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Abstract
In this paper we consider single-machine scheduling problems with group technology, where
the group setup times are general linear functions of their starting times and the jobs in
the same group have general truncated learning effects. The objective is to minimize the
makespan and total completion time, respectively. We show that the makespan minimization
remains polynomially solvable. For the total completion time minimization, optimal proper-
ties are presented and then we introduce some heuristic algorithms and a branch-and-bound
algorithm.

Keywords Scheduling · Deteriorating job · Learning effect · Group technology ·
Single-machine
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List of symbols
GT Group technology
m Number of groups (m ≥ 2)
Gi Group i , i = 1, 2, . . . ,m
ni Number of jobs belonging to Gi , i = 1, 2, . . . ,m
n Total number of jobs, i.e., n1 + n2 + · · · + nm = n
Ji j Job j in Gi , i = 1, 2, . . . ,m, j = 1, 2, . . . , ni
pi j Normal processing time of Ji j , i = 1, 2, . . . ,m, j =

1, 2, . . . , ni
pi[ j] Normal processing time of Ji[ j] scheduled in the j th position

of Gi , i = 1, 2, . . . ,m, j = 1, 2, . . . , ni
ai Normal setup time of Gi , i = 1, 2, . . . ,m
bi Setup deterioration rate of Gi , i = 1, 2, . . . ,m
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ti Start setup time of Gi , i = 1, 2, . . . ,m
θi Truncation parameter of Gi , i = 1, 2, . . . ,m
sASTi Actual setup time of Gi , i = 1, 2, . . . ,m
pAPT
i jr Actual processing time of job Ji j scheduled in the r th position

of Gi , i = 1, 2, . . . ,m, j = 1, 2, . . . , ni
αi (αi1, αi2, αi3) Learning index of Gi , i = 1, 2, . . . ,m
βi (βi1, βi2, βi3) Learning index of Gi , i = 1, 2, . . . ,m
� : A job schedule of n jobs
Ci j = Ci j (π) Completion time for job Ji j in π

Cmax Makespan, i.e., Cmax = max{Ci j |i = 1, 2, . . . ,m, j =
1, 2, . . . , ni }∑∑

Ci j = ∑m
i=1

∑ni
j=1 Ci j Total completion time of all jobs

1 Introduction

In classical scheduling theory, it is assumed that the job processing times fixed and constant
values. In practice, however,we often encounter settings inwhich job processing timesmaybe
subject to change due to the phenomenon of deterioration and/or learning. Extensive surveys
of scheduling problems involvingdeteriorating jobs (time-dependent processing times) canbe
found in Alidaee andWomer (1999), Cheng et al. (2004), Yin et al. (2015) and Gawiejnowicz
(2020a, b). More recently, Pei et al. (2019) considered the parallel-batching scheduling with
step-deteriorating jobs. For the objective of maximising the total net revenue, they proposed
some solution algorithms. Qian and Han (2022) (resp. Miao et al. 2023; Mao et al. 2023; Lu
et al. 2024) studied the due-date (resp. due-window) assignment scheduling with delivery
times and deterioration effects. Sun et al. (2023) considered the single-machine maintenance
activity scheduling with deterioration effects. Wang et al. (2023b) and Wang et al. (2024d)
addressed single-machine resource allocation scheduling with deterioration effects. Zhang
et al. (2023) and Li et al. (2024b) studied the single-machine two-agent scheduling with
resource allocations and deterioration effects. Lv and Wang (2024a) considered the no-idle
flow shop scheduling with deterioration effects. Under common due date, they proved that
some special cases are polynomially solvable. Lv et al. (2024) studied the single-machine
scheduling with ready times and deterioration effects. For the total weighted completion time
minimization, they proposed a branch-and-bound algorithm and some heuristic algorithms.
Mao et al. (2024) considered the single-machine delivery times scheduling with general
deterioration effects. They proved that the makespan minimization is polynomially solvable.
Zhang et al. (2024) studied the single-machine scheduling problems with deteriorating jobs.
For the slackduewindow, theyproved that theminmax typeproblem is polynomially solvable.

In addition, extensive surveys of research related to scheduling with learning effects were
presented by Biskup (2008) and Azzouz et al. (2018). More recently, Qian and Zhan (2021)
and Wang et al. (2023a) studied the single-machine scheduling with delivery times and
truncated learning effect. Under the due date assignment, they proved that some problems
can be solved in polynomial time. Sun et al. (2021) (resp. Li et al. 2024c) considered the
flow shop scheduling with learning effects (resp. truncated learning effects). For the total
weighted completion time (resp. makespan) minimization, Sun et al. (2021) (resp. Li et al.
2024c) proposed some solution algorithms. Wang et al. (2021), Wang and Wang (2023) and
Qian et al. (2024) considered the single-machine resource allocation scheduling with learn-
ing effects. Zhao (2022) (resp. Wang et al. 2024b) studied the single-machine scheduling
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problems with truncated learning effects and setup (resp. delivery) times. Ma et al. (2023)
considered the single-machine online scheduling with learning effect. For the sum of com-
pletion times, they designed an optimal online algorithm. Lv and Wang (2024b) addressed
the two-machine flow shop scheduling with release dates and truncated learning effects. For
the total completion time minimization, they proposed a branch-and-bound algorithm and
some heuristic algorithms.

On the other hand, the production efficiency can be increased by grouping various parts
and products with similar designs and/or production processes, this phenomenon is known as
group technology. Group technology that groups similar products into families helps increase
the efficiency of operations and decrease the requirement of facilities (Potts and VanWassen-
hove 1992; Kuo and Yang 2006; Wu and Lee 2008a; Wu et al. 2008b; Wang et al. 2008; Yan
et al. 2008; Wang et al. 2009 and Lee and Wu 2009). He and Sun (2015) considered single-
machine group scheduling problems with deterioration and learning effects. They showed
that the makespan and some special cases of total completion time minimizations remain
polynomially solvable. Huang (2019) and Liu et al. (2019) studied single-machine group
scheduling with deteriorating jobs. For the primary (resp. secondary) criterion of minimizing
the total weighted completion time (resp. maximum cost), they proved that the bicriterion
problem is polynomially solvable. Under ready times and makespan minimization, Liu et al.
(2019) proposed some solution algorithms. Miao (2019) studied parallel-batch makespan
minimization scheduling with deteriorating jobs. Under group technology, she proved that
two single-machine problems are polynomially solvable. Xu et al. (2021) investigated single-
machine group scheduling with deteriorating jobs and nonperiodical maintenance. He et al.
(2023) dealt with single-machine group scheduling with due-date assignment and resource
allocation. To solve the generalized case ofminimizing earliness-tardiness cost, they proposed
a branch-and-bound and heuristic algorithms. Yan et al. (2023) and Qian (2023) considered
single-machine group scheduling problems with learning effects and resource allocation.
Li et al. (2024a) addressed single-machine group scheduling with convex resource alloca-
tion, learning effects and due date assignment. To solve the generalized case of minimizing
the weighted sum of earliness, tardiness, common due date, resource consumption, and
makespan, they proposed the heuristic and branch-and-bound algorithms. Liu and Wang
(2023) and Wang and Liu (2024) studied single-machine group scheduling with resource
allocation. Under the due date, they proved that some special cases of the problem are poly-
nomially solvable.

Recently, Sun and Ma (2020) considered single-machine group scheduling with learning
effects and deteriorating jobs. They proved that the makespan and the total completion time
(under some special cases) problems remain polynomially solvable. This paper extends the
results of Sun andMa (2020), by focusing on group setup times are general linear functions of
their starting times and the jobs in the same group have general truncated learning effects. The
main contributions of this article are given as follows: i) Single-machine group scheduling
with general linear deterioration and truncated learning effects is modeled and studied; ii)
For the makespan minimization, we prove the problem is polynomially solvable; iii) For
general case of the total completion time minimization, we propose some heuristics and a
branch-and-bound algorithm. The remaining part of the paper is organized as follows. In the
next section, a precise formulation is given. The problem of minimizing the makespan (resp.
total completion time) is given in Sect. 3 (resp. Sect. 4). The last section contains conclusions.
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2 Problem formulation

In this section, we first define the notation that is used throughout this paper (see the symbols
before the Introduction), followed by the description of the problem.

