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Abstract

We consider the Alternating Direction Implicit (ADI) method to compute the numerical solu-
tion of a continuous Sylvester equation AX + XB = C, based on the recently developed
inexact ADI iteration, and we propose classical acceleration techniques to enhance its con-
vergence rate. An extrapolated variant (EADI) and a block successive overrelaxation variant
(block SOR-ADI) of the ADI iterative method are described. These relaxation approaches
are similar to what is used in Gauss-Seidel and Jacobi methods for linear systems, and, to our
knowledge, novel, especially the block SOR-ADI scheme. Convergence properties of these
two relaxed variants are analyzed when the matrix A is positive definite and the matrix B
is positive semi-definite (not necessarily Hermitian matrices), or conversely. Our numerical
experiments suggest that these new schemes are computationally attractive. The convergence
rate of the ADI method is usually increased, particularly with the block SOR-ADI variant.
A comparison with the well-known Hermitian and skew-Hermitian splitting (HSS) method
emphasizes the efficiency of the proposed methods.
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1 Introduction

Given matrices A € C™*" B € C"" and C € C™*", we will focus on the problem of
solving the matrix equation

AX+XB=C (1.1)

in the variable X € C™*", which is called a continuous Sylvester equation. In the special
case B = A" and C = C¥, where K ! denotes the conjugate transpose of K, the continuous
Sylvester equation (1.1) reduces to the Lyapunov equation. It is well-known that this equation
has a unique solution for X if and only if A and —B do not have common eigenvalues (see,
e.g., Horn and Johnson 1991; Lancaster and Tismenetsky 1985).

Throughout this paper, we will assume that A and B in (1.1) are positive definite and
positive semi-definite, respectively, or vice versa. Recall the general (weaker) definition of
positive (semi-)definiteness, which says that a matrix K € C"*” is said to be positive (semi-
)definite if its Hermitian part %(K +KHyis positive (semi-)definite. In general, this condition
implies that the real part of z/ K z is positive (non-negative), for all non-zero vectors z € C".

A Sylvester equation, in general, and a Lyapunov equation, in particular, are formulated in
various applications. These arise in systems theory and control, matrix eigen-decompositions,
model reduction, numerical solution of matrix differential Riccati equations, image pro-
cessing, among many others. The importance of these applications motivated the extensive
theoretical study of Sylvester equations along with the development of practical algorithms
to compute approximate solutions; see, e.g., (Benner et al. 2009; Kiirschner et al. 2014; Li
et al. 2018; Liu et al. 2020; Smith 1968; Simoncini 2016; Tian et al. 2020; Wachspress 1988;
Xiong and Lam 2006) and a large literature therein.

A possible approach to deal with the Sylvester equation (1.1) consists in vectorizing the
unknown matrix X and translating the matrix equation into a linear system «/x = ¢, where
x and c¢ are the column-stacking vectors of the matrices X and C, respectively, and < is the
Kronecker sum of the matrices A and BT, thatis, & = I,, ® A + BT ® I,,, with symbol ®
denoting the standard Kronecker product. Either direct or iterative methods can be applied
to solve this linear system. Another approach is to treat the Sylvester equation (1.1) in its
original form using an iterative method directly applied to the matrices A, B and C.

When matrices A and B are large, the dimension of the coefficient matrix <7 in the linear
system /X = ¢ will be considerably larger and, in general, data storage and computational
time become difficult issues. For this reason, the first approach is mainly used in problems
of small or medium dimension.

Following the second approach mentioned above, the Alternating Direction Implicit (ADI)
method is a popular two-step iterative procedure to obtain a solution to the Sylvester equation
(1.1). In this paper we will consider ADI-like methods which, in fact, are analogues to the
classical ADI iteration method introduced by Peaceman and Rachford in the context of
solving partial differential equations, see (Peaceman and Rachford 1955; Simoncini 2016).
A variant of ADI, called factored ADI, was formulated to construct the solution X in factored
form, see (Benner et al. 2009; Li and White 2002). The effectiveness of factored ADI depends
on whether X is well-approximated by a low rank matrix. This is known to be true under
various assumptions about A and B.
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In the last two decades, the development of iterative methods based on the concept of
matrix splitting have attracted several scholars. In particular, the widely known HSS iteration
method proposed in Bai et al. (2003) for solving positive definite, non-Hermitian linear
systems, makes use of the Hermitian and skew-Hermitian splitting of the coefficient matrix
and it is a resource that motivated several HSS-type iteration methods for solving linear
systems, see, e.g., (Bai et al. 2007, 2006, 2007; Benzi 2009; Liu et al. 2018). In Bai (2011),
for the first time, a variant of the HSS iteration method, which is an alternating direction
implicit method in the spirit analogous to the ADI iteration method, was applied to solve the
Sylvester equation (1.1). Numerous other efficient and robust algorithms were proposed in
the same spirit, see, e.g., (Li and He 2022; Li et al. 2018; Liu et al. 2022; Wang et al. 2013;
Zheng and Ma 2014).

Sylvester equations can also be solved using direct methods like Bartels-Stewart and
Hessenberg-Schur methods, see (Bartels and Stewart 1972; Golub et al. 1979). The Bartels-
Stewart method is based on the reduction of the matrices A and B to real Schur form (quasi-
triangular form) using the QR algorithm for eigenvalues, followed by the use of direct methods
to solve several linear systems for the columns of X. In the Hessenberg-Schur method the
matrix A is reduced to Hessenberg form and only matrix B is decomposed into the quasi-
triangular Shur form. This method is faster than the Bartels-Stewart method. These direct
methods are O(m> + n?) and therefore it is only beneficial to use ADI when matrix—vector
multiplication and linear solvers involving A and B can be applied cheaply.

In some particular cases (when A or B is invertible), the Sylvester equation may be rewrit-
ten into a Stein matrix equation, after a suitable transformation, e.g., the Caley transformation,
X = AXB + Cc , with A= —A"L C = A~!C. An extensive amount of iterative methods
based on the Smith method were studied and developed for solving the Stein matrix equation
in recent years, like (rational) Krylov methods (see Li et al. 2013; Sadkane 2012; Zhou et al.
2009). Despite the lack of a rigorous error analysis, the Smith iteration exhibits very good
numerical and computational properties and, when the same shift parameter is used at every
iteration, it is equivalent to the ADI iteration.

We propose two relaxation strategies to the classical ADI iterative scheme - an extrapolated
variant (EADI) and a block successive overrelaxation variant (block SOR-ADI). These are
not strategies for solving inexactly the arising linear systems, but strategies that include in
each iteration the usage of a new parameter  to improve the approximation obtained and
thus to accelerate the convergence rate. We based our work in the results presented in Liu
et al. (2020).

