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Abstract

In this paper, we not only study asymptotical stability of a class of linear impulsive neutral
delay differential equations(INDDEs), but also study stability and asymptotical stability of
nonlinear INDDEs. Asymptotical stability of zero solution of linear INDDE:s is studied by the
properties of simple autonomous linear neutral delay differential equations(NDDEs) without
impulsive perturbations. Base on this idea, numerical methods of INDDEs are constructed.
The constructed numerical methods preserve asymptotical stability of linear INDDESs if corre-
sponding methods are A-stable. Moreover, some stability and asymptotical stability criteria
are established for nonlinear INDDESs, respectively. The constructed numerical methods
which can preserve stability and asymptotical stability of the exact solutions under these
criteria are obtained. Some numerical examples are given to confirm the theoretical results.

Keywords Impulsive neutral delay differential equations - Runge—Kutta method - Stability -
Asymptotical stability

Mathematics Subject Classification 65L03 - 65105 - 65L.07

1 Introduction

Impulsive differential equations arise widely in the study of medicine, biology, economics,
engineering, and so forth. In recent years, INDDEs are attracting more and more attention.
In papers Anguraj and Karthikeyan (2009) and Cuevasa et al. (2009), existence uniqueness
and continuous dependence of INDDESs are investigated. In papers Li and Rogovchenko
(2015, 2016) and Li and Deng (2017), oscillation of first-order, second-order, even-order of

Communicated by Hui Liang.

This work is supported by the NSF of PR China (No. 11701074).

B Gui-Lai Zhang
guilaizhang @ 126.com

1 College of sciences, Northeastern University, Shenyang 110819, China

@ Springer f DMAC


http://crossmark.crossref.org/dialog/?doi=10.1007/s40314-023-02518-0&domain=pdf
http://orcid.org/0000-0001-6918-4993

8 Page2of24 G.-L.Zhang et al.

INDDE:s are studied, respectively. In papers Li and Deng (2017) and Li and Rogovchenko
(2020), stability of first-order, third-order INDDESs are studied, respectively. Mean square
exponential input-to state stability of stochastic Markovian reaction diffusion systems with
impulsive perturbations has also been studied in paper Xue et al. (2023).

On the other hand, stability and asymptotical stability of numerical methods for NDDEs
without impulsive perturbations have been widely studied (see Liu 1999; Enright and Hayashi
1998; Engelborghs et al. 2001; Wang and Li 2008 etc). Wang and Li (2008) studied stability
and asymptotic stability of 6-methods for nonlinear NDDEs with constant delay and pro-
portional delay. Enright and Hayashi (1998) estabilished sufficient conditions for order of
convergence results about continuous Runge—Kutta methods for NDDEs with state depen-
dent delays. But to the best of our knowledge, up to now, there are few articles referring to
stability of numerical methods for INDDEs.

The aim of this paper is to provide asymptotical stability criteria for the exact solutions
and the numerical solutions of INDDEs. Applying asymptotical stability of NDDEs without
impulsive perturbations, asymptotical stability criteria are obtained for the exact solutions
of linear INDDEs and nonlinear INDDEs, respectively. Numerical schemes for INDDEs are
constructed based on the relationship between INDDEs and NDDEs. Moreover, we proved
that some numerical methods can preserve asymptotical stability of linear and nonlinear
INDDEs, respectively. The rest of this paper is organized as follows. In Sect. 2, asymptotical
stability of zero solution of linear INDDEs is studied by the properties of simple linear NDDEs
with constant coefficients. Base on this idea, numerical methods of INDDE:s are constructed.
The constructed numerical methods furnished A-stable Runge—Kutta methods can preserve
asymptotical stability of linear INDDEs. In Sect. 3, some stability and asymptotical stability
criteria are established for nonlinear INDDEs by the properties of nonlinear NDDEs. Under
these stability and asymptotical stability criteria, the constructed numerical methods furnished
by implicit Euler method or 2-stage Lobatto IIIC method are stability and asymptotical
stability. In Sect. 4, we provide some numerical examples to confirm our theoretical results.

2 Linear INDDEs

In this section, we consider the following scalar linear INDDE:

x'(t) =ax(@) +bx(t —t)+cx'(t —1), t>0,t #kt,k €N,
x() =Ax(t7), t=kt,keN, 2.1
x(@) =¢(@), t€[-1,0),

where 7 is a positive constant, a, b, ¢ and A are complex constants, the initial function ¢ (¢)
is continuous differentiable on [—7, 0), x'(¢) denotes the right-hand derivative of x(r) and
N={0,1,2,---}.

In the following of this paper, always assume A # 1 and A # 0. When A = 1, INDDE
(2.1) is changed into NDDE without impulsive perturbations. When A = 0, the solution x ()
of INDDE (2.1) satisfies x(kt) = 0 for all k € N.
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2.1 Relations between INDDEs and NDDEs

Theorem 2.1 Assume that x(t) is the solution of (2.1) and y(t) = AT (@), 1 e [T, 00),
then y(t) is the solution of the following equation without impulsive perturbations

V() =ay) + Byt —1) +cy'(t —1), t >0, 2.2)
y(t) = (), 1 €[-1,0], ’
where o = a + '“T)‘, =b— Cl;“\, {%} = % — L%J, |-] denotes the greatest integer function

and

(L+1) _
cp(;):{’\ o), te[-1,0),
A9 (07), t=0.

On the other hand, if y(t) is the solution of (2.2) and x(t) = )L_{t/f}y(t), t € [—1, 00), then
x(t) is the solution of (2.1).

Proof We will prove that y(¢) is continuous if x(¢) is the solution of (2.1). Obviously,
y(@) = A x @) = 2T x @) (2.3)
is continuous on [kT, (k + 1)t), k = —1,0, 1, 2, .. .. Therefore,
y(07) = lim A" x(@) = ax(07) = A (07),
t—0~
¥(0) = x(0) = Ax(07) = Ap(07).
Hence y(0) = y(0™), which implies that y(¢) is continuous at t = 0. It follows from

ykt) = MFhx(kr) = x(kt) = Ax(ke),
ykt™) = lim AlTx(r) = ax(ke),
t—kt—
that y(¢) is continuous att = kt,k = 1, 2, . ... Consequently, y(¢) is continuous on [—t, 00).

