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Abstract

In these days, rough set theory has emerged as an invaluable tool for expressing uncertainty
in various optimization problems as it takes into account both the consistency and the exper-
tise of all the involved experts and thus leads to more realistic decisions. In view of this
characteristic of the rough set theory, in this study, a fractional transportation problem in
rough environment is investigated which is of great benefit because of being able to study the
relative efficiency in various fields such as transportation, resource allocation, information
theory, education, administration, etc. In particular, for many real-life transportation prob-
lems the objective may be interpreted as the ratio of physical and economic values, such as
profit/cost, delivery speed/wastage, actual cost/standard cost, actual time/standard time, etc.
A new methodology has been developed to solve the multi-objective fractional transporta-
tion problem with rough parameters in which, firstly, the problem is decomposed into two
sub-models namely, the upper interval model and the lower interval model. Then the upper
interval model is decomposed into two crisp fractional transportation problems to character-
ize the possibly Pareto-optimal solution and the lower interval model is decomposed into two
crisp fractional transportation problems to characterize the surely Pareto-optimal solution,
respectively. The proposed methodology incorporates the variable transformation method
to address the non-linearity of the objective functions. Thereafter, the Pareto-optimal solu-
tion of the linearized model is obtained by using the weighted-sum method. The proposed
approach provides a wide range for the obtained optimal compromise solution and allows
the decision-maker to choose the best one as per the practical uses. At last, a case study is
solved to demonstrate the applicability of the proposed methodology.
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1 Introduction

The transportation problem is a special kind of linear programming problem which was
invented by Hitchcock (1941) in 1941 to minimize the transportation cost of items between
sources and destinations. The basic model of classical transportation problem includes the
objective function and two types of constraints viz., the supply constraints and the demand
constraints. To solve the classical transportation problem many strategies (Dantzig and Thapa
2006; Ahmed et al. 2016; Amaliah et al. 2022a,b; Karagul and Sahin 2020) have been
developed in the literature. Sometimes, in a real-life transportation system, the decision-
maker needs to optimize the ratio of two objective functions. These kinds of problems lie
in the category of fractional transportation problem (FTP), which was developed by Swarup
(1966) in 1966. In FTP, the objective function is considered in the ratio of two linear functions.
The interpretation of FTP in the ratio of physical and economical values represents the
efficiency of any system. Many researchers have carried out work on FTP such as Joshi
and Gupta (2011) investigated FTP by varying the demand and the supply quantities. A
novel algorithm was proposed by Khurana and Arora (2006) to address the linear plus linear
fractional transportation problems. Gupta et al. (1993) presented a paradox in linear FTP with
mixed constraints. But all these problems investigated by the researchers are single objective
problems.

However, in practical situations, decision-maker may need to simultaneously optimize
multiple objectives. For instance, in the transportation system, the fundamental goal of the
decision-maker is to reduce the total cost of transportation. The problem becomes a multi-
objective transportation problem if, in the meantime, the decision-maker wants to minimize
the transport time of the item, the rate of breakability, the amount of carbon emitted from the
transport system, etc. In a multi-objective transportation problem, the concept of the optimal
solution is replaced by the concept of the Pareto-optimal solution or optimal compromise
solution. Numerous researchers (Gupta et al. 2020; Bagheri et al. 2020; Roy et al. 2019;
Ghosh and Roy 2021; Giri and Roy 2022; Ghosh et al. 2022; Mardanya et al. 2022) have
given their investigations on multi-objective transportation problem. When the FTP addresses
multiple objectives, then it is referred to as a multi-objective fractional transportation problem
(MOFTP). Javaid et al. (2017) studied MOFTP with uncertain parameters and used fuzzy goal
programming approach to solve it. Mardanya and Roy (2022) investigated time-variant multi-
objective FTP with interval-valued parameters. Sadia et al. (2016) solved multi-objective
capacitated FTP with mixed constraints by using fuzzy programming technique with linear
as well as non-linear membership functions. In this investigation, researchers considered
crisp parameters.