The new schemes EADI and block SOR-ADI are described in Sections 3 and 4, respec-
tively, after a brief summary of the ADI iteration scheme and some of its convergence
properties in Sect.2. Our numerical experiments, shown in Section 5, suggest that these
new schemes can increase the convergence rate of the ADI iterative method and thus be
considered attractive solvers.

2 ADl iteration

The method of alternating directions (ADI) is described below. It is a two-step iteration
process that alternately updates the column and row spaces of an approximate solution to
the Sylvester equation (1.1). An initial guess X @ is required, as well as shift parameters o
and 8. An intimate connection between this iterative process and Smith’s algorithm (Smith
1968) was mentioned in Wachspress (1988).
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ADI iteration. Given an initial approximation X© and two positive constants o and B,
repeat the steps

(al + A)X(H%) =X®@l-B)+C (solve for X(“%))

; 2.1
XD (BT + B) = (BI — H)X*HD 4C (solve for X*+D)

fork=0,1,2,..., until {X(k)} converges.

The choice of the shift parameters («, B) strongly determines the convergence rate of
the ADI scheme. Some algorithms use different shifts, say {(ok, /Sk)},ivzo in N iterations,
see (Benner et al. 2009; Lu and Wachspress 1991; Wachspress 1988, 2009). Following the
strategy adopted in Liu et al. (2020), here we decided to use two fixed shifts («, §) in every
iteration of ADI.

The two steps in (2.1) require the solution of two linear systems involving matrices o/ + A
and BI + B. The assumption that matrices A and B are both positive semi-definite, even
though one of the matrices is also positive definite, allows us to adequately choose shifts
o and B so that the matrices o/ + A and I 4+ B are reasonably diagonally dominant.
This diagonal dominance property guarantees that both incomplete factorization and splitting
iteration are applicable, stable and efficient, as mentioned in Bai et al. (2006). Furthermore, the
convergence speed of Krylov subspace iteration methods such as GMRES can be considerably
accelerated for some adequate preconditioner for these classes of matrices, see (Bai 2016).

When it concerns to analyze the theoretical convergence of the ADI iteration (2.1), it is
common to rewrite this iteration in the matrix—vector form,

x®HD — ex® 4 e, (2.2)

where 52, 4 € C"™ and x, ¢ € C""*!. The matrices % = #(a, ) and ¥ = Y («, B)
are defined by

{%: [BI+B)""(al =B |@[(BI — A) (@l + A)~'] 2.3)

G=@+P)[BI+B)T®@l+A)"]

where x and ¢ are the column-stacking vectors of the matrices X and C, respectively, and
® is the symbol for the standard Kronecker product. To derive these expressions, use direct
substitution in (2.1) and recall that vectorizing U XV column-wise gives (vT @ U)x, for
any square matrices U, V and conformable matrix X. The matrix .7 is called the iteration
matrix of the scheme (2.2) and we will denote its spectral radius by p (7).

Suppose that A is a positive definite matrix and B is a positive semi-definite matrix, in the
weaker sense (recall the definition from the Introduction). We now present a sufficient condi-
tion for convergence of the ADI iterative process (2.1) in this case. Assume that equation (1.1)
has a unique solution X* and let {X () }, k=0,1,2,..., be the sequence of approximations
to X* obtained with the iterative scheme (2.1). Let A j»J =1,...,m,be the eigenvalues of
Aand pu;,i =1,...,n,the eigenvalues of B. Then, by the assumptions of definiteness,

Re(A;) >0, j=1,...,m, and Re(u;) >0, i=1,...,n,

where Re(x), for x € C, denotes the real part of x. According to (Liu et al. 2020, Theorem
1), for positive constants o and S, if

—minRe(A;) < =2 < minRe(u;),
J 1

then p () < 1, or, equivalently, the sequence {X (k)} converges to the exact solution X*.
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3 Extrapolated ADI iteration

Extrapolation is a commonly used acceleration technique in the study of iterative methods.
In this section, we introduce an extrapolated ADI iteration (EADI) for solving the Sylvester
equation (1.1). To improve the approximation computed in each iteration of the ADI method,
this EADI iteration incorporates an extra step (refinement step), using a new parameter o,
at a low computational cost. Following similar ideas to what is used in stationary iterative
methods, the parameter w is fixed in every iteration, the same way that shifts («, 8) are also
fixed. The EADI iteration is defined as follows.

EADI iteration. Given an initial approximation X, positive constants «, B (shift param-
eters) and w (extrapolation parameter), repeat the steps

(@l + HX®D = XO @l —B)+C  (solve for X*+1))
X®©BI+ B) = (BI — A)X(k'*'%) +C (solve for )N((k)) , 3.1
X*tD) = (1 — )X ® 4 wX®

fork=0,1,2,..., until {X(k)} converges.

According to the formulation (2.2), the first two steps of the EADI iteration (3.1) can be
rewritten in the matrix—vector form

0 = sx® L @e, (3.2)

where 7 and ¢ are the matrices defined in (2.3). Then, from the third step of (3.1), we
obtain

x* D — 11 = w) I + w1xP + we. (3.3)

Thus, the iteration matrix of the EADI single-step iterative formula (3.3), denoted by /7, =
Hoy(a, B, w), is defined by

Hp =1 —w)] + 0. 34

The following result gives inclusion intervals for the parameters «, f and w for which the
convergence of the EADI iterative procedure (3.1) is ensured.

Theorem 3.1 Let matrices A and B in equation (1.1) be positive definite and positive semi-
definite, respectively, or vice versa (using the weaker definition), and let a, B, @ be three
positive constants. Let Aj, j = 1,...,m, be the eigenvalues of A, u;,i = 1,...,n, the
eigenvalues of B and p () the spectral radius of 7 in (2.3). If

o —

2
p <minRe(u;) and 0O0<w < ———r 3.5)
1

—minRe(A;) < ,
j 1+ p(7)

then the sequence {X(k) }, k=0,1,2..., generated by the EADI iteration (3.1) converges
to the exact solution X* of (1.1).

Proof We will show that the given conditions imply that p(77,) < 1, a necessary and
sufficient condition for the convergence of the sequence {X®}.

As it has been observed at the end of Sect. 2, the first condition on the shift parameters
o and B guarantees the convergence of the ADI iterative expression (2.2), which means that
p(H) < 1.
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Now notice that given an eigenvalue A of 7, (1 — @) + wA is an eigenvalue of .77, and
thus

0(,) = max |(1 — o)+ oAl (3.6)
AEX(I)

Forh=a+ib,a,beR, i?=—1,wehave |a] < |A| <1, |b] <|A| <l and

H—w+or? =1 -0l —a)+wbi|>=1-2w( —a)+ o*(1 —a)’> + 0*b*
=1-[20( —a)—w* (1 -2a+2P)].