Next, we will prove that y(¢) is the solution of (2.2) if x(¢) is the solution of (2.1). For
t€lkt,(k+1)1),k=0,1,2,..., we can obtain that

y/(l‘) — )Lt/rka(t) + )Lt/rka/(t)

_ y()InA
N T

InX
T
+ )Lt/r—kx/([),

and

In X
)7

y/(l‘ —7) = )\(t—r)/r—(k—])x(t —7 + k(t—r)/r—(k—l)x/(t —7)

t—1)lni
— u —i—)»t/rka/(t - 1),
T

@ Springer f DMAC



8 Page4of24 G.-L. Zhang et al.

which implies that

y'(®)
- y(t)rﬂ + [ax(®) +bx(t —7) + cx'(t — 1)]
_ y(@®)Inx Fay(t) +by(t — ) + C)\-l/r_kx/(t —1)
- (“ + m%) y(O) +byt —1)+c¢ |:y/(t —17)— W‘fﬂ]

InA clni ,
= (a+T)y(t)+(b—T)y(t—t)-l-cy(t—t)

=ay()+ Byt —1) +cy'(t — 7).

Finally, we will prove that x(¢) is the solution of (2.1) if y(¢) is the solution of (2.2). For
telkt,k+1)1),k=0,1,2,---, we can obtain that

InA
X (1) = —H’/f*k)y(r)—t + ARy (1)
£)In A
_ X0 )Tn + ARy @,

and

InA
X(t—1)= —)\_[(t_t)/f_(k_l)]y(t _ .L-)T + )\_[(t_f)/r_(k_l)]y/(t —17)

t—1)lni
_ _% ATy .
which implies that
x'(1)

£)1n A In A In A

__X®n + A~ Wb [(a + n—) y(@) + (b _on )y(t — 1) +oy(t— T)]
T T T
£)InA In A In A

_ X0 <a + L) x(0) + (b - >X(z 0 +ex Y - 1)
T T T

= ax)+ (b= T2 ) xe- o e[xo - o+ ZEEDRE]
=ax(t)+bx(t — 1) +cx'(t — 1).

Obviously, it follows from

x(kt) = 2y (k) = yiko),
x(ke™) = lim Mx@) =2 Yy k),
I—>KT™

that x(kt) = Ax(kt™),k =0,1, 2, .... Hence x(t) is the solution of (2.1). ]

2.2 Asmpotical stability of linear INDDEs

By (Bellen et al. 1988, Theorem 2.1) and Theorem 2.1 of present paper, we can obtain the
following results.
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Theorem 2.2 Assume that
lac — B| + |ac + Bl < —2R ().
Then the solution y(t) of NDDE (2.2) tends to zero as t — oo. Hence if

Ini\ _ cln i In A clni In X
a+—|)c—|b— +la+—)c+|b— < -20la+ — ),
T T T T T

then the solution x(t) of INDDE (2.1) tends to zero ast — 00.

Maybe some readers are interested in linear INDDE as the following form.
xX'@t)=ax(@)+bx(t —1)+cx'(t —1), t>0,t #kt, k € ZT,
x(t) = Ax(t7), t=kt,keZ", 2.4)
x(1) = (1), tel[-1,0]

where Z* = {1,2,...}. In fact, on interval [—7, 7), the Eq. (2.4) is a delay differential
equations without impulsive perturbations. If the solution x(¢), ¢ € [0, T) is seen as initial
function, the Eq. (2.4) can be seen the same as (2.1) for # > 7. So the asymptotically stable
results of Theorem 2.2 can be extended as follows.

Corollary 2.3 If

In X cln) In A clni
a+ — b— +la+—)c+|b—
T T T T

then the solution x(t) of INDDE (2.4) tends to zero ast — oo.

In X
< -20la+—,
T

In fact, all the stable and asymptotically stable results of INDDE in this paper can be
extended similarly, we do not introduce in detail for concise.

2.3 Stability analysis of numerical methods for linear INDDEs

Based on the relations between INDDE (2.1) and NDDE (2.2), the numerical method for
linear INDDE (2.1) can be constructed as follows

Ynl = Yn + Z}'Y:1 wizgil’ neN
0 LS ) RS s
Zppr =y +h 3 aijz, )+ B \(nem +h D bijz,

2.5)
)
+c Z/ 1 Ci.l'znjfm+l
Xp = A" { }yn
where t, = nh,n € N, h = % and m is a positive integer. Here, the vector w =
[wi, wa, ..., ws]T and the matrix A = [a; /]f i define a Runge-Kutta method for ODEs.

For Vn € N y,1 is an approximation to y(#,) of (2 2), x,, is an approximation to x(tn) of (2.1),
Yo+ h Z] 1 a,]z;j_:l is an approximation to y(t, + ¢;h), yn—m + h ZJ 1 bljzn 1 1S @n
approximation to y(t,—,, + cih), Zj c,]z,(l )m+
where ¢; = Z;:l aij, i =1,2,...,s.

Usually, b;; = bj(c;) and ¢;; = b;. (ci), where b;(#), j = 1,2, ..., s, are polynomials
which define the natural continuous extension of the Runge—Kutta method, i.e. polynomials
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such that the approximate solution yj, defined on the whole interval of integration is given
by

s
Yty +0h) = yu(ta) +h Y _bj©)z) . n € N6 €0, 1].
j=1

Put B = [bi_,-]jf,/.=1 and C = [Cij]f',j=1~ Let @ = ha, B = hp and denote by
{yn(m; a, B, C)}flio can be described by quadrupple {w, A, B, C}. So the numerical method
(2.5) for linear INDDE (2.1) can be rewritten as follows

Yn+1 = Yn + thZn-Hy neN
in+1 = a(yne + hAZnJrl) + ﬂ(ynfme + hBanerl) + CCanerl (26)

n

Xn = A tE }yny
where z,, stands for [z\", 22, ...,z ande =1, 1,..., 1]T.
A-stable Runge—Kutta methods for ODEs can be extended to asympotically stable numer-
ical method for INDDEs. By (Bellen et al. 1988, Theorem 3.4), we can obtain the following
theorem.