However, in real-life problems, it is almost impossible for the decision-maker to exactly
define the parameters of the transportation problems due to the instability of the financial
market, lack of information, or many other uncontrollable factors. To handle this situation,
Zadeh (1965) established the idea of fuzzy set, which is very helpful when dealing with
imprecise data. In a fuzzy set, the degree of membership € [0, 1] represents the uncertainty
of the parameters. Following the development of fuzzy set, Atanassov (1986) proposed the
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idea of an intuitionistic fuzzy set, in which the uncertainty of the parameters was defined
by both the membership and the non-membership degree. Since then, numerous researchers
(Sharmaetal. 2021; Gargetal. 2021; Khalifaet al. 2021; Anukokila and Radhakrishnan 2019;
El Sayed and Abo-Sinna 2021; Bhatia et al. 2022; Saini et al. 2022) have investigated FTP
in fuzzy/intuitionistic fuzzy environment. The two-stage fractional transshipment problem,
in which all of the parameters are defined by fuzzy numbers, was studied by Garg et al.
(2021). Khalifa et al. (2021) applied fuzzy programming approach to obtain the Pareto-
optimal solution of the two-stage FTP under a fuzzy environment. In these studies, the
researchers found a crisp solution to the fuzzy problem, but the solution evaluated in the
form of fuzzy numbers is more instructive. Therefore, Anukokila and Radhakrishnan (2019)
formulated the model of fully fuzzy FTP and solved it using the goal programming approach.
El Sayed and Abo-Sinna (2021) developed the model of fully intuitionistic fuzzy MOFTP
and used the intuitionistic fuzzy programming approach to solve it. Bharati (2019) proposed a
solution methodology for the intuitionistic fuzzy FTP in which uncertainty of the parameters
is represented by trapezoidal intuitionistic fuzzy numbers. Midya et al. (2021) solved multi-
objective fixed-charge FTP using two different kinds of uncertainty.

Moreover, for assessing the ambiguity or uncertainty in optimization problems, the rough
set theory proposed by Pawlak (1982) plays a significant role. Rough set theory is free from
any extra data-related information such as probability distribution in statistics, degree of
membership, or degree of possibility and necessity in fuzzy set theory. Therefore, the opti-
mization process will become more flexible and practical if we employ the rough set theory
to address the ambiguity in optimization problems. The rough set has the limitation that it
can only be applied to discrete data problems and cannot be utilized to solve continuous
variable problems. To solve this shortcoming in rough set theory, Rebolledo (2006) invented
the concept of rough interval, which is a specific instance of the rough set. Rough interval
can describe continuous variables and also satisfy the characteristics and essential notions of
the rough set. Rough interval also has the ability to handle parameters that are ill-defined or
partially unknown. Several investigators have paid their attention towards rough set theory to
deal with imprecision and vagueness such as Velazquez Rodriguez et al. (2020) in granular
computing, Arabani (2006) in civil engineering problems, and Bouzayane and Saad (2020),
Sharma et al. (2020), Stankovic et al. (2019), Naouali et al. (2020) and Zhao et al. (2020) have
used the concept of rough set theory in different fields. Few researchers have also used the
rough set theory to tackle the uncertainty of transportation problems. Garg and Rizk-Allah
(2021) suggested an innovative strategy to solve the rough interval multi-objective trans-
portation problems. Bera and Mondal (2020) introduced the rough and bi-rough variables
to tackle the uncertainty of two-stage multi-objective transportation problems. The multi-
objective fixed-charge transportation problem with rough parameters is solved by Midya
and Roy (2020) with three different approaches. Profit-maximizing four-dimensional trans-
portation problem with multi-item is investigated by Bera et al. (2018) in the rough interval
context.

But as per our knowledge, no one has used the rough set theory to represent the uncertainty
of FTP. Therefore, in the present study, the model of MOFTP is developed in which all the
parameters and decision variables are rough intervals and the problem is called as fully rough
multi-objective fractional transportation problem (FRMOFTP). The rough intervals which
are derived from the intersection and union of the experts knowledge are used to depict the
lower and upper approximation intervals. In this way, the FRMOFTP is divided into two
sub-interval models: the upper interval model (UIM) and the lower interval model (LIM).
The proposed solution methodology has two distinctive characteristics, firstly, the suggested
approach divides the UIM into two crisp FTPs using the boundaries of its interval in order to
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describe the probably Pareto-optimal solution. Furthermore, the suggested method identifies
the surely Pareto-optimal solution by splitting the LIM into two crisp FTPs utilizing the
boundaries of its interval. To discover the non-dominated solution, the proposed approach
utilizes the advantages of the weighted-sum method (WSM). The formulation of the MOFTP
in rough interval environment and getting the solution in the same environment is the novelty
of the proposed methodology.