There are n jobs grouped into m groups, and these n jobs are to be processed on a
single machine. A setup time is required if the machine switches from one group to another
and all setup times of groups for processing at time t0 ≥ 0. The machine can handle one
job at a time and job preemption is not allowed. Let ni be the number of jobs belonging
to group Gi , thus, n1 + n2 + · · · + nm = n. Let Ji j denote the j th job in group Gi ,
i = 1, 2, . . . ,m; j = 1, 2, . . . , ni . As in Browne and Yechiali (1990), the actual setup time
of Gi is:

s ASTi = ai + bi ti , i = 1, 2, . . . ,m, (1)

where ai (resp. bi ) is the normal setup time (resp. setup deterioration rate) ofGi and ti denotes
the start setup time of Gi . As in Zhao (2022), if job Ji j in group Gi is scheduled in the r th
position, then the actual job processing time of it is

pAPT
i jr = pi j max

{

fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r), θi

}

, i = 1, 2, . . . ,m; r , j = 1, 2, . . . , ni ,

(2)

where pi j is the normal (basic) processing time of job Ji j ,
d fi (x)
dx ≤ 0, d2 fi (x)

dx2
≥ 0, d

2hi (x)
dx2

≤
0, gi (r) is a non-increasing function with fi (0) = 1, hi (0) = 0, gi (1) = 1 and 0 ≤ θi ≤ 1 is
a truncation parameter of group Gi ,

∑0
l=1 hi (pi[l]) := 0. Note that Yan et al. (2008), Yang

and Yang (2010) considered the following models: pAPT
i jr = pi j rαi1 , i = 1, 2, . . . ,m; r , j =

1, 2, . . . , ni , and pAPT
i jr = pi j

(
1 + pi[1] + pi[2] + · · · + pi[r−1]

)αi2 , i = 1, 2, . . . ,m; r , j =
1, 2, . . . , ni , where αi1 ≤ 0 (αi2 ≤ 0) is a constant learning index of group Gi .
As in Wang and Xia (2005) and Cheng et al. (2009), the job processing time models
also are: pAPT

i jr = pi j
(
1 + ln pi[1] + ln pi[2] + . . . + ln pi[r−1]

)αi3 , pAPT
i jr = pi jβi1r−1,

pAPT
i jr = pi jβi2(pi[1]+pi[2]+···+pi[r−1]), i = 1, 2, . . . ,m; r , j = 1, 2, . . . , ni , and pAPT

i jr =
pi jβi3(ln pi[1]+ln pi[2]+···+ln pi[r−1]), i = 1, 2, . . . ,m; r , j = 1, 2, . . . , ni , where αi3 ≤ 0,
0 < βi1, βi2, βi3 ≤ 1 is a constant learning index of group Gi .

For a given schedule �, let Ci j (�) represent completion time of job Ji j in group Gi .
The objective is to find a schedule that minimizes the makespan Cmax = max{Ci j |i =
1, 2, . . . , f ; j = 1, 2, . . . , ni } and total completion time

∑∑
Ci j = ∑m

i=1
∑ni

j=1 Ci j . By
using the three-field notation, the problems can be denoted by

1

∣
∣
∣
∣
∣
s ASTi = ai + bi ti , p

APT
i jr = pi j max

{

fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r), θi

}

,GT

∣
∣
∣
∣
∣
Cmax (3)

and

1

∣
∣
∣
∣
∣
s ASTi = ai + bi ti , p

APT
i jr = pi j max

{

fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r), θi

}

,GT

∣
∣
∣
∣
∣

∑∑
Ci j ,

(4)

where GT denotes the group technology. Sun and Ma (2020) considered the learning

effect model pAPT
i jr = pi j Fi

(∑r−1
l=1 χil pi[l], r

)
, where χi1 ≤ χi2 ≤ · · · ≤ χini ,
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0 ≤ Fi
(∑r−1

l=1 χil pi[l], r
)

≤ 1 is a non-increasing function on
∑r−1

l=1 χil pi[l] and r , where

Fi (
∑0

l=1 χil pi[l], 1) = 1. Sun and Ma (2020) proved that 1
∣
∣s ASTi = ai + bi ti , pAPT

i jr

= pi j Fi
(∑r−1

l=1 χil pi[l], r
)

,GT
∣
∣Cmax and a special case of 1

∣
∣s ASTi = ai + bi ti , pAPT

i jr =
pi j Fi

(∑r−1
l=1 χil pi[l], r

)
,GT

∣
∣
∑ ∑

Ci j are polynomially solvable.

3 Makespanminimization

Lemma 1 (Niu et al. 2015)M(x) = fi (V+hi (x))gi (r+1)− fi (V )gi (r)
x is a non-decreasing function

on x, where V > 0, d fi (x)
dx ≤ 0, d2 fi (x)

dx2
≥ 0, d2hi (x)

dx2
≤ 0, gi (r) is a non-increasing function

with hi (0) = 0, gi (1) = 1, and x ≥ 0.

Theorem 1 For 1
∣
∣
∣s ASTi =ai + bi ti , pAPT

i jr = pi j max
{
fi

(∑r−1
l=1 hi (pi[l])

)
gi (r), θi

}
,GT

∣
∣
∣

Cmax, the optimal job sequence in each group is obtained by the nondecreasing order of pi j ,
i.e.,

pi〈1〉 ≤ pi<2> ≤ · · · ≤ pi<ni>, i = 1, 2, . . . ,m.

Proof For the group Gi , let πi = [s1, Ji j , Jik, s2], π ′
i = [s1, Jik, Ji j , s2], where s1 and s2 are

partial schedules, pi j ≤ pik , and there are r − 1 jobs in S1. Under πi and π ′
i , we have

Cik(πi ) = W + pi j max

{

fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r), θi

}

+pik max

{

fi

(
r−1∑

l=1

hi (pi[l]) + hi (pi j )

)

gi (r + 1), θi

}

, (5)

and

Ci j (π
′
i ) = W + pik max

{

fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r), θi

}

+pi j max

{

fi

(
r−1∑

l=1

hi (pi[l]) + hi (pik)

)

gi (r + 1), θi

}

, (6)

where W is the completion time of the last job in s1.
From (5) and (6), we have

Ci j (π
′
i ) − Cik(πi ) = (pik − pi j )max

{

fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r), θi

}

+pi j max

{

fi

(
r−1∑

l=1

hi (pi[l]) + hi (pik)

)

gi (r + 1), θi

}

−pik max

{

fi

(
r−1∑

l=1

hi (pi[l]) + hi (pi j )

)

gi (r + 1), θi

}

. (7)

123



386 Page 6 of 31 N. Yin et al.

Case 1): If fi
(∑r−1

l=1 hi (pi[l])
)
gi (r) ≤ θi , from (7), we have

Ci j (π
′
i ) − Cik(πi ) = (pik − pi j )θi + pi jθi − pikθi = 0. (8)

Case 2): If fi
(∑r−1

l=1 hi (pi[l])
)
gi (r) > θi ≥ fi

(∑r−1
l=1 hi (pi[l]) + hi (pi j )

)
gi (r + 1),

from (7), we have

Ci j (π
′
i ) − Cik(πi ) = (pik − pi j ) fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r) + pi jθi − pikθi

= (pik − pi j )

[

fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r) − θi

]

≥ 0. (9)

Case3): If fi
(∑r−1

l=1 hi (pi[l]) + hi (pi j )
)
gi (r+1) > θi ≥ fi

(∑r−1
l=1 hi (pi[l]) + hi (pik)

)

gi (r + 1), from (7), we have

Ci j (π
′
i ) − Cik(πi )

= (pik − pi j ) fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r)

+ pi jθi − pik fi

(
r−1∑

l=1

hi (pi[l]) + hi (pi j )

)

gi (r + 1)

≥ (pik − pi j ) fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r) + pi j fi

(
r−1∑

l=1

hi (pi[l]) + hi (pik)

)

gi (r + 1)

− pik fi

(
r−1∑

l=1

hi (pi[l]) + hi (pi j )

)

gi (r + 1)

= pi j pik

[ fi
(∑r−1

l=1 hi (pi[l]) + hi (pik)
)
gi (r + 1) − fi

(∑r−1
l=1 hi (pi[l])

)
gi (r)

pik

−
fi

(∑r−1
l=1 hi (pi[l]) + hi (pi j )

)
gi (r + 1) − fi

(∑r−1
l=1 hi (pi[l])

)
gi (r)

pi j

]

= pi j pik

[
fi (V + hi (pik)) gi (r + 1) − fi (V ) gi (r)

pik

− fi
(
V + hi (pi j )

)
gi (r + 1) − fi (V ) gi (r)

pi j

]

, (10)

where V = ∑r−1
l=1 hi (pi[l]). From Lemma 1, if pi j ≤ pik , Ci j (π

′
i ) − Cik(πi ) ≥ 0.
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Case 4): If fi
(∑r−1

l=1 hi (pi[l]) + hi (pik)
)
gi (r + 1) > θi , from (7), we have

Ci j (π
′
i ) − Cik(πi ) = (pik − pi j ) fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r)

+pi j fi

(
r−1∑

l=1

hi (pi[l]) + hi (pik)

)

gi (r + 1)

−pik fi

(
r−1∑

l=1

hi (pi[l]) + hi (pi j )

)

gi (r + 1).