Theorem 2.4 Assume that the Runge—Kutta method {w, A} for ODE is A-stable. Then the
corresponding method (2.6) for INDDE (2.1) with B = A and C = I, which satisfies

Ini\ _ clni In A clni InX
a+—|)c—\|b— +la+— )c+|b— < 20(a+— ).
T T T T T

Then the numerical solution x, of (2.6) tends to zero as n — 00.

3 Nonlinear INDDEs

In this section, we will consider the following nonlinear INDDE:

X)) = ft,x@),x¢t—1),x’¢—1)), t>0,1#kt, keN
x(t) = Ax(t7), t=kt, keN (3.1
x(1) = o), t€[-1,0),
and the same equation with another initial function:
)= f@t,x@),x¢t—1), Xt —1), t>0,1#kt, keN
x(t) =ax(t7), t=kt, keN (3.2)
HOETION te[-7,0),
where L # 1, L # 0,7 > 0, ¢ and q~5 are continuous functions on [—7, 0), lim ¢(¢) and
t—0~
lirg <1~5(t) exist, x'(¢) denotes the right-hand derivative of x(¢). Let (-, -) be a given inner
t—0~

product on C? and || - | the corresponding norm. Assume that the function f : [0, 0o) X
C4 x C? x C¢ — C is continuous in ¢ and satisfies the following conditions: for arbitrary
X, U, V, X1, X2, U1, U2, 01, v2 € C? and Vr € [0, +00),

R((x1 — xa, f(t, x1,u,0) = £, x2,u, ) < R@)|x1 —x2® (3.3)
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If @ x,ur,v) = f@,x,u2,v)|| < B@O)ur — uz (CX)
If@, x,u,v) — f@& x,u, v2)|| < y@)lve —val (3.5)
||U(t,x,u1,v,u})—U(t,x,uz,v, w)” SU(I)”M] —M2|| (36)

where R(t), B(t), y(t) and o (¢) are continuous real functions and

U, x,u,v,w)= f(t,x,u, ft —t,u,v,w)).

3.1 Relations between INDDEs and NDDEs

Assume that the scalar function « : [—7, 00) — C satisfies the following conditions:

(1) forany ¢ € [0, 00), a(t) = ax(t — 7);
(2) «(?) is infinite smooth on [0, 7);

(3) () =land x(07) = A;

(4) inf;e0,7) le ()| = m > 0.

Theorem 3.1 Assume that x(t) is the solution of (2.1)and y(t) = a(t)x(t), t € [—1, +00).
Then y(t) is the solution of

Y0 =F@, y®),yt —1),y't-1), 1=0, 37
() =o@), t€[-1,0] '
where
o' (D)y u v o' (Hu
F(t,y,u, +a _ —, — =
O30 = T OO 0 S w2
and
_Ja®e@), te[-10),
*0 = {a(O’)d)(O’), ‘=0
On the other hand, assume that y(t) is the solution of (3.7) and x(t) = X0 e

o
[—t, +00). Then x(1) is the solution of (2.1). ¢

Proof (i) Because «(t) and x(¢) are continuous on [kt, (k + 1)), y(¢) is continuous on
[kT, (k + 1)T), where k = 0, 1, .. .. Obviously, we have
y(kt) = y(kt*) = alkrHx k™)
=atkt)lxkt™) = a(Q)Ax(kt™)
= Ax(kt™)

and
yktT) =atkt )xkt™) = Ax(kt 7).

So y(kt) = y(kt™) = y(kt™), k=0, 1,2,.... Hence y(¢) is continuous on [—T, 00).
Obviously, for ¢t € [kt, (k + 1)7),k =0, 1, ..., we can obtain that
ya Y@ o0y
YO=C0) Tww T 2w
Yit—1) Oyt —1)
al(t) a?(1)

=x'(t—1)=
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which implies

Y1) = ' (0)x (1) + a()x' (1)
=a'Ox@) +a@) ft, x@), x(t —1),x'(t — 1))

_ oMy YO yt-—1) Yy@t—1) -1y —7)
= T oS (l’ a) ai—1) ali —1) 2 —1) >
_d My Yo yt—1) Yt-—1) Oyt —1)

= e TO0I (l’ o0’ a) | al) o2(1) )

=F(t,y®),y(t —1),y'(t —1)).
(ii) Assume that y(t) is the solution of (3.7). For t € [kt, (k+ 1), k=0,1, ...,

i YO, YO D)y
=G T e T 20
_ L (dmy® Y0 yt—1) Yy-—1) 0yt —1)\) Oy0)
- a(t) ( a(t) te®f (t’ alt) a@) T a@) a?(1) )) a?(t)
oy (t Y@ yt—1) Yy@t-1 _a’(t)y(t—r))

- Ta() at) T at) (1)

= f(t,x@), x(t — 1), x'(t — 1)).
Obviously,

k) ylko)

k) =00 T @)

y(kt)

and

_ y@)  ylkr) ykt)  ylkt)
x(tkt7) = lim — = = = .
>kt a(t)  oakr™)  a(tT) A
So x(kt) = Ax(kt™),k = 0,1, - --. Obviously, we have x(t) = %; =¢(),t € [—1,0).
Hence x(¢) is the solution of (3.1). ]

3.2 Asymptotical stability of INDDEs

Theorem 3.2 Assume that IDDEs (3.1) and (3.2) fulfill the inequalities (3.3)-(3.6), and
R(t) < 0forVt =0,

'® R(t—1)
o (1)) | R@) wo () — wy (1) [m (%> + ko ]
N at) +7 <0 B [m (wm) N m] <1, (3.8)
' al(t) 02
then
Alp(07) — p(0~
le(t) — £0)]) < max(*12¢ )m GBI o
where & = T ¢ = sup, ) |51, 66(5) = 1 (s =) = b5 — ), 3 (s) =

l¢'(s — 1) — ¢'(s — 7)|| and

= sup CEOFAVENIE) + Py (396)
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Moreover, assume that

m(o‘/(t)>+m) <Ry <0, Vi >0,
()

and

W (20 | Re=o)
oy (% (%9) + ) ]
0 @ ) ) <E <1, V>0,

<k(l1—-r@)), k<1, VYVt >0,

(@) R()
- (9i (‘2(:)) + 7)
then we have

Aim [lx(@) —x@)| = 0.