So, if 2w(1 —a) > w*(1—2a+|1|?), we will have |1 — @ + wA|*> < 1 and thus p(5%,) < 1.
Observe that, since @ > 0, by assumption, and 1 —2a + I)LI2 > (), that condition is equivalent
to

2(1 —a)

0 T4 3.7
D Py Y -7)

2
To complete the proof it only remains to verify that 0 < @ < —————, the condition
1+ p(2)
stated in the theorem, implies (3.7). In fact,
2 2 2(1 —a)
=< < .
l+p) ~ 1+A] ~ 1—=2a+|Ar]2

given that the inequality 1 —2a+ A2 < A+ AD(A—a)is equivalentto (a4 |A])(1—|r]) > 0
which is always true when |a| < |A| < 1, since this condition implies a + |A| > 0 and
1—]A] > 0.

We have proved that the restrictions (3.5) on the range of the values «, § and @ imply that
p(A,) < 1 and, therefore, ensure the convergence of the EADI iteration, under the stated
assumptions on positiveness of the matrices A and B. O

2
Observe that when 0 < p(J#) < 1 we will have | < ——————— < 2 and thus, in
1+ p(A)
practice, the choice 0 < w < 1 will always permit convergence (although it might not be the

optimal choice).

2
1+ p(H)
in Theorem 3.1 can also be directly derived from Theorem 1 in Cao (1998). We thank an
anonymous referee for this useful observation.

We would like to acknowledge that the convergence condition 0 < w <

4 Block SOR-ADI iteration

In this section, motivated by the work presented in Bai et al. (2007); Bai and Ng (2012) by
Bai, Golub and Ng, we will describe a block successive overrelaxation version of the ADI
iterative scheme (block SOR-ADI) and derive convergence conditions for this new version.

First we notice that if the sequence {X ®) }, k=0,1,2...,obtained using (2.1), converges
to the exact solution X* of the equation (1.1), then we have

(@l + A)X* — X*(al — B) = AX* + X*B =C
X*(BI + B) — (B — A)X* = AX* + X*B=C "
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From (2.1) we are able to define the fixed-point matrix equations

{(a1+A)X =Yl —B)+C @.0)

Y(BI +B) = (Bl — A)X + C

and can establish that if X* is the exact solution of the equation (1.1), then it is the fixed
point of both equations above. The reverse is also true. Thus, analogously to (Bai et al. 2007,
Theorem 3.1) we have the following result.

Theorem 4.1 The fixed-point matrix equations in (4.1) and the original matrix equation (1.1)
are
equivalent equations.

Adopting a matrix—vector formulation, the two equations in (4.1) can be represented by

Wz=b> 4.2)
where
[1®@ +A) —(@-BT'®I C[x e
W_[—1®(ﬁI—A) (,31+B)T®I]’ Z_|:y:|’ b—[c] (4.3)

for x, y and ¢ representing the column-stacking vectors of the matrices X, Y and C, respec-
tively. We will show that, under the conditions considered in Theorem 3.1, the coefficient
matrix W = W («, B) is nonsingular and, thus, the use of the Gauss-Seidel method can be
considered.

Theorem 4.2 Let matrices A and B and parameters o and B satisfy the assumptions and
conditions given in Theorem 3.1. The coefficient matrix W in the equation (4.3) is nonsingular.

Proof The positive definiteness or semi-definiteness assumptions on A and B and the fact
that o, B > 0 imply that matrices I ® (o + A) and (81 + B ® I are positive definite and
hence nonsingular. Recall the eigenvalue property of the Kronecker product.

Applying the mixed-product and inversion properties of the Kronecker operator, we can
decompose W into a matrix product,

W I Ol[I Q@I+ A) —(al — BT ®1
T [BI - Al + AT T 0 S

with matrix S, the Schur complement of W, given by
s=[er+p"e1]-{@ -5 o[BI - Hal+a7"]}.
Thereby, we obtain
s=[er+mei]{i-[e1+n T e[ - B - Hel+ 7]}
- [(ﬂl +B’® 1] {1 _ [(51 +B) Tl - B)T] ® [(BI — A)al + A)—l]]
- [(,81+B)T®1](1—%),

where /7 is the iteration matrix of the ADI scheme, defined in (2.3). Under the given assump-
tions, p () < 1. Thus, since both matrices (81 + B)T ® I and (I — ) are nonsingular,
W is also nonsingular. O
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In what follows, we will describe a block SOR-ADI iterative method to solve the block
2 x 2 linear system (4.2) and establish its convergence properties. First, it is suitable to present
the block Jacobi and the block Gauss-Seidel iterations. Let the decomposition

W |1® @l +A4) 0 3 0 @ -B'elI
- o0 BI+BT QI I® (Bl — A) o
=M;—Ny

be the block Jacobi splitting of W. Thus,

vl — I1® (al +A)7! 0
7T 0] BI+B) Tl

and the block Jacobi iterative scheme is defined by
240 = 7529 + M b, (4.4)

where the iteration matrix .75 = 7 («, ) obtained is

_ 0 (@l — BT @ (al +A)~!
=M7'N; = . (@
T =My N [(/31+B)‘T®(/31—A) 0 “3)
The block Gauss-Seidel splitting of W,
W= I ® (al + A) 10) 0@ -BT®I
T IR @BI-A) BI+B)T @1 0 0

= Mgs — Ngs,
leads to the block Gauss-Seidel iterative scheme
2% = F552® + Mg b, (4.6)
where the iteration matrix 755 = Jgs(, B) is defined by T55 = M; ;NG s. Since,
e =[ IQ (ol +A)~! 0 }
STLBI+B)TTR[BI - Al + AT BI+B) T @I
we obtain

T -1
0 (al — B)T ® (al + A) } @7)

Tes = [0 o

where .7 is the iteration matrix of the ADI method.