Motivation for the proposed research work

e Garg and Rizk-Allah (2021) suggested an innovative approach to solve the rough interval
multi-objective linear transportation problems. But, the approach is not applicable on FTP.
As a result, the methodology proposed by the authors has been extended in the present
study to solve the MOFTP.

e Sadia et al. (2016) and Veeramani et al. (2021) have solved the FTP in which the value
of the parameters is considered as crisp numbers. But, as we know the crisp data may
not represent the real-life factors precisely. Hence, the method proposed by the authors
lacks practical implications.

e Many authors (Anukokila and Radhakrishnan 2019; Agrawal and Ganesh 2020; E1 Sayed
and Abo-Sinna 2021) have addressed the uncertainty aspect of FTP using stochastic,
fuzzy, intuitionistic fuzzy set theory, etc. However, no one has examined the FTP with
rough parameters by analyzing the benefits of the rough set theory over the existing
theories.

e Liu (2016) and Mahmoodirad et al. (2019) have solved the FTP but the said techniques
can not be applied to the problem with multiple objectives. Whereas, the solution method-
ology proposed in the present study effectively addresses the uncertainty-based FTP with
multiple objectives.

e A method for MOFTP that is based on the ranking function of intuitionistic fuzzy number
is proposed by El Sayed and Abo-Sinna (2021). But, while applying the various ranking
techniques, there is a risk of hesitancy or ambiguity and hence such a technique may not
provide the best solution for the uncertain problem.

Contribution of the proposed study

e The model of FRMOFTP is composed on the basis of rough set theory.

e A new method is proposed to find the rough Pareto-optimal solution of FRMOFTP which
operates by decomposing the problem into two sub-models namely, the UIM and the LIM,
where each sub-model is decomposed into two crisp FTPs by using the boundaries of
this interval.

e To deal with fractional objectives, the variable transformation method (VTM) is embed-
ded in the proposed approach.

e The WSM is utilized for scaling down the multi-objective problem to single objective
problem.

e The validation of the proposed methodology is done on a case study.

The remainder of the paper is structured as follows: Sect. 2 presents the basic definitions
and theorems related to the rough set theory. Section 3 depicts the crisp model of MOFTP
and the VTM to linearise the fractional problem. The mathematical model of the proposed
FRMOFTP and the stepwise procedure to solve it, is presented in Sect. 4. The advantages
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and some limitations of the proposed solution methodology are mentioned in Sect. 5. A case
study is solved in Sect. 6 to show the applicability of the proposed solution strategy. Section
7 gives results and discussion. Conclusions and scope of the future research are given in Sect.
8.

2 Preliminaries

The fundamental definitions and theorems related to the rough set theory are presented in
this section.

Rough space and the rough set

Definition 1 (Liu 2009) Let A be a non-empty set, Y be o algebra of subset of A, A be an
element in Y and t be an additive set function with positive, real-valued coefficient. Then,
(A, A, Y, 1) is referred to as a rough space.

Definition 2 (Tao and Xu 2012) Let % be the non-empty universe, % be an equivalence
relation on % and Z () be an equivalence class of the relation that includes 7 € % . Then
for any IT € %, the lower and upper approximations of IT are given as follows:

2(M) = | J1#() : 26r) < )

mell

a4 = (J1%@) : 2(0) N 11 # )

mell

Clearly, the lower approximation Z (I1) represents the set of all objects that can be categorize
as IT with respect to % with surety, whereas the upper approximation % (IT) represents the
set of all objects that can be categorize as IT with respect to & with possibility. The boundary
region bng (IT) of the rough set IT is defined as

bng () = Z(I1) — (1)

The area described as the boundary is that which cannot be classified as belonging to either
IT or its complement %/ — I1. The boundary region transform into an empty set when both
the upper and lower approximations of the defined set are equal. In Fig. 1, the rough set is
depicted graphically.

Rough interval

Rebolledo developed the concept of rough interval in his work (Rebolledo 2006) as an
example of the rough set that keeps all of the essential and defining characteristics of the
rough set, including the lower and upper approximation intervals. These are specified in the
following definitions:

Definition 3 (Xuand Tao2011) A roughinterval is defined as TRI — [, VL[, wVY]
where wll, wUL, oLV, oV are all real numbers and vV < ol < UL < wYU. The
interval [wL, wYL] is called lower approximation interval and [w’?, ®YU] is called upper
approximation interval such that

o If 7 € [wll, wVL], then TRI definitely takes 7.
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Actual Set Universal

Lower approximation Upper approximation

Fig. 1 Graphical representation of rough set

o If 7 € [V, wYY], then ZRI probably takes 7.
o Ifm ¢ [wEY, VU], then TR! definitely does not takes 7.

Anupper approximation interval [’V , Y] and alower approximation interval [’ , @V L]
are the two parts of the rough interval. It means that the variable takes values in lower approxi-
mation in normal cases and takes values in upper approximation in rare cases, i.e., the variable
does not accept any values outside of the upper approximation range. If o't = "V and
oVl = VY, ie., no exceptional cases happen, the rough interval TRI degenerates into a

crisp interval.
Remark 1: The rough interval TR! = [0, 0][0, 0] is referred as a zero rough interval.