Proof We will apply inequalities (3.3)-(3.6) to prove that the function F :

(3.10)

3.11)

(3.12)

[0, 00) x

C? x €4 x C? — C? satisfies the following conditions respectively: for arbitrary

Y, U, v, y1, y2, U1, U2, V1, V2 € C4 and V1 € [0, +00),
Ryt — y2, F(t. y1, 1, 0) = F(t, y2, 10, 1)) ,< (“ ®
ao(t)
IF . y.u1,v) = F(t, v, uz, )l < o (B@) + Ey @) lug — usl

IF @, y,u,v1) = F(t, y,u, 02)|| < 0y @)lv; —v2ll
V@ y,up,v,w) =V, y,u2, v, wl| < 0o @)llug — uzl

where V (¢, y,u,v,w) = F(t,y,u, F(t — 7,u, v, w)).
First of all, we will prove inequality (3.13) as follows
N(y1 — y2, F(t, y1,u,v) — F(t, y2,u,v))

B o' (0)y u v JdOu\ dOn
=Ny — y2, «() +o (t)f< m m m— az(t))_ «()
u v o' (Hu

~as (1 35 2 2<z>>
V. A O P 2g 1 2 EINNUIUE
=01 =2 T 01— )+ R OPR TS — f(,am 2

_f< R L_“/(‘)“>)

a(t) a(t) at) 2(1)
< o' (1) — 2 _ 2 2
“( ())HM vl + len)? R(l)ll (t) a(t)ll

which implies, if R(#) < 0 for Vr,

o’ (t)
Q)

N(y1 — y2, F(t, y1,u,v) — F(t, y2,u,v)) < [9i<

and if R(t) < R and R > 0 for Vz,

o' (1)
()

N{y1 — y2, F (¢, y1,u,v) — F(t, y2,u,v)) < [SR<

)+R“)mfnn (3.13)

(3.14)
(3.15)
(3.16)

a/(t)u)
a?(1)

>+(mw—mn6ﬂ)

>+MMMrwﬂ?aw)
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Second, the inequality (3.14) can be proved as follows

IF @y, ur,v) = F,y, uz, vl

_ a/(t)y oy '471 L_a/(t)ul
=1%o ()f( a®)’ a@)’ al) Q(t))
o' (t)y u, v o (Huy
S e or (e )]

uj o (Huy y up v o (Huy
= le@bls ( a0 a0 a0 ( 2 @@ a® o) )”

uy v o/ (Huy ) <t y uz v o/ (Huy ) |

=( s \oz(t)l)l\f( @ W mi a2(1) oc(t)’ot(t)’mi a2(1)

—7<t<0
L B NS OLTR WY P B B B A O
o '“(’)')”f< a() @) a) 2(0) f(” a0 @) al) o2 )”

< sup Il [ﬁmn— LAY I A0 (L . (”“2) ||}
o O a0 a0 @20  \a®  o20)
< wB@) +yOO|uy — s

Third, the inequality (3.15) can be proved as follows

|F@, y,u,v)) — F(t,y,u, v

o al)y Yy u v d(Du
=l2o T ()f< o« ) al) a%))

a'(t)y U vy o' (Hu
_[ o) ¢ ()f< a® «® al) a%))}”

o' (Hu V2 o (Hu
= (f;‘io'“(’)') ot~ e~ (ot~ e )!

< oy ®|vr — vzl

Finally, the inequality (3.16) can be proved as follows

V@, y u,v,w)y—V(, y,uz, v, w|
=|F@,y,u;, F(t —t,uy,v,w)) — F(t,y,uz, F(t — T, uz, v, w))||

—— ”f<, Yoo f<t_, U v L_""(””))
o a @) al)’ () an) a2
uy v w o (Hv
_f< Ca(t) a(r) f( a) w) al) a%))) |
—— ”U( Yo v LJ"iﬁ)
e<i<0 a(n) alt) a(t) alt) o)

y  up v w o (Hv
—U< — =, — 7—27>||
a(t) a@) o)’ alt) ®)

(_IS;FLO |Ol(f)|> (t)”ﬁ - m”

< wo (t)|luy — uzl|
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By the condition (3.8) and (Wang et al. 2009, Theorem 3.1), (Wang and Li 2004, Theorem
1), we can obtain that

ly(@) = 50| < max{||®(0) — SO)]. &},
which implies (3.9) holds, where
@B(s) + 0y )P — 1) = P(s — DI + 0y () [P'(s = 1) = P'(s — 1)

Moreover, by the condition (3.10)-(3.12) and (Wang et al. 2009, Theorem 3.2), (Wang and
Li 2004, Theorem 4), we can obtain that

lim [y(r) = y®| =0,
11— 00
which implies
lim ||x(t) — x(t)|| = 0.
—00
O

Due to the difference in (3.17) and (3.18), similar to Theorem 3.2, by (Wang et al. 2009,
Theorem 3.2) or (Wang and Li 2004, Theorem 4), we can obtain the following theorem.

'[heorem 3.3 Assume that IDDEs (3.1) and (3.2) fulfill the inequalities (3.3)-(3.6), R(t) < Ié,
R > 0, and for vVt > (,

(0 g, P01 (a) 1]
] w°R <0,

() - [m (i%ff) +w21§] <1, (3.19)
then
e — 20l = max(*1PC PN 7 (3.20)
where
s LB+ 2y (6)8) + @y ()56 (s)
0<s<t - [% (‘ZT‘;))) +w21§]
Moreover, assume that
9 <O;/((;))> +PR<R<0, wy(t) <E <1, V1 >0, (3.21)
wo (t) <k —wy@), k<1, Vi >0, (3.22)

y (@) 2p
— [5}1 (O;(t)) +w R]
then we have

Aim flx(#) = X0 = 0.
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3.3 Special cases

In this subsection, we only introduce three special cases and some sufficient conditions for
stability and asymptotical stability of (3.1) and (3.2) are obtained from them. Many different
functions can be chosen as «/(f) (see Zhang et al. 2015), which implies many special cases
can be obtained.