In practice, to improve the convergence rate of the Gauss-Seidel iteration, it is common to
consider a variant of the method which incorporates a successive overrelaxation technique.
Using a new parameter w # 0 (relaxation parameter), in the block Gauss-Seidel iteration we
consider the linear system

oWz = wb,

equivalent to (4.3), and the coefficient matrix decomposition

IQ (al + A) 0] [a-o) @@l +4) we@ -BTQI
—wl @ (BI —A) BI+BT QI 0] (1-—w)BI+BTQI

= Msor — Nsor-
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The iterative equation obtained, called the block SOR iteration, is

20D —

%ORZ(k) + wMEole,

4.8)
where
y=l IQ (al +A)~! 0
SOR = |w(BI +B) T @ [(BI — Al + A BI+B)T®I
and the iteration matrix Jsor = Jsor(a, B, ) is given by
G = M=) Neon = 1-w)I®I ol — BT @ (al + A)7!
ISOR = MsorRNSOR = | (1 —)BI+B) T @BI—4) (- +*# |
4.9)

Observe that with the choice w = 1 the block SOR method reduces to the block Gauss-Seidel

method with T5or = J5s.
()
Recasting z¥) = I:;k)i| andb = [2] from (4.2), we can express the block SOR iteration

(4.8) as
x&+D = (1 — )x® 4 o [(al “ BT @@l + A)—l] y® 4o [1 ® (al + A)—‘] ¢
y&D — (1 — ) [(,31 +B) T @l - A)] x® (1 — w)y® + o2y ® (4.10)
+o? 81+ BT @ [(B1 - Al + ) e+ o1+ BT @ 1]c

and the following step is to go back to the matrix-matrix formulation with the matrices X
and Y in (4.1). Prior to this transformation, notice that we can write ¢ as a mixed-product,

a=[B1+B T - B e+,

and y*+1 in (4.10) can be simplified to
Y = =0y o611+ BT @ B - 4)] {(1 —ox® +of@ - BT @@ +4)7y®

+oll ®(a1+A)’1]c} +ol@r+B T ol

—(1-wy® + [(ﬁl +B) T o @BI- A)] x6+D 4 g [(;31 +B Ty 1} c.

The scheme (4.10) can be transformed into the following matrix-matrix version which is
called the block SOR-ADI iteration. Recall that for square matrices U, V and vector X, the
matrix-stacking of the vector (V7 ® U)x can be given by U XV, where X is the matrix-
stacking (column-wise) of the vector x.

Block SOR-ADI iteration. Given initials approximations X© and Y© and positive con-
stants o, B (shift parameters) and w (relaxation parameter), repeat the steps

{x<k+1> =1 -)X® +o@l +A4)7 [YP@l - B)+C] @i

YD = (1 — )Y ® + o [(B1 — HXED 4 ] (BI + B)!
fork=0,1,2,--- , until {X(k)} and {Y(k)} converge.

An interesting observation is that this scheme of the block SOR-ADI iteration can be
expressed as a certain combination of the ADI iteration and the extrapolated ADI iteration,
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so it is expectable that the convergence rate will be improved. In this context, observe that
(4.11) is equivalent to
(@l + AHX*D) = y® @] - B)+C (solve for x(+2)
XD = (1 — ) X® 4 X k+2)
YD @I+ B) = (B — MXED 4C (solve for YE+D)
Yyt = (1 — )y ® 4 wy(k+%)

. (412

fork=0,1,2,---, until {X®} and {Y®} converge.

For both efficiency and numerical accuracy purposes, the scheme (4.12) is the approach to
follow in a computational implementation of the SOR-ADI iteration (4.11), since the explicit
computation of a matrix inverse should usually be avoided in favour of the computation of
the solution of the equivalent linear system with multiple right-hand sides.

We can establish a relation between the eigenvalues of the block Jacobi iteration matrix
T; = Jj(a, B), the ADI iteration matrix ¢ = . («, B) and the block Gauss-Seidel
iteration matrix s = Jgs(a, B). In case of convergence, these results allow us to compare
the convergence rates. We state these relations in the following theorem.

Theorem 4.3 Let matrices A and B and parameters o and B satisfy the assumptions and
conditions given in Theorem 3.1. The following statements are true:

(a) Tgs and 7 have the same set of non-zero eigenvalues.

(b) If ) is an eigenvalue of Jj, then so is — .

(c) If A is an eigenvalue of Ty, then \* is an eigenvalue of .

(d) Conversely, if u # 0 is an eigenvalue of 7 and \* = y, then X is an eigenvalue of .

Thus, as a consequence, since p(H) < 1,
2
() = p(Tas) = (p(Tn)” < 1.

This means that block Jacobi iteration (4.4), block Gauss-Seidel iteration (4.6) and ADI
iteration (2.1) are all convergent methods. The block Gauss-Seidel iteration is twice as fast
as the block Jacobi iteration.

Proof (a) If g5z = uz withz = |:::|, then from (4.7) we have

@ =B ®@@l+A) " 'v=pu and #v=pv.
Thus, w is also an eigenvalue of .77 with eigenvector v.
Conversely, if v = uv, i # 0, defineu = (o — B)T ®(OlI+A)_1V//L andz = I:l:i|
We then obtain J55z = uz.
(b) Let A be an eigenvalue of .7 and z = [::| the corresponding eigenvector. From the
eigenvector equation .7;z = Az, we have

@ -BT @@l +A) 'v=xu and (BI+B) T (BI—Au=nirv.

It is simple to verify that 7z = —Az for z = |:_uv] and, thus, —A is an eigenvalue of

T with eigenvector Z.
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Statements (c) and (d) follow directly from (a), as a corollary of Theorem 4.5 (see below),
since
Tsor = Jgs forw = 1.

The assumptions on positive definiteness or semi-definiteness of the matrices A and B
and the condition on « and S imply that p(5#) < 1, which says that the ADI iteration is
convergent. Thus,

p(AH) = p(Tss) = (p(T1) <1

and all the three methods are convergent. O
The following concept is an important property in the SOR convergence theory.

Definition 4.4 We say that a matrix 7 has block Property A if T is a block diagonal matrix
or there exists a permutation matrix P such that

T le}

prpr =
|:T21 T

where 771 and T», are block diagonal matrices.

The block consistently ordered property generalizes block Property A. See, for instance,
(Young 1971).

Matrix W in (4.3) has block Property A. The (1, 1) block is a block diagonal matrix and
for the (2, 2) block it is not difficult to verify that there is a permutation matrix P’ such that

P’ [(ﬂl +B’® 1] Pl =10@I+BT.

So P = is a permutation matrix that drives W into the desired block Property A

I O
o P
structure. Recall that, in general, if U and V are square matrices, then U ® V and V @ U
are even permutation similar, meaning that there exists a permutation matrix Q such that
VeU=0We V)"

It is then possible to apply a classical result in matrix iterative analysis that relates the
eigenvalues of the block Jacobi and the block SOR iteration matrices, .7y and Jsog.