Example 1 Let y stand for the “waste generation rate” in a city, which normally ranges from
800 to 820 ton/day. The rate of waste generation varies between 780 and 840 ton/day during
holidays, festivals, and other special occasions. The following rough interval: y = (y,y) =
[800, 820][780, 840] can be used to represent this “waste generation rate”. It implies, the
waste generation rate in a city is surely between [800, 820] ton/day and probably between
[780, 840] ton/day.
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Definition 4 A rough interval TRI = [wlL, WYL [0tV , wVU] is said to be non-negative iff
LU
™Y = 0.
Definition 5 Let 7R = [wll, oVl ][0tV , wVV] and SR! = [oLL 6UL][oLV, 6UU] be
two positive rough intervals. Then
o TRI @SRl — [(LL 4 GLL (UL L GUL LU 4 LU UU 4 cUUY
o TRI g SRI _ [,LL _ GUL (UL _ GLLy[,LU _ GUU ,UU _ 5LU]
koL, ko kol koY), ifk = 0
koVL, kot koY, koY), ifk <0,
o TRI @SRl _ [(LLoLL (ULGUL LU LU (UU UUY
o TRI g SRI — [ Jo UL, UL Jo L L[tV Jo UV | UV jo LU,

o kORI =

Example 2 Let TR! = [6,8][5,10] and SR/ = [3,6][2,8] be two rough inter-
vals. Then TR! 4+ SRI = [9,14][7,18], TR — SRl = [0,5][-3,8], TR! x SRl =
[18, 48][10, 80], TR /SRI = [1,8/3](5/8, 5], 4TR! = [24,32][20, 40], and —4TR! =
[—32, —24][—40, —20].

Definition 6 Let TR = [wlLl, wVUL][wlV, wVV] and SRI = [oLL, 6VUL|[6LVU, oUV] be

two rough intervals, then T8/ = S®! if and only if 0t = oLl VL = UL @tV =
LU HUU — SUU.

Expected value of rough interval

Definition 7 (Xu and Tao 2011) Let IT be an event defined by {r|o (;r) € I1}, where oisa
function from the universe % to real line R, if T C R, and I1 be approximated by (I1, IT) in
accordance with the similarity relation %. The lower expected value of IT is therefore defined
as

[eS) 0
Elo] = / Apprio > ridr — f Apprio < r)dr
[ Aper Appr

—00
|TT N IT]
where  Appr = 0

and |IT N I] represents the cardinality of IT N IT.

and the upper expected value of IT is defined by

00 0
E[o] :/ Appr{c > r}dr —/ Appr{ioc <r}dr
0

—00
— |
where  Appr = % and |I1| represents the cardinality of IT.
Hence, the expected value of I is defined as

[e'e) 0
E[IT] :/ Appr{o > r}dr —/ Appr{o <r}dr
0

—00

Theorem 1 (Xu and Tao 2011) Let TRI = [a)LLN,wUL][a)LU, wYV] be a rough interval.
Then, the expected-value of TR! is denoted by E(T R and is defined as

~ 1
E(TRI) = E[S(a)“‘ + a)UL) + (1 — 6)(a)LU + a)UU)], where § € [0, 1] is a parameter.

Remark 2: If § = 0.5, then expected-value of TR is calculated as E(TRI) = %(wLL +
WwUL 4 LU +wUU).
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Theorem 2 (Xuand Tao2011) Let TR! = [wLL, wUL ][0tV , wVV] and SR! = [oLL, o VL]
[0LV, cUY] be two rough intervals. Then E[nfRI +¢§R1] = r)E[TRI] +¢E[§R1]f0r any
two positive real numbers 1, ¢.
Proof: Let TRI — [0, WVL [0V, wVY] and SRI — [oLL, cUL oLV, 6V are two
rough intervals and n, ¢ be any two positive real numbers. Then using the arithmetic oper-
ations on rough intervals

nTR 4 oSSR = [nolt + ot oVt + ¢oVL etV + ¢oV otV + ¢oVV]

is also a rough interval.
From Theorem 1, the expected value of rough interval nfRI + ¢>§R1 is given as
~ ~ 1
E[nT™ +¢S™] = S[30o"" + g0t 4 not + o0
+(1 =Mo"V + ¢tV + oY + ¢aVY)]
= 2@ "+ oh) + (1 = D@ + V)]

¢
2
= nE[T™ ] + ¢ E[S™]

+ [S(O_LL +GUL)+(1—8)(O'LU +GUU)]

This completes the proof of theorem.

3 Multi-objective fractional transportation problem (MOFTP) in crisp
environment

The crisp model of MOFTP in which each parameter is taken into account as a crisp number

is presented in this section. Also, the linearization process of the fractional problem using
the VTM is described here.