Similar to Case 3), we have C j (π
′) − Ck(π) ≥ 0. ��

Theorem 2 For 1
∣
∣
∣s ASTi =ai + bi ti , pAPT

i jr = pi j max
{
fi

(∑r−1
l=1 hi (pi[l])

)
gi (r), θi

}
,GT

∣
∣
∣

Cmax, the optimal group schedule is arranged in non-decreasing order of

ai + P̃i
bi

, i = 1, 2, . . . ,m, (11)

where

P̃i =
ni∑

z=1

pi〈z〉 max

{

fi

(
z−1∑

l=1

hi (pi〈l〉)
)

gi (z), θi

}

. (12)

Proof From Theorem 1, the optimal job sequence in each group is obtained by the nonde-
creasing order of pi j , i.e., pi〈1〉 ≤ pi〈2〉 ≤ · · · ≤ pi〈ni 〉, i = 1, 2, . . . ,m.. Let � and �′ be
two group schedules where � = [S1,Gi ,G j , S2], �′ = [S1,G j ,Gi , S2] and S1 and S2 are
partial sequences. Let t be the completion time of the last job in S1, for �, we have

Ci〈1〉](�) = t + ai + bi t + pi〈1〉 = ai + t(1 + bi ) + pi〈1〉,
Ci〈2〉(�) = Ci〈1〉 + pi〈2〉 max

{
fi

(
hi (pi〈1〉)

)
gi (2), θi

}

= ai + t(1 + bi ) + pi〈1〉 + pi〈2〉 max
{
fi

(
hi (pi〈1〉)

)
gi (2), θi

}
,

. . . . . .

Ci〈ni 〉(�) = ai + t(1 + bi ) +
ni∑

z=1

pi〈z〉 max

{

fi

(
z−1∑

l=1

hi (pi〈l〉)
)

gi (z), θi

}

.
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C j〈1〉(�) = Ci〈ni 〉(�) + a j + b jCi〈ni 〉(�) + p j〈1〉
= a j + Ci〈ni 〉(�)(1 + b j ) + p j〈1〉
= a j + ai (1 + b j ) + t(1 + bi )(1 + b j )

+ (1 + b j )

ni∑

z=1

pi〈z〉 max

{

fi

(
z−1∑

l=1

hi (pi〈l〉)
)

gi (z), θi

}

+ p j〈1〉,

C j〈2〉(�) = a j + ai (1 + b j ) + t(1 + bi )(1 + b j )

+ (1 + b j )

ni∑

z=1

pi〈z〉 max

{

fi

(
z−1∑

l=1

hi (pi〈l〉)
)

gi (z), θi

}

+ p j〈1〉 + p j〈2〉 max
{
fi

(
h j (p j〈1〉)

)
g j (2), θ j

}
,

. . . . . .

C j〈n j 〉(�) = a j + ai (1 + b j ) + t(1 + bi )(1 + b j )

+ (1 + b j )

ni∑

z=1

pi〈z〉 max

{

fi

(
h−1∑

l=1

hi (pi〈l〉)
)

gi (z), θi

}

+
n j∑

z=1

p j〈z〉 max

{

f j

(
z−1∑

l=1

h j (p j〈l〉)
)

g j (z), θ j

}

.

(13)

Similarly, for �′, we have

Ci〈ni 〉(�′) = ai + a j (1 + bi ) + t(1 + b j )(1 + bi )

+(1 + bi )

n j∑

z=1

p j〈z〉 max

{

f j

(
z−1∑

l=1

h j (p j〈l〉)
)

g j (z), θ j

}

+
ni∑

z=1

pi〈z〉 max

{

fi

(
h−1∑

l=1

hi (pi〈l〉)
)

gi (z), θi

}

. (14)

From (13) and (14), we have

C j〈n j 〉(�) − Ci〈ni 〉(�′)

= aib j + b j

ni∑

z=1

pi〈z〉 max

{

fi

(
h−1∑

l=1

hi (pi〈l〉)
)

gi (z), θi

}

−a jbi − bi

n j∑

z=1

p j〈z〉 max

{

f j

(
h−1∑

l=1

h j (p j〈l〉)
)

g j (z), θ j

}

= bib j

(
ai + P̃i

bi
− a j + P̃j

b j

)

≤ 0

if and only if

ai + P̃i
bi

≤ a j + P̃j

b j
,
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where P̃i = ∑ni
z=1 pi〈z〉 max

{
fi

(∑z−1
l=1 hi (pi〈l〉)

)
gi (z), θi

}
and P̃j = ∑n j

z=1 p j〈z〉 max
{
f j

(∑z−1
l=1 h j (p j〈l〉)

)
g j (z), θ j

}
, this completes the proof. ��

FromTheorems 1-2, 1
∣
∣
∣s ASTi =!ai+bi ti , pAPT

i jr = pi j max
{
fi

(∑r−1
l=1 hi (pi[l])

)
gi (r), θi

}
,

GT
∣
∣
∣Cmax can be solved by the following algorithm:

Algorithm 1.

Step 1. Jobs in each group are scheduled in non-decreasing order of pi j , i.e.,
pi〈1〉 ≤ pi〈2〉 ≤ . . . ≤ pi〈ni 〉, i = 1, 2, . . . ,m.

Step 2. Calculate ρ(Gi ) = ai+P̃i
bi

, i = 1, 2, . . . ,m, where

P̃i = ∑ni
z=1 pi[z] max

{
fi

(∑z−1
l=1 hi (pi[l])

)
gi (z), θi

}
.

Step 3. Groups are scheduled in non-decreasing order of ρ(Gi ), i.e., ρ(G1) ≤ ρ(G2) ≤ . . . ≤ ρ(Gm ).

Theorem 3 The 1
∣
∣
∣s ASTi =ai + bi ti , pAPT

i jr = pi j max
{
fi

(∑r−1
l=1 hi (pi[l])

)
gi (r), θi

}
,GT

∣
∣
∣

Cmax can be solved by Algorithm 1 in O(nlogn) time.

Proof Obviously, the optimal schedule in a certain group Gi can be obtained in O(ni logni )
and theoptimal group schedule canbeobtained inO(mlogm).Obviously

∑m
i=1 O(ni logni ) ≤

O(nlogn), hence, the total time for Algorithm 1 is O(nlogn). ��
Example 1 There are n = 10 jobs, where m = 3, n1 = n2 = 3, n3 = 4, t0 = 0,

fi
(∑r−1

l=1 hi (pi[l])
)

=
(
1 + ∑r−1

l=1 ln pi[l]
)αi

(αi ≤ 0), gi (r) = βi
r−1 (0 < βi ≤ 1),

and the other coefficients of all jobs are given in Table 1.

Solution:

Step 1. By Theorem 1, the optimal internal job sequences are:
π∗
1 : [J13 → J11 → J12],

π∗
2 : [J23 → J22 → J21],

π∗
3 : [J34 → J32 → J31 → J33].

