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Abstract In this work we study solutions of the equation z” R(zX) = & with non-zero
complex o, integer p, k and R(z) generating a (possibly doubly infinite) totally positive
sequence. It is shown that the zeros of z” R(z¥) — « are simple (or at most double
in the case Im of = 0) and split evenly among the sectors {%n < Arg z < Jkiln},
j =0,...,2k—1.Ourapproach rests on the fact that z(In zP/¥R(z))’ is an R-function
(i.e. maps the upper half of the complex plane into itself). This result guarantees the
same localization to zeros of entire functions

f(@) +2Pg(z") and g(*) +27 £(2H)

provided that f(z) and g(—z) have genus 0 and only negative zeros. As an application,
we deduce that functions of the form Z;":O(ii yr=D/24, 7" have simple zeros distinct
in absolute value under a certain condition on the coefficients @, > 0. This includes
the “disturbed exponential” function corresponding to a, = ¢""~"/2/n! when 0 <
g < 1, as well as the partial theta function corresponding to a, = ¢""~1/2 when
0 < g < g« = 0.7457224107.
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1 Introduction

The present paper studies quite a general equation of the form z” R(z¥) = «; however
the simple case k = 2 considered in Sects. 8 and 9 has the most interesting appli-

cations. In particular, Corollary 34 introduces sufficient conditions on a function of
pnm=1 .
the form > 02 iTT 7 f,2" where fo # 0and f, > O for all n, which assure the

simplicity of its zeros. It turns out that zeros of such functions as

o
nn—1)

1
F(z; tig) = E —‘(j:iq) 7 7" when 0<g <1 and
n!
n=0

o0
O0(z %ig) = > (£ig)"T " when 0 < q < gy ~ 0.7457224107
n=0

are simple and distinct in absolute value. What is more, the inequality 0 < g < g«
does not seem to be necessary: computer simulations show that the constant ¢, can be
replaced with a noticeably greater number so that all zeros of ®¢(z; £igq) still keep
their simplicity and distinctness in absolute value. The former function F(z; g) gives
a solution to the functional-differential problem

F(2) = F(qz), F0)=1,
while the latter is the partial theta function satisfying
O0(z: ¢) = 1 +200(zq: q).

The partial theta function participates in a number of beautiful Ramanujan-type rela-
tions ([3, Chapter 6], [29])and is related to g-series and some types of modular forms.
Both F and ® appear in problems of statistics and combinatorics (see e.g. [25,26])
and their zeros are the subjects of conjectures by Alan Sokal. The details can be found
in Sect. 9.

Nevertheless, general statements offer a better insight into the problem, given an
opportunity to determine factors on which the result depends and to find possible
generalizations. Their main drawback is an excessive amount of specific cases in
Sects. 4-6. To give a survey of our results, we briefly introduce two special classes of
functions and definitions of «-sets and «-points.

Definitions. A doubly infinite sequence (pn),fi,oo is called totally positive if all of

the minors of the (four-way infinite) Toeplitz matrix (pn, j)oo

.____are non-negative
n,j=—00
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(i.e. the matrix is totally non-negative). Unless we have p,, = ,057” pY for every n, the
correspondent power series » oo p,2" converges in some annulus to a function of

the following form:
—1
Hv>0 (1 + az_v) Hv>0 (1 + ch )
’ —1
Meo(1- %) Mo (1-%)

with absolutely convergent products, integer p and coefficients satisfying
A, Ay, C = 0,ay,by,cy,d, > 0forall v, u. The converse is also true: every func-
tion with the representation (1) generates (i.e. its Laurent coefficients form) a doubly
infinite totally positive sequence. Both these facts are first proved in the paper [10].

In the case of --- = p; 2 = p;—1 = 0 # p;, we assume the sequence to be
terminating on the left of p; and call it totally positive. A totally positive sequence
can be infinite when it contains no zeros to the right of p; or finite otherwise. These
sequences were studied earlier than doubly infinite ones in [1]. They are generated by
functions of the form (1), where the products in the last fraction are empty and Ag = 0.
Note that the term Pélya frequency sequence is often used as a synonym for totally
positive sequence.

Herein, it is convenient to use the notion of «-point. Given a complex number «, the
a-set of a function f(z) is the set {z € C : f(z) = o} and points of this set are called
a-points. A non-constant meromorphic function can clearly have only isolated «-
points. We say that an a-point z, of a function f has multiplicity n € Z.o whenever
fl(ze) == f@D(z,) =0 # f™(z,). The a-point is simple if its multiplicity
equals one.

The present work aims at describing the behaviour of a-points of functions which
can be represented! as z” R(z¥), where p is an integer, k is a positive integer and R(z)
is not constant and generates a (possibly doubly infinite) totally positive sequence.
We confine ourselves to the case when ged(|p|, k) = 1: other cases can be treated
by introducing the variable  := 24716 As a main tool, we use a relation of
such functions to the so-called R-functions (also known as the Pick or Nevanlinna
functions).

By definition, R-functions are real (i.e. real at every real point of continuity) func-
tions mapping the upper half of the complex plane into itself. They are characterized
by the integral representation (see e.g. [16, Expression (S1.1.1)], [7, p. 201] or [19,
p-311]; it is usually attributed to Rolf Nevanlinna)

Ag
CzPet = .

)]

14z
Ci+ Coz + / ds(h), @)

oo A—2Z

! Functions of this form are the kth root transforms of z” R¥ (2). In the particular case when R(z) and R’(z)
are holomorphic and non-zero at z = 0, the function 2R¥(z) is univalent in some disk centred at the origin.
Then, zR(z¥) will be a univalent function with k-fold symmetry in this disk in the sense that the image
of zR(zk) will be k-fold rotationally symmetric (see e.g. [8, Sect. 2.1] for the details). The term “functions
with k-fold symmetry” could be good under the narrower conditions imposed; however, we study a more
general case assuming no such regularity at the origin and allowing any integer p satisfying ged(|p|, k) = 1.
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532 A. Dyachenko

where C> > 0 and C; are real constants and ¢(A) is a non-decreasing function of
bounded variation. It is quite common to extend R-functions into the lower half of
the complex plane by complex conjugation, thus keeping the expression (2). Basic
properties of R-functions are summarized in [16].

Results. Our first goal is to describe the a-set of the expression zZ R(z) in the closed
upper half of the complex plane C := {z € C : Im z > 0}, where R(z) is as above, B
is real and @ € C\{0}. This is done in Theorem 11: if the equation z8R(z) = «
has solutions in C, then the «-points are simple and distinct in absolute value. The
a-points on the real line (excepting the origin) may be either simple or double. For
real constants @ and b; # b> Theorem 13 shows that solutions to zZR(z) = ae'®
and to zZ R(z) = ae'®? alternate when ordered in absolute value (under the additional
condition that none of them fall onto the real line). The corresponding properties of
a-points in the whole complex plane are described in Theorem 15 and Remark 16.
Our approach is based on Lemma 1: a function ¥ (z) is univalent in the upper half
of the complex plane provided that zy'(z) is an R-function. In fact, this lemma is
an “appropriate” reformulation of classical results; however, we need a construction
from its proof. Section 3 then considers the properties of 1 (z) on the real line under
the additional assumption that v/ (z) is meromorphic in C\{0}. It is interesting to
note that Theorem 11 can be interpreted as a wide generalisation of the main theorem
in [5].

The second goal of the present work—to study a-points of z” R(z¥)—is presented
in Theorems 20, 22-25. To derive these theorems we track the solutions to

2 2

under the change of variable z > zX. If we split the complex plane into 2k sectors

1
sz[%n <Argz<%n], j=0,...,2k—1,

then Theorem 20 states that for Ima’X # 0 all a-points are inner points of the sectors,
simple, and those in distinct sectors strictly interlace with respect to their absolute
value. In other words, if a-points of z” R(z¥) are denoted by z; so that - - - < |z_1| <
lzol < |z1] < ---,then -+ < |z_1| < |z0| < |z1] < --- and z; € Q, implies that
Zitls s Zit+2k—1 & On and? that Zi+2k € Qpn. In fact, there is a formula for m such
that z;+1 € Q,, which s trivial for p = &1 or k = 2. Theorem 22 provides analogous
properties in the case ImaX = 0. In particular, it asserts that there are at most two
a-points sharing the same absolute value, which are simple unless they occur at a
sector boundary where they may collapse into a double «-point.

In turn, Theorems 23, 24 and 25 answer the question about which sector contains
the a-point that is minimal in absolute value for a meromorphic function R(z). This

2 As soon as the a-set of the function z”R(zk) actually contains the point z;4o: Theorem 20 asserts
nothing about existence of «-points, nor does Theorem 22.
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automatically extends to the «-point that is maximal in absolute value when R (%) is

meromorphic.
Theorems 20 and 22-25 describe zeros of entire functions of the form

FE) +27¢@) or g(@)+2 Y, ik eZno, 3)
where (complex) entire functions f(z) and g(—z) are of genus3 0 and have only

negative zeros. Since f (z%)/f(0) and g(z¥)/g(0) become real functions, the corre-
spondence is provided by

p L@/ g0
g@)/g©  f(0)

FE) +78E@ =277 (8 + 2 () =0 = =

on setting p := +j. We can allow f(z) and g(—z) to be any functions generating
totally positive sequences up to constant complex factors. Then the functions of the
form (3) can be identified by the condition on their Maclaurin or Laurent coefficients.
See Sect. 7 for further details.

Our third goal is attained in the last two sections. There we apply the above results in
the setting k = 2; the results are summarized in Theorems 29 and 30. For a (complex)
entire function H of the complex variable z consider its decomposition into odd and
even parts such that H(z) = f(z%) + zg(z%). Theorem 29 from Sect. 8 answers the

[

following question: how are the zeros of the function H (z) distributed if the ratio 6]

has only negative zeros and positive poles? The case when the ratio % has only
negative poles and positive zeros is treated by Theorem 30. The question appears to
be connected to the Hermite-Biehler theorem. This is a well-known fact asserting that
if the function H (z) is a real polynomial, then its stability* is equivalent to the fact
that f(z) and g(z) only have simple negative interlacing5 zeros and f(0) - g(0) > 0.
This correspondence expressed as conditions on the Hurwitz matrix is at the heart of
the Routh-Hurwitz theory (see e.g. [4,7,12,24,27]). With a proper extension of the
notion of stability, this criterion extends to entire (see [7,19,24]), rational (see [4]) and
further towards meromorphic functions. Furthermore, if H (z) is a polynomial and we
additionally allow the ratio % to have positive zeros and poles, then we will obtain
the “generalized Hurwitz” polynomials as introduced in [27]. In the same paper [27,
Sect. 4.6], its author describes “strange” polynomials (related to stable polynomials)
with interesting behaviour. Item (2) of our Theorem 29 and Item (5) of our Theorem 30
explain the nature of their “strangeness”.

There are related questions which are not considered in the current work and can
become the subject of forthcoming studies. One of them is to obtain more precise

3 The definition of genus can be found in e.g. [7, p. 92] or [19, p. 9]. These books also introduce further
basic notions of the theory of entire functions.

4 The polynomial is called (Hurwitz) stable if all of its roots have negative real parts.

5 The zeros of two functions are called interlacing if between each two consecutive zeros of the first function
there is exactly one zero of the second function and vice versa. The Hermite-Biehler theorem assumes the
interlacing property to be strict, which means that the functions have no common zeros.
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534 A. Dyachenko

estimates on arguments and absolute values of solutions to z” R(z¥) = « when R(z)
belongs to specific subclasses of functions generating totally positive sequences. In
this way, we can find such estimates for a-points lying close to the origin, which are
not covered by the standard theory of value distribution. Another question (possibly
related to the first one) is to make further progress toward proving the conjectures
stated in Sect. 9.