Theorem 4.5 Let w # 0. If X is an eigenvalue of T and | satisfies
(14w —1)? = po*r?, (4.13)

then | is an eigenvalue of Tsog. Conversely, if u # 0 is an eigenvalue of Tsor and A
satisfies (4.13), then X is an eigenvalue of J.

Proof Since matrix W in (4.3) satisfies Property A, the result follows directly from existing
literature. See Theorem 4.5 in Varga (2000). O

The convergence result for the block SOR-ADI iteration (4.11) follows from Theorems
4.3 and 4.5.

Theorem 4.6 Let matrices A and B and parameters o and B satisfy the assumptions and
conditions given in Theorem 3.1. Let w # 0 be the relaxation parameter in the block SOR-ADI
iteration (4.11).

(1) Suppose that all the eigenvalues of Ty are real. The block SOR-ADI iteration is convergent
ifand only if 0 < w < 2.
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(2) Suppose that some eigenvalues of Ty are complex. If for some positive number t € (0, 1)
and each eigenvalue |u = a + ib of T, the point (a, b) lies in the interior of the ellipse

2
&:{(u,v):uz—i—v—z:l}
T

and o satisfies
2
1+’
then the block SOR-ADI iteration is convergent. Conversely, if the block SOR-ADI iter-
ation is convergent, then, for some t € (0, 1), all the eigenvalues of I lie inside the
ellipse &;. Furthermore, if some eigenvalue lies on & and if the block SOR-ADI iteration
is convergente, then (4.14) holds.

0<ow< (4.14)

Proof Observe that the block SOR-ADI iteration (4.11) is convergent if and only if the block
SOR iteration (4.8) is convergent. Another important observation here is that the assumptions
considered imply that matrices («/ + A) and (81 + B)T are nonsingular and, thus, matrix W
in (4.3) not only satisfies Property A, but, in addition, all the diagonal blocks in this special
block structure are invertible. Furthermore, block Property A is a sufficient condition for
block consistently ordering.

(1) From Theorem 4.3, we have p(77) < 1 and, by Theorem 2.2 in Young (1971), Chapter
6, this condition is equivalent to 0 < w < 2 and p(Jsor) < 1.

(2) Thisresult follows directly from Theorem 4.1 in Young (1971), Chapter 6. Since p (7)) <
1,7 e (,1).

[}

To get the most benefit from overrelaxation, we would like to find the value of w that
minimizes p(Jsor). A detailed discussion that the Jacobi spectral radius determines the
smallest SOR spectral radius can be found in (Varga 2000, Section 4.3) and in (Young 1971,
Section 6.4). The optimal value of w is

Wopt =
" 1= (p(T))>

which gives the smallest spectral radius p(Tsor) = wepr — 1.

5 Numerical examples

In this section we compare the computational performance of the three methods, ADI, EADI
and block SOR-ADI, exhibiting some numerical examples. We also compare our methods
with the Hermitian and skew-Hermitian splitting (HSS) method (Bai 2011), though some
numerical examples presented in Liu et al. (2020) already show that the ADI method can
outperform the HSS method. All the algorithms were implemented in MATLAB (R2020b) in
double precision (unit roundoff & = 2.2 107'%) on a LAPTOP-KVSVAUUS with an Intel(R)
Core(TM) i5-8250U CPU @ 1.60GHz and 8 GB RAM, under Windows 10 Home. See
Appendix A for details on the implementations (Algorithms 1, 2 and 3 for ADI, EADI and
SOR-ADI, respectively, and 4 for HSS). No parallel MATLAB operations were used.

In MATLAB one way to solve the linear system AX = B (multiple right-hand sides) is with
X = inv(A) * B. A better way, from the point of view of both execution time and numerical
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accuracy, is to use the matrix backslash operator X = A\ B. When A is square, this produces
the solution using Gaussian elimination, without explicitly forming the inverse A~!. The call
Ad = decomposition(A) creates reusable matrix decompositions (LU, L D L, Cholesky,
OR, and more) that enables us to solve linear systems more efficiently. The decomposition
type is automatically chosen based on the properties of the input matrix A. For example,
after computing Ad = decomposition(A) the call X = Ad\B returns the same vector
as X = A\ B, but is typically much faster. This decomposition function is well-suited to
solving problems that require repeated solutions, since the decomposition of the coefficient
matrix does not need to be performed multiple times.

In each iteration, our methods require the solution of multiple linear systems with the same
coefficient matrices, (A + « ) and (B + B1). Using the above built-in MATLAB functions in
our implementations, the efficiency and accuracy will be improved by not forming explicitly
the inverses (A + o)~ and (B + BI)~ .

In all our numerical experiments we chose as initial approximations the null matrices, that
is, X = 0, for ADI and EADI iterations, and X® = Y® = 0, for the block SOR-ADI
iteration. The stopping criterion used was

R®
R lIr < tol, 5.1
I Cllp

where R®) = ¢ — AX® — X® B is the residual attained at iteration k, ol is the desired
accuracy, usually set to 107, and || - || denotes the Frobenius norm.
In our first example, we consider the two-dimensional convection-diffusion equation

_(uxx+”yy)+a(xvY)”x+T(xvy)”y=f(xay) (5.2)

posed on the unit square (0, 1) x (0, 1) with Dirichlet-type boundary conditions. The coeffi-
cients o and t represent the velocity components along the x and y directions, respectively,
and here we take the case when o and t are constant. See (Chen and Sheu 2000, p. 371).
Different finite discretization schemes for the Laplacian operator uy, + uy, and for the
first derivatives u, and u, lead to different linear systems which are naturally equivalent to
standard Sylvester equations (with different discretization errors).

In Starke and Niethammer (1991) it is described how to obtain a general Sylvester equation
AX + X B = C for any values of the coefficients o and 7 using the second-order finite central
differences operator. When o and t are constant, A and B are tridiagonal Toeplitz matrices
defined by

A = tridiag <—1 + ﬂ, 2, —1— ﬂ) and B = tridiag (—1 + o—h, 2, —1— Lh)(5.3)
2 2 2 2
for a uniform n x n grid with step size h = 1/(n + 1). The matrix A corresponds to the
discretization in the y-direction and the matrix B in the x-direction. If t = o then A = B.
A class of Sylvester equations, which arises from the discretization of various differential
equations and boundary value problems using finite differences or Sinc-Galerkin schemes,
can be found in Bai (2011); Wang et al. (2013); Zheng and Ma (2014).