Table 1 The values of Example 1

G1 G2 G3

ai 4 6 5

bi 6 10 2

αi −0.3 −0.32 −0.25

βi 0.8 0.9 0.75

θi 0.5 0.6 0.5

J11 J12 J13 J21 J22 J23 J31 J32 J33 J34

pi j 15 20 13 19 15 4 18 16 21 8
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Step 2. By Eqs. (11) and (12), we have

ρ(G1) = a1+P̃1
b1

= 5.865885,

ρ(G2) = a2+P̃2
b2

= 3.162026,

ρ(G3) = a3+P̃3
b3

= 20.77932.

Step 3. By Theorem 2, it follows that the optimal group schedule is �∗ : [G2 → G1 →
G3].

4 Total completion timeminimization

Theorem 4 For 1
∣
∣
∣s ASTi = ai + bi ti , pAPT

i jr = pi j max
{
fi

(∑r−1
l=1 hi (pi[l])

)
gi (r), θi

}
,

GT
∣
∣
∣
∑ ∑

Ci j , the optimal job sequence in each group is obtained by the nondecreasing

order of pi j , i.e.,

pi〈1〉 ≤ pi〈2〉 ≤ · · · ≤ pi〈ni 〉, i = 1, 2, . . . ,m.

Proof Similar to Theorem 1. For the group Gi , from schedules πi = [s1, Ji j , Jik, s2], π ′
i =

[s1, Jik, Ji j , s2] and pi j ≤ pik , we have

Ci j (πi ) = W + pi j max

{

fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r), θi

}

≤ Cik(π
′
i ) = W + pik max

{

fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r), θi

}

and Cik(πi ) ≤ Ci j (π
′
i ), hence Cik(πi ) + Ci j (πi ) ≤ Cik(π

′
i ) + Ci j (π

′
i ), this completes the

proof. ��

From Mosheiov (1991), the problem 1
∣
∣
∣pAPT

j = 1 + β j t j
∣
∣
∣
∑

C j is an open problem. In

order to determine the optimal group sequence, we have the following result:

Theorem 5 For

1

∣
∣
∣
∣
∣
s ASTi = ai + bi ti , p

APT
i jr = pi j max

{

fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r), θi

}

,GT

∣
∣
∣
∣
∣

∑ ∑
Ci j ,

if bi
ni (1+bi )

≤ b j
n j (1+b j )

⇒ ai+P̃i
ni (1+bi )

≤ a j+P̃j
n j (1+b j )

, the optimal group schedule is arranged in

non-decreasing order of bi
ni (1+bi )

or ai+P̃i
ni (1+bi )

, i = 1, 2, . . . ,m, where

P̃i =
ni∑

z=1

pi〈z〉 max

{

fi

(
z−1∑

l=1

hi (pi〈l〉)
)

gi (z), θi

}

and

P̃j =
n j∑

z=1

p j〈z〉 max

{

f j

(
z−1∑

l=1

h j (p j〈l〉)
)

g j (z), θ j

}

.
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Proof From Theorem 2, for � and �′, we have
∑ ∑

Ci j (�) −
∑ ∑

Ci j (�
′)

= tni n j (1 + bi )(1 + b j )

(
bi

ni (1 + bi )
− b j

n j (1 + b j )

)

+nin j (1 + bi )(1 + b j )

(
ai + P̃i

ni (1 + bi )
− a j + P̃j

n j (1 + b j )

)

.

If bi
ni (1+bi )

≤ b j
n j (1+b j )

and ai+P̃i
ni (1+bi )

≤ a j+P̃j
n j (1+b j )

, we have
∑∑

Ci j (�) ≤ ∑∑
Ci j (�

′), this
completes the proof. ��

4.1 Branch-and-bound algorithm

From Theorems 4-5, to solve

1

∣
∣
∣
∣
∣
s ASTi = ai + bi ti , p

APT
i jr = pi j max

{

fi

(
r−1∑

l=1

hi (pi[l])
)

gi (r), θi

}

,GT

∣
∣
∣
∣
∣

∑ ∑
Ci j ,

an heuristic algorithm is proposed (i.e., an upper bound of branch-and-bound algorithm).

Algorithm 2.

Step 1. Jobs in each group are scheduled in non-decreasing order of pi j , i.e.,
pi〈1〉 ≤ pi〈2〉 ≤ . . . ≤ pi〈ni 〉, i = 1, 2, . . . ,m.

Step 2. Groups are scheduled in non-decreasing order of
ρ(Gi ) = ai , i = 1, 2, . . . ,m.

Step 3. Groups are scheduled in non-decreasing order of
ρ(Gi ) = bi , i = 1, 2, . . . ,m.

Step 4. Groups are scheduled in non-increasing order of
ρ(Gi ) = ni , i = 1, 2, . . . ,m.

Step 5. Groups are scheduled in non-decreasing order of
ρ(Gi ) = ai

ni (1+bi )
, i = 1, 2, . . . ,m.

Step 6. Groups are scheduled in non-decreasing order of

ρ(Gi ) = bi
ni (1+bi )

, i = 1, 2, . . . ,m.

Step 7. Groups are scheduled in non-decreasing order of

ρ(Gi ) = ai+
∑ni

h=1 pi[h] max
{
fi

(∑h−1
l=1 hi (pi[l])

)
gi (h),θi

}

ni (1+bi )
, i = 1, 2, . . . ,m.

Step 8. Choose the one with smaller
∑ ∑

Ci j as the solution by Step 2-7.

Lemma 2 (Gawiejnowicz 2020a) The term
∑m

k=1 xk
∏m

l=k+1 yl can be minimized by the
non-decreasing order of xi

yi−1 .

Lemma 3 The term
∑m

k=1 xk
∏m+1

l=k+1 yl can be minimized by the non-decreasing order of
xi

yi−1 .
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Proof For δ = [s1, i, j, s2] and δ′ = [s1, j, i, s2], there is
m∑

k=1

xk

m+1∏

l=k+1

yl(δ) −
m∑

k=1

xk

m+1∏

l=k+1

yl(δ
′) = xi y j (yi+2...ym+1) + x j (yi+2...ym+1)

−x j yi (yi+2...ym+1) − xi (yi+2...ym+1)

= (yi+2...ym+1)[xi (y j − 1) − x j (yi − 1)]
= (yi+2...ym+1)(yi − 1)(y j − 1)

×
(

xi
yi − 1

− x j
y j − 1

)

≤ 0,

if and only if xi
yi−1 ≤ x j

y j−1 . ��
Lemma 4 The term

∑m
k=1 xk

∏k
l=1 yl can be minimized by the non-decreasing order of

yi−1
xi yi

.

Proof For δ = [s1, i, j, s2] and δ′ = [s1, j, i, s2], there is
m∑

k=1

xk

k∏

l=1

yl(δ) −
m∑

k=1

xk

k∏

l=1

yl(δ
′) = xi y1y2...yi + x j y1y2...yi y j

−(x j y1y2...y j + xi y1y2...y j yi )

= y1y2...yi−1[x j y j (yi − 1) − xi yi (y j − 1)]
= y1y2...yi−1xi yi x j y j

(
yi − 1

xi yi
− y j − 1

x j y j

)

≤ 0

if and only if yi−1
xi yi

≤ y j−1
x j y j

. ��
FromTheorem 4, the optimal job sequencewithin each group can be obtained, i.e., pi〈1〉 ≤

pi〈2〉 ≤ · · · ≤ pi〈ni 〉, i = 1, 2, . . . ,m.. Let � = (χ pp, χuu) be a group schedule, where χ pp

(resp. χuu) is the scheduled (resp. unscheduled) part, and there are ψ groups in χ pp , from
the proof of Theorem 2, we have

ψ∑

i=1

ni∑

j=1

Ci[ j](χ pp) +
m∑

i=ψ+1

ni∑

j=1

C[i][ j](χuu)

=
ψ∑

i=1

ni∑

j=1

Ci[ j](χ pp) +
m∑

i=ψ+1

n[i]

⎛

⎝
i∑

k=ψ+1

a[k]
i∏

l=k+1

(1 + b[l])

⎞

⎠

+ t

⎛

⎝
m∑

k=ψ+1

n[k]
k∏

l=ψ+1

(1 + b[l])

⎞

⎠

+
m−1∑

i=ψ+1

n[i+1]

⎛

⎝
i∑

k=ψ+1

˜P[k]
i+1∏

l=k+1

(1 + b[l])

⎞

⎠

+
m∑

i=ψ+1

n[i]∑

h=1

(
n[i] − h + 1

)
p[i]〈h〉 max

{

f[i]

(
h−1∑

l=1

h[i](p[i]〈l〉)
)

g[i](h), θ[i]

}

,

(15)
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where
∏k−1

l=k (1 + b[l]) = 1 and t is the completion time of the last job in χ pp ,

i.e., t = Cψ[nψ ](χ pp). From (15),
∑ψ

i=1

∑ni
j=1 Ci[ j](χ pp) and t = Cψ[nψ ](χ pp) are

constants,
∑i

k=ψ+1 a[k]
∏i

l=k+1(1+b[l]) (resp.
∑i

k=ψ+1
˜P[k]

∏i+1
l=k+1(1+b[l])) can be min-

imized according to Lemma 2 (resp. Lemma 3) by non-decreasing of ai
bi

(resp. P̃i
bi
), and

∑m
k=ψ+1 n[k]

∏k
l=ψ+1(1 + b[l]) can be minimized by the non-decreasing order of bi

ni (1+bi )
according to Lemma 4 (i ∈ χuu).

