∞

β

In this section, we characterize the bounded differences of weighted composition
operators from H∞

α to H∞
β . For any a ∈ D, we define the following two families of

test functions:

fa(z) = (1 − |a|2)α
(1 − az)2α

, ga(z) = (1 − |a|2)α
(1 − az)2α

· a − z

1 − az
, z ∈ D.

It is easy to see that ‖ga‖H∞
α

≤ ‖ fa‖H∞
α

= 1.
To prove the result in this section, we need the following lemmas.

Lemma 2.1 Let 0 < α, β < ∞, u, v ∈ H(D). Let ϕ and ψ be analytic self-maps of
D. Then the following inequalities hold:
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306 Q. Hu et al.

(i)

sup
z∈D

|Du,ϕ(z)|ρ(ϕ(z), ψ(z)) � sup
a∈D

‖(uCϕ − vCψ) fa‖H∞
β

+ sup
a∈D

‖(uCϕ − vCψ)ga‖H∞
β

.

(ii)

sup
z∈D

|Dv,ψ(z)|ρ(ϕ(z), ψ(z)) � sup
a∈D

‖(uCϕ − vCψ) fa‖H∞
β

+ sup
a∈D

‖(uCϕ − vCψ)ga‖H∞
β

.

(iii)

sup
z∈D

|Du,ϕ(z) − Dv,ψ(z)| � sup
a∈D

‖(uCϕ − vCψ) fa‖H∞
β

+ sup
a∈D

‖(uCϕ − vCψ)ga‖H∞
β

.

Proof (i) For any z ∈ D, we have

‖(uCϕ − vCψ) fϕ(z)‖H∞
β

≥ ∣
∣u(z) fϕ(z)(ϕ(z)) − v(z) fϕ(z)(ψ(z))

∣
∣(1 − |z|2)β

=
∣
∣
∣
∣
Du,ϕ(z) − (1 − |ϕ(z)|2)α(1 − |ψ(z)|2)α

(1 − ϕ(z)ψ(z))2α
Dv,ψ(z)

∣
∣
∣
∣

≥ |Du,ϕ(z)| − (1 − |ϕ(z)|2)α(1 − |ψ(z)|2)α
|1 − ϕ(z)ψ(z)|2α |Dv,ψ(z)|

and

‖(uCϕ − vCψ)gϕ(z)‖H∞
β

≥ ∣
∣u(z)gϕ(z)(ϕ(z)) − v(z)gϕ(z)(ψ(z))

∣
∣(1 − |z|2)β

= (1 − |ϕ(z)|2)α(1 − |ψ(z)|2)α
|1 − ϕ(z)ψ(z)|2α |Dv,ψ(z)|ρ(ϕ(z), ψ(z)).

Hence,

|Du,ϕ(z)|ρ(ϕ(z), ψ(z))

≤ ‖(uCϕ − vCψ) fϕ(z)‖H∞
β

ρ(ϕ(z), ψ(z)) + ‖(uCϕ − vCψ)gϕ(z)‖H∞
β

≤ ‖(uCϕ − vCψ) fϕ(z)‖H∞
β

+ ‖(uCϕ − vCψ)gϕ(z)‖H∞
β

. (2)
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A New Characterization of Differences 307

Similarly,

|Dv,ψ(z)|ρ(ϕ(z), ψ(z)) ≤ ‖(uCϕ − vCψ) fψ(z)‖H∞
β

+ ‖(uCϕ − vCψ)gψ(z)‖H∞
β

. (3)

Therefore,

sup
z∈D

|Du,ϕ(z)|ρ(ϕ(z), ψ(z))

≤ sup
z∈D

‖(uCϕ − vCψ) fϕ(z)‖H∞
β

+ sup
z∈D

‖(uCϕ − vCψ)gϕ(z)‖H∞
β

≤ sup
a∈D

‖(uCϕ − vCψ) fa‖H∞
β

+ sup
a∈D

‖(uCϕ − vCψ)ga‖H∞
β

.