3.1 MOFTP in crisp environment

The general MOFTP mathematically can be defined as:

Ne() ) Som PlXim + i
De(x) Yo Yo Chtm + VR

(P1) Max Ok(x) = k=1,2,...,K (3.1

m
subject to
q
xm=a. 1=12....p (3.2)
m=1
P
lem=bm, m=1,2,...,q 3.3)
=1
Xim >0, [=1,2,....,p; m=1,2,...,q. 3.4
where O = {O1(x), O2(x), ..., Ok (x)}1is the set of K objective functions. The coefficients

of the kth objective function are denoted by p;‘m and cf‘m respectively, in the numerator Ny (x)
and denominator Dy (x). The relative constant values for the numerator and denominator of
the kth objective function are indicated by u* and v¥, respectively. The product is shipped
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from p(Il = 1,2,..., p) sources to g(m = 1,2, ..., q) destinations and x;,, denotes the
units of the product transported from /th source to mth destination. The supply capacity of /th
source and demand of mth destination are depicted by a; and b,,, respectively. We assumes that
Dr(x) >0, Ny(x) >0, pF >0, v* >0 Vk=1,2,...,Kand Y}/ a; =31 _, by.

Definition 8 A feasible solution x* = {x/, : 1 =1,2,..., p; m = 1,2,...q} of problem
(P1) is said to be a Pareto-optimal (optimal-compromise) solution if there exist no other
feasible solution x = {x;,, : [ =1,2,..., p; m =1,2,...q} such that O (x) > Or(x*) V
k=1,2,...,K and O (x) > Or(x*) for at least one k.

3.2 Variable transformation method (VTM)

Charnes and Cooper (1962) proposed the VTM to transform the single objective fractional
programming problem into a linear programming problem. Later on, Arya et al. (2020); El
Sayed and Abo-Sinna (2021) used Charnes—Cooper transformation technique to transform
the multi-objective fractional programming problem into multi-objective linear programming
problem by introducing a new variable z,, = Xy, * t; t > 0. Since Dg(x) > 0, Ni(x) >
0, ,uk >0, V>0 Vk=1,2,...K and x5, > 0. In this circumstance, we take the least

value of ﬁ =1, ie.,
1
mZz’;l A A =1 k=12,...,K. 3.5)
In general, it can also be written as:
! >t k=1,2,...,K. (3.6)

Yy Yooy o Xim VKT

Using the transformation z;,, = xj,, *t; t > 0 and equation (3.6), problem (P) is converted
into an equivalent multi-objective linear transportation problem as shown below:

(Py) Max Ok(z,t)=tNk<Zle>, Vi, m k=12,....K 3.7
subject to
tDk<Zl%)51, Viom; k=12,....K (3.8)
&l 2l
Z<l>:a,, I=1,2,....p (3.9)
m=1 !
=1
am =0, >0, 1=12....p;m=12.4q. G.11)

Theorem 3 (El Sayed and Abo-Sinna 2021) The solution x},, is a Pareto-optimal solution of
problem (Py) iff the solution (z,,, t*) is a Pareto-optimal solution of problem (P5).

"
Proof: Contrarily, suppose that {x}, = zt’—i”} is a Pareto-optimal solution of (Py), but the
solution (zj,,, t*) is not a Pareto-optimal solution of problem (P3). Therefore, there exist a
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feasible solution {z;,,} € F', where F' is the set of feasible solutions of problem (P>), such

that
Z*
z*Nk<%> < tNk<Zle>, Vi=12,....K

*

z
and t*Nk<%> < tNk<Zle), for at least one k.

Using the transformation technique of Chakraborty and Gupta (2002) and Arya et al. (2020),
we infer:

Ny (x],,) ftNk(Z]Tm>, Vik=12....K

Z
and t*Nk(xl*m) < tNg (%), for at least one k.

This implies that

Ni(x[,) - NeCem)
Dy(x}) — Di(xim)’
Ni(x},) - Ni(xim)
Di(x})  Di(xim)’
This demonstrates that {x},,} is not a Pareto-optimal solution of problem (Py), which is the
contradiction of our supposition. Therefore, concludes that solution (z},,, t*) is a Pareto-
optimal solution of problem (P»).

Conversely, let (z},,, t*) is a Pareto-optimal solution to problem (P,), but {x}, } is not a
Pareto-optimal solution to problem (Py). Then, there must exist a feasible solution {x;,,} € F,
where F is the set of feasible solutions of problem (P), such that

Ni(x[,) ~ NiGxam)
Di(x}h) — Di(xim)’
Ni(xp) _ Ni(xim)
Di(xf,)  Di(xim)

Now by using the transformation zj,, = x};, * t* we infer that:

*
N,
t*Nk(Z’—m) < Nelam) 0k

Vk=1,2,....K

and

for at least one k.