Let nmin = min{n[ψ+1], n[ψ+2], ..., n[m]}, hence, we have the following lower bound:

LB =
ψ∑

i=1

ni∑

j=1

Ci j (χ
pp) +

m∑

i=ψ+1

nmin

⎛

⎝
i∑

k=ψ+1

a〈k〉
i∏

l=k+1

(1 + b〈l〉)

⎞

⎠

+t

⎛

⎝
m∑

k=ψ+1

n〈〈k〉〉

k∏

l=ψ+1

(1 + b〈〈l〉〉)

⎞

⎠

+
m−1∑

i=ψ+1

nmin

⎛

⎝
i∑

k=ψ+1

˜P(k)

i+1∏

l=k+1

(1 + b(l))

⎞

⎠

+
m∑

i=ψ+1

n[i]∑

h=1

(
n[i] − h + 1

)
p[i]〈h〉 max

{

f[i]

(
h−1∑

l=1

h[i](p[i]〈l〉)
)

g[i](h), θ[i]

}

,

(16)

where
a〈ψ+1〉
b〈ψ+1〉 ≤ a〈ψ+2〉

b〈ψ+2]〉 ≤ · · · ≤ a〈m〉
b〈m〉 ,

b〈〈ψ+1〉〉
n〈〈ψ+1〉〉 (1 + b〈〈ψ+1〉〉) ≤ b〈〈ψ+2〉〉

n〈〈ψ+2〉〉 (1 + b〈〈ψ+2〉〉) ≤
· · · ≤ b〈〈m〉〉

n〈〈m〉〉 (1 + b〈〈m〉〉), and
˜P(ψ+1)
b(ψ+1)

≤ ˜P(ψ+2)
b(ψ+2)

≤ · · · ≤ ˜P(m)

b(m)
(where a〈i〉

b〈i〉 ,
b〈〈i〉〉

n〈〈i〉〉(1+b〈〈i〉〉) , and
P̃(i)
b(i)

do not necessarily correspond to the same job, i = ψ + 1, ψ + 2, ...,m). For G[i],
p[i]〈1〉 ≤ p[i]〈2〉 ≤ · · · ≤ p[i]<n[i]>, and the sequence of p(i)〈 j〉 involved in P(i) is the same
as that of G[i], that is, p(i)〈1〉 ≤ p(i)〈2〉 ≤ · · · ≤ p(i)〈n(i)〉, where j = 1, 2, ..., n(i).

From the upper bound (i.e., Algorithm 2) and lower bound (see Eq. (16)), a branch-and-
bound algorithm (B&B) is established as follows:

Algorithm 3. (B&B)

Step 1). Use Algorithm 2 to obtain an initial group sequence.
Step 2). Calculate the lower bound (see equation (16)) for the node (group). If the lower bound for an
unfathomed partial group schedule is larger than or equal to the objective value of the initial solution
(see equation (15)), eliminate the node and all the nodes following it in the branch. Calculate the
objective value of the completed group schedule (see equation (15)). If it is less than the initial solution,
replace it as the new solution; otherwise, eliminate it.

Step 3). Continue until all nodes have been explored.

4.2 Other algorithms

As in Nawaz et al. (1983) and Paredes-Astudillo et al. (2024), the following heuristic algo-
rithm (HA) can be proposed.
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Algorithm 4: HA

Step 1). Let �A be the group sequence obtained from Algorithm 2.
Step 2). Set λ = 2. Select the first two groups from the sorted list and select the better of the two possible
sequences. Do not change the relative positions of these two jobs with respect to each other in the
remaining steps of the algorithm. Set λ = 3.

Step 3). Pick the job in the λth position of the list generated in Step 1) and find the best group sequence
by placing it at all possible λ positions in the partial sequence found in the previous step,
without changing the relative positions to each other of the already assigned groups. The number of
enumerations at this step equals λ.

Step 4). If λ = m, STOP; otherwise, set λ = λ + 1 and go to Step 3).

As inHe et al. (2023), a tabu search (TS) algorithm is amethod for
∑∑

Ci j minimization.
The initial group sequence of the TS algorithm is decided by Algorithm 2, and the maximum
number of iterations for the TS algorithm is 1000 m.

Algorithm 5: TS

Step 1). Let the tabu list be empty and the iteration number be zero.
Step 2). Set the initial group sequence of the TS algorithm, calculate its objective cost (by equation (15)),
and set the current group sequence as the best solution �A∗.

Step 3). Search the associated neighborhood of the current group sequence and resolve if there is a group
sequence �A∗∗ with the smallest objective cost in the associated neighborhood and it is not in the
tabu list.

Step 4). If �A∗∗ is better than �A∗, then let �A∗ = �A∗∗. Update the tabu list and the iteration number.
Step 5). If there is not a group sequence in the associated neighborhood but it is not in the tabu list or the
maximum number of iterations is reached (i.e., 1000 m), then output the final group sequence.
Otherwise, update the tabu list and go to Step 3).

As in Li et al. (2024a, b), simulated annealing (SA) is also a method for
∑∑

Ci j mini-
mization.

Algorithm 6: SA

Step 1). Set the internal job sequence by the Second step of Algorithm 2.
Step 2). Use the pairwise interchange (PI) neighborhood generation method.
Step 3). Calculate the objective value of the original schedule �A .
Step 4). Calculate the objective value of the new schedule �A∗. If the �A∗ is less than �A , it is accepted.
Nevertheless, if the �A∗ is higher, it might still be accepted with a decreasing probability as the process
proceeds. This acceptance probability is determined by the following exponential distribution function:
P(accept) = exp(−α × TC), where α is a parameter and TC is the change in the objective
function. In addition, the method is used to change α in the kth iteration as follows: α = k

δ
, where δ is a

constant. After preliminary trials, δ = 1 is used.
Step 5). If �A∗ increases, the new sequence is accepted when P(accept) > β, where β is randomly
sampled from the uniform distribution.

Step 6). The schedule is stable after 1000m iterations.
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4.3 Number study

The heuristic algorithms (i.e., HA, TS, and SA) and the B&B algorithm were programmed in
C++ (carried out on CPU Interl core i5-8250U 1.4GHz PC with 8.00GB RAM), where n =
100, 200, 300, 400; m= 8, 9, 10, 11; pAPT

i jr = pi j max
{(

1 + ∑r−1
l=1 ln pi[l]

)αi
βi

r−1, θi

}

(αi ≤ 0, 0 < βi ≤ 1) and ni ≥ 1. The parameters setting is given as follows:
1) Real number: αi ∈ [−0.5,−0.1]; βi ∈ [0.4, 0.9]; θi ∈ [0.3, 0.6];
2) Integer number: ai ∈ [3, 50] and pi j ∈ [3, 50]; ai ∈ [51, 100] and pi j ∈ [51, 100];

ai ∈ [3, 100] and pi j ∈ [3, 100];
3) bi ∈ [0.01, 0.05]; bi ∈ [0.05, 0.15]; bi ∈ [0.15, 0.3].
For simulation accuracy, each random instance was conducted 20 times. The error of

algorithm H is calculated as
∑ ∑

Ci j (H)
∑ ∑

C∗
i j

, (17)

where H ∈ {H A, T S, SA}, ∑ ∑
Ci j (H) (resp.