2 Connection between R -functions and univalent functions

Let us use the notation “arg” for the multivalued argument function and “Arg” for the
principal branch of argument, —7 < Arg z < 7 for any z. We start from the following
useful observation:®

Lemma 1 Let ¢ be a function holomorphic in C1 := {z € C : Im z > 0} with values

in Cy and let ¥ be a fixed holomorphic branch of f @ dz. Then the function ¥ is
univalent in C1. Moreover, if for some 71, zo € C4 we have

a:=Rey(z1) =Rey(z2) and Imy(z1) < Imyr(z2), 4)

then |z1| < |z2].

Proof First let us approximate the upper half-plane C_. by the set

(Cg::{zGC:8<Argz<n—8, |z|>8}, 5> 0.

. 9z z
For z = re'? we have — = - and

a9z .
— =1iz,50
ar |z| 20

rilmw(z) =1Im (ztﬁ/(z)) =Im¢p(z) = —iReW(Z)
or r 00 ’

which is the Cauchy-Riemann equation. By hypothesis Im¢(z) > 0 for z € Cs
therefore,

iImw(z) >0 and (@)
or
6%Rew(z) < 0. (6)

The latter inequality implies that for each » > 0 there can be at most one value of 6 €
[6, 7 — §] such that Relﬁ(reie) = a. Moreover, the set I's := {z € Cs :Rey(z) = a}
only consists of analytic arcs because Rei is a function harmonic in Cj. In other
words, we obtain the following:

6 Many similar facts are well known. For example, considering functions ®(¢) = ¢ (e~ %) gives the
problem from [31] but in a strip. However, we place this lemma here since we need the relation between |z |
and |z7| satisfying (4) rather than the univalence itself.
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(a) Foreachr > 0 there is at most one point z € ['s satisfying |z| = r. That is, every
arc of I" in polar coordinates (r, ) can be set by a function 6 (r).
Furthermore, for every R > § the domain D := {z € Cs : |z] < R} contains
at most a finite number of the arcs. Suppose that it contains an infinite number
of them, then the ray {re’® : r > 0} for an appropriate fixed 6 € [§, 7 — 8]
meets 'y at an infinite number of points of D (since each arc has two ends on
the boundary of D). The function Rey/ (re'?) is analytic in » > 0 as a function of
two variables 6 and r with @ fixed. Consequently, Rey/ (re’?) must be constant on
that ray, because it attains the same value in points of a sequence converging to an
internal point of its domain of analyticity. So, we have a contradiction unless I's
is equal to {re’? : r > 0}. However, in the case I's = {re'? : r > 0} the curve I's
contains only one arc.
Denote by y1, 2, ... the connected components of I's according to their distance to
the origin so that” dist(0, y1) < dist(0, y») < .... To count all arcs in this manner
is possible because D contains only a finite number of them for any R > §. It
is enough to justify two additional statements, which together with (a) imply the
lemma.

(b) On each arc y;, i = 1,2,..., the value of Imy increases (strictly) for increas-
ing |z|.

(c) If we pass from y; to y;41 (due to (a) it corresponds to the grow of |z]), then Imyr
cannot decrease (in fact, we will show that these arcs can be connected by a line
segment of dCs where Imyr increases).

To wit, the assertions (a)—(c) provide that any distinct points of Cs giving the same Reyr
give distinct Im1) such that the conditions (4) imply |z1| < |z2|. In particular, this yields
the univalence of ¢ in Cg. Furthermore, since § is an arbitrary positive number, the
lemma will hold in the whole open half-plane C .

For the arc y;, i = 1,2, ..., consider its natural parameter . Orienting the arc
according to the growth of r, we obtain g—f > 0. In addition, let us consider a coordi-
nate v changing in a direction orthogonal to 7, i.e. such that (z, v) form an orthogonal
coordinate system. Then, with the help of inequality (5) and one of the Cauchy-
Riemann equations, we deduce that®

_dmy @) _ dlmy() dr | dlmy ) dv

0 =
or 0T ar ov ar
_ 0Imy(2) 9T N ORey(z) dv _ dImy(2) 9T
T 9t or ar  or 9t or

for z € I's. Therefore, it is true that z1, z2 € y; and |z1] < |z2| imply Imyr(z1) <
Imy (z2), which is equivalent to (b).

7 Here dist (0, i) = infzey, |z| is the distance between the origin and the component y;, i =1, 2,.. ..

8 In fact we have more: dImy(z) /0v = 0 implies that the gradient of Imys on y; is tangential to y;.
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536 A. Dyachenko

Now, given two consecutive arcs y; and y;41 consider the arguments 01 and 6, of
their adjacent points, i.e.

f;:= lim Argz and 6, := lim Arg z, wherer; = sup|z|, r» = inf |z].
lz|=>r1 |z|—>r2 €y 2€Yi+1
Z€Yi Z€Yi+1

The arguments can be either 7 — § or §, because the arcs are regular and hence can only
end at the boundary of Cs. Observe that 6; = 6;. Indeed, let for example 8; = 7 — 4.
Then (6) yields Rey/(z) > a as |z| = r;, z € Cs. However, 6, = § in its turn would
imply Revr(z) < a when |z| = r;. So, in the “semi-annulus” {z € Cs : r| < |z] < 12}
there would be such z that Reyr(z) = a, i.e. z € I's which contradicts the fact that y;
and y; 4 are consecutive arcs of I's.

Since §; = 6, the ray ® := {re!”, r > 8} meets both arcs y; and y;41 in
the limiting points r1e'? and rre’?, respectively. As a consequence, we obtain that
Imy (r1e!?) < Imyr (r2¢'%") since Imy grows everywhere on ® by the condition (5).
Then (b) implies that SUP_ ¢y, Imy(z) < inf,ey,,, Imy/(z). Thus, the condition (c) is
satisfied as well. O

3 Properties of a-points on the real line

Lemma 2 Under the conditions of Lemma 1, let the function ¢ admit an analytic
continuation through the interval (x1, x2) C R\{0}. Then the function \ defined as
in Lemma 1 has no a-points with multiplicity more than two in (x1, x2).

Proof The assertion of this lemma is exactly that ¢ (z) = zy’(z) has no multiple zeros
in (x1, x2). However, if ¢ could have a double zero xg, then Im¢ (z) in the semi-disk
{z € C4 : |z — x9| < & < 1} must have values of both signs (since ¢ (z) is close to
(z — x0)? for such z). In its turn, this contradicts ¢(Cy) C Cy. O

Further in this section, we restrict the R-functions ¢, ¢ to be meromorphic in C
and real on the real line (where finite), i.e. to have the (absolutely convergent) Mittag-
Lefler representation

A A
B+Az——0— < V/av,
Z U#OZ_av

(N

where B,a, € R; a, #0; A, Ag > 0and A, > 0 for all v # 0, such that ¢y, ¢ =
const. Non-constant real meromorphic functions of this form (and only of this form)
map C into C, see [7, Theorem 1 of Chapter V, Sect. 1], [30, I1.8] or [19, Theorem 2
of Chapter VII, Sect. 1].

A non-constant function ¢ (z) is supposed to have the more general representa-
tion ¢1(z) — ¢2(1/z2), where ¢1(z) and ¢,(z) are as given by (7). Note that both
mappings z +—> % and z — —z are real and map the upper half of the complex
plane C into the lower half-plane, so ¢ (z) is necessarily an R-function.
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Remark 3 1f z/'(z) has the form (7), then v (z) can be represented as

1/f(Z)Z/ZW(Z)dZ=C+Blnz-|—Az-|—@—Z:ﬂln(l_i)
Z

2 Vv

for some complex constant C. This implies the equality

A A
Mw@:R&4ﬂmkH<A+r%y%z—Z}lmb—i. )
Z

Y ay

Remark 4 1f zy/'(z) = ¢(z) = ¢1(z) — ¢2(1/z), then we introduce two auxiliary

functions y1 and v, (single-valued in C where regular) so that zy{ (z) =: ¢1(z) and
I
Y (z) — ¥1(z) =: ¥2(z). These settings then imply zy)(z) = —¢2(%) = 7? (1) :

z

& (%), that is ¥, (%) = f @dz. Both ¢1(z) and ¢ (z) satisfy (7); therefore

Rey (z) = Rey1(z) + Reya(2),

where both Rer;(z) and Reyr,(1/z) have the form (8). In particular, the function
has a logarithmic singularity in each pole x, # 0 of ¢, and Rey/(z) — 400 - x,
when z — x.. The notation +00 - x4 stands for +o00 if x, > 0, and for —oo if x,. < 0.

Lemma 5 If xy/'(x) = ¢(x) = ¢1(x) — ¢2(1/x), where x € R and ¢(x), ¢2(x)
have the form (7), then the following assertions are true:

(a) The function Imyr (x) can change its value only at the origin and in poles of ¢.

(b) Between every two consecutive negative poles xo < x1 of ¢, there is exactly one
local maximum of Rer.

(c) Between every two consecutive positive poles x1 < x2 of ¢, there is exactly one
local minimum of Reyr.

(d) In (b) and (c), x1 can be set to zero provided that ¢ is regular between 0 and x5,
and lim; o+ |¢(tx2)| = 00. In this case we have Reyr (txp) — +00-xp ast —
0+.

Proof Take a real x # 0 such that both functions ¢ (x) and —¢;(1/x) are regular.
Since their values are real on the real line, the condition

Amy(x)  dlmy(x)
X =r

p = Im¢ (x) = Im¢;(x) — Img2(1/x) =0
X or

is satisfied. So the assertion (a) is true.

The function x% = Re¢ (x) = ¢1(x) — ¢2(1/x) strictly increases from —oo
to 400 between the points x1 and x;, and hence it changes its sign exactly once in the
interval (min(xy, x2), max(x, x2)). That is, signx - Reyr (x) changes from decreasing
to increasing on this interval, which is giving us the assertions (b) and (c) for both
zero and non-zero xi.
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538 A. Dyachenko

Suppose that the function ¢ is regular between 0 and x, and lim;_,o4 ¢ (tx2)] is
infinite. Then ¢ increases in this interval, so lim;_.o+ ¢ (tx2) = —o00 - x2. Therefore,

—y/(txp) = 5;’;2) % for small enough ¢ > 0 and

Rey (1x2) = Reyr ($x2) +

2 ¢(x)d
1 x *

742

1
—Rew( xz)+x2/2 (—¢(Sx2)>ds—> +00-xp as t— 04,
t

SX2

which is (d). O

Lemma 6 In addition to the conditions of Lemma 5, suppose that ¢ is a regular
function in the interval 3 = (min{0, x3}, max{0, x2}) C R, x, is a pole of ¢ and the
limit B = lim;_, o+ ¢ (tx2) isﬁnite.9

(a) IfBxy > 0, then Reyr (x) is an increasing function in J such that Reyr (J) = R,
and furthermore, Rey(z) # Rey (x) on condition that |z| < |x| withx € J
and z € Cy\{x}.

(b) If'Bxy < 0, thenReyr (x) has exactly one local extremum inJ and tends to +00-x2
as x approaches 0 or x;.