(ii) The proof is similar to (i). From (3) we get the desired result.
(iii) By [9, Lem. 2.3],

‖(uCϕ − vCψ) fϕ(z)‖H∞
β

≥
∣
∣
∣
∣
Du,ϕ(z) − (1 − |ϕ(z)|2)α(1 − |ψ(z)|2)α

(1 − ϕ(z)ψ(z))2α
Dv,ψ(z)

∣
∣
∣
∣

≥ |Du,ϕ(z) − Dv,ψ(z)| −
∣
∣
∣
∣
1 − (1 − |ϕ(z)|2)α(1 − |ψ(z)|2)α

(1 − ϕ(z)ψ(z))2α

∣
∣
∣
∣
|Dv,ψ(z)|

= |Du,ϕ(z) − Dv,ψ(z)| − ∣
∣(1 − |ϕ(z)|2)α fϕ(z)(ϕ(z))

− (1 − |ψ(z)|2)α fϕ(z)(ψ(z))
∣
∣|Dv,ψ(z)|

≥ |Du,ϕ(z) − Dv,ψ(z)| − �α(ϕ(z), ψ(z))|Dv,ψ(z)|
� |Du,ϕ(z) − Dv,ψ(z)| − |Dv,ψ(z)|ρ(ϕ(z), ψ(z)).

Thus, by (2) we obtain

|Du,ϕ(z) − Dv,ψ(z)|
� ‖(uCϕ − vCψ) fϕ(z)‖H∞

β
+ |Dv,ψ(z)|ρ(ϕ(z), ψ(z))

� ‖(uCϕ − vCψ) fϕ(z)‖H∞
β

+ ‖(uCϕ − vCψ) fψ(z)‖H∞
β

+ ‖(uCϕ − vCψ)gψ(z)‖H∞
β

. (4)

Therefore,

sup
z∈D

|Du,ϕ(z) − Dv,ψ(z)| � sup
a∈D

‖(uCϕ − vCψ) fa‖H∞
β

+ sup
a∈D

‖(uCϕ − vCψ)ga‖H∞
β

.

The proof of the lemma is completed. 
�
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Lemma 2.2 Let 0 < α, β < ∞, u, v ∈ H(D). Let ϕ and ψ be analytic self-maps of
D. Then the following inequalities hold:

(i)

sup
a∈D

‖(uCϕ − vCψ) fa‖H∞
β

� sup
n∈N

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

.

(ii)

sup
a∈D

‖(uCϕ − vCψ)ga‖H∞
β

� sup
n∈N

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

.

Proof (i) When a = 0, we see that fa(z) = 1. It is clear that

‖(uCϕ − vCψ) fa‖H∞
β

= ‖u − v‖H∞
β

� sup
n∈N

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

.

For any a ∈ D with a �= 0, note that

fa(z) = (1 − |a|2)α
(1 − az)2α

= (1 − |a|2)α
∞
∑

k=0

	(k + 2α)

k!	(2α)
āk zk, z ∈ D.

After a simple calculation, we see that nα‖zn‖H∞
α

≈ 1. By the following well-
known formulas,

	(k + α)

k! ≈ kα−1, k → ∞, and
∑∞

k=1
kα−1|a|k ≈ 1

(1 − |a|)α , |a| → 1,

we have

‖(uCϕ − vCψ) fa‖H∞
β

≤ (1 − |a|2)α
∞
∑

k=0

	(k + 2α)

k!	(2α)
|a|k‖uϕk − vψk‖H∞

β

= (1 − |a|2)α
∞
∑

k=0

	(k + 2α)

k!	(2α)
k−α|a|kkα‖uϕk − vψk‖H∞

β

≤ (1 − |a|2)α
∞
∑

k=0

	(k + 2α)

k!	(2α)
k−α|a|k sup

n∈N
nα‖uϕn − vψn‖H∞

β

≈ (1 − |a|2)α
∞
∑

k=0

	(k + 2α)

k!	(2α)
k−α|a|k sup

n∈N

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

� sup
n∈N

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

. (5)
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A New Characterization of Differences 309

By the arbitrariness of a, we see that (i) holds.

(ii) When a = 0, we see that ga(z) = −z. It is clear that

‖(uCϕ − vCψ)ga‖H∞
β

= ‖uϕ − vψ‖H∞
β

� sup
n∈N

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

.