∑ ∑
C∗
i j ) is the objective value (see (15))

generated by algorithm H (resp. B&B). In addition, running time (i.e., millisecond (ms)) of
HA, TS, SA and B&B is defined. From Tables 2, 3 and 4, the maximum CPU time of B&B
is 2,815,317 ms (i.e., n × m = 400 × 11). For the CPU time of B&B, bi ∈ [0.01, 0.05]
needs more time than bi ∈ [0.05, 0.15], and bi ∈ [0.05, 0.15] needs more time than bi ∈
[0.15, 0.3]. From Tables 5, 6 and 7, the maximum error of SA is less than HA and TS for
n×m ≤ 400×11 and the results of bi ∈ [0.01, 0.05] is more accurate than bi ∈ [0.05, 0.15]
and bi ∈ [0.15, 0.3].

To further compare the algorithms TS, SA and B&B, the parameters n = 300, m = 10,
bi ∈ [0.01, 0.05], bi ∈ [0.05, 0.15], and bi ∈ [0.15, 0.3] were given. The algorithms TS, SA
and B&Bwere individually executed on the same instance. For each combination, 20 random
instances were performed. It is also assumed that the CPU time for TS, SA are all obtained
fromB&B, that is, all three algorithms have the sameCPU time. In order to calculate the error∑∑

Ci j (H)
∑ ∑

C∗
i j

(H ∈ {T S, SA}), the total completion time values of TS and SA are obtained

and compared with the values obtained by B&B. From the data in Tables 8, 9 and 10, it can
be seen that SA is more accurate that TS, especially for n = 300, m = 10, bi ∈ [0.01, 0.05]
(i.e., there were 16 instances

∑∑
Ci j (SA)

∑∑
C∗
i j

= 1).
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Table 5 Error bound for ai ∈ [3, 50] and pi j ∈ [3, 50]

n × m bi

∑ ∑
Ci j (H A)

∑ ∑
C∗
i j

∑ ∑
Ci j (T S)

∑ ∑
C∗
i j

∑ ∑
Ci j (SA)

∑ ∑
C∗
i j

Avg Max Avg Max Avg Max

100×8 bi ∈ [0.01, 0.05] 1.0008 1.0027 1.014 1.0416 1 1

bi ∈ [0.05, 0.15] 1.0028 1.0093 1.0281 1.0643 1.0011 1.0093

bi ∈ [0.15, 0.3] 1.0168 1.0676 1.0652 1.1571 1.0027 1.0217

100×9 bi ∈ [0.01, 0.05] 1.0004 1.0023 1.0405 1.0743 1.0002 1.0023

bi ∈ [0.05, 0.15] 1.0012 1.0076 1.0432 1.0619 1 1

bi ∈ [0.15, 0.3] 1.0094 1.0288 1.1114 1.1886 1.0012 1.0083

100×10 bi ∈ [0.01, 0.05] 1.0003 1.0023 1.029 1.0713 1.0001 1.001

bi ∈ [0.05, 0.15] 1.0044 1.0109 1.0667 1.1036 1 1

bi ∈ [0.15, 0.3] 1.0096 1.0351 1.1218 1.2301 1 1

100×11 bi ∈ [0.01, 0.05] 1.0004 1.0016 1.0461 1.0763 1 1

bi ∈ [0.05, 0.15] 1.01 1.0257 1.0649 1.1163 1 1

bi ∈ [0.15, 0.3] 1.0199 1.0864 1.11585 1.1776 1.001 1.0106

200×8 bi ∈ [0.01, 0.05] 1.0002 1.0028 1.0158 1.0354 1 1

bi ∈ [0.05, 0.15] 1.0061 1.0216 1.0335 1.0745 1.0033 1.0207

bi ∈ [0.15, 0.3] 1.02 1.0606 1.0664 1.1262 1.0138 1.0497

200×9 bi ∈ [0.01, 0.05] 1.0005 1.0035 1.026 1.0487 1.0002 1.0021

bi ∈ [0.05, 0.15] 1.0027 1.0166 1.0402 1.0634 1.0024 1.0166

bi ∈ [0.15, 0.3] 1.0104 1.0288 1.0886 1.1711 1.0019 1.0108

200×10 bi ∈ [0.01, 0.05] 1.0033 1.0154 1.0363 1.0607 1 1

bi ∈ [0.05, 0.15] 1.0046 1.0197 1.0643 1.1122 1.0006 1.0065

bi ∈ [0.15, 0.3] 1.017 1.0531 1.1375 1.2105 1.0015 1.0072

200×11 bi ∈ [0.01, 0.05] 1.003 1.0121 1.0326 1.0584 1.0002 1.0015

bi ∈ [0.05, 0.15] 1.0151 1.0678 1.0688 1.1336 1.0004 1.004

bi ∈ [0.15, 0.3] 1.0262 1.0545 1.15 1.245 1.0066 1.034

300×8 bi ∈ [0.01, 0.05] 1.0009 1.0044 1.0153 1.0269 1.0008 1.0044

bi ∈ [0.05, 0.15] 1.0052 1.0196 1.0316 1.0557 1.0009 1.0094

bi ∈ [0.15, 0.3] 1.0122 1.043 1.0545 1.1167 1.0076 1.0284

300×9 bi ∈ [0.01, 0.05] 1.0016 1.0057 1.0228 1.046 1.0016 1.0057

bi ∈ [0.05, 0.15] 1.0082 1.0365 1.0431 1.0685 1.0014 1.0104

bi ∈ [0.15, 0.3] 1.0145 1.0545 1.083 1.1423 1.0024 1.0209

300×10 bi ∈ [0.01, 0.05] 1.0018 1.0068 1.0254 1.0512 1.0005 1.0036

bi ∈ [0.05, 0.15] 1.0084 1.0253 1.0636 1.0967 1.0047 1.0236

bi ∈ [0.15, 0.3] 1.0256 1.0809 1.12 1.1879 1.0066 1.0572

300×11 bi ∈ [0.01, 0.05] 1.0029 1.0118 1.0319 1.0409 1.0013 1.0118

bi ∈ [0.05, 0.15] 1.0094 1.0322 1.0799 1.1105 1.0032 1.0232

bi ∈ [0.15, 0.3] 1.0335 1.0851 1.1347 1.2083 1.0071 1.0552
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Table 5 continued

n × m bi

∑ ∑
Ci j (H A)

∑ ∑
C∗
i j

∑ ∑
Ci j (T S)

∑ ∑
C∗
i j

∑ ∑
Ci j (SA)

∑ ∑
C∗
i j

Avg Max Avg Max Avg Max

400×8 bi ∈ [0.01, 0.05] 1.0007 1.0029 1.0272 1.0523 1.0002 1.0029

bi ∈ [0.05, 0.15] 1.0047 1.0191 1.0307 1.0596 1.0032 1.0186

bi ∈ [0.15, 0.3] 1.0191 1.0542 1.0579 1.0962 1.0043 1.0333

400×9 bi ∈ [0.01, 0.05] 1.0002 1.0011 1.0213 1.0448 1 1

bi ∈ [0.05, 0.15] 1.0012 1.0039 1.0421 1.0673 1 1

bi ∈ [0.15, 0.3] 1.0166 1.0537 1.0788 1.1452 1.003 1.0146

400×10 bi ∈ [0.01, 0.05] 1.0041 1.0172 1.0299 1.0544 1.0001 1.0014

bi ∈ [0.05, 0.15] 1.0113 1.0364 1.0585 1.0882 1.0065 1.0241

bi ∈ [0.15, 0.3] 1.0278 1.0654 1.1086 1.1697 1.005 1.0319

400×11 bi ∈ [0.01, 0.05] 1.0024 1.0062 1.034 1.0583 1.0014 1.0062

bi ∈ [0.05, 0.15] 1.009 1.029 1.0675 1.1184 1.0031 1.0225

bi ∈ [0.15, 0.3] 1.0289 1.0695 1.1339 1.2166 1.0103 1.0329

Table 6 Error bound for ai ∈ [51, 100] and pi j ∈ [51, 100]

n × m bi

∑ ∑
Ci j (H A)