(c) IfB = 0, thenRe (x) is an increasing function in J and the inequality Rev (z) #
Reyr (x) holds provided that |z| < |x| with z € E\{x}, x € J. Moreover,
lim; 04+ ¢( 22) g positive or +00. If additionally Rey (tx2) is unbounded ast —
0+, then Ret//(J) =R

Proof In the interval J, the function y RV @) _ ¢ (x) strictly increases, and hence

changes its sign at most once. Therefore, Rey(x) has at most one local extremum:
maximum for xp < 0 and minimum for x > 0. Suppose that 0 < |*B| < oo. Then

the equality x% = ¢ (x) yields the following relation:
1x2 —

Rey (txp) = Reyr (%xz)+ () d +%BIn-— ~Blnt 20 . B.
7%2 * 3%

On account of Reyr (x) — +00-x2 when x — x» (see Remark 4) this relation implies
the assertion (b) and that Rey increases in J from —oo to 400 if Bx, > 0. Therefore,
to obtain (a) it is enough to use the inequality

Rey (—|z]) < Rey(z) < Reyr(|z]), where Im z > 0, )

which is a consequence of (6). Indeed, if for example x» < 0, then we have Reyr (x) <
Rev (—|z]) < Reyr(z) for each x € T satisfying |x| > |z].

Since ¢ (x) is increasing, the condition B8 = 0 implies > 0 in the inter-
val J, i.e. that Reyr is growing independently of the sign of x». The inequality

P (x)
X

9 This limit exists since the function ¢ increases in J.
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: Ix
im0, 2422

then linearly.'!? Furthermore, Rey runs through the whole R on condition that it is
unbounded near the origin, as asserted in (c). If |z] < |x| withz € Cy\{x}and x € J,
then the inequality (9) provides Revr(z) # Reyr(x). O

# 0 follows from the fact that R-functions cannot vanish faster

Remark 7 In Lemmas 5 and 6, the value of x» can be taken equal to 400 or —oo at the
cost of some of the conclusions. With such a choice, the condition Reyr (x) — +00-x3
as x — xp may be violated. This, in turn, implies that the function Rey(x) in (b),
(c) and (d) of Lemma 5 and (b) of Lemma 6 may lose the extremum and become
monotonic. In cases (a) and (c) of Lemma 6, Rey(J) becomes only a semi-infinite
interval of the real line, instead of the equality Imy (J) = R.

4 Location of «-points in the closed upper half-plane

Lemma 8 Let functions ¢1(z), ¢p2(2) be of the form (7) and let ¥ (z) be a holomorphic
branch of [ (¢>1 (z) — ¢2(%))%. If two points z1,z2 € C, that are regular for
satisfy |z1] < |z2| and a := Reyr(z1) = Reyr(z2), then

(@) Imyr(z1) < Imy(z2); o

(b) Foreacho € (Imy(z1), Imyr(z2)) there exists z € C such that |z1| < |z| < |z2|
and ¥ (z) =a+ip;s

(c) z1 and zp can be connected by a piecewise analytic curve of a finite length, on
which  is smooth and Imv (2) is a non-decreasing function of |z|; the curve is
a subinterval of R if and only if equality holds in (a);

(d) Furthermore, equality holds in (a) if and only if z1,z2 € R, z1-z2 > 0 and
V(2) # a forall z € C, such that |z1| < |z| < |z2].

Proof Recall that the function ¢ (z) = ¢1(z) — ¢2(1/z) maps Cy — C,, i.e. satisfies
Lemma 1. Thus if z3,z4 € C4 and Re z3 = Re z4, then the condition Imr(z3) >
Imyr(z4) induces |z3] > |z4], and Imyr(z3) < Imyr(z4) induces |z3] < |z4]. As a
consequence, the assertion (a) holds provided that both zy, z> are not real.

The real part of ¥ goes to £00 on approaching a (non-zero) pole of ¢, as stated in
Remark 4. Consequently, it is impossible for a pole of ¢ to be a limiting point of the
set

[:={zeCy:Rey(2) =a, |zl < 2| < |zl},

so the function ¥ is regular in a neighbourhood of I". (Recall that z; = 0 is allowed
by the hypothesis of the lemma only if ¥ is regular at the origin.)

Analogously to I's from the proof of Lemma 1, points of " form an analytic curve
possibly containing multiple disconnected components—analytic arcs. Due to (6), for
each r > 0 there exist at most one value of 6 € (0, ) such that re’? € I'. That is, if

10 This fact follows from the integral representation (2). It can be also deduced from the expression (7)
when R-functions have the form considered in this lemma.
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some z3, 74 satisfy |z3] < |z4], z3 € y1 and z4 € y», where y| and y;, are arbitrary
distinct arcs of I', then necessarily sup_.,, |z| =: r1 < r2 :=infzey, |2].

Suppose that the arcs y; and y» are consecutive,i.e.thatI'N{z : r] < |z| < 2} = @.
Within this setting, the limits

1= lim z and ¢ := lim z
|z]—=r1 [z[—r2
ZEV] F4SH%)

exist and are real. Moreover, they have the same sign: for example, {; < 0 < &
implies that Rey (i) < Reyr($2) = a = Reyr(¢1) < Rey (iry) according to (6) and
hence Reyr (iry) = a for some r,. € (rq, rp) by continuity, which contradicts ' N {z €
C+ :r1 < |z| < rp} = @. The supposition ¢, < 0 < ¢ implies a contradiction
in a similar way. Consequently, one (and only one) of the inequalities Reyr(z) <
a and Rey(z) > a holds for all z € C, satisfying r; < |z| < rp; the former
inequality Rey/(z) < a corresponds to the positive sign of {1, {», while the latter
corresponds to the negative sign.

Now, each non-zero singularity x, of ¥ (z) is a pole of ¢ (z), and Lemma 5 states
that Reyr(xx) — 400 - x,. In other words, for any z € C4 close enough to x,
we have Rey(z) > a when x, > 0 and Rey/(z) < a when x, < 0. At the same
time, we have seen that Rey(z) < aif 0 < ¢ < |z] € & and z € Cy4, so
the condition 0 < &1 < x4 < ¢ cannot be satisfied. Analogously, the inequal-
ity Rey(z) > a holds provided that &, < —|z] < ¢ < 0O and z € C,, so the
condition {» < x, < {1 < 0 cannot be satisfied. As a consequence, the ¢ (z) is regular
in the interval J := [min{{l, £}, max{¢y, {2}]. The function Re is non-constant and
has at most one extremum inside J by Lemma 5, satisfies Rey(¢1) = Rey(¢&2) = a,
so the equality Reyr(z) = a is impossible in J\{{1, ¢2}. As a summary, we obtain
that one of the inequalities Rey/(z) < a or Rey(z) > a hold for all z € C such
thatr; < |z| < rp.

By Lemma 5, Imy(z) is constant in J (this fact implies the equality in (a)
for z1 = &1 # 0 and zp = &). We obtain that, on y; U J U y», the function v (z)
is regular and Im1(z) is continuous and non-decreasing as |z| grows. In particular,
Imy(z) attains all intermediate values. This reasoning is applicable for each pair
of consecutive arcs constituting the set I'. That is, any two points z, zo € C,\{0}
with Re (z1) = Re (z2) can be connected by a piecewise analytic curve contain-
ing intervals of the real line and all arcs of I". The case when z; = 0 remains to
be checked. In this case, ¥ (z) is regular at the origin, and thus it is strictly increas-
ing in some real interval enclosing z; (due to B = lim,—0z(¥(z)) = 0, see the
assertion (c) of Lemma 6). Then (9) shows that z; is the end of some arc from I'.
Choosing this arc as y; allows us to apply the previous part of the proof. In particu-
lar Imyr(z1) < Imyr(z2).

Note that, on the one hand, poles of ¢(z) = ¢1(z) — ¢2(1/z) can concentrate
only at the origin since both ¢;(z) and ¢>(z) are meromorphic. On the other hand,
each interval between poles contains at most two ends of arcs from I'. Therefore,
the number of arcs in ' N {z : |z1| < |z] < |z2]} is finite. Each of the arcs has a
finite length since ¥ is smooth in a neighbourhood of I', so the length of the curve
connecting z; with z7 is finite. This implies the assertions (b) and (c) of the lemma.
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Furthermore, we necessarily have Imyr(z1) < Im1/(z2) unless this piecewise analytic
curve is a segment of the real line. That is, the assertions (a) and (d) are proved.
m}

Lemma 9 Suppose that f(z) is holomorphic at zg, g(z) is holomorphic at fy = f(z0)
such that g'( fo) # 0 and that n is a positive integer number. Then f'(z9) = f"(z0) =
o= fM(z0) = 0 if and only if

dg(f@)|  _ ¢’g(f@) _e(f@)

. =0. 10
dz =20 dz? =20 dz" =20 (10)

Analogously, if a function f(z) is holomorphic at zo such that f'(zo) # 0 and g(z)

is holomorphic at fy = f(zo), then the condition (10) is equivalent to g'(fo) =
g'(fo)=---=¢"(fo) =0

Proof Both facts follow from solving equations provided by the chain rule sequen-
tially:

d
w = &'(fo) f' (z0),
v4 =20
d2
% ., =& @) + 8 (fo) o),
dn
% = gD (F o) + - + & (fo) £ ™ (20).

m}

The machinery presented in the previous sections is suitable for studying functions
of the form

2\
Ay p Hv>0 (1 + a)
Tz
o
Mo (1-7)

where C € C, B € R, A, Ap > 0, and a,, «,, b;,, A, are positive reals for all v, u.
Along with functions as in (11), we study functions of the more general form

Ky | Ky
Hv>0 (1 + az_v) Hv>0 (1 + a)

—wen(l).
Mool 2) Too(-4)"
(12)

V(z) = eAeHCH

(a branch regular in C), an

Ag
W(z) = eAHCH= 8

where both V| and V> admit the representation (11).

Remark 10 Let V(z), Vi(z) and V2(z) be as in (11) and W(z) = Vi(z) V2 (%)
Clearly both V and W are regular and non-zero outside the real line. Moreover,
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the expression z(In V(z))’ is a meromorphic function of the form (7); the func-
tion z(In W(2)) = z(An V}) (z) — % - (In V)’ (%) is meromorphic for z # 0 and
maps C; — C.. Consequently, they have an analytic continuation in a neighbour-

hood of each real a-point (excluding the origin) for & 7 0. This allows us to determine
the multiplicity of such «-points.

Theorem 11 Ifafunction W defined in C has the form (12) such that W (z) # e€z5,
then for any o € C\{0} the a-points of W (z) lying in C. (if they exist) are at most
double and distinct in absolute value from other solutions to |W(z)| = |a|. The -
points inside C,. must be simple.

Remark 12 1f W(z) is regular and non-zero for z = 0, then it has the form (11)
with Ag = B = 0. Therefore, the equality W(0) = o # 0 implies that In W(z) is
regular at the origin and

Ky A
InW)'(0) = A = £ >0,
(In W)’ (0) +Zau+sz >
v>0 n>0
so the a-point z = 0 can only be simple (since B = lim,_,¢ z(In W(z))" = 0, applying
Lemma 6 (c) also yields the simplicity of z = 0).

Proof of Theorem 11 Letr(z) beabranchofln W (z) continuousin C, ;thenzy/(z) =
¢1(z) — ¢2(1/2) with ¢1(z) and ¢,(z) of the form (7) (cf. Remark 10). The func-
tion zy’(z) is a non-constant R-function, so Imz ¥'(z) > 0 for every z € C4. In

particular, ‘3/‘,/((5)) = ¥'(z) # 0, that is W/(z) # 0 and thus all non-real a-points

of W(z) are simple. ' '
The inequality (6) for r > 0 implies Reyr (re’gl) > Reyr (re’ez), that is

}W(rei9‘)| > |W(rei92)| on condition that 0 < 6] < 6, < 7. (13)

Consequently, if W(z) = «, then | W(|z|e'?) | * | W(z) | = || for all 8 €
[0, w]\{Arg z}.