Similarly, for any a ∈ D with a �= 0,

ga(z) = (1 − |a|2)α
(1 − az)2α

· a − z

1 − az

= (1 − |a|2)α
( ∞

∑

k=0

	(k + 2α)

k!	(2α)
āk zk

) (

a − (1 − |a|2)
∞
∑

k=0

āk zk+1

)

= a fa(z) − (1 − |a|2)α+1

( ∞
∑

k=0

	(k + 2α)

k!	(2α)
āk zk

) ( ∞
∑

k=0

āk zk+1

)

= a fa(z) − (1 − |a|2)α+1
∞
∑

k=1

(
k−1
∑

l=0

	(l + 2α)

l!	(2α)

)

āk−1zk .

By Stirling’s formula, we have

k−1
∑

l=0

	(l + 2α)

l!	(2α)
≈

k−1
∑

l=0

l2α−1 ≈ k2α, k → ∞.

Therefore,

‖(uCϕ − vCψ)ga‖H∞
β

≤ ‖(uCϕ − vCψ) fa‖H∞
β

+ (1 − |a|2)α+1

×
∞
∑

k=1

( k−1
∑

l=0

	(l + 2α)

l!	(2α)

)

|a|k−1‖uϕk − vψk‖H∞
β

� ‖(uCϕ − vCψ) fa‖H∞
β

+ (1 − |a|2)α+1

×
∞
∑

k=1

1

kα
k2α|a|k−1 sup

n≥2
nα‖uϕn − vψn‖H∞

β

≈ ‖(uCϕ − vCψ) fa‖H∞
β

+ sup
n∈N

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

� sup
n∈N

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

.

By the arbitrariness of a, we see that (ii) holds. The proof of the lemma is completed.

�
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310 Q. Hu et al.

Theorem 2.1 Let 0 < α, β < ∞, u, v ∈ H(D). Let ϕ and ψ be analytic self-maps
of D. Then uCϕ − vCψ : H∞

α → H∞
β is bounded if and only if

sup
n∈N

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

< ∞. (6)

Proof First, we assume that uCϕ −vCψ : H∞
α → H∞

β is bounded. For any n ∈ N, let
fn(z) = zn/‖zn‖H∞

α
. Then ‖ fn‖H∞

α
= 1. Thus, by the boundedness of uCϕ − vCψ ,

we get

∞ > ‖uCϕ − vCψ‖H∞
α →H∞

β
≥ ‖(uCϕ − vCψ) fn‖H∞

β
=

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

,

as desired.
Conversely, assume that (6) holds. For any f ∈ H∞

α with ‖ f ‖H∞
α

≤ 1, by [9,
Lem. 2.3], we have

‖(uCϕ − vCψ) f ‖H∞
β

= sup
z∈D

|u(z) f (ϕ(z)) − v(z) f (ψ(z))|(1 − |z|2)β

≤ sup
z∈D

| f (ϕ(z))(1 − |ϕ(z)|2)α − f (ψ(z))(1 − |ψ(z)|2)α||Du,ϕ(z)|

+ sup
z∈D

| f (ψ(z))|(1 − |ψ(z)|2)α|Du,ϕ(z) − Dv,ψ(z)|
≤ sup

z∈D
�α(ϕ(z), ψ(z))|Du,ϕ(z)| + ‖ f ‖H∞

α
sup
z∈D

|Du,ϕ(z) − Dv,ψ(z)|
� sup

z∈D
|Du,ϕ(z) − Dv,ψ(z)| + sup

z∈D
|Du,ϕ(z)|ρ(ϕ(z), ψ(z)).

Hence, by Lemmas 2.1 and 2.2 we have

‖uCϕ − vCψ‖H∞
α →H∞

β

� sup
z∈D

|Du,ϕ(z) − Dv,ψ(z)| + sup
z∈D

|Du,ϕ(z)|ρ(ϕ(z), ψ(z))

� sup
a∈D

‖(uCϕ − vCψ) fa‖H∞
β

+ sup
a∈D

‖(uCϕ − vCψ)ga‖H∞
β

� sup
n∈N

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

< ∞.

Therefore, uCϕ − vCψ : H∞
α → H∞

β is bounded. This completes the proof of the
theorem. 
�
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3 Essential norm estimates

In this section, we give an estimate for the essential norm of uCϕ − vCψ from H∞
α to

H∞
β . For this purpose, we need some auxiliary results as follows.