∑ ∑
C∗
i j

∑ ∑
Ci j (T S)

∑ ∑
C∗
i j

∑ ∑
Ci j (SA)

∑ ∑
C∗
i j

Avg Max Avg Max Avg Max

100×8 bi ∈ [0.01, 0.05] 1.0002 1.0016 1.0172 1.0528 1 1

bi ∈ [0.05, 0.15] 1.0018 1.0132 1.0236 1.0545 1.0005 1.003

bi ∈ [0.15, 0.3] 1.0042 1.0154 1.0585 1.0894 1.0007 1.007

100×9 bi ∈ [0.01, 0.05] 1.0002 1.0014 1.0232 1.0461 1.0001 1.0011

bi ∈ [0.05, 0.15] 1.0018 1.0137 1.0435 1.1028 1 1

bi ∈ [0.15, 0.3] 1.0153 1.0799 1.0749 1.1567 1.0052 1.0375

100×10 bi ∈ [0.01, 0.05] 1.0005 1.0025 1.0319 1.0563 1.0001 1.0008

bi ∈ [0.05, 0.15] 1.0031 1.0098 1.0483 1.1069 1.0005 1.0057

bi ∈ [0.15, 0.3] 1.0083 1.0371 1.0986 1.1739 1.00130 1.0051

100×11 bi ∈ [0.01, 0.05] 1.0006 1.0026 1.0411 1.0567 1 1

bi ∈ [0.05, 0.15] 1.0035 1.0114 1.0555 1.1032 1.0011 1.0114

bi ∈ [0.15, 0.3] 1.0057 1.0272 1.1157 1.2215 1.0001 1.0003

200×8 bi ∈ [0.01, 0.05] 1.0155 1.0506 1.0677 1.143 1.0064 1.032

bi ∈ [0.05, 0.15] 1.0046 1.0199 1.0409 1.0703 1.0031 1.0136

bi ∈ [0.15, 0.3] 1.0089 1.0232 1.0528 1.1422 1.0039 1.0161

200×9 bi ∈ [0.01, 0.05] 1.0007 1.0029 1.0163 1.0259 1.0002 1.0023

bi ∈ [0.05, 0.15] 1.0078 1.0361 1.0366 1.0681 1.001 1.0091

bi ∈ [0.15, 0.3] 1.0185 1.0567 1.0994 1.1514 1.0024 1.0207

200×10 bi ∈ [0.01, 0.05] 1.0017 1.005 1.0188 1.036 1.0005 1.005

bi ∈ [0.05, 0.15] 1.0051 1.0206 1.0555 1.0735 1.0019 1.0195

bi ∈ [0.15, 0.3] 1.0092 1.0579 1.0804 1.157 1.0007 1.0055
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Table 6 continued

n × m bi

∑ ∑
Ci j (H A)

∑ ∑
C∗
i j

∑ ∑
Ci j (T S)

∑ ∑
C∗
i j

∑ ∑
Ci j (SA)

∑ ∑
C∗
i j

Avg Max Avg Max Avg Max

200×11 bi ∈ [0.01, 0.05] 1.0004 1.0013 1.0296 1.0505 1 1

bi ∈ [0.05, 0.15] 1.0046 1.0111 1.0589 1.0881 1.0012 1.007

bi ∈ [0.15, 0.3] 1.0152 1.0539 1.1205 1.2821 1.0007 1.0045

300×8 bi ∈ [0.01, 0.05] 1.0001 1.0008 1.01332 1.0203 1 1

bi ∈ [0.05, 0.15] 1.0065 1.0226 1.0382 1.0816 1.0057 1.0226

bi ∈ [0.15, 0.3] 1.01697 1.0827 1.0595 1.1118 1.0065 1.0202

300×9 bi ∈ [0.01, 0.05] 1.0013 1.0079 1.023 1.062 1.0006 1.0068

bi ∈ [0.05, 0.15] 1.0096 1.054 1.0347 1.0655 1.003 1.017

bi ∈ [0.15, 0.3] 1.0224 1.1071 1.0507 1.1234 1.0015 1.0154

300×10 bi ∈ [0.01, 0.05] 1.0018 1.0092 1.032 1.0681 1.0004 1.0037

bi ∈ [0.05, 0.15] 1.0122 1.0419 1.0413 1.0784 1.0061 1.0322

bi ∈ [0.15, 0.3] 1.0188 1.0688 1.1032 1.1939 1.0041 1.035

300×11 bi ∈ [0.01, 0.05] 1.0018 1.0073 1.0258 1.0412 1 1

bi ∈ [0.05, 0.15] 1.0009 1.0046 1.0605 1.1033 1 1

bi ∈ [0.15, 0.3] 1.0329 1.0898 1.1138 1.1435 1.005 1.0273

400×8 bi ∈ [0.01, 0.05] 1.0006 1.0035 1.0173 1.0342 1 1

bi ∈ [0.05, 0.15] 1.0081 1.0211 1.0439 1.1106 1.0027 1.0086

bi ∈ [0.15, 0.3] 1.021 1.0676 1.0727 1.1273 1.0071 1.0268

400×9 bi ∈ [0.01, 0.05] 1.0015 1.0132 1.022 1.0383 1.0007 1.007

bi ∈ [0.05, 0.15] 1.0052 1.026 1.0405 1.1184 1.0011 1.008

bi ∈ [0.15, 0.3] 1.0261 1.0653 1.0801 1.1293 1.0055 1.0284

400×10 bi ∈ [0.01, 0.05] 1.0031 1.0107 1.0232 1.0401 1.0017 1.0091

bi ∈ [0.05, 0.15] 1.0098 1.0328 1.0567 1.1222 1.0013 1.0064

bi ∈ [0.15, 0.3] 1.027 1.0829 1.0881 1.1333 1.0071 1.0236

400×11 bi ∈ [0.01, 0.05] 1.0034 1.0076 1.04 1.0604 1.0006 1.0065

bi ∈ [0.05, 0.15] 1.0082 1.0234 1.0786 1.116 1.0043 1.0153

bi ∈ [0.15, 0.3] 1.025 1.0779 1.1205 1.2146 1.0105 1.0607

Table 7 Error bound for ai ∈ [3, 100] and pi j ∈ [3, 100]

n × m bi

∑ ∑
Ci j (H A)

∑ ∑
C∗
i j

∑ ∑
Ci j (T S)

∑ ∑
C∗
i j

∑ ∑
Ci j (SA)

∑ ∑
C∗
i j

Avg Max Avg Max Avg Max

100×8 bi ∈ [0.01, 0.05] 1.0001 1.001 1.022 1.0598 1.0001 1.001

bi ∈ [0.05, 0.15] 1.0023 1.0124 1.0343 1.0608 1.0007 1.0075

bi ∈ [0.15, 0.3] 1.0037 1.0239 1.0907 1.1733 1.003 1.0239

100×9 bi ∈ [0.01, 0.05] 1.0007 1.0035 1.0343 1.0698 1.0002 1.0022

bi ∈ [0.05, 0.15] 1.002 1.017 1.0413 1.0896 1.0002 1.0021

bi ∈ [0.15, 0.3] 1.0059 1.027 1.0988 1.153 1.0002 1.0017
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Table 7 continued

n × m bi

∑ ∑
Ci j (H A)

∑ ∑
C∗
i j

∑ ∑
Ci j (T S)

∑ ∑
C∗
i j

∑ ∑
Ci j (SA)