Each a-point of W is an (Lno + 2i wn)-point of ¥, where Lna denotes the principal
value of In @ and n is some integer dependent on the a-point. Moreover, each «-point
of W has the same multiplicity as the coinciding (Lno+-2iwn)-point of ¢ by Lemma 9.
The multiplicities of real (Lno 4 2iwn)-points of i are at most 2 by Lemma 2. So all
a-points of W on the real line are at most double. O

Theorem 13 Under the assumptions of Theorem 11, if |z1| < |z2|, W(z1) = «
and W(z2) = ae'? with a real 6 > 0, then for every o € (0,0) there exists z, €
Cpp ={z € a slzil < |zl < |zal} such that W(zy) = we'®, unless simultane-
ously 0 = 0(mod2mk), both z1 and z> are real of the same sign, W(2) is regular
in (min{z1, 22}, max{zy, z2}) and |W (2)| # || in the semi-annulus C1;.

Proof This is a straightforward corollary of Lemma 8 for 1(z) being a branch
of In W(z). Just as in the proof of Theorem 11, we only need to observe that the
exponential function maps « + 2izn for all integers n to the same point . O
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If the a-set of W is not empty, then «-points of W are assumed to be enumerated
according to the growth of their absolute values, i.e. - -- < |z0] < |z1] < |z2] < -+
and W(z) =a <= z € |J; zx. Here, we count only once each multiple «-point.

Theorem 14 For an a-point z; € R of the function W, only the following possibilities
exist:

(a) The point z; belongs to an interval between two consecutive positive poles or
negative zeros of W. If z; is double, then the interval contains no other a-points
of W. If z; is simple, then the interval contains exactly one another o-point:
either z;_1 Or Zj41.

(b) The point z; belongs to an interval between the origin and the maximal nega-
tive zero, or between the origin and the minimal positive pole. Then exactly one
another a-point (if z; is simple) or no other a-points (if z; is double) lie on the
same interval provided that Ag > 0 or Bz; < 0in (12). If Ao = 0 and Bz; > 0,
then z; is the a-point minimal in absolute value (moreover, it is the minimal
solution to |W(z)| = |«|) and the same interval contains no other «-points.

(c) The point z; lies on a ray of the real line, in which W has no poles or zeros. Then
this ray contains at most one another o-point of W. If Ao = 0, Bz; > 0 and one
end of this ray is the origin, then z; is the only o-point on the ray and its absolute
value is minimal among all solutions to ‘W(z)’ = |af.

In the cases (a)—(c), the number and multiplicities of «-points of W in the correspond-
ing interval are equal to the number and multiplicities of |« |-points of |W|.

Proof Letus denote by ¥ (z) some branch of the function In W (z) which is continuous
in Cy; then zy'(2) = ¢ (2) := ¢1(z) — ¢2(1/z) with ¢1(z) and ¢, (z) of the form (7):

—2ZKy Ay Ag Ky Au
V=B + Az — E — E - — — E
»@ Tz z+ay Z—by Z zey + 1 zd, — 1
v>0 >0 v>0 n>0

(cf. Remark 10). Consequently, in each continuous interval J of {z € R : z #
0, W(z) #£0, W(z) # oo}, the function Imy/(z) is constant [Lemma 5(a)]. Further-
more, Reyr (z) has exactly one extremum between each pair of consecutive positive
poles or negative zeros of W(z) by Lemma 5(b, c), that is no, or one double, or
two simple (In |« |)-points. Each a-point of W (z) is a (Lna + 2imn)-point of ¥ (z)
with some integer 7, and their multiplicities are the same by Lemma 9. The equality
(Imy(z))" = 0 for z € J then implies that all (Lna + 2i7n)-points of ¥ (z) with the
above-mentioned n and (In |« |)-points of Reyr (z) coincide with multiplicities in J. As
a summary, we obtain (a). Moreover, the number of «-points of W and their multi-
plicities in J is, therefore, equal to the number and multiplicities of |« |-points of |W|.

The assertion (b) follows from Lemma 5(d) and from Lemma 6. Indeed, if x;
denotes the maximal negative zero or the minimal positive pole, then signz; = signxs
and the limit determining the properties of z; is

B = lim ¢(tx2) = 1ms— 0+ txo X2 1 0 >
0t B, otherwise.
Similarly, the assertion (c) is a corollary of Remark 7. O

@ Springer



544 A. Dyachenko

In the following we consider only the case of C = 0; otherwise, the equality W (z) =
o can be replaced with W (z)e ¢ = ae™C.

Theorem 15 Let W (z) be a function of the form (12) distinct from zB, such that «,,
Kus A, X,L are positive integers and C = 0. Choose the branch of z8 which is holo-
morphic in C\(—o0, 0] and positive for z > 0. Given a complex number a ¢ R
such that ae™B7 ¢ R, each a-point of W(z) in C\R is simple and distinct in
absolute value from other «-points. If z;, zj1 are two consecutive points of the o-set,
thenImz; -Imz;y; <O.

Moreover, the equations W(x) = o and Wi(—x) :=limy_ 4o W(—x +iy) = «a
have no solution for x > 0.

Note that in the case of integer B, the conditions ae™ 8™ ¢ R and o ¢ R of this
theorem are equivalent; furthermore, the function W (x) is defined for x < 0 and equal
to W_(x) = Wi(x).

Proof Onthe one hand, for x > 0 the functions W (x), e ™87 W, (—x) and e/ B W_(—x)
are real. On the other hand, both « and ae™ 87 are non-real. Therefore, there is no
solution to W(x) = « and to Wi (—x) = o when x > 0. Since W (2) = W(z), we
can find the solutions to W(z) = « in the rest of the complex plane C\R from the
equations W (z) = « and W (z) = @ in the upper half-plane.

Now assume that z varies in C;. Theorem 11 implies that all «-points (as well
as all a-points) of the function W (z) are simple and distinct in absolute value. Fur-
thermore, according to the remark following (13) absolute values of «-points and
of @-points cannot coincide (due to & # @). On account of @ = e 2 2% if we
have two solutions z;, zj4+x to W(z) = o where k is some positive integer, then there
exists a solution zy to W(z) = @ = ae 2 @2 guch that |z;| < |z4| < |ziqx| by
Theorem 13 with the setting & = 2m. Conversely, between each pair of @-points there
is an a-point by the same theorem. That is, the absolute values of - and @-points
in C; interlace with each other. This fact provides the theorem, because W(z) = o is
equivalent to W (z) = «. O

Remark 16 If in Theorem 15 we take the number o # O real, then the equa-
tions W(z) = o and W(Z) = « are satisfied simultaneously. As a result, each «-point
of W(z) in C\Ris simple and there is aunique -point with the matching absolute value
(which is the complex conjugate). For an «-point z; on the real line (such points are
positive unless z5 is real for z < 0, i.e. unless B is integer) there are only the possibil-
ities (a)—(c) of Theorem 14. The a-set of W for ae™ 57 € Rand B ¢ Z can be studied
similarly; the main distinction is that W is not continuous on the negative semi-axis,
so the corresponding result will be concerned with the limiting values W or W_.

Remark 17 Functions of the form (11) generate totally positive sequences exactly
when the exponents «,, A, are positive integers, B € Z>p, C € Rand Ag = 0. The
expression (12) determines a generating function of a doubly infinite totally positive
sequence whenever k,,, Ay, ky, Xﬂ € Z-oand B € Z. See the subsection “Definitions”
of Sect. 1 for further details.

Hereinafter we concentrate on the case B = % of (12) with positive integers
Ky, Ky, Ay, Ay, integer k > 2 and p # 0. We assume that gcd(|p|, k) = 1, i.e.
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the fraction % is irreducible. The kth root is a k-valued holomorphic function in the

punctured plane C\{0}. So, let &/~ denote its branch that is holomorphic in C, \{0}
and maps the positive semi-axis into itself. Then

Moo (14 2) Moo (14 55)
Mo (1= 2) Mo (1= 77)

where the coefficients satisfy A, Ag > 0 and a,, by, cy,,d, > 0 forall v, uisa
single-valued meromorphic function in C\ {0} regular for Imw # 0.

R(w) = (W)P eAw-‘erw’l , (14)

5 Composition with kth power function

In the current section we assume that a function G # z” has the representation

k —k
Hv>0 (1 + Z_V) Hv>0 (1 + Zc_v)
k

Mo (1) Teo (1= %)

for some integers k > 2 and p, gcd(|p|, k) = 1, in which the coefficients satisfy
A, Ay = 0anday, by, cy,d, > 0forall v, u. As we noted above, the case when | p|
and k are not coprime does not need any additional study: it can be treated by introduc-
ing the new variable 5 := z!/&4dUPl.K)  Fyrthermore, the location of zeros and poles
of G(z) is clear from the expression (15), so we concentrate on the equation G(z) = «
where a € C\{0}.

For the sake of brevity denote e, := exp (i %n) The condition ged(|p|, k) = 1
implies that

G(z) := eAzk-i-Aoz’kZP (15)

° (emp)]:’;l_k is a cyclic group of order 2k generated by e, when p is odd (thus
emp = ey forn € Z if and only if mp = n (mod 2k));

° (em,,)f;_:lo and (em,,+1)]n‘1_:10 are two disjoint cyclic groups of order k generated
by e, when p is even (the former group contains ep = 1 and the latter one
contains ¢, = —1).

Denote the sectors of the complex plane with the central angle 7- by

Qs :=={z € C\{0}: 0 < Argze_s < 7} and
0, :={z€C\{0}:0 < Argze_, < T},

\Xhere s € Z, so that they are numbered in an anticlockwise direction and Q; = Q2ks,
Os = O2k+s-

The substitution z + Zey, turns G(z) = o with a fixed « into the equivalent
equation G(Zez,) = G(Z)eapm = o where m € Z, which gives us the following
remark (note that we suppress the trivial case G(z) identically equal to z” with no
special attention):

@ Springer



546 A. Dyachenko

Remark 18 Let G(z) and R(w) be as in (15) and (14), respectively, « # 0 and w €
C4 U (0, +00). Substituting z = &/wey,, into (15) shows that if

R(w) = ae_ypu, where m=0,....k—1, (16)
then z = Yweyy, € Qo solves the equation G(z) = «. Analogously, if the equality
R(w) = aezpy, where m=0,...,k—1, (17

holds for some m, then z = Hwey, € §2m—1 solves G (z) = «. Conversely, for each
solution of G(z) = « there exists an integer m (unique under the condition 0 < m < k)
such that R(z¥) = ae_p, provided that zK € C4 U (0, +00), or such that R@" =
aepp, provided that z* ¢ C, U0, 400). In this sense, the equation G(z) = « can be
replaced with the relation

Rw) €2, where Q:= {“e—2l’m}l;_:lo U {a‘prm}];:o (18)

for w € (C_+, and then all a-points of G(z) can be determined from the solutions
to (18).