Lemma 3.1 Let 0 < α, β < ∞, u, v ∈ H(D). Let ϕ and ψ be analytic self-maps of
D. Then the following inequalities hold:

(i)

lim
s→1

sup
|ϕ(z)|>s

|Du,ϕ(z)|ρ(ϕ(z), ψ(z)) � lim sup
|a|→1

‖(uCϕ − vCψ) fa‖H∞
β

+ lim sup
|a|→1

‖(uCϕ − vCψ)ga‖H∞
β

.

(ii)

lim
s→1

sup
|ψ(z)|>s

|Dv,ψ(z)|ρ(ϕ(z), ψ(z)) � lim sup
|a|→1

‖(uCϕ − vCψ) fa‖H∞
β

+ lim sup
|a|→1

‖(uCϕ − vCψ)ga‖H∞
β

.

(iii)

lim
s→1

sup
|ϕ(z)|>s
|ψ(z)|>s

|Du,ϕ(z) − Dv,ψ(z)| � lim sup
|a|→1

‖(uCϕ − vCψ) fa‖H∞
β

+ lim sup
|a|→1

‖(uCϕ − vCψ)ga‖H∞
β

.

Proof For any z ∈ D, from the Proof of Lemma 2.1, we have

|Du,ϕ(z)|ρ(ϕ(z), ψ(z)) ≤ ‖(uCϕ − vCψ) fϕ(z)‖H∞
β

+ ‖(uCϕ − vCψ)gϕ(z)‖H∞
β

,

|Dv,ψ(z)|ρ(ϕ(z), ψ(z)) ≤ ‖(uCϕ − vCψ) fψ(z)‖H∞
β

+ ‖(uCϕ − vCψ)gψ(z)‖H∞
β

,

and

|Du,ϕ(z) − Dv,ψ(z)| � ‖(uCϕ − vCψ) fϕ(z)‖H∞
β

+ ‖(uCϕ − vCψ) fψ(z)‖H∞
β

+ ‖(uCϕ − vCψ)gψ(z)‖H∞
β

.

From the above inequalities, the assertion follows easily. The proof is completed. 
�

Lemma 3.2 Let 0 < α, β < ∞, u, v ∈ H(D). Let ϕ and ψ be analytic self-maps of
D. Suppose that uCϕ −vCψ : H∞

α → H∞
β is bounded, then the following inequalities

hold:
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312 Q. Hu et al.

(i)

lim sup
|a|→1

‖(uCϕ − vCψ) fa‖H∞
β

� lim sup
n→∞

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

.

(ii)

lim sup
|a|→1

‖(uCϕ − vCψ)ga‖H∞
β

� lim sup
n→∞

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

.

Proof For each N and any a ∈ D with a �= 0, from the Proof of Lemma 2.2, we have

‖(uCϕ − vCψ) fa‖H∞
β

� (1 − |a|2)α
N

∑

k=0

	(k + 2α)

k!	(2α)
k−α|a|kkα‖uϕk − vψk‖H∞

β

+ (1 − |a|2)α
∞
∑

k=N+1

kα−1|a|k sup
n≥N+1

nα‖uϕn − vψn‖H∞
β

. (7)

From the boundedness of uCϕ − vCψ we see that supn∈N nα‖uϕn − vψn‖H∞
β

< ∞.
Let |a| → 1 in (7). We obtain

lim sup
|a|→1

‖(uCϕ − vCψ) fa‖H∞
β

� sup
n≥N+1

nα‖uϕn − vψn‖H∞
β

≈ sup
n≥N+1

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

for any positive integer N . Hence,

lim sup
|a|→1

‖(uCϕ − vCψ) fa‖H∞
β

� lim sup
n→∞

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

.