Example 5.1 Here we consider the Sylvester equation (1.1) with matrices A, B € R"*"
defined by (5.3). The parameters t and ¢ depend on the properties of the associated
convection-diffusion problem with homogeneous Dirichlet boundary conditions. The func-
tion f is defined by f(x, y) = e**” and different values of 7, o and h = # are tested.
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Table 1 Performance of ADI, EADI, SOR-ADI and HSS methods for the Example 5.1

h= # ADI EADI SOR-ADI HSS

o= iter tcpy Wexs iter tcpy Wsor iter tcpy o =B iter tcpu

0.04 0.5 42 0.003 1.05 37 0.002 095 26 0.002 075 23 0.05
T=10; 0.02 0.5 42 0.01 1.15 32 0.006 090 21 0.004 0.5 30 0.02
o =100 0.01 025 64 003 102 30 0.02 094 25 0.01 031 51 0.09

0.005 0.15 104 0.17 1.02 50 0.10 098 54 0.10 0.15 104 0.87
0.0025 0.05 273 3.10 1.01 128 142 098 90 1.10 0.075 210 222

0.04 2.5 35 0.005 125 28 0.004 092 25 0.003 0.625 26 0.005
=1 0.02 0.75 34 001 125 26 0.01 090 24 0.008 0.5 30 0.02
o =100 0.01 035 49 003 105 26 0.01 097 30 001 026 51 0.09

0.005 0.15 104 0.19 1.03 51 0.08 098 54 0.12 0.15 104 0.91
0.0025 0.05 273 3.17 1.01 128 146 098 90 1.10 0.06 194 14.6

0.04 1.75 21 0.002 095 20 0.001 099 20 0.002 045 32 0.01
T=50; 0.02 0.5 38 0.006 095 32 0.008 097 28 0.005 037 38 0.03
o=0.1 0.01 025 70 005 099 65 0.05 099 56 0.04 0.18 77 0.14

The equation in this example was solved using ADI, EADI, block SOR-ADI and HSS
methods. The summary of our experiments in terms of the number of iterations (iter) and the
CPU time in seconds (tcpy) is presented in Table 1 for different instances of the parameters
7 and o and the order n of the matrices.

The values assigned to the shift parameters « and B, the same for ADI, EADI and SOR-
ADI, followed from a few numerical tries starting from the values presented in (Liu et al. 2020,
Tables 1, 2, 3) (see aexp in those tables) which were obtained through a search procedure for
similar matrices A and B. The choice of these parameters for the HSS method was made from
analogous experiments. The extrapolation parameter in the EADI method and the relaxation
parameter in the SOR-ADI method are denoted by w,; and wy,,, respectively, and the values
chosen for these parameters were also settled from some numerical experiments.

In what respects to the number of iterations and the CPU time required by EADI and
SOR-ADI methods to converge, given the residual tolerance (5.1), we observe a reduction in
both indicators when compared to the ADI method. This reduction is more significative in
the block SOR-ADI method, in particular in the case T = 50 and o = 0.1. We can consider
that the block SOR-ADI is the method which exhibits the best performance among the three
methods (followed by the EADI method) - the number of iterations is sometimes less than a
half, or even a third, of the number of iterations needed by the ADI method.

The comparison of the three methods ADI, EADI and block SOR-ADI with the HSS
method shows that HSS is the slowest method in terms of the CPU time required. When
compared with EADI and SOR-ADI, in addition to the number of iterations required being
greater in most cases (about twice as much in half the cases) the computational cost of each
HSS iteration is considerably higher and increases with .

‘We now present a second example. This example is not connected to a practical application
and it was devised only for testing purposes.
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Table 2 Performance of ADI, EADI, SOR-ADI and HSS methods for the Example 5.2

m;n ADI EADI SOR-ADI HSS

o =pf iter tcpy Wexr iter tcpy Wser iter tcpy o =B iter tcpy

40; 100 0.75 37 0.0l 0.85 23 0.008 096 23 0.008 1.5 21 0.01
r=4; 500; 103 075 37 162 0.85 23 1.03 09 24 1.09 1.5 21 2.28
s=3 103; 10° 075 37 260 0.85 23 265 09 23 260 1.5 21 5.26

103 5x10° 075 37 6503 0.85 23 39.01 096 24 4130 1.5 21 110.5

40; 100 15 40 001 035 7 0.003 092 17 0007 3.8 12 0.006
r=10; 500; 103 15 40 193 035 7 038 092 17 085 38 12 138
s= 103; 103 15 40 480 035 7 1.10 092 17 212 38 12 3.4

103, 5x10° 1.5 40 705 035 7 13.08 0.92 17 32.15 3.8 12 87.1

Example 5.2 Consider the problem of finding the solution of the Sylvester equation (1.1)
with pentadiagonal Toeplitz matrices A € R™*"™ and B € R"*" given by

A = pentadiag (—0.5, —1,r, —1, —0.5) and B = pentadiag (—1, —0.5, s, —0.5, —1),
5.4

where r and s are two non-zero real parameters, and matrix C is randomly generated from
values uniformly distributed in [0, 10].

‘We considered different values for r and s and, in each case, different orders m and n of
the matrices A and B, respectively. Table 2 contains the number of iterations and CPU time
required by the four methods ADI, EADI, block SOR-ADI and HSS.

This is an interesting example. In the case r = 4 and s = 3, regardless of the order of
the matrices A and B, the number of iterations is always the same (with residual tolerance
tol = 1079) for the four methods. We observe that both EADI and block SOR-ADI methods
are more efficient than the ADI method—the number of iterations and the CPU time required
are significantly reduced (areduction of about 40%)—and their performance is approximately
the same. The HSS method requires less iterations than the other three methods (only 2 or 3
iterations less than EADI and block SOR-ADI) but it is about twice or three times slower.

In the case » = 10 and s = 3, again the number of iterations is constant for any order
of the matrices A and B, but here we found a significant superiority of the EADI method in
relation to block SOR-ADI and ADI methods (although very satisfactory, this contradicts the
general pattern which is that block SOR-ADI method is almost always more efficient than
EADI). The HSS method requires more iterations than the EADI method and less iterations
than the block SOR-ADI method, but in both cases the CPU time is greater.

6 Conclusion

We considered the problem of solving the continuous Sylvester equation AX +X B = C and,
combining a classical method with classical acceleration techniques in a way that we have
not seen directly presented in the literature before, we developed two iterative methods to
solve this equation. These methods are variants of the ADI iterative method - an extrapolated
variant (EADI) and a block successive overrelaxation variant (block SOR-ADI). We showed
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that these variants are closely related to each other, although their formulations did not
anticipate this observation. Under certain assumptions of definiteness on matrices A and B,
we established sufficient conditions for convergence of these two methods. The preliminary
numerical examples provided show, as expected, that these schemes may be advantageous
when compared to the basic ADI method. The convergence rate can be improved by the
EADI method and, more significantly, by the block SOR-ADI method. Our experiments
also show that these new methods are more efficient than the Hermitian and skew-Hermitian
splitting (HSS) method. Even in the few cases when the number of iterations required by the
HSS method is smaller, the significant higher computational cost of each iteration leads to a
greater CPU time.