Remark 19 The relation (18) shows that the equation G(z) = « has different proper-
ties depending whether Ima¥ is zero or not. The case of @ € {ae_» pm }ﬁl_: 10 coincides'!
with Imae,; = 0 for some s = 0,...,k — 1, and thus to ImaX = 0. If it occurs,
then the equivalent equation G({e_y)e,s = aep, in ¢ € C has real coefficients and,
hence, solutions symmetric with respect to the real line. Consequently, each solution
to G(z) = « has the reflected point Ze_»; with the same absolute value as a pair such
that G(ze_25) = G(z) = « (unless ze_p; = z). In the case of & ¢ {ae_zpm}fn_:lo,
which is equivalent to Ima’* # 0, the relation (18) has no real solutions, and solutions
to (16) and (17) have distinct absolute values, as is shown in Theorem 11. Accordingly,
then all solutions of G(z) = « are distinct in absolute value.
We examine these cases in detail in Theorem 22 and Theorem 20, respectively.

Definition Denote by E the set of absolute values of all solutions to G(z) = « with G
of the form (15), that is

8 :={& > 0:30 € (—x, ] such that G = al.

Let -+ < & < &1 < --- be the entries of E, such that & = {§,}, _,. and
let ..., z,2zi+1,... be the corresponding «-points or, more precisely, |z;| = &
and G(z;) = « for all i € I (that is, z; stands for any of the a-points which cor-
respond to the value of &;). The corresponding indexset I = {n € Z : w1 <n < wy}
is a finite or infinite interval of integers, —o0 < w| < wy < 400.

11 On the one hand, the condition that @ = ae_op5 for some integer 5 = 0,...,k — 1 coin-
cides with @e—,5 = ae_,5 and therefore to Imae_,5 = 0. On the other hand, changing the order
R k=1 _ k=1 _ N TR f -
gives o < {“e—me}m=0 - {“€2p.(kfm)}m=0 - {aezl’m}mz()’ which 1s Ol'_ e ps 10T Some nte-

gers =0,..., k — 1; the last expression can be written as aeps = aepg, or equivalently Imaeps = 0.
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For brevity’s sake, we omit the index set / and write |z;| € E to specify that the
integer i € [ and thus z; is an actual a-point of G. Accordingly, |z;| ¢ E means
that i ¢ I, which implies that / ; Z and E = {|Z"|}n ¢; is not a doubly infinite
sequence. If w; > —oo then it is convenient to put w; = —1, so that zo becomes one
of the «-points of G minimal in absolute value.

Theorem 20 If ImaX # 0 and G (z) has the form (15), then the a-set of G (z) satisfies
the following two properties:

(a) Each a-point z; is simple, satisfies Im zf-‘ # 0 and is distinct in absolute value
from other a-points of G (i.e. G(z) = o and |z| = |zi| = 7 = zi).

(b) For each two consecutive a-points z;, ziy1, the inclusions a € Qaq 5 and z; €
Qom—o with g, m € Z and x,o € {0, 1} imply that zi11 € Q2—1+¢, where | is
an integer solution of p(l + m) =2g + 1 — x — o (mod k).

Proof Note that each element of € raised to the kth power equals f or @*. The
expression (14) yields that ImR*(w) = 0 # Ima and, hence, R(w) ¢ Q provided
thatw € R. Consequently, all solutions to (18) lie in the open upper half-plane C_;. That
is G(z2) # « for Im zK = 0. The function R (w) satisfies the conditions of Theorem 11;
thus solutions to R(w) € 2 in C, are simple and (since the equality |R(w)| = |«|
is necessary for R(w) € 2) distinct in absolute value. Therefore, all «-points of G
are simple by Lemma 9 and distinct in absolute value: if G(z) = « and |z| = |z;| for
some integer i, then z = z;.

Now let |zil|, |zi+1] € E. There exist integers g, m, [ and x», 0, t € {0, 1} such
that @ € Qog—», zi € Qom0 and zj41 € Q2. Without loss of generality we
assume 0 < ¢,m,l < k — 1. Note that z; corresponds to a solution w; of (16)
or (17) when 0 = 0 or 0 = 1, respectively. Analogously, z;4 corresponds to a
solution w; 41 of (16) or (17) depending on whether t is zero or not. Figure 1 illustrates
the correspondence between «-points of G(z) and solutions of (16)—(18).

First, suppose that Imak > 0,ie.x = 0and o € Q3. Then the points ce_2,, €
Q24 -2pm of the set & occur exactly once in each sector Q ; with the even indices j =

0,2,...,2k — 2 when m runs over the integers 0, ..., k — 1. Analogously, the points
aerpm € Q_2g—1+42pm Of the set Q2 occur exactly once in each sector Q ; with the odd
indices j = 1,3,...,2k — 1 whenm =0, ...,k — 1. Consequently, c = 0 induces

the equation R(w;) = ae_2pm € Q24—2pm»while 0 = 1 induces R(w;) = @e_3pp €
0 _24-1+2pm- Combining these equalities together gives

R(w;) € QN Q1) (2q+a)—2pm)- (19)
The same reasoning for w;1 provides us with the condition

R(wiy1) € QN Q—1)r(2g+1)—2pl)- (20)
Since R(wjy1) = R(wi)eig with an appropriate real 6, for each p € (0,0) there
exists w, satisfying |w;| < |wy| < |wi4+1| and R(w,) = R(w;)e'® by Theorem 13.

However, z; and z;41 are consecutive «-points, so R(w,) cannot belong to 2 for
any p € (0, 6). Atthe same time, €2 has exactly one point in each sector of the complex

@ Springer



548 A. Dyachenko

plane, and we necessarily have R(w;y1) € N Q(1)o(2g+0)—2pm)+1 from (19).
Thus, (—1)7 ((Zq +1)— 2pl) =(—-1)° ((Zq +o0)— 2pm) + 1 (mod 2k) on account
of the relation (20). Checking the parity immediately gives T = 1 — 0. As a result,

0=0 = 2q+1)-2pl=—-Q2q—-2pm+1)=29g+1—-2(14+2g — pm) and
o=1= 2q—-2pl=—-Q2q+1-2pm)+1=29 —22q — pm)

modulo 2k. These two relations imply that 2pl = 2((1 — o) + 2¢ — pm) (mod 2k),
or equivalently p(l + m) =2g + 1 — o (mod k).

Now let Ima* < 0, that is to say x = land @ € Q41,50 consequently ae_3,, €
Q2g-1-2pm and @ezpy € O _2442pm. It implies that

R(w;) € QN QO 1ne@g—(1—o)—2pm) and
R(wit1) € QN Q—nrg—(1-v—2pn = LN Q(—1)72g—(1—0)—2pm)+1

analogously to the case of positive Ima¥. Due to the parity, we have 7 = 1 — o; thus

0=0 = —Q2q—-2p)=2g—1—-2pm+1=2g —2pm (mod 2k)
and 0 =1 = 2¢g—1-2pl=—-Q2q —2pm)+1=—-2q +2pm+1 (mod 2k).

The last two equations are equivalent to 2pl = 4q — 20 — 2pm (mod 2k), which
coincides with p(l +m) = 2g — o (mod k). O

Remark 21 The rays of the line {z € C : Im ze; = 0}, which is given by z = ze_a;,
can be expressed via the sectors Q; of the complex plane by the following formula:

{zeC:zeg >0}, ifm=—[%] (modk),
02y N O g 0m-1\M0} = 1{z € Cize; <0}, ifm=—[5%5] (mod k)(21)
%) otherwise;

the notation [a] stands for the minimal integer which is greater or equal to a real
number a.

Theorem 22 Let Imaf =0, « # 0 and the integers s, |, m be such that Imae g = 0
and p(m —1) =1 (mod k), then

(a) point z satisfies the conditions G(z) = a and |z| = |z;| if and only if z € {z;, z}},
where 7} :=Zie_p;.

(b) The inclusion z; € Qom U Q_os_2m—1 for some integer m implies that both
7! # z; are simple a-points and z; 1 € 05U Q_ o9y (when |ziq1] € B).

(c) The conditions z; = z; and arg z; = arg z;y| imply that both z;, z;11 are
simple, arg z; # argzj_| provided that |z;i—1| € B and arg z;41 # argz;4»
provided that |z 43| € EB.

(d) Ifzf = z;andarg z; # argz;y1, thenz; is simple or double (which corresponds to,
respectively, arg z; = arg z;_1 or arg z; # arg z;_1 on condition that |z;_1| € E).
Furthermore, z; € Qo N Q_os_om_1 With m given by (21) implies zi+1 €
Oy U0 2 o1
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Legend:

o fz¥=0 —2

o zg(z3=0 \\
£z
2g(z3)

----- {z:zem € R} E
1% @
=a »
z8(z3)
{z 36 € [0, 2n) F(zeif’):al.-"

= la| @

@) @E+0DEE+D)E2+4

CON
P gw) "

fw) ‘: la|
Pw-gomyl 5

Fov) ‘z ol
Jw - gw)

fw)

=aém,

Jw - g(w)

Enlargement of the
neighbourhood of the origin

for @ =

The a-set of the function F(z) = 3 =
28(z?)

z2(z3 = 1)(z3 - 5)

Imw >0

and m=0,1,2

|

-1—-1iis

presented in the bottom graph. The plot of the corresponding intermediary function R(w)
is in the top graph. The a-points of F(z) coincide with zeros of the polynomial

22+ A +Dz7 +5.12% = 6(1 + i)z* +4.5z% + 51 + i)z + 0.4.

Fig. 1 Illustration to Theorems 20, 22-25
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(e) If zf = zj and |zi11| ¢ B, then the multiplicity of z; is at most 2.

In other words, if Imz;e; # 0, then z; is simple, Im sz # 0 and the reflected
point z;“ = Zje_os also solves G(z) = «; no other a-points share the same absolute
value. Furthermore, z; € (5, and z;“ € Q_75—om—1 for some integer m (probably
after exchanging z; <> z7).

IfImzie; = 0i.e.z; € Qo N O_ns_am—1 for some m satisfying (21), then Theo-
rem 22 asserts that z; is simple or double, and there are no other solutions of G(z) = «
sharing the same absolute value. If z; is not the first or the last a-point (with respect to
the absolute value), then either z; is double or exactly one other «-point adjacent to z;
has the same argument (in fact, it belongs to the same interval between two consecutive
singularities of In G).

Proof The equality G(z;) = « is equivalent to G(Z;e_a) = « since
G(zie—25) = G(ziezs) = Aeyps = Ueps€_ps = A€ps€_pg = .

Consequently, G(zi) = aif and only if G(z}) = a, where 7} = Z;e_2,. The points z;
and z} coincide exactly when z;ey is a real number (Cf Remark 19).

Choose the 1nteger m satisfying z; € sz U Q 2m—2s—1, Which implies the
same inclusion for z}. We constrain ourselves to the case z; € Q,,, and thus e
'O _»m_ns_1: this causes no loss of generality since z; and 7! are interchangeable with
each other. The closed sector Q,,, replaces Oz due to the possibility zi =2] €
Qom N O _apm_2s_1 (cf Remark 21). Note that the point w; := z = (zie_om)* € Cy
satisfies

R(w) = R ((e2m)*) = Glzie—am) = ae_apm, (22)

where the second equality is valid since zje_o, € 50 and thus /(zje_om)* =
zie_om (cf. Remark 18). Conversely, if R(w;) = ae_ppp, then both z; = Yw;eon
and z}' = ¥w;e_o_2y are a-points of G.