Vk=1,2,....K

and

, forat least one k

t* ) 7 Dp(xim)’
75 N

and t*Ny (ﬂ> < M, for at least one k
r* Dy (xim)

This shows that (zj,,, t*) is not a Pareto-optimal solution to problem (P2) , which is the
contradiction to our supposition. Therefore, {x}, } is a Pareto-optimal solution to problem
(P1).

Hence, proved the theorem.

3.3 Weighted-sum method (WSM)

The WSM proposed by Zadeh (1963) is an effective method to solve the multi-objective
optimization problems. This approach is based on the idea of combining the set of objectives
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into a single objective by assigning weights to each objective. Based on the importance of
a particular objective, the decision-maker determines/decides its weight. The sum of the
weights assigned to the objectives should be equal to one. For the multi-objective problem
(P»), the following single-objective problem (P3) is obtained by applying the WSM:

(P3) Max O(z,t) =w101(z,t) +w202(z, 1) + - - +wg Ok (2, 1)
subject to constraints from (3.8) to (3.11)
K
and Y wp =1, wy >0,
k=1

where wy, represents the weights assigned to the kth objectives.

Theorem4 If (z*, t*) = {(z},,, t*) : 1 = 1,2,...,p; m = 1,2,...,q} is an optimal
solution of (P3), then it is also a Pareto-optimal solution of (Py).

Proof: This theorem is proved by contradiction. Assume that (z*, t*) is not a Pareto-optimal
solution of (Py). Therefore, by Definition 8, there exist at least one solution (z, t) such that

Oi(z, t) = Ok (z*, t*) fork=1,2,...,K and
Ox(z, t) > Ok (z", t*) for at least one k.

Aswg > O0fork =1,2, ..., K. Therefore,

wi Ok (z, 1) > wr Ok (Z*, t*) fork=1,2,...,K and (3.12)
wi Ok (z, 1) > wi O (2", t*) for at least one k. (3.13)

From (3.12) and (3.13), we get

K K
D w0z, 1) > Y wiOk(z*, 1%)
k=1 k=1

which is a contradiction to the fact that (z*, t*) is an optimal solution of (P3). Thus, (z*, t*)
is a Pareto-optimal solution of (P>).

4 Mathematical formulation and solution methodology for fully rough
multi-objective fractional transportation problem (FRMOFTP)

In this section, the model of FTP has been formulated with K(k = 1,2, ..., K) objective
functions which may represent the ratio of total profit to total transportation cost, total deliv-
ery speed to total wastage along the shipping route, total actual transportation time to total
standard transportation time, etc. The assumption made in the suggested model is that the
product is transported from p(I = 1,2, ..., p) sources to g(m = 1,2, ..., g) destinations.
The aim of this model formulation is to evaluate the amount of product transported from
Ith source to mth destination in a way that gives the decision-maker the best value for each
objective function with in the given constraints. All of the parameters and decision variables
have been treated as rough intervals due to the incomplete information. To formulate the
proposed mathematical model of FRMOFTP, the following notations and assumptions are
utilized :

Notations:

p : number of sources (I = 1,2, ..., p),
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g : number of destinations (m = 1,2, ..., q),
N, kR I+ coefficient vector for the numerator of the kth objective ,
D,fl coefficient vector for the denominator of the kth objective ,

]71(51)]” rough interval elements of the set N kR I for the kth objective ,
Effn) ki : rough interval elements of the set [N),f ! for the kth objective ,

JR !+ rough interval availability of the product at /th source,

bR rough interval demand of the product at mth destination.
x[f;ll rough interval amount of the product shipped from /th source to mth destination ,

Assumptions:

e The problem is assumed as a balanced problem. The proposed methodology is not directly
applicable for obtaining a rough optimal solution to an unbalanced FRMOFTP. To solve
the unbalanced FRMOFTP with proposed methodology, one first requires to convert it
into a balanced problem either by introducing a dummy source or dummy destination
(Shivani et al. 2022).

e In proposed FRMOFTP, the relative constant value for the numerator and denominator
of the kth objective function is assumed to be zero rough interval, i.e., [0, 0][0, 0].
~(k)RI KLL (UL (LU (HUU

o i =1pi " pl p pYY k=123, K)

ORI = [ WOLL (LY (LU (DUUy *k=1,23,....K)

Cim > Cim CIm > Cim
~RI LL UL TRI LL L L
o ot =T[aft alMllalY, alV), DR = [BEE, bYEIBEY ., BYY],
~RI LL UL uu
b xlm [xlm ’ ][xlm X I,
° R > 0, N > 0.