As future work, instead of using two fixed shifts throughout the whole iteration, we plan to
incorporate in the proposed methods EADI and SOR-ADI heuristic shift-parameter strategies
to compute different shifts (close to optimal) to be used in every step. We will be able to
answer the question if the speed-up by our methods is also obtained when different ADI
shifts are used, and compare the performance with existing ADI algorithms that follow the
same approach, see (Benner et al. 2009; Li and White 2002; Wachspress 2009). Another
interesting and related experiment would be to see if adding the refinement step of EADI to
the factored ADI method (Benner et al. 2009) could improve its convergence rate.
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Appendix A. Implementation details

Algorithm 1 ADI - Alternating Direction Implicit method

Input: Matrices A, B, C (orders m x m,n x n and m x n),

initial approximations X, shift parameters « and S, relative residual tolerance tol,

maximum number of iterations maxit
Output: Solution X of the Sylvester equation AX + XB = C

dA = decomposition(A + o x eye(m)) > decompositions of («/ + A) and (81 + B)
dB = decomposition(B + B * eye(n)) > reduces the execution time of the backslash operator

Ag =B xreye(m) — A
By = axeye(n) — B

X =Xy

R=C—-AxX—-Xx*B > initial residual R = C — AY — YB

normR = norm(R, ‘fro’)
normC = norm(C, ‘fro’)

iter=0

while ((normR/normC) > tol and iter < maxit) do
X =da\(X % By + C)
X=@g*X+C)/dB

R=C—-AxX—-X=x*xB
normR = norm(R, *fro”’)
iter =iter +1

end while

if iter >= maxit then
disp(*Maximum number of iterations exceed. ')
end if

> Frobenious norms of R and C

> number of iterations counter
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Algorithm 2 EADI - Extrapolated Alternating Direction Implicit method

Input: Matrices A, B, C (orders m X m,n X n and m x n),
initial approximations X, shift parameters o and g, relative residual tolerance tol,
maximum number of iterations maxit

Output: Solution X of the Sylvester equation AX + XB = C

dA = decomposition(A + a x eye(m)) > decompositions of («/ + A) and (81 + B)
dB = decomposition(B + B *x eye(n)) > reduces the execution time of the backslash operator

Ap = B xeye(m) — A
By = axeye(n) — B

wl=1—-—w

X =Xy

R=C—-AxX—-Xx*B > initial residual R = C — AY — YB
normR = norm(R, ‘fro’) > Frobenious norms of R and C

normC = norm(C, ‘fro’)

iter=0 > number of iterations counter
while ((normR/normC) > tol and iter < maxit) do

X =da\(X xBy + C)

Y=(@g+xX+C)/dB

X=w*X+owxY

R=C—-AxX—-X=x*xB
normR = norm(R, ‘fro’)
iter =iter+1

end while

if iter >= maxit then
disp(*Maximum number of iterations exceed. )
end if
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Algorithm 3 SOR - ADI - block successive overrelaxation ADI method
Input: Matrices A, B, C (orders m X m,n X n and m x n),
initial approximations X and Yy, shift parameters « and g, relative residual tolerance tol,
relaxation parameter , maximum number of iterations maxit
Output: Solution Y of the Sylvester equation AX + XB = C
dA = decomposition(A + a x eye(m)) > decompositions of (¢ + A) and (81 + B)
dB = decomposition(B + B *x eye(n)) > reduces the execution time of the backslash operator
Ag = Bxeye(m) — A
By = axeye(n) — B
wl=1—-—w
X=XpY =Y
R=C—-AxY—-Yx*B > initial residual R = C — AY — YB
normR = norm(R, ‘fro’) > Frobenious norms of R and C
normC = norm(C, ‘fro’)
iter=0 > number of iterations counter

while ((normR/normC) > tol and iter < maxit) do
X = w) * X + o * (dA\(Y * By + C))
Y=w1 %Y +wx*(2g*X+C)/dB)

R=C—-—AxY—-Y=x*xB
normR = norm(R, *fro”’)
iter =iter+1

end while

if iter >= maxit then
disp(*Maximum number of iterations exceed. ')
end if
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Algorithm 4 HSS — Hermitian and skew-Hermitian splitting iteration

Input: Matrices A, B, C (orders m X m,n X n and m x n),
initial approximation X, shift parameters o and g, relative residual tolerance tol,
maximum number of iterations maxit

Output: Solution X of the Sylester equation AX + XB = C

> Hermitian and skew-Hermitian splittings of A and B
H =(A+A")/2
S| =(A—A"))2
Hy=(B+B")/2
Sy =(B—B")/2
> schur forms of Hy, Hy, S1 and S (diagonalizable)

[Q1,D1]=schur(full(H})) > Hy = 01D107}
[02, D3] = schur(full(Hy)) > Hy = 072D,05
[Q3, D3] = schur(full(Sy))
[03. D3] = rsf2csf(Q3.D3) > S = Q3D30%
[Q4,D4] = schur(full(Sy))
[Q4,D4] = rsf2csf(Q4,D4) > S = 04D4 0}

> diagonal elements of Dy + o1, Dy + B, D3 + aly and Dy + B,
Dy =diag(Dy)+a; Dy =diag(Dy) + B
D3 =diag(D3) +a; D4 =diag(Dg) + B

X =Xy

R=C—-AxX—-X=xB

normR = norm(R, ‘fro’); normC = norm(C, ‘fro’) > Frobenious norms of R and C
iter =0 > number of iterations counter

while ((normR/normC) > tol and iter < maxit) do
% First step
R=01"*Rx*Q)
Z=R./(DI+D2.") > solve (wl + D)Z+ Z(BI + D3) = R
X=X+01%xZxQp’ > update X; X < X + 01203

% Second step

R=C—-AxX—-Xx*xB

R=03"«Rx* Q4

Z=R.)(D3+ Dy.") > solve (@l + D3)Z + Z(BI + Dg) = R
X=X4+03%xZxQ4’' > update X; X < X + 0320}

R=C—-AxX—-XxB
normR = norm(R, ‘fro’)
iter =1iter+1

end while

if iter >= maxit then
disp(*Maximum number of iterations exceed. )
end if

@ Springer f bMA



On relaxed acceleration... Page210f22 32

References

Bai Z-Z (2011) On Hermitian and skew-Hermitian splitting iterative methods for continuous Sylvester equa-
tions. J Comput Math 29:185-198