The function R(w) has the form (14) and hence satisfies the conditions of The-
orem 11. Therefore, solutions of R(w) € € in the closed upper half-plane C are
distinct in absolute value; those in C . are additionally simple, and those on the real line
are simple or double. In particular, if R(w) € Q and |w| = |w;|, then w = w; which
implies the assertion (a). Moreover, by Lemma 9 the multiplicities of z;, z; are equal
to one in the assertion (b) and are at most two in the assertions (¢)—(e). The assertion (e)
is, therefore, proved because it only states that the multiplicity does not exceed two.

Now let |z;+1] € E, which means that there is at least one «-point, z;41, with
absolute value greater than |z;|. Then, by analogy with z;, the points z;+1 and Z; 1 1e—2;
are the only solutions of the equation G(z) = « which satisfy |z| = |z;+1]|. Further-
more, we can assume that z; 1 € Q,; for some integer / without loss of generality.
Then wi4 = zf.‘H € a implies z;y1 = Yw;trey and, similarly to (22), the
equality R(w;41) = ae_op.

Observe that the points w;, w;y; € C, satisfy the conditions |w;| < |w;i1],
R(w;) = ae_2pp, and R(w; 1) = ae_2p = ae_2pm425 for an appropriate integer 8.
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Moreover, the quantity azes '@ cannot belong to € for all o € (0, 22 ); otherwise,
there exists w satisfying |w;| < |wy| < |wit1| and R(w,) € Q by Theorem 13,
which contradicts the fact that z; and z; 4| are two consecutive «-points. As stated in
Theorem 13, this is only possible in two cases: if § = 1 or if simultaneously: § = 0,
Argw; = Argw;41 € {0, 7} and |R(w)| # |o| provided that |w;| < |w| < |w;+1].In
the former case, we necessarily obtain the equation —2pl = —2pm + 2§ (mod 2k)
with respect to the unknown [, that is p(m — ) = § = 1 (mod k). This proves the
assertion (b) because in the corresponding case z; € Qon U O_25—2,n—1 We have
that Arg w; ¢ {0, '}, and the simplicity of z;, z;‘ is shown above.

To obtain the remaining assertions (c)—(d), we assume that z* = z; and thus w; € R.
LetTJ C {fweR:w#0, R(w) # 0, R(w) # oo} be the maximal continuous
subinterval containing w;. Theorem 14 applied to R(w) yields that

— The condition that w; is double implies J 3 w;_1, wi+1;

— If w; is simple and J > w41, then J 3 w;_q;

— If w; is simple and J 3 w;t1, then J > w;_; unless &Jw;_1| ¢ E.
Let us show that w; € J # w; 41 and w; - w;4+1 > 0 together imply § = 1, and, there-
fore, arg z; # arg z;+1. Indeed, since J 3 w;+ the function R(w) has a singularity in
the interval between w; and w; 1, so Theorem 13 gives § = 1. Accordingly, z; € Q2.
Zi41 € Qy with I # m (mod k) and hence arg z; # arg z;+1. In other words,
we obtained that if arg z; = argz;1, then necessarily w;, w;+1 € J, and further-
more z; and z; 11 are simple a-points by Lemma 9. The equality arg z; 1 = arg zj+2
(or argz; = argz;—1) analogously yields that both z;41, z;42 (or z;, zi—1) are sim-
ple and both w;y1, w;42 (or w;, w;_1, respectively) belong to the same subinterval
of fweR:w#0, R(w) #0, R(w) # oo}. Consequently, the assertion (c) is true
since at most two of the points w;_p, w;, w;+1, w;j+2 can lie in J. Recall that if w; is
double, then J 3 w;_1, w;+1; this fact implies the assertion (d) using Lemma 9 with
the above proof of (c). O

6 Location of the «-point that is minimal or maximal in absolute value

Let a function F' have the form

k
ngvgwl (1 + 2—”)

1( 9
Hléung (1 B li_ﬂ)

F(z) i= 2P et F(z) #2”, (23)

where k and p are integer such that k > 2 and gcd(|p|, k) = 1, 0 < w1, w3 < 400,
A > 0and a,, b, > 0 for all v, u. Such functions are the particular case of (15)
and, therefore, satisfy conditions of Theorems 20 and 22. The next two theorems
reveal another property of the -set of F. Assuming that the a-set is non-empty, they
determine which of the sectors contains the o-point (or a-points) of the function F
that is minimal in absolute value.

Theorem 23 Consider a complex number a # 0 and a function F of the form (23)
withp > 0. Letq =0, ...,k — 1 and » = 0, 1 be chosen so that o« € Q24—,, and
the integer m be such that pm = g (mod k).
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If &k £ 0, then the a-point zo of F(z) closest to the origin is simple and differs
in argument and absolute value from the succeeding «-point (or points). Moreover,
a € Qg implies 7o € Qop—x. If ae_4 > 0, then zoe_2y > 0.

If &« < 0, that is ae 2411 > 0, then the two zeros of F(z) — « closest to the
origin (counting double zeros as two) are equal in absolute value or in argument. In
the latter case, both zeros belong to the ray {ze_om+1 > 0}. In the former case, one of
them belongs to Qu,—1 and another belongs to Qzm = Q_om—2s Where m satisfies
pm =gq — 1 (mod k) and s is introduced in Remark 19.

Proof Let zo denote the solution of the equation F'(z) = « that is minimal in absolute
value. Consider the corresponding point wg € C determined by wo = zé if Im z’é >0
and by wg = Zl(‘) if Im zg < 0. Recall that (see Remark 18) the equality F(z9) = « is
equivalent to R(wg) € 2, where

Q= {0‘67217"1}]:”_:10 U {ae2pm}];1_=lo = {“e2m }km;lo U {562’”};—:]0

and the function R(w) = F (W) is defined in C;\{0} by the equality (14), or more
specifically,

ngvgwl (1 + aﬂu)

R(w) = (Hw)” e :
Micuce (1-22)

(24)

Denote by w the point of the set {w € C; : |R(w)| = |«|} which is the closest to the
origin. The assertions (b) and (c) of Theorem 14 imply the inequality 0 < w, < by
since B = % > 0 (moreover, the point w, necessarily exists when F(z) has poles).
The function R(w) has the form (24), that is R(w,) > 0 and hence R(wy) = |«|.
Putting z, := Hwyeo, we obtain F(z4) = |or|eapm. As suggested by the statement
of the theorem, the integer m satisfies pm = g (mod k). Consequently, if ae_», =
|| > 0, then the point zg := z, satisfying the inequality zpe_>,, > 0 is the zero
of F(z) — « that we are looking for; it is simple by Lemma 9 (the example is given in
Fig. 3a, a = !27/3),

Recall that the a-point zg is minimal in absolute value; therefore R(w) ¢ 2 on
condition that |w| < |wg]|. Put

. Arg R(wo) if Arg R(wgp) > 0,
~ | Arg R(wo) +27  otherwise,

so that Arg R(wy) = Argla] = 0 < 6 < 2m; then for each o € (0, 0) there
exists w € C, by Theorem 13 such that |wy| < |W| < |wo| and R() = |ale®.
Consequently, for each ¢ € (0, ) the condition |a|e’® ¢  holds true when 6 > 0.
Suppose now that @ € Qa,, which is equivalent to 0 < Arg (xe_»4) < F. Since
the set €2 contains no other points of Q»,, the inequality in the expression R(wq) =
lar|et® # ae_p, implies % < 0 < 2, leading us to the contradiction |a|e’® € Q
with 0 = Arg (xe_24) € (0, 8). Therefore, the equality R(wg) = ae_2, must be true.
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In other words, we have R(wo) = ae_3p,, and hence zo = &woez,, € Qo is the
required a-point.

Analogously, suppose that @ € Oz, 1, thatis@ € Q 25 and 0 < Arg (@ezy) <
% Then the equality R(wo) = lale!? = Qeyy is satisfied, because the opposite
condition |x|e’? # ey, implies Arg (@wezy) < F < 6 < 2m, which is impossible
by Theorem 13. Consequently, we obtain R(wp) = tezq = @ezpy, and, as stated in
Remark 18, zg = (/_w_oegm € Qom—1 (for the illustration see Fig. 3a with o = eim/2y,
Combining the two last cases gives the implication « € Qg == 20 € Q2m—x»
while the simplicity of zo follows from Theorem 20.

Thelastcaseisae 2411 > 0, 0r equivalently12 Arg (aezy) = % = Arg (@ezg12ps)-
Just as in the previous case, we have R(wg) = @ex; = @eapy, and, therefore, the
equality zg = (‘/_w_oezm € éz,n_ | determines the a-point with the smallest absolute
value. Unless zge_z;,+1 > 0, Theorem 22 yields that there exists exgctly one other -
point of F' with the same absolute value, namely zé ‘= Zpe_2s € Q_2m—2s and that
both zg, z§ are simple. This situation appears in Fig. 2, « = g;, and Fig. 3a, a = ¢/"/3,

The case of zpe_2m+1 > 0, that is wy < 0, needs a special attention. Let —a;
be the maximal negative zero of R(w). The interval (—ap, 0) contains one double
(namely wp) or two simple (wg and wi) solutions to R(w) € 2 as provided by (b)
of Theorem 14. In the latter case, R(w) ¢ <2 for all w satisfying |wo| < |w| < |wq],
which is given by Theorem 13. Lemma 9 then implies that these solutions determine
the corresponding properties of the double «-point zg or, respectively, of the simple
pair zo, z1 with z1e_2;,41 > 0 (as it is shown in Fig. 2 for « = i). When R(w) has no
zeros, the result is the same provided that F has at least two (or one double) «-points:
see Theorem 14(c) and Remark 7. O

Theorem 24 Let o < 0 under the conditions of Theorem 23, and let the two zeros
of F(z) — «a closest to the origin (counting double zeros as two) be equal in argument.
Then p = 1.

Proof The case o = i in Fig. 2 illustrates that these conditions are consistent. In the
proof we use the notation used in the proof of Theorem 23. The assertion of Theorem 24
can be stated as zpe—2u+1 > 0 = p = 1 because all other situations are impossible
(see the statement of Theorem 23).

Let zoe—2m+1 > 0, which induces the inequality wy < 0. On the one hand,
in this case R(wg) = |a|ei% and R(wy) = |a| (see the proof of Theorem 23).
Denote by ¥ (w) a branch of In R(w) which is continuous in C; and real at w,;
then Imy(wy) = 0 and Imyr(wg) = % + 2mn for some integer n. Item (b) of
Lemma 8 yields that n = 0 since R(w) ¢ 2 for all’® w, < |w| < —wg. That is to
say,

T wo R’ (w)
x = Imyr(wg) — Imiy(wy) = Im/ dw, (25)

Wy R(w)

12 The right-hand side follows from ez 12ps = eps - €2g4ps = Ceps - €_2g—ps = Q€_2q = Ueg.
13 ¢ R(w) € Q for some w € C4 satisfying |w| < |wg|, then zg cannot be the a-point of F(z) minimal
in absolute value; see the proof of Theorem 23 for the details.
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o zf(z) =0

o gz»)=0

72 .
Fig. 2 The solutions to Zg((;é)) = a, where f(z) =z+3,¢(z) = (z— 1)(z— 5) and @ is equal to i or £

where the integration is over any contour wholly lying in C.
On the other hand, the function

k
I (1 + %)
[12 (1 _ ﬂ)k
n=1 by

RF(w) = wPeAkw
is meromorphic in C. The domain D = {w € C : |w| < |wol, |[R*(w)| < |e|*}
is not empty since p > 0. Its boundary D\D is the analytic curve {w € C : |w| <
lwol, |R*(w)| = ||} because |R(lwole™@)| > |R(wo)| = || for any real o €
(—m,m) due to R(w) = R(w) and (13); this curve is closed but not necessarily
connected. By definition, the closure of D cannot contain any pole of R¥(w), so this
function is holomorphic in D. Cauchy’s argument principle states that

/ k '
§ Rw,, _1g B 4912, 26)
D\D

R(w) k Jp\p RF(w) k
where Z is the number of zeros of R¥(w) inside D counting multiplicities.