∑ ∑
C∗
i j

Avg Max Avg Max Avg Max

100×10 bi ∈ [0.01, 0.05] 1.0002 1.0015 1.0431 1.0872 1 1

bi ∈ [0.05, 0.15] 1.0022 1.0082 1.0582 1.1444 1 1

bi ∈ [0.15, 0.3] 1.0163 1.0495 1.1132 1.1664 1.0022 1.0116

100×11 bi ∈ [0.01, 0.05] 1.001 1.0039 1.04 1.07278 1.0001 1.0002

bi ∈ [0.05, 0.15] 1.003 1.0096 1.1053 1.1827 1.0005 1.0051

bi ∈ [0.15, 0.3] 1.0146 1.044 1.1353 1.186 1.0004 1.0048

200×8 bi ∈ [0.01, 0.05] 1.0008 1.0032 1.0172 1.0367 1.0001 1.0016

bi ∈ [0.05, 0.15] 1.0055 1.0266 1.0352 1.1088 1.0031 1.0266

bi ∈ [0.15, 0.3] 1.01385 1.042 1.0775 1.1472 1.005 1.0249

200×9 bi ∈ [0.01, 0.05] 1.0012 1.0057 1.0312 1.0607 1.0004 1.002

bi ∈ [0.05, 0.15] 1.0037 1.0172 1.0568 1.0897 1.0003 1.0031

bi ∈ [0.15, 0.3] 1.008 1.0243 1.0843 1.1395 1.0006 1.0043

200×10 bi ∈ [0.01, 0.05] 1.002 1.0064 1.0333 1.0525 1.0003 1.003

bi ∈ [0.05, 0.15] 1.0022 1.0082 1.0582 1.1444 1 1

bi ∈ [0.15, 0.3] 1.0064 1.0216 1.1084 1.1817 1.0033 1.0216

200×11 bi ∈ [0.01, 0.05] 1.0013 1.0034 1.0325 1.0579 1 1

bi ∈ [0.05, 0.15] 1.0097 1.0363 1.0815 1.1225 1.0045 1.0131

bi ∈ [0.15, 0.3] 1.0386 1.1701 1.1112 1.1967 1.0042 1.0183

300×8 bi ∈ [0.01, 0.05] 1.0005 1.0027 1.0221 1.0482 1.0002 1.0027

bi ∈ [0.05, 0.15] 1.0057 1.0282 1.037 1.094 1.0011 1.0071

bi ∈ [0.15, 0.3] 1.0182 1.081 1.0559 1.11 1.0053 1.0262

300×9 bi ∈ [0.01, 0.05] 1.0017 1.0101 1.02 1.0343 1.0008 1.0069

bi ∈ [0.05, 0.15] 1.007 1.0262 1.05 1.0897 1.0023 1.0203

bi ∈ [0.15, 0.3] 1.0165 1.0423 1.0721 1.1077 1.0041 1.0174

300×10 bi ∈ [0.01, 0.05] 1.0014 1.0073 1.0312 1.061 1.0008 1.0073

bi ∈ [0.05, 0.15] 1.0127 1.0706 1.0604 1.08 1.0003 1.003

bi ∈ [0.15, 0.3] 1.0215 1.065 1.095 1.1401 1.0074 1.0348

300×11 bi ∈ [0.01, 0.05] 1.0025 1.0086 1.0363 1.092 1.0004 1.0045

bi ∈ [0.05, 0.15] 1.0169 1.0676 1.0637 1.1037 1.0011 1.0081

bi ∈ [0.15, 0.3] 1.032 1.1143 1.1419 1.2263 1.0051 1.0254

400×8 bi ∈ [0.01, 0.05] 1.0034 1.0129 1.0185 1.0392 1.0001 1.0004

bi ∈ [0.05, 0.15] 1.0056 1.0223 1.031 1.0468 1.0003 1.0034

bi ∈ [0.15, 0.3] 1.0131 1.0506 1.0642 1.1351 1.0055 1.0237

400×9 bi ∈ [0.01, 0.05] 1.0028 1.0129 1.0243 1.045 1.0014 1.0099

bi ∈ [0.05, 0.15] 1.0086 1.0407 1.0523 1.0712 1.0025 1.0132

bi ∈ [0.15, 0.3] 1.0104 1.0296 1.0824 1.1604 1.0043 1.0204
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Table 7 continued

n × m bi

∑ ∑
Ci j (H A)

∑ ∑
C∗
i j

∑ ∑
Ci j (T S)

∑ ∑
C∗
i j

∑ ∑
Ci j (SA)

∑ ∑
C∗
i j

Avg Max Avg Max Avg Max

400×10 bi ∈ [0.01, 0.05] 1.0038 1.0108 1.0229 1.0426 1.0002 1.0015

bi ∈ [0.05, 0.15] 1.0077 1.0361 1.0516 1.0879 1.0019 1.0195

bi ∈ [0.15, 0.3] 1.0362 1.1628 1.1113 1.195 1.0088 1.0396

400×11 bi ∈ [0.01, 0.05] 1.0014 1.0101 1.0349 1.0636 1 1

bi ∈ [0.05, 0.15] 1.0076 1.0284 1.0708 1.1032 1.0022 1.0092

bi ∈ [0.15, 0.3] 1.0391 1.0728 1.1307 1.1687 1.0083 1.0323

Table 8 Results of Algorithms of
n = 300,m = 10,
bi ∈ [0.01, 0.05]

Instance CPU time (ms)
∑ ∑

Ci j (T S)
∑ ∑

C∗
i j

∑ ∑
Ci j (SA)

∑ ∑
C∗
i j

1 107,339 1.1441 1

2 164,432 1.1252 1

3 81,965 1.154 1.0027

4 167,851 1.0581 1

5 372,789 1.0618 1

6 60,311 1.0222 1

7 113,158 1.0356 1

8 182,675 1.0235 1

9 74,764 1.0546 1

10 163,167 1.0913 1

11 128,852 1.0301 1.0041

12 82,988 1.0825 1.005

13 190,792 1.0878 1

14 96,842 1.071 1

15 52,382 1.0507 1

16 86,546 1.0725 1

17 110,334 1.0092 1

18 96,888 1.0374 1

19 165,049 1.0556 1

20 114,608 1.0745 1.0004
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Table 9 Results of algorithms of
n = 300,m = 10,
bi ∈ [0.05, 0.15]

Instance CPU time (ms)
∑ ∑

Ci j (T S)
∑ ∑

C∗
i j

∑ ∑
Ci j (SA)

∑ ∑
C∗
i j

1 64,590 1.2581 1

2 71,967 1.0807 1

3 67,577 1.169 1

4 52,815 1.19 1

5 65,175 1.0878 1.0045

6 102,639 1.2263 1.0071

7 95,399 1.189 1

8 85,117 1.1119 1.0027

9 27,313 1.1512 1

10 179,983 1.107 1.009

11 130,690 1.2035 1.0021

12 74,422 1.0647 1

13 61,280 1.1668 1

14 49,197 1.086 1.0028

15 132,698 1.0535 1

16 151,276 1.1472 1.0196

17 92,060 1.1496 1

18 84,679 1.0919 1.0092

19 73,203 1.1702 1.0021

20 57,456 1.0882 1
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Table 10 Results of Algorithms
of n = 300,m = 10,
bi ∈ [0.15, 0.3]

Instance CPU time (ms)
∑ ∑

Ci j (T S)
∑ ∑

C∗
i j

∑ ∑
Ci j (SA)

∑ ∑
C∗
i j

1 17,176 1.1494 1.0016

2 23,535 1.2702 1

3 32,165 1.2369 1

4 15,839 1.2738 1

5 24,537 1.1608 1.0084

6 115,686 1.2718 1.0008

7 29,347 1.3257 1

8 55,542 1.1239 1.0039

9 21,313 1.2513 1.0017

10 21,294 1.1118 1.0019

11 10,969 1.1155 1.0212

12 62,743 1.201 1.0197

13 36,119 1.3594 1.011

14 18,132 1.176 1.0049

15 12,125 1.1377 1

16 24,867 1.1102 1.0032

17 31,678 1.3194 1.0225

18 30,478 1.1246 1

19 27,935 1.2001 1.0054

20 21,227 1.2653 1
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5 Conclusions

We discussed the single-machine group scheduling where group setup times are increasing
functions of their starting times and the jobs in the same group have general truncated
learning effects. We showed that the makespan minimization problem remains polynomially
solvable. For the total completion time minimization, we proposed heuristic algorithms and a
branch-and-bound algorithm. Experimental study showed that the B&B algorithm can solve
instances of 400 × 11 jobs in less than 2,815,317 ms, and the algorithms of SA are more
accurate thanHA and TS. In future research, we expect to exploremore general groupmodels
with deteriorating jobs and/or learning effect, extend the problems to due date (window)
assignments (Geng et al. 2023; Wang et al. 2024a; Sun et al. 2024), or consider flow shop
scheduling (Yu et al. 2023; Wang et al. 2024c) with group technology.
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