Bai Z-Z (2016) On SSOR-like preconditioners for non-Hermitian positive definite matrices. Numer Linear
Algebra Appl 23:37-60

Bai Z-Z, Ng MK (2012) Erratum. Numer Linear Algebra Appl 19:891

Bai Z-Z, Golub GH, Ng MK (2003) Hermitian and skew-Hermitian splitting methods for non-Hermitian
positive definite linear systems. STAM J Matrix Anal Appl 24:603-626

Bai Z-Z, Yin J-F, Su Y-F (2006) A shift-splitting preconditioner for non-Hermitian positive definite matrices.
J Comput Math 24:539-552

Bai Z-Z, Golub GH, Lu L-Z, Yin J-F (2006) Block triangular and skew-Hermitian splitting methods for
positive-definite linear systems. SIAM J Sci Comput 26:844-863

Bai Z-Z, Golub GH, Li C-K (2007) Convergence properties of preconditioned Hermitian and skew-Hermitian
splitting methods for non-Hermitian positive semidefinite matrices. Math Comput 76:287-298

Bai Z-Z, Golub GH, Ng MK (2007) On successive overrelaxation acceleration of the Hermitian and skew-
Hermitian splitting iterations. Numer Linear Algebra Appl 14:319-335

Bartels RH, Stewart GW (1972) Solution of the matrix equation AX + XB = C: Algorithm 432. Commun
ACM 15:820-826

Benner P, Li R-C, Truhar N (2009) On the ADI method for Sylvester equations. ] Comput Appl Math 233:1035-
1045

Benzi P (2009) A generalization of the Hermitian and skew-Hermitian splitting iteration. STAM J Matrix Anal
Appl 31:360-374

Cao Z-H (1998) A convergence theorem on an extrapolated iterative method and its applications. Appl Numer
Math 27:203-209

Chen Y-H, Sheu TWH (2000) Two-dimensional scheme for convection-difusion with linear production. Numer
Heat Transfer, Part B 37:365-377

Golub GH, Nash SG, Van Loan CF (1979) A Hessenberg-Schur method for the problem AX + XB = C. IEEE
Trans Autom Control 24:909-913

Horn RA, Johnson CR (1991) Topics in matrix analysis. Cambridge University Press, Cambridge

Kiirschner P, Benner P, Saak J (2014) Self-generating and efficient shift parameters in ADI methods for large
Lyapunov and Sylvester equations. Electr Trans Numer Anal 43:142-162

Lancaster P, Tismenetsky M (1985) The theory of matrices, 2nd edn. Academic Press, Orlando

Li X, He N (2022) Shift-splitting iteration method and its variants for solving continuous Sylvester equations,
East Asian. J Appl Math 12:367-380

Li J-R, White J (2002) Low rank solution of Lyapunov equations. J Matrix Anal Appl 24(1):260-280

Li T, Weng PC-Y, Chu EK-W, Lin W-W (2013) Large-scale and Lyapunov equations, Smith method, and
applications. Numer Algorithm 63(4):727-752

Li X, Huo H-F, Yang A-L (2018) Preconditioned HSS iteration method and its non-alternating variant for
continuous Sylvester equations. Comput Math Appl 75:1095-1106

Li P-S, Lam J, Kwok K-W, Lu R-Q (2018) Stability and stabilization of periodic piecewise linear systems: a
matrix polynomial approach. Autom J IFAC 94:1-8

Liu Z-Y, Zhou Y, Zhang Y-L (2020) On inexact ADI iteration for continuous Sylvester equations. Numer
Linear Algebra Appl 27(5):€2320

Liu Z-Y, Wu N-C, Qin X-R, Zhang Y-L (2018) Trigonometric transform splitting methods for real symmetric
Toeplitz systems. Comput Math Appl 75:2782-2794

Liu Z-Y, Zhang F, Ferreira C, Zhang Y-L (2022) On circulant and skew-circulant splitting algorithms for
(continuous) Sylvester equations. Comput Math Appl 109:30-43

Lu A, Wachspress EL (1991) Solution of Lyapunov equations by alternating direction implicit iteration.
Comput Math Appl 21:43-58

Peaceman DW, Rachford HH Jr (1955) The numerical solution of parabolic and elliptic differential equations.
J SIAM 3(1):28-41

Sadkane M (2012) A low-rank Krylov squared Smith method for large-scale discrete-time Lyapunov equations.
Linear Algebra Appl 436:2807-2827

Simoncini V (2016) Computational methods for linear matrix equations. SIAM Rev 58:377-441

Smith RA (1968) Matrix equation XA + BX = C. SIAM J Appl Math 16:198-201

Starke G, Niethammer W (1991) SOR for AX — X B = C. Linear Algebra Appl 154(156):355-375

Tian Z-L, Wang J-X, Dong Y-H, Liu Z-Y (2020) A multi-step Smith-inner-outer iteration algorithm for solving
coupled continuous Markovian jump Lyapunov matrix equations. J Frankl Inst 357:3656-3680

Varga R (2000) Matrix iterative analysis, 2nd edn. Springer, New York

@ Springer f DMAC



32 Page22o0f22 Z. Liuetal.

Wachspress EL (2009) ADI iteration parameters for solving Lyapunov and Sylvester equations, Technical
Report

Wachspress EL (1988) Iterative solution of the Lyapunov matrix equation. Appl Math Lett 107(1):87-90

Wang X, Li W-W, Mao L-Z (2013) On positive-definite and skew-Hermitian splitting iterative methods for
continuous Sylvester equations AX + X B = C. Comput Math Appl 66:2352-2361

Xiong J, Lam J (2006) Stabilization of discrete-time Markovian jump linear systems via time-delayed con-
trollers. Automatica 42(5):747-753

Young D (1971) Iterative solution of large linear systems. Academic Press, New York

Zheng Q-Q, Ma C-F (2014) On normal and skew-Hermitian splitting iterative methods for large sparse con-
tinuous Sylvester equations. J Comput Appl Math 268:145-154

Zhou B, Lam J, Duan G-R (2009) On Smith-type iterative algorithms for the Stein matrix equation. Appl Math
Lett 22(7):1038-1044

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer f bMA



	On relaxed acceleration of the ADI iteration
	Abstract
	1 Introduction
	2 ADI iteration
	3 Extrapolated ADI iteration
	4 Block SOR-ADI iteration
	5 Numerical examples
	6 Conclusion
	Appendix A. Implementation details
	References