Special case I. Obviously, o (f) = )\{%}, t € [—1,00). By Theorem 3.2, when «(¢) =
ay(t) = )\{%}, we can obtain the following theorem.

Theorem 3.4 Assume that x (t) is the solution of (2.1) and y1(t) = )\{g}x(t), t €[—1,+00).
Then y1(t) is the solution of

{yim = Fi(t, y1(0), y1(t — 1), Y|t = T)), 1 >0, 323)

y1(t) = @1(0), t € [—1,0],

where

In () {
Fi(t,y,u,v)= - yH+ATI AT

A~
=
7
et
=
>
ey
N
<
|
<
Sl
>
N~
~——

and

_[» o), 1el-1,0),
q)l(t)_{up(o—), t=0.

On the other hand, assume that y(t) is the solution of (3.23) and x(t) = A_{%}y(t), t e
[—t, 400). Then x(t) is the solution of (2.1).

Theorem 3.5 Assume that IDDEs (3.1) and (3.2) fulfill the inequalities (3.3)-(3.6), and
R(t) <0 forVt >0,

B InjAl |, R@t=1) 1)
N L {0 wn/(f)( + 2 )
<0, 1

5 =<1
T [oh (1n|,\| + R(t))
7

Alp(07) — H(0~
lx(t) — £0)]) < max(2IPCD— O

mi

then

where w; = max{|A|, m} my =min{L, [A[}, ¢ = |"2%| and

_0F(BG) + 20y ()86 (5) + iy (5)3(s)
K| = sup .

0<s<t <ln\M + R(t))
@7

ln)\, Rl
T 2

Moreover, assume that

<R; <0, Vt >0,
i
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and

w1y (t) (lnrlkl + R(;;r)) )
=rn@ <& <1, Vt=0,

kil =ri@®), k1 <1, Vi =0,

In|A| R(1)
()

Am lx(@) = x@)| = 0.

then we have

'[heorem 3.6 Assume that IDDEs (3.1) and (3.2) fulfill the inequalities (3.3)—(3.6), R(t) < Ié
R > 0, and for Vt > 0,

w10 (t) — w1y (1) (lnrﬁ + w%]é)

In )] 24
+(l)1R<0, In A i Sla
— (T + ] R)
then
- Mg 07) = Ol
lx () — x ()| < max{ LK1},
mi
where
. W2 (B(s) + 2817 ()8 () + wly ()8 (s)
K1 = Ssup = .
0<s<rt — (% +w%R)
Moreover, assume that
P2k <o :
1 , my(@) <& <1, Vi >0,
and
w10 (1)

— < <k —oy®), k<1, Vi >0,
- (lnrﬁ +w%R>

then we have

Aim flx(®) = x(@)] = 0.

Special Case II: When L. € Rand A > 0, ap(t) = 14+ (X — l){%}, t € [—1,00). By
Theorem 3.2, when «(#) = a2(¢), we can obtain the following theorem.

Theorem 3.7 Assume that x(t) is the solution of (2.1) and y,(t) = oa(t)x(), t €
[—t, 400). Then y>(t) is the solution of

Y5(1) = Fa(t, y2(t), y2(t — 7), Y5, (t — 1)), 1 >0,
n2(t) = ©2(1), t e[-1,0],

@ Springer f DMAC

(3.24)



8 Page14of24 G.-L. Zhang et al.

where
A —1Dy y u v A —Du
F = — _
2(t, y,u,v) p—_ +oax(t) f (t’ a(t) ax(t) an(t) ra%([) )
and
_ 0+ =DE+Dlp@), tel-1,0),
®20) = {m(o—), r=0.
On the other hand, assume that y(t) is the solution of (3.24) and x(t) = — 00 __ e

1+(0—D{Ey
[—7, +00). Then x(t) is the solution of (2.1).

Theorem 3.8 When . € R, A > 0 and ) # 1, assume that IDDEs (3.1) and (3.2) fulfill the
inequalities (3.3)—(3.6), R(t) <0, for Vt > 0,

— R(t—
w0 (1) — wyy (1) (H(AQII)I{L} + <z2f)>

_ Al R() a
(z+(x—1)r{§} + w3 )

r- 1 RO
T+0-Dr{t) o

<0,

then

Alg(07) — p(07)]] .

m3

llx(®) — Xl = max({

2},
_ 1 — mi — Azl A=l
where w3 = max{A, 5}, my = min{l, A}, { = max{|*=|, |5 |} and

B @3[B(5) + 20y ()18¢(s) + w3y (5)3(s)
K2 = Ssup .

O<s<t _ A—1 R@)
<r+(k—1)r{§} + w3 )

Moreover, assume that

A—1 R(t)

S . TR
T+ O—Dr{f} W

and

A=l R@—1)
w1y (1) <r+()\71)r{%} T
A=l RO
T+ —Dr{L} + w3

)Zrz(l)§§2<l, vt >0,

w10 (1)

< k(I =r2(1)), ko <1, V1 =0,
B (=S S 0]
+0-De{f} | 3

then we have

Aim flx(0) = X0 = 0.
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Theorem 3.9 When . € R andAkA> 0, assume that IDDEs (3.1) and (3.2) fulfill the
inequalities (3.3)—(3.6), R(t) < R, R > 0, and for Vt > 0,

r—1

-
—— 4+ w5R <0,
TG - Dr(l)
and
r—1 2p
n0 ) =02y ) (35S +03k) 1
A—1 25 -
- (rm—l)r{%} +“’2R)
then
~ M@ (07) — dO)|
llx () — X ()| < max{ K2},
mp
where

. @3 (B(s) + 202y (1)) 8¢ (s) + w3y ()8 (s)
K2 = Su .