Also for each N and any a ∈ D with a �= 0, from the Proof of Lemma 2.2,

‖(uCϕ − vCψ)ga‖H∞
β

� (1 − |a|2)α+1
N

∑

k=1

kα|a|k−1 sup
1≤n≤N+1

nα‖uϕn − vψn‖H∞
β

+ (1 − |a|2)α+1
∞
∑

k=N+1

kα|a|k−1 sup
n≥N+1

nα‖uϕn − vψn‖H∞
β

+ ‖(uCϕ − vCψ) fa‖H∞
β

. (8)
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A New Characterization of Differences 313

Let |a| → 1 in (8). We get

lim sup
|a|→1

‖(uCϕ − vCψ)ga‖H∞
β

� lim sup
|a|→1

‖(uCϕ − vCψ) fa‖H∞
β

+ sup
n≥N+1

nα‖uϕn − vψn‖H∞
β

≈ lim sup
|a|→1

‖(uCϕ − vCψ) fa‖H∞
β

+ sup
n≥N+1

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

for any positive integer N . Thus, by (i) we obtain

lim sup
|a|→1

‖(uCϕ − vCψ)ga‖H∞
β

� lim sup
n→∞

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

.

The proof is completed. 
�
Theorem 3.1 Let 0 < α, β < ∞, u, v ∈ H(D). Let ϕ and ψ be analytic self-maps of
D. Suppose that uCϕ : H∞

α → H∞
β and vCψ : H∞

α → H∞
β are bounded, then

‖uCϕ − vCψ‖e,H∞
α →H∞

β
≈ lim sup

n→∞

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

.

Proof For r ∈ [0, 1), set Kr : H(D) → H(D) by

(Kr f )(z) = fr (z) = f (r z), f ∈ H(D).

It is clear that fr → f uniformly on compact subsets of D as r → 1. Moreover, Kr

is compact on H∞
α and ‖Kr‖H∞

α →H∞
α

≤ 1. Let {r j } ⊂ (0, 1) be a sequence such that
r j → 1 as j → ∞. Then for all positive integers j , the operator (uCϕ − vCψ)Kr j :
H∞

α → H∞
β is compact. Hence,

‖uCϕ − vCψ‖e,H∞
α →H∞

β

≤ lim sup
j→∞

‖uCϕ − vCψ − (uCϕ − vCψ)Kr j ‖H∞
α →H∞

β

= lim sup
j→∞

‖(uCϕ − vCψ)(I − Kr j )‖H∞
α →H∞

β

= lim sup
j→∞

sup
‖ f ‖H∞

α
≤1

‖(uCϕ − vCψ)(I − Kr j ) f ‖H∞
β

= lim sup
j→∞

sup
‖ f ‖H∞

α
≤1

sup
z∈D



f
j (z),

where



f
j (z) := |u(z)( f − fr j )(ϕ(z)) − v(z)( f − fr j )(ψ(z))|(1 − |z|2)β .
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For any r ∈ (0, 1), define

D1 := {z ∈ D : |ϕ(z)| ≤ r, |ψ(z)| ≤ r}, D2 := {z ∈ D : |ϕ(z)| ≤ r, |ψ(z)| > r},
D3 := {z ∈ D : |ϕ(z)| > r, |ψ(z)| ≤ r}, D4 := {z ∈ D : |ϕ(z)| > r, |ψ(z)| > r}.

Then,

lim sup
j→∞

sup
‖ f ‖H∞

α
≤1

sup
z∈D



f
j = max

1≤i≤4
lim sup
j→∞

sup
‖ f ‖H∞

α
≤1

sup
z∈Di



f
j

= max

{

lim sup
j→∞

J1, lim sup
j→∞

J2, lim sup
j→∞

J3, lim sup
j→∞

J4

}

,

where Ji = sup‖ f ‖H∞
α

≤1 supz∈Di



f
j . Since uCϕ : H∞

α → H∞
β and vCψ : H∞

α →
H∞

β are bounded and we see that u, v ∈ H∞
β . Since f − fr j → 0 is uniformly on

compact subsets of D as j → ∞, we have

lim sup
j→∞

J1 = lim sup
j→∞

sup
‖ f ‖H∞

α
≤1

sup
z∈D1



f
j

≤ lim sup
j→∞

sup
‖ f ‖H∞

α
≤1

sup
|ϕ(z)|≤r

|u(z)( f − fr j )(ϕ(z))|(1 − |z|2)β

+ lim sup
j→∞

sup
‖ f ‖H∞

α
≤1

sup
|ψ(z)|≤r

|v(z)( f − fr j )(ψ(z))|(1 − |z|2)β

= 0.