The proposed model of FRMOFTP mathematically can be formulated as below:

- ﬁRl(x)
Py) Max Of (x) = =&
(Py) {10 = e
KLL (UL (LU _(UU
S o o e P V1@ [ L,,,L,x,,,f][x,%n”, il
(k)LL ULy OLU (VU UUL T s
Zl IZ‘I' lm »Cim ][ Cim »Cim ]®[ XIm ’xlm ][xlm ’ ]
“4.1)
ﬂubjectto
Z xEE X UEEY  xPV T = (ot aPElatY  aPYY,  1=1,2, ..., p (supply constraints)
4.2)
P
Z[Xﬁan xUEIxEY <PV = EE bUEIBEY  BUYY, m =1,2,..., q (demand constraints)
=1
4.3)
Z[aLL LU UU]_ Z[blﬁstrKy{L brl;:LU!bllr{U] (44)
EE P EEY x0T >0 Y, m. 4.5)

The lower and upper approximation intervals are represented by the rough intervals, which
takes its inspiration from the intersection of expert knowledge and the union of expert knowl-
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edge. In this way, the FRMOFTP (P4) is divided into two sub-interval models: UIM and LIM.
The UIM is defined by using the upper interval of the problem (P4), which is defined as (Ps),
and the LIM is defined by using the lower interval of the problem (P4), which is defined as

(Pg). These definitions are presented below:

UIM:

(Ps) Max OY (x) =

p (LU
D=1 1[1’

UU]

subject to

Z[x,m e e S R

Z[xlm a1 =15 B0, m=1,2,.,

Z[aILU’alUU] _ Z[bLU bUU

m=1
[xﬁnU,xlm 1>0 VI, m.
LIM:

r q (k)LU
Z[:] 1[C

le 1 1[P(k)LL

(Ps) Max OF (x) =

subject to
q

Z[xll;nL’xlmL] = [aLL IUL]s l = 1, 2, -

m=1

m m > m

q

= > byt bt

1 m=1

p
>
=1

p
>
1=

EE xfE1 >0 Vi, m.

14 q (k)LL
2= —1lem,

xEE PR = EE BYR, m=1,2,...,
]_

, *k=12,...,K)

]

k=1,2,...,K)

From the models UIM and LIM, four crisp fractional transportation problems named as Upper
Upper fractional transportation problem (T PUYY), Upper Lower fractional transportation
problem (T PYL), Lower Lower fractional transportation problem (7 P~L) and Lower Upper
fractional transportation problem (7 PLY) have been constructed. The models (T PUY),
(T PLU) represent the possibly Pareto-optimal solution by using the boundary of UIM and
the models (T PLL), (T PUL) represent the surely Pareto-optimal solution by using the

boundary of LIM, as follows:
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4 q (149 uu
2t Xn=1 Pl ® i

P q (UL o UL
Z:l=1 Zm:] Pim ®xlm

(rPUY): MaxolY = (TPULy: Max of L =

P q LU o LU P q (OLL o LL
Zl:l Zm:l Cim ®le Zl:l Zm:l Clm ®xlm
k=1,2,....K) (k=1,2,....K)
subject to subject to
Z uu uu z UL UL
lem =ar . I=12,..., P, lem =ay ", 1=1,2,...,p,
m=1 m=1
L uu uu L UL UL
lem =b, , m=12...,q, lem =b,", m=12,...,4¢q,
=1 =1
I LU LU z LL LL
lem =a, 1=12...p, lem =a ", I=12,...,p,
m=1 m=1
L LU LU z LL LL
lem =by’, m=12..,q, lem =pEE, m=1,2,....q
=1 =1

P q (OLL o LL P q (LU LU
2it Zm=1 Pim__ ® ¥ (TPLU): Max 01U = izt Lm=1 Pl ® iy

LL LL
(TP™"): Max O™ =
14 q (kUL UL P q (kUuuU uu

Yo P DX/

m=1CIm ® XIm m=1CIm
k=1,2,....K) k=1,2,....K)

subject to subject to

2 LL LL d LU LU
lem =q, I=12..p lem =a, I=12...,p,
m=1 m=1
P P
ZxﬁnL:b,ﬁL, m=12,....q, Zxﬁnuzb,ﬁu, m=12,...,q,
I=1 I1=1

z UL UL z uu uu
Do =t I=12. Soafl=alV 1=1.2....p.
m=1 m=1
L UL UL & uu uu

X =bm™ m=12....9q lem =by ., m=12...4,
=1 1=1
LL UL LU (%%
X' s Xim >0 VvV I, m. X s X >0 VI, m.

Theorem 5 IfoU*, xULx | xLLx - and xLU* be a Pareto-optimal solution of (T PUY),
(TPYLY, (T PLLY, and (T PLY), respectively, then ¥R = [xLL*, xULA[x LU= xUU*] g g
Pareto-optimal solution of problem ( Py).