0w _ A1 25
<s<t (r+(k—1)r{§] +a)2R)

Moreover, assume that

A1 s - i
A LR <Ry <0, way(t) <E <1, Vi >0,
T+ O Dr(h) v =&
t _ _
©20(0) <kl =y (@), ko <1, ¥t >0,
- (7)‘71 +w21§)
T+(—Dr{L} 2

then we have
lim ||x(¢) — X@)| = 0.
— 00

A—1

T+0.—~Dr{}
following corollary.

Because < %1 forall A > 0, V¢ € R, by Theorem 3.9, we can obtain the

Corollary 3.10 When A € R, A > 0 and X # 1, assume that IDDEs (3.1) and (3.2) fulfill the
inequalities (3.3)—(3.6), R(t) <0, for Vt > 0,

w20 (1) — w2y (1) (ﬂ + ’“—;’)

A—1 RO "
+ 5 < 0, < 17
T ) _ [ 2= + R()
T w%
then
~ Alp(07) — p(0~
() — £0)]) < max(212¢ 1”2 PO .

Moreover, assume that
A—1 R(t .
+¥5R2<0, vVt >0,
L)

T
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and

£

01y (1) (ﬂ + —’“’5”)
=) <& <1, ¥t >0,

A=l R@)
R

w10 (t)
A=l |, R@®
()

Am lx(@) —x@)| = 0.

<lka(1—#2(1), kp < 1, V£ >0,

then we have

Corollary3.11 When L € R amj A o> 0, assume that IDDEs (3.1) and (3.2) fulfill the
inequalities (3.3)—(3.6), R(t) < R, R > 0, and for Vt > 0,

A—1 N
— + a)%R <0,
T
and
w0 (1) — way (1) (%l + w%ﬁ)
<1,
=1 25
- (T +a)2R)
then

Al 07) — p(07)]| .

m3

llx(r) — X(O)]| < max{

2}
Moreover, assume that

A—1 . By
S— 4R <0, mpy(t) <& <1, V>0,
T

; ~ -
% skl —wy®), k2 <1, ¥1 20,
— (T + a)zR)
then we have
lim ||lx(t) — x(1)|| = 0.
—>00

Special CaseIIlI: When A € Rand A > 0,a(t) = a3(t) = —{%}z—i—)\{%}—i—l,t € [~1, 00).
By Theorem 3.2, we can obtain the following theorem.

Theorem 3.12 Assume that x(t) is the solution of (2.1) and y3(t) = (—{%}2 + A{%} +
Dx(t), t € [, +00). Then y3(t) is the solution of

y3() = F3(t, y3(2), y3(t — 1), y5(t — 1)), t >0, (3.25)
y3(t) = ®3(2), t e[—1,0],
where
C[2{5) Ay y u v (A—Du
Blyun =" o T 00 w0 w0 o
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and
(L 2 r _
oy = | FEFDPHAG + D+ o). 1€ [-2.0).
Ap(07), t=0.
On the other hand, assume that y3(t) is the solution of (3.25) and x(t) =
ﬁ%}ﬂ’ t € [—7, +00). Then x(t) is the solution of (2.1).

Theorem3.13 When A € R and & > 0, assume that IDDEs (3.1) and (3.2) fulfill the
inequalities (3.3)—(3.6), R(t) <0, for Vt > 0,

—2{L}+ 2 R(1)

<0,
—(FPr4ar(il T o3
and
_ —2{L}+2 R(t—1)
w30 (1) — w3y (1) <7{%}2T+M{r?}+r + P )
- <1,
_ i + R®)
—{LPrrar{i}4e o3
then
. Alp(07) —pO)]|
llx () — X ()| < max{ s K3},
m3
. () _
where m3 = min{1, A}, {3 = sup,¢(_;.¢) |%| = max{|)‘)72 , % ,

G+ O0<asl,
w3=14 41, 1<ir<2,
A, A>2,

and

B @3 (B(s) + 2037 ()34 (5) + @3y ()8 (s)
k3 = Su .

0<s<t . —2{L}+x + R(s)
—{LPrrar{i}4e 3

Moreover, assume that

—2{f} +2 R()
e - —5- <R3 <0, Vi 20,
—{;} T+)MT{;}+'C w3

and
—2{L}+2 R(t—7)
w3y (1) <,{§}21+M{%}+r + 2 -
. - < %‘3 < 1, \43 > 0,
—2{;}+2 R(1)

—{LPrar{i}+r + 3

w30 (1)
(2 L R
—{L2rtac{ir T o3

then we have

<k3(1 —aw3y (), k3 <1, YVt >0,

Aim flx(0) = X0 = 0.
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—2{£}+2
Because ey
following corollary.

< % for all A > 0, Vr € R, by Theorem 3.13, we can obtain the

Corollary3.14 When . € R and . > 0, assume that IDDEs (3.1) and (3.2) fulfill the
inequalities (3.3)—(3.6), R(t) <0, for Vt > (,

-t o7 <0,
and
w30 () — w3y (t) (% + %)
<1,
()
then

Mg (07) — (07 .

lx(®) — (@) < max{ 3}
ms3
Moreover, assume that
A R(t
—+¥5R3 <0, vVt >0,
T a)3

and

w3y (1) (M%) ]
<& <1, V=0,

——————— <kl —w3y@®)), ks <1, V1 >0,
then we have
lim ||x(t) — x(@)|| = 0.
—>00

3.4 Numerical methods for nonlinear INDDEs (3.1) and (3.2)

The numerical method for nonlinear INDDE (3.1) can be constructed as follows

i 5 .. J= yi J Jj— .
Vi =5t) +h Y5 aij F (th, v/ vl (fnme))’ i=1,2,..., .26)
F(tn +0h) = 5(tn) +h Y0_, b (O)F (z;l;l ViYL (f,’;m+1)) , neN,
and
10
f= 20 N (3.27)
al(t,)
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where Yi_ . =®@i_  iftl | <0,i=12---s,
i i
. @ (tnfm+l)’ tn m+1 <0,
/(41 — i i i i i
z (tn—m+l) - F(tn—m+1’ Yn—m+l’ <I>rL—2m+]7 @ (tn—2m+1))’ 0< tn m+1 =T,
i i i e
F(tn—m+1’ Yn—m+1’ Yn—2m+1’ z (tn—2m+1))’ T= tn—m+1’

ta,=nh,neN, h= % and m is a positive integer.
Similarly, the numerical method for (3.2) can be constructed as follows