In addition, we have



f
j (z) ≤ |( f − fr j )(ϕ(z))(1 − |ϕ(z)|2)α − ( f − fr j )(ψ(z))(1 − |ψ(z)|2)α|

|Du,ϕ(z)| + |( f − fr j )(ψ(z))|(1 − |ψ(z)|2)α|Du,ϕ(z) − Dv,ψ(z)|
≤ �α(ϕ(z), ψ(z))|Du,ϕ(z)|

+ |( f − fr j )(ψ(z))|(1 − |ψ(z)|2)α|Du,ϕ(z) − Dv,ψ(z)|
� |Du,ϕ(z)|ρ(ϕ(z), ψ(z))

+ |( f − fr j )(ψ(z))|(1 − |ψ(z)|2)α|Du,ϕ(z) − Dv,ψ(z)|.

Similarly,



f
j (z) � |Dv,ψ(z)|ρ(ϕ(z), ψ(z))

+|( f − fr j )(ϕ(z))|(1 − |ϕ(z)|2)α|Du,ϕ(z) − Dv,ψ(z)|.

Then, we obtain

lim sup
j→∞

J2 � lim sup
j→∞

sup
‖ f ‖H∞

α
≤1

sup
z∈D2

(|Dv,ψ(z)|ρ(ϕ(z), ψ(z))

+ |( f − fr j )(ϕ(z))|(1 − |ϕ(z)|2)α|Du,ϕ(z) − Dv,ψ(z)|)
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≤ lim sup
j→∞

sup
‖ f ‖H∞

α
≤1

sup
|ϕ(z)|≤r

|( f − fr j )(ϕ(z))|(1 − |ϕ(z)|2)α

× |Du,ϕ(z) − Dv,ψ(z)| + sup
|ψ(z)|>r

|Dv,ψ(z)|ρ(ϕ(z), ψ(z))

= sup
|ψ(z)|>r

|Dv,ψ(z)|ρ(ϕ(z), ψ(z)),

where we used the fact that supz∈D |Du,ϕ(z) − Dv,ψ(z)| < ∞, since uCϕ − vCψ is
bounded (see the proof of Theorem 2.1), and f − fr j → 0 uniformly on compact
subset of D as j → ∞ again in the last inequality. Since r is arbitrary, we have

lim sup
j→∞

J2 � lim
r→1

sup
|ψ(z)|>r

|Dv,ψ(z)|ρ(ϕ(z), ψ(z)).

Similarly,

lim sup
j→∞

J3 � lim
r→1

sup
|ϕ(z)|>r

|Du,ϕ(z)|ρ(ϕ(z), ψ(z)).

Next we consider lim sup j→∞ J4. We have

lim sup
j→∞

J4 � lim sup
j→∞

sup
‖ f ‖H∞

α
≤1

sup
z∈D4

(|( f − fr j )(ϕ(z))|(1 − |ϕ(z)|2)α

× |Du,ϕ(z) − Dv,ψ(z)| + |Dv,ψ(z)|ρ(ϕ(z), ψ(z))
)

� lim sup
j→∞

sup
‖ f ‖H∞

α
≤1

sup
|ϕ(z)|>r
|ψ(z)|>r

‖ f − fr j ‖H∞
α

|Du,ϕ(z) − Dv,ψ(z)|

+ sup
|ψ(z)|>r

|Dv,ψ(z)|ρ(ϕ(z), ψ(z))

� sup
|ϕ(z)|>r
|ψ(z)|>r

|Du,ϕ(z) − Dv,ψ(z)| + sup
|ψ(z)|>r

|Dv,ψ(z)|ρ(ϕ(z), ψ(z)),

where we used the fact that lim sup j→∞ ‖ f − fr j ‖H∞
α

≤ 2 in the last inequality. Thus,

lim sup
j→∞

J4 � lim
r→1

sup
|ϕ(z)|>r
|ψ(z)|>r

|Du,ϕ(z) − Dv,ψ(z)|

+ lim
r→1

sup
|ψ(z)|>r

|Dv,ψ(z)|ρ(ϕ(z), ψ(z)).