Since R(w) = R(w), the contour B\D is symmetric with respect to the real line.
Consequently, the left-hand side of (26) can be modified in the following way:

§ Wy (R0, R [ R,
D\D R(lU) Yy R(w) Yy R(w) 1% R(w)
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(a)

(b)

ImzA

x @ =el7"/3

oa-= eiﬂ/Z
Qo

x @ = ei2n/3

>
Rez

2(z3 4+ 1)(z3 +3)(z3 +4)
(z3 - 1)(z3 - 5)

F(z) =

* a=el7/3
oa=e”/?
X @ = ei27r/3

Rez

@ +DE2+3)=2+4)
z(z3 = 1)(z3 = 5)

F(z) =

Fig. 3 The solutions to F(z) = « with k = 3, p = £1 for different values of « (the isoline |F(z)| = 1
and zeros of the numerator and denominator of F have the same marks as in Fig. 2)
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where the contour y can be any contour lying wholly in C., which starts at w, and
ends at wg. On account of (26), we, therefore, have the following expression:

R’ Z
Im/ W) dw=—m
Y

R(w) k

contradicting (25) unless Z = 1. However, p is the multiplicity of the zero of R¥(w)
atthe origin,sol =2Z > p > 1. 0O

Observe that the change of variable z — ¢e_j implies z¥ — —¢*. Hence, the function

- o
F(¢) = —Fé_e”_l) — PeA Eg; E: J_r Z))

ay

has the form (23) with a positive power of ¢ as the first factor provided that p < 0.
Moreover,

~ e_ _
F@y=a & F@)=—F=4
o€ 0y x < @€ Q 2g4xp-1 and 27)
ae_og1x >0 &= aerg_xip > 0.

In this way the case of p < 0 can be reduced to the situation studied in the last two
theorems. Unfortunately, the notation convenient in Theorem 23 does not suit this case
well as it induces more complicated relations.

Theorem 25 Suppose that all conditions of Theorem 23 hold except that p < O.

If a € Q2y—x, then the a-point zo of F(z) closest to the origin is simple and
differs in argument and absolute value from the succeeding «-point. Furthermore,
20 € Qam—o Where o := x for even p, o := 1 — x for odd p, and the integer m
satisfies' pm = g — (—1)° [£] (mod k).

Ifae_ 24y > 0, where p and x have the same parity, then the a-point zq of F(z)
closest to the origin is simple and differs in argument and absolute value from the
succeeding a-point (or points). Moreover, zoe—_ym+1 > 0 for pm = q + ’Vprl-‘
(mod k).

Ifae_ 244, > 0, where p and x have distinct parity, then the two zeros of F(z) — o
closest to the origin (counting double zeros as two) are equal in absolute value or
in argument. In the latter case, which is only possible when p = —1, both the zeros
belong to the ray {ze—a, > 0}. In the former case, one of them belongs to Q2 and

another belongs to Q —2s_2m—1. Here m solves pm = q — IVPT'H—‘ (mod k) and s is

as in Remark 19.

14 Recall that [%] stands for the minimal integer greater than or equal to % .Here | [%1 ‘ < | % | since p < 0.
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Proof With the notation

x—p—1

5 —‘ and x:=2g+2q —x+p-+1, (28)

21':=—q+[

the relations (27) immediately yield

~ Theorem 23
a € Qoy-—x & &€ Qg5 —— 0 € Qoi-z < 20 € Q271>

where m satisfies (—p) -m = ¢ (mod k) and ¢ is the solution to F (¢) = a minimal
in absolute value. That is, modulo k we have

_ "% —p— 1—‘ g+ L, if p is even, 29)
m=qg—|——| =
pm =4 2 g+~ if pisodd.

Let m denote an integer such that zg € Q»,,—, for some o € {0, 1}. Then necessar-
ily2m —o = 2m —% —1 (mod 2k), which is satisfiedbym = m —x ando = 1 —Xx.
Therefore, the second of the expressions (28) yields % = 1 — x if p is even and % = x
if p is odd. The relation (29) within these settings becomes

- q+5—px, if piseven;  [q+ (—D*5, if p is even;
pm = g+ —%(p+1),  ifpisodd g+ D72 i pisodd

modulo k. Since p < 0, the last equality implies
pm=q+ 0" [ == 07 [£]  mod .

However, this relation coincides with the relation for m suggested by the statement of
the theorem. For the corresponding illustration, see Fig. 3b, o = ¢/"/2.

When « satisfies ae_oz > 0, from the relation (27) we have —2¢ = 2g — »x + p
(mod 2k), which determines the pair ¢, x satisfying the inequality e 244, > 0
instead of (28). In particular, p and x have the same parity. So, zoe_2m+1 = Coe—2m >
0 for

-~ p—x 1
pm=—(=p)-m=—q=q+ 3 =q+ 5 (mod k).

The corresponding plot can be found in Fig. 3b, a = ¢/™/3.
Whenae_s741 > 0, therelation —2g+1 = 2g —x+p (mod 2k) provides another

pair ¢, » making the inequality ae_544, > O true. This gives us that z9 € Q252

or zoe—2m+2 > 0 (the latter is only possible for p = —1 by Theorem 24) whenever
— ~ p—1—x
pmz—qzq—l—T (mod k).
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The change m :=m — 1 gives zg € Qay Or Zoe—2, > 0 whenever

Cl—x Y14 +1
pm=g—p+ L% : N kit = _[_pzw (mod k).

For zo € Q2 the integer s defined as in Remark 19 provides the expression Zpe_a;
for the a-point of F(z) which is equidistant with zo from the origin. See the relevant
example in Fig. 3b, o = ¢!27/3. O

Remark 26 Suppose that a function H(z) has the form (23). Then the last three
theorems give a straightforward conclusion concerning the solution of the equa-
tion H(1/z) = « with the maximal absolute value. It is of special interest when H (z)
is rational: then both H (z) and H (1/z) can be represented as in (23).

7 Zeros of entire functions

Let the positive integers j and k be coprime and k > 2. Theorems 20, 22-25 admit a
transition to describing the zeros of functions of the forms

Hi(z) = (") +2/g(Z") and Ha(z) := g(z") + 2/ f (D),

where the functions f(z) and g(—z) are entire, have genus 0 and only negative zeros.
At least one of the functions f and g needs to be non-constant to exclude the trivial
case. Note that both functions f(z¥)/f(0) and g(z¥)/g(0) must be real. They have
no common zeros; therefore f(zk) # 0, g(zk) # 0 and z # 0 when Hi(z) = 0
or Hy(z) = 0.

To adapt the facts stated in Sects. 5 and 6 for studying zeros of the functions H;
and H,, put

L FEH/fF0)

i FEHI O PR (O
g(z5)/g(0)’ o) Y= TT)

Fi(z) := = = .
(@) =z © e/ 70)

F(2) (30)

Then the following identities hold:
F ; F
Hi(z) = (1 - ?) z-’g(zk) and H)(z) = (1 - ?) g(zk). (31

Recall that z/ g(zF) and H;(z) have no common zeros for i = 1, 2. Therefore, the
equalities (31) imply that

Fiz)=a <= Hi(z) =0 and Fr(z) =a <= H(z) =0.
That is, the zero set of H;(z) coincides with the a-set of F;(z) fori = 1, 2. Moreover,

the equalities (31) give that each «-point z, of the function F;(z) is the zero of H;(z)
with the same multiplicity.
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Since the functions F;(z) have the form (23), the zeros of H;(z) fori = 1,2 are
located as is asserted about «-points of F;j(z) by Theorems 20, 22-25 witho = — F0)

and p = (—=1)" - j.

Remark 27 Some extensions of the fact proposed in the current section are possible.
Here we give two examples. However, it is unclear whether studying such functions
is well-motivated.

1. Assume that f(z) and g(z) are functions regular and non-zero at the origin and

that g{(_zz)) does not coincide with z” up to a constant (to suppress the trivial

case). From the comparison of the formulae (30) with (15) and (23) it is seen
that f(z)/f(0) and g(—z)/g(0) can be allowed to have the form

Moo (14 2)
Moo (1-5)

In other words, if f(0), g(0) € C\{0} then f(z)/f(0) and g(—z)/g(0) can gen-
erate any totally positive sequences (see the subsection “Definitions” of Sect. 1)
which start with 1. Indeed, after multiplying H; by the denominators of f(z*)
and g(z¥) we obtain the entire function H; with the same zeros as H;. Then
it is enough to note that the exponential factor originating from those of f(z¥)
and g(z¥) is allowed in the representation (23). So, the result of the current section
extends to such functions without any changes.

2. Let f(z) and g(—z) be non-trivial functions generating doubly infinite totally
positive sequences up to complex constant factors, i.e. let them be of the form (1),
where the constant C is an arbitrary number in C\{0}. In addition let f(z) #
const - z” g(—z). With the help of analogous manipulations we still can obtain a
transition of Theorems 20 and 22; it is enough additionally to factor some power
of z out of H; (this cannot change the zero set excepting the origin).

e where A > Oand a,, b, >0 forall u,v. (32)

Remark 28 Allowing f(z) and g(—z) to be arbitrary functions of the forms (32) or (1)
with C € C\{0} can be useful in the following sense. Consider the power series

f@= D fif and g = D g"

n=-—0o0 n=—oo

such that f, # folf”fln and g, # g(lfmg{" for some n,m € Z. Then (see the
explanation on Page 2) the series converge and the functions f(z)/fy and g(—z)/go
generate totally positive sequences (possibly doubly infinite) if and only if the Toeplitz
matrices (f”—i/fo);j,:—oo and ((—1)”_ign_i/g0)z<:l:_oo have all their minors non-
negative. However, then

oo oo

Hi@) = > (fut+2/g)d" and Hy2)= D (g0 +2/ fu)"

n=—0oo n=—0o

@ Springer



560 A. Dyachenko

are the Laurent series. This gives us the conditions in terms of the Laurent coefficients
of H|(z) and H;(z) which show that the zeros of H;(z) and H;(z) are located according
to Theorems 20 and 22 (and to Theorems 23—-25 when the series f(z), g(z) are not
doubly infinite, that is the limiting functions are meromorphic).

8 Conclusions for the case k = 2

Note that in the particular case of p = =1 the relations modulo k from Theo-
rems 20, 22-25 have obvious solutions. The setting k = 2 (implying that p is odd)
also provides us with simple (and very useful) solutions. Let us restate the facts of
Sects. 5 and 6 for this particular situation.

Denote p = 2j 4 1. The congruence modulo & (a linear Diophantine equation)
from Theorem 20 becomes I = 1 + x + o0 +m (mod 2). If « € R (or i € R),
then the constant s in Theorems 22-25 equals O (or 1, respectively). The congruence
from Theorem 22 turns into / = 1 4+ m (mod 2). The equation from Theorem 23
becomes m = g (mod 2), and those from Theorem 25 become

g+j+1 (mod2), if o€ Oy or ae oy >0;
m=
g+ j (mod?2), if ae_oqy1 > 0.