Yl l_y(tn)+hzl la’JF(thr]’ n+l’Yn m+l’Z(tn m+])) i=12--,s,
y(t” +6h) = y(t”) +h Zl 1 bi (G)F(trltil’ n+1° Yn m+1° z (tn—m+1))’ neNl,
(3.28)
and
= 3@
=2 e, (3.29)
a(ty)
where
. (1) fymy1 =0,
- ~ ~ . ]
z (t'iferl) = F(t}l1 m+1° Yn m+1° Cbn 2m+1° dy(t;: 2m+1)) 0< t)llfm+l =T
F(tl —m—+1° Yn m—+1° Yn 2m-4—1’Z (tn 2m+1)) T= tn m—+1-

Theorem 3.15 Under the condition of (3.8), the constructed numerical methods (3.26)—

(3.27) and (3.28)—(3.29) furnished by backward Euler method with linear interpolation (2-

stage Lobatto IlIC method with linear interpolation) are stable, in the following sense,
M$©07) —$(0)]

l%, — X, || < max{ LK)
m

Moreover, under the condition of Theorem 3.2, the constructed numerical method (3.26)—
(3.27) and (3.28)—(3.29) furnished by backward Euler method with linear interpolation (or
2-stage Lobatto IIIC method with linear interpolation) are also asymptotically stable, that
is,

lim ||%, — %]l = 0.
n—-+4o0o
Proof By (Wang et al. 2009, Theorem 4.8), RVCRK formulae (3.26) and (3.28) furnished

by backward Euler method with linear interpolation (or 2-stage Lobatto IIIC method with
linear interpolation) are RN-stable, that is

15 (tn) = 3@ < max{|®(0) — (O], k}.

Moreover, (Wang et al. 2009, Theorem 4.9), under the condition of Theorem 3.2, the
RVCRK formulae (3.26) and (3.28) furnished by backward Euler method with linear inter-
polation (or 2-stage Lobatto IIIC method with linear interpolation) are also asymptotically
stable, that is,

lim [|15(t,) — $(t)|l = 0.
n——+oo

Because the relation between the numerical solutions INDDE and NDDE without impulsive
perturbations, that is (3.27) and (3.29), the theorem holds. O
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Similar to Theorem 3.15, we can obtain the following result.

Theorem 3.16 Under the condition of (3.19), the constructed numerical methods (3.26)—
(3.27) and (3.28)—(3.29) furnished by backward Euler method with linear interpolation (or
2-stage Lobatto IIIC method with linear interpolation) are stable, in the following sense

= < Max(e©O7) = 4O, k)

X0 — Xl <

m

Moreover, under the condition of Theorem 3.3, the constructed numerical method (3.26)—
(3.27) and (3.28)—(3.29) furnished by backward Euler method with linear interpolation (or
2-stage Lobatto IIIC method with linear interpolation) are also asymptotically stable, that
is

lim ||X, — %] = 0.
n—-4o00

The following results are provided to analysis the difference between the linear equations
and nonlinear equations.

Remark 3.17 1. The meanings of asymptotic stability of the exact solutions of linear INDDE
(2.1) and nonlinear INDDE (3.1) are different. The defintions of asymptotic stability of
the exact solutions of linear INDDE (2.1) and nonlinear INDDE (3.1) are provided as
follows.

(1) The exact solution x(¢) of linear INDDE (2.1) is said to be asymptotically stable if
lim x(z) = 0.
=00
(2) ForVe > 0, if there exists a constant 8§ > 0 such that ||®—®| < sand |®' —d'|| < §
imply that
lx(®) =2 <,

then we call the exact solution x(¢) of nonlinear INDDE (3.1) and x(¢) of (3.2) are
stable.

(3) The exact solution x(¢) of nonlinear INDDE (3.1) and X (¢) of (3.2) are said to be
asymptotically stable, if they are stable and fulfil

Am e (0) = X0 = 0.

2. The meanings of asymptotic stability of numerical method (2.5) for linear equation (2.1)
and numerical method (3.26)—(3.27) for nonlinear equation (3.1) are also different. The
asymptotic stability of numerical method (2.5) and numerical method (3.26)—(3.27) are
given as follows.

(1) Numerical method (2.5) for linear INDDE (2.1) is said to be asymptotically stable if
X, obtained from (2.5) satisfies

lim x, =0.
n—oo

(2) ForVe > 0, if there exists a constant§ > O such that [&—®| < sand [|®'—d'|| < &
imply that x,, obtained from (3.26)—(3.27) and x,, obtained from (3.28)—(3.29) satisfy

lX, — Xull < e,
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Implicit Euler method Implicit Euler method

S x, Constructed numerical method for (4.1) —o—X,, INDDE (4.1) whose initial function is constant 1

(0]
—#—y, Implicit Euler method for (4.2)

—H—X,, INDDE (4.1) whose initial function is constant 0.9

08r
08

06
06

04r

* * ¥
04r 021 |
0.2 L L L L L B 0 L
-2 0 2 4 6 8 10 -2 0 2 4 6 8 10 12 14 16

Fig.1 The numerical methods (2.5) for (4.1) furnished by implicit Euler method with the stepsize h = 11—0

then we call numerical methods (3.26)—(3.27) for nonlinear INDDE (3.1) and (3.28)-
(3.29) for (3.2) are stable.

(3) Numerical methods (3.26)—(3.27) for nonlinear INDDE (3.1) and (3.28)—(3.29) for
(3.2) are said to be asymptotically stable, if they are stable and fulfil

lim [|%, — Xu|| = O.
n—00

3. For linear equations, the constructed numerical methods furnished by A-stable Runge—
Kutta methods can preserve asymptotic stability of the exact solutions. But, for nonlinear
equations, the constructed numerical methods furnished by implicit Euler method (or
2-stage Lobatto ITIIC method) can preserve asymptotic stability of the exact solutions.