Therefore, we have

lim sup
j→∞

sup
‖ f ‖H∞

α
≤1

sup
z∈D



f
j (z)

= max

{

lim sup
j→∞

J1, lim sup
j→∞

J2, lim sup
j→∞

J3, lim sup
j→∞

J4

}
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� lim
r→1

sup
|ϕ(z)|>r

|Du,ϕ(z)|ρ(ϕ(z), ψ(z)) + lim
r→1

sup
|ψ(z)|>r

|Dv,ψ(z)|ρ(ϕ(z), ψ(z))

+ lim
r→1

sup
|ϕ(z)|>r
|ψ(z)|>r

|Du,ϕ(z) − Dv,ψ(z)|.

Combining this with Lemmas 3.1 and 3.2, we have

‖uCϕ − vCψ‖e,H∞
α →H∞

β

� lim
r→1

sup
|ϕ(z)|>r

|Du,ϕ(z)|ρ(ϕ(z), ψ(z)) + lim
r→1

sup
|ψ(z)|>r

|Dv,ψ(z)|ρ(ϕ(z), ψ(z))

+ lim
r→1

sup
|ϕ(z)|>r
|ψ(z)|>r

|Du,ϕ(z) − Dv,ψ(z)|

� lim sup
|a|→1

‖(uCϕ − vCψ) fa‖H∞
β

+ lim sup
|a|→1

‖(uCϕ − vCψ)ga‖H∞
β

� lim sup
n→∞

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

. (9)

Next, we prove that

‖uCϕ − vCψ‖e,H∞
α →H∞

β
� lim sup

n→∞

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

.

Let n be any non-negative integer. Let fn(z) = zn/‖zn‖H∞
α
. Then, fn ∈ H∞

α with
‖ fn‖H∞

α
= 1 and fn → 0 uniformly on compact subsets of D. If K is any compact

operator from H∞
α to H∞

β , then limn→∞ ‖K fn‖H∞
β

= 0. Hence,

‖uCϕ − vCψ − K‖ ≥ lim sup
n→∞

‖(uCϕ − vCψ − K ) fn‖H∞
β

≥ lim sup
n→∞

‖(uCϕ − vCψ) fn‖H∞
β

.

Thus,

‖uCϕ − vCψ‖e,H∞
α →H∞

β
≥ lim sup

n→∞
‖(uCϕ − vCψ) fn‖H∞

β

= lim sup
n→∞

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

. (10)

Combining (9) with (10), we immediately get the desired result. The proof of this
theorem is complete. 
�

From Theorem 3.1, we immediately get the following corollary.

Corollary 3.1 Let 0 < α, β < ∞, u, v ∈ H(D). Let ϕ and ψ be analytic self-maps
of D. Suppose that uCϕ : H∞

α → H∞
β and vCψ : H∞

α → H∞
β are bounded, then
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uCϕ − vCψ : H∞
α → H∞

β is compact if and only if

lim sup
n→∞

‖uϕn − vψn‖H∞
β

‖zn‖H∞
α

= 0.

Assume that w is a continuous, strictly positive and bounded function on D. The
weight w is called radial if w(z) = w(|z|) for all z ∈ D. The weighted space, denoted
by H∞

w , consists of all f ∈ H(D) such that

‖ f ‖H∞
w

= sup
z∈D

w(z)| f (z)| < ∞.

H∞
w is a Banach space with the norm ‖ · ‖H∞

w
.

Remark Letw1 andw2 be radial, non-increasing weights tending to zero at the bound-
ary of D. Let u, v ∈ H(D), ϕ and ψ be analytic self-maps of D. We conjecture that
the following statements hold:

(a) uCϕ − vCψ : H∞
w1

→ H∞
w2

is bounded if and only if

sup
n∈N

‖uϕn − vψn‖H∞
w2

‖zn‖H∞
w1

< ∞,

with the norm comparable to the above supremum.
(b) Suppose uCϕ : H∞

w1
→ H∞

w2
and vCψ : H∞

w1
→ H∞

w2
are bounded. Then,

‖uCϕ − vCψ‖e,H∞
w1

→H∞
w2

≈ lim sup
n→∞

‖uϕn − vψn‖H∞
w2

‖zn‖H∞
w1

.

We are not able, at the moment, to prove this conjecture. Hence, we leave the
problem to the readers interested in this research area.
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