Let N = (zn);’:] be the set of all a-points of F(z), where |z,—1| < |z,| for all n and
each «a-point counted according to its multiplicity. Then we have the following two
theorems as a summary:

Theorem 29 (cf. [9]) Let a function F (z) have the form (23), p =2j+ 1, j < 0 and

k = 2; then the a-points N = (z,)%_, of F(2) for a # 0 are distributed as follows:

(1) If Ima? # 0, then all a-points are simple and satisfying 0 < |z1| < |z2] <
-+, Im z% % 0 for every integer n > 0, and z, € Q implies that 7,41 €
O/ sign(im o2)- Moreover, (—=1)/ImaIm z; > 0 and Im «’Re z;Im z; < 0.

(2) If Ima = 0, then a-points lie outside the imaginary axis and satisfy 0 < |z1] <
|22 < |z3] < |z4] < |z5| < ..., they are simple except real o-points which
can be simple or double. Moreover, for each positive integer n the following five
conditions hold:

|z2n—11 = lz2n| = z20—1 = Z2n,
lzon—1] < |zon| = Argzop—1 = Argzz, € {0, 7},
lzil < l|z2l = j=-1,
Re zp,Re 72,41 < 0 and (=1)/aRez; < 0.
(3) If Rea = 0, then a-points lie outside the real axis and satisfy 0 < |z1] < |z2] <
|z3] < |z4| < |z5] < ..., they are simple except purely imaginary a-points which
can be simple or double. Moreover, for each positive integer n the following five

conditions hold:

|220] = 22041l == 220 = —Z2041,
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|220| < |z2n41] = Argza, = Argza.41 € {5, 5},

Imzo,—i1Imzz, <0, (=1)/Imalmz; >0 and Rez; = 0.

Theorem 30 Let a function F(z) have the form (23), p =2j+1, j > 0and k = 2.
Then the a-points N = (z,)5_; of F(2) for a # 0 are distributed as follows:

(4) If Im o # 0, then all a-points are simple and satisfying 0 < |z1] < |z2| < ...,
Im z2 # Oforeveryintegern > 0,andz, € Q;impliesthatz,+, € Ol sign(Ima?)-
Moreover, Imalmz; > 0 and ReaRe z; > 0.

(5) If Im « = 0, then a-points lie outside the imaginary axis and satisfy 0 < |z1| <
|z2] < |z3] < |z4] < |z5] < ...; they are simple except real a-points which
can be simple or double. Moreover, for each positive integer n the following five
conditions hold:

|22n] = |12n+1| = 1 = Ln+l1
|zon] < [z2n+1l = Argzon = Argzop+1 € {0, 7},
Rezr,_1Rezp, <0, Rez; =0 and az; > 0.

(6) If Rea = 0, then a-points lie outside the real axis and satisfy 0 < |z1] < |z2] <
|z3] < |z4| < |z5| < ..., they are simple except purely imaginary a-points which
can be simple or double. Moreover, for each positive integer n the following five
conditions hold:

|z2n—11 = 220l = Z2n—1 = —Z2n,
|Z2n—1] < |220] = Arg 22,1 = Argza, € {-%. 5},
lz1] < lz2] = j =0,
Im zp,Imz2,41 <0 and Imalmz; > 0.

Remark 31 The two last theorems have analogous statements if, instead of F(z) sat-
isfying (23), we take a function G(z) of the more general form (15). Then, generally
speaking, we cannot assert where the a-point of smallest absolute value occurs (it may
not even exist).

Remark 32 Note that in all cases (1)—(6) the a-point split evenly among the quadrants
of complex plane. That is, if the «-set of a function satisfies (1) or (4), then for any
r > 0 the number of «-points in the finite sector {z € O, : |z| < r} can differ from
the number of «-pointsin {z € Q; : |z] < r}atmostby 1 (heren, j =1,...,4). The
cases appearing in (2), (3), (5) and (6) are the “degenerated” ones of (1) and (4) with
possible ingress of some «-points into the real or imaginary axes.

Let us turn to zeros of entire functions by applying the idea of Sect. 7. An entire
function H(z) = > o) f22", fo # 0, splits up into the even and odd parts according to

H(z) = f(z?) + zg(—z%), where (33)
f)= ZO fwz"  and  g(2) = ZO San+12". (34)
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Since

f&Ofo _ S
28(=22)/fi fo’

zeros of H(z) are distributed as stated in Theorem 29 if both f(z)/fo and g(2)/fi
have only negative zeros and the genus equal to O up to factors of the form ¢“%, ¢ > 0.
Similarly, zeros of H(z) are distributed as stated in Theorem 30 provided that both
f(2)/fo and g(z)/f1 have only positive zeros and the genus equal to O up to factors
of the form e~“%, where ¢ > 0.

H(iz) =0 <

Definition (cf. [24, p. 129]) A real entire function H () = () +2zg(Z?) is strongly
stable if £(z2) + (1 + 17)zg(z?) has no zeros in the closed right half of the complex
plane for all complex 1 which are small enough. This is the “proper” extension to
entire functions of the polynomial stability, and all stable polynomials are strongly
stable. The strong stability can be understood as the “infinitesimal” robust stability; the
robustness means a certain reserve against some kind of perturbations. Recall that H(z)
is strongly stable whenever H (iz) belongs to the class {1, which is introduced in [7,
Chapter IV, Sect. 6] and in [19, p. 307].

Remark 33 1f H )=f @A+ 78 (A isa strongly stable function of genus at most 1,
then zeros of the function H(z), which is defined by (33), are distributed as stated in
Theorem 29. Indeed, the Hermite-Biehler theorem then implies that f(g) and g(z)
have genus 0 and their zeros are negative, simple and interlacing. In that case, the
interlacing property of f(z) and g(z) remains redundant.

Observe that if a complex number u satisfies u* = —1 (i.e. u is a primitive 8th
root of unity), then we have the identity

o0 o
DT ) =
n=0 n=0

o0 o0 )
4n(n—1)_2 421 2041
= z oaptrr=hz2n 4 E S al
n=0 =0

o0 o0
nn—1) 2 _
= E fal T 4 E fousr(=DF p 2
n=0 =0

oo o
=D fud T (=D fun?

n=0 =0
Consequently, the following fact is true:

Corollary 34 Consider the functions

o0 o0
n(n—1) —_ nn=1)
h()=D"i 7 fu" and h(z)=D i~ 7 fui",

n=0 n=0
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where f(z) = D02 fan2" and g(z) = D 02 fant12" are entire functions of genus 0
and have only negative zeros. For w =~/i, zeros of the function h(jiz) are distributed as
claimed in Theorem 29 for o = Tt f1 | fo and zeros of the function h(uz) are distributed
as claimed in Theorem 29 for o = [ f1/ fo.

9 Two problems by A. Sokal

“Disturbed exponential” function. Sokal [25] put forward the hypothesis that
Conjecture 1 The entire function

nn—1)
2 n

Fap=> 1= (35)
n=0

nl

where q is a complex number, 0 < |q| < 1, can have only simple zeros.

The function F is the unique solution to the Cauchy problem
Fl(2) =F(q2), FO) =1,

which can be checked by substitution. Moreover, when |¢| = 1 this function has the
exponential type 1, for g lower in absolute value the function F is of zero genus. The
stronger version of the conjecture claims that

Conjecture 2 The function F(z; q) forq € C, 0 < |q| < 1, can have only simple
zeros with distinct absolute values.

The case of positive g was studied extensively. It is known that all zeros of F
are negative (see [17, pp. 35, 177], [23, pp. 90, 104] and [21]), simple and satisfy
Conjecture 2 as well as certain further conditions [18,20]. Conjecture 2 holds true
for negative g as well, see e.g. [9, pp. 11-12, 17-18]. The properties of F(z; q) for
complex g were studied in [2,11,28]. According to [25], Conjecture 2 is true if |g| < 1
and the zeros of F(z; g) are big enough in absolute value (Eremenko) as well as for
small |g|.

Let us prove that Conjecture 2 also holds true for purely imaginary values of the
parameter. As we pointed out, for positive g < 1 the function F(z;q) = f (zz) +
zg(z%) has only negative zeros. In particular, it is stable. The Hermite-Biehler theorem
(e.g. [7,19,24]) implies that the zeros of f(z) and g(z) are negative and interlacing.
Therefore, by Corollary 34 the zeros of F(z; £ig) with 0 < ¢ < 1 are simple and
their absolute values are distinct. O

The family of polynomials

N N n nn—1)
Py =3\, )" T

n=0
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is relevant to the function F(z; ¢) and approximates this function in the sense that

N need ~
Py (v i) =2 (1-) (1) - (115 ) S e

The polynomial version of the conjecture has the following form:

Conjecture 3 For all N > 0 the polynomial Py(z; q) where |q| < 1 can have only
simple roots, separated in absolute value by at least the factor |q]|.

The original statement (which is equivalent to the one given here) is concerned
with the family of polynomials { Py (zw™~; w‘z)}NeZ>o, where w2 = ¢. Observe
that Conjecture 3 = Conjecture 2 =—> Conjecture 1. The approach for F(z; q)
extends to the polynomials Py (z; ¢) without changes. Their zeros are negative for
positive g provided that the polynomials coincide with the action of the multiplier
sequence'® (¢""~D/2)* "on the polynomial (z + 1)". This justifies the assertion
of Conjecture 3 for purely imaginary g without bounds on the ratio of subsequent (by
the absolute value) roots.

Fartial theta function An analogous problem by Sokal appears in [15]. The partial
theta function

00
nn—1)
Ozg)=2.9 7
n=0

has only negative zeros whenever 0 < g < g =~ 0.3092493386, which is shown
in [15] (see also [14]). Splitting it into the even part f(z%) and the odd part zg (z3)
gives

Oo(z; q) = f(z%) +z8(z%),
nn=1)

@) = an(anl)Zn:an(2n72)(qz)nZZ <q4) 2 (g =00(qz: ¢
n=0

n=0 n=0
and
o o n
2(2) = an(Zn-H)Zn _ an(Zn—z) (q3z) =0 (q3z; q4) .
n=0 n=0

Thus, both f(z) and g(z) have only negative zeros whenever 0 < ¢* < g. Therefore,
by Corollary 34 all zeros of ®q(z; ig) are simple and distinct in absolute value if 0 <
g* < g, thatis if 0 < ¢ < ¢4 ~ 0.7457224107. This is a partial positive answer to
the following question:

15 The definition and properties of multiplier sequences can be found in e.g. [23], [22, Chapter II] and [19,
Chapter VIIL, Sect. 3]. The fact that (q" (n=1)/ 2);‘;0 is a multiplier sequence (of the firstkind) for0 < g < 1
was first shown by Laguerre [17, p. 35]. The more modern proof follows from Satz 10.1 of [22, p. 42] applied
to the function ®(z) := exp (%z(z —1)-In q).
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Problem 4 (see [15, p. 832]) Is it true that all zeros of ®¢(z; ¢) remain simple within
the open disk |¢| < g?

With the help of exactly the same manipulations we could deduce that, for example,
the (Jacobi) theta function

o0
nn—1)
O(z;ig) = Z (ig)" 7 7", 0<gq<,

n=—oo

also has its zeros simple, distinct in absolute value and residing in the quadrants of
the complex plane rotated by 7 /4 (according to the Remark 31). However, this is
redundant (although yet instructive) because the exact information is provided by the
Jacobi triple product formula (see e.g. [13, Theorem 352]) which is valid for any
complex z # 0 and |g| < 1:

9]

. |
n(n—1) . . J
> ¢" T = -a) (1+297") (1+q7).
n=—oo

j=1
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