4 Numerical experiments

Example 4.1 Consider the following scalar linear INDDE:
x'(t) = —x@) +2x(t — 1) — ix’(z —1), t>0,t#k,keN,
x(k) = 2 (4.1)
x(t) = ¢ (1), te[-1,0).

By Theorem 2.1, assume that y(z) = e_{t}x(t), t > —1, then x(¢) is the solution of INDDE
(4.1) if and only if y(¢) is the solotion of the following equation:

{y’(r) =2y + Iy - =4y -1, 1201 £kkeN, w2
x(t) = D), tel—1,0],

where

e o), te[-1,0),
@) = i¢>(0)
e, t=0.

By Theorem 2.2, both the solution x(¢) of (4.1) and the solution y(¢) of (4.2) tend to zeros
as t — o0o. By Theorem 2.4, the numerical methods (2.5) for (4.1) furnished by A-stable
Runge-Kutta methods are stable and asymptotically stable (see Figs. 1 and 2).
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14 2-stage Lobatto I1IC method 14 2-stage Lobatto IlIC method
: 9 S, Constructed numerical method for (4.1) : —o—x,, INDDE (4.1) whose nitial function is constant 1
—#—y, Lobatto IlIC method for (4.2) —F—Xy, INDDE (4.1) whose initial function is constant 0.9
126 121
1
s
08r
08
06
06
04 P
04 02} i
0.2 . . . . . 0 . . . . . . . .
-2 0 2 4 6 8 10 -2 0 2 4 6 8 10 12 14 16

Fig.2 The numerical methods (2.5) for (4.1) furnished by Lobatto IIIC method with the stepsize h = 10

Implicit Euler method 2-stage Lobatto I1IC method

1Ge

T T 1

—6—x,, INDDE (4.3) whose initial function is constant 1 —6—x,, INDDE (4.3) whose initial function is constant 1

0.9 prrrrrRIcRk 0.9 kblik

—F— Xy INDDE (4.3) whose initial function is constant 0.9 —H— Xy, INDDE (4.3) whose initial function is constant 0.9

08 1 0.8 1
07 1 0.7 1
06 1 0.6 1
051 1 051 1
04T 04 1
03} 03 1
02} 02 1
01 0.1 1

0 - : - 0 - : - -

-1 0 1 2 3 4 5 6 -1 0 1 2 3 4 5 6

Fig. 3 The numerical methods (2.5) for (4.3) furnished by implicit Euler method and Lobatto IIIC method,
respectively, with the stepsize 7 = %

Example 4.2 Consider the following scalar nonlinear INDDE:

X' @) =ax(®) +bcos(x'(t — 1)) sin(x(r — 1)), t>0,t £k, k€N,
x(k) = Ax(k™), 4.3)
x(t) = ¢ (@), te[-1,0),

where a, b and A are real constants. It is easy to prove that the first equation of (4.3) satisfies
inequalities (3.3)—(3.6) with R(¢) = N(a), B(t) = 2|b|, y(¢t) = |b|, o (t) = (la| + 2)|b|.

(i) Whena = 1/10, b = 1/30, » = é by Theorem 3.6, the solution of (4.3) is stable
and asymptotically stable. By Theorem 3.16, the numerical methods (3.26)—(3.27) for
(4.3) furnished by backward Euler method (2-stage Lobatto ITIC method) are stable and
asymptotically stable (See Fig. 3).

(i) Whena = 1/50,b = 1/50, » = % by Theorem 3.6, Theorem 3.9 or Corollary 3.11
the solution of (4.3) is stable and asymptotically stable. By Theorem 3.16, the numerical
methods (3.26)—(3.27) for (4.3) furnished by backward Euler method (2-stage Lobatto
IIIC method) are stable and asymptotically stable.
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Table 1 The errors between the numerical solutions obtained from (2.5) and the exact solution of (4.1) at
t=10

m The implicit Euler 2-Lobatto IIIC

AE RE AE RE
10 0.0090740168 0.0337160014 1.3427387777e—04 4.9891649809¢—04
20 0.0046057353 0.0171133667 3.5550581855e—05 1.3209398655e—04
40 0.0023229857 0.0086314352 9.1563539956e—06 3.4021927024e—05
80 0.0011669682 0.0043360623 2.3219666386e—06 8.6276458479e—06
Ratio 1.9811503945 1.9811503945 3.8676520087 3.8676520087

Table 2 The errors between the numerical solutions obtained from (3.26)—(3.27) and the exact solution of
(4.3) whena = 1/10,b = 1/30, 2 = %, t=6

m The implicit Euler 2-Lobatto ITIIC

AE RE AE RE
10 9.0752467510e—04 0.1988466569 2.4198037644e—05 0.0053022129
20 4.4587961799e—04 0.0976961551 6.2382599550e—06 0.0013669118
40 2.2092011816e—04 0.0484055455 1.5845179520e—06 3.4719557106e—04
80 1.0994864767e—04 0.0240907180 3.9931665023e—07 8.7497255698e—05
Ratio 2.0209817161 2.0209817161 3.9280180709 3.9280180709

(iii)) When a = —50, b = 1/50, A = e, by Theorem 3.5, Theorem 3.8, Corollary 3.10,
Theorem 3.13 or Corollary 3.14, the solution of (4.3) is bound and asymptotically stable.
By Theorem 3.15, the numerical methods (3.26)—(3.27) for (4.3) furnished by backward
Euler method (2-stage Lobatto IIIC method) are stable and asymptotically stable.

Tables 1 and 2 roughly illuminate that the constructed method furnished by backward
Euler method is convergent of order 1 and by 2-stage Lobatto IIIC method is convergent of
order 2.

5 Future work

The special case of (2.1) and (3.1) (when A = 0) and the general case of (2.1) and (3.1)
(when the impulsive interval does not equal to the delay t) will be studied in the future.

Data Availability The datasets generated during the current study are available from the corresponding author
on reasonable request.
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