Proof: Let YR = [yLLlx yUL¥|[yLUx yUU] be g feasible solution of the problem (Py).
Therefore, yUU*, yULx yLLx qng yLU* qre feasible solution to the problem (T PUV),
(TPYLy, (T PLLY, and (T PLY), respectively. Now, since xUU* yULx LLx g xLU*
are Pareto-optimal solution of(TPUU), (T PYLY, (T PLL), and (T PLY) respectively, then
OEU(XUU*) > O]g]U(yUU)

OISJL(XUL*) > OIEIL(yUL)

OIf'L(XLL*) > Olf,L(yLL)

OFV(xLU*y = OFYV (ytY)y V k=1,2,....K

and OI?U(xUU*) > OIEJU(yUU)

O]g/L(xUL*) - OIEJL(yUL)

Olf‘L(XLL*) = 0]£L(yLL)

OkLU(xLU*) > OkLU(yLU)for at least one k.
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Therefore, O (KR = Oy GR) ¥V k= 1,2,..., K and Or (XY > Oy G®Y) for at least

one k. Therefore, xRI = [xLL*, UL*][xLU*, UU*] is a Pareto-optimal solution of problem
(Py).
Hence, the theorem is proved 0.

For the fractional models (7 PUY), (T PUL), (T PLL), and (T PLY), equivalent linear
models can be written by applying the VTM discussed in Sect. 3.2. For model (T PYY),
considering xLU = xlm 1// and substituting zllljnu = xlUU tLv, XIL,LU = 1//1(#/
tLU: LU < 0, the equivalent linear model T PUV" is presented below Similarly for model
T PUL | the equivalent model T PUL" is written by taking xlm = xlm 1// L and substituting
le{nL _ xlUL (L, X[%L _ ]/f[lr]nL wtLL. fLL

(T PEE), and (T PLY).

> (. Similar models have been written for

P q
, , " , .
(TPUY): Max 0V =33 pikV @ 2V (TPYLy: Max Oft = Zzp}mm ot
I1=1 m=1 =1 m=1
k=1,2,...,K) k=1,2,...,K)
subject to subject to
Z < (k)LU 23 k)LL
UU uu UL UL
Zz‘zm ~ Xim ) =1 Z ® (= Xim ) =1
I=1 m=1 I=1 m=1
q q
Sl =alVe, I=1.2.....p, Doch =alt et i=12..p
m=1
P P
Zz,u b,l,{u®tl‘u m=12,...,q, Zzll,] bUL®t“‘ m=12,...,q,
=1
q
Z(zzm - =afV @M 1=1,2,....p, S - =aft @ttt 1=12,....p,
m=1
Z(Z,lfnu - X[lanU) =V @itV m=1,2,...,q, Z(zﬂﬂ" - x,l,i,l‘) =bEl @t m=1,2,....q,
U, 20U >y VU v m. V>0, 20F > xUE v, m.
q
TPy : Max OH':ZZp‘“LL@azﬁ,f (TP Max o}V = ZZpWU@zfm”
I1=1 m=1 1=1 m=1
(k=1,2,...,K) k=1,2,...,K)
subject to subject to
L wuL G wuu
ZZL“ ® Gt + i) <1 MX e et + a1
=1 m=1 =1 m=1
q q
Sk =ate’t 1=12.....p ZzleU:alLU®tUU, I=1,2,....p,
m=1
Zz,,,,_b,’,;"ebt’/", m=1,2....q, Zz”/fb’“‘gz””, m=12....q.
Z(zﬁfﬂﬁ,ﬁ):a}”@z“, I=12...p, Z<71m +up) =alV @iV, 1=12,.p,
P
Z(z,m +xhh =bit et m=1,2,....q, Z(z,m +xi =Y @1V, m=1.2,....q,
o =0, Zf + 20 VI om. ~,LmU. U4 xEVU >0 Vi, m.

Remark 1: In model T PLL there are two variables x L and X UL (x > leL). In the
proposed methodology, these variables are associated by defining the relation xllrjnL = xﬁnL +

%L- After that by substituting zleL = xlm x tUL, lenL = wlenL %« tUL; (UL 5 0, the
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fractional problem 7' PLL is transformed into a linear programming problem 7' P LL" Similar
procedure is applied to transform the fractional problem T PLU to T P Ly’

With all of the aforementioned factors taken into consideration, the step-by-step process of
the proposed methodology for solving the FRMOFTP is as follows:

Step 1: Formulate the considered FRMOFTP as model (Py).

Step 2: Decompose the model (P4) into two sub-models as UIM (Ps) and LIM (Pg).

Step 3: From the UIM and the LIM, construct four crisp fractional transportation problems,
namely, Upper Upper fractional transportation problem (7 PYY), Upper Lower fractional
transportation problem (T PYL), Lower Lower fractional transportation problem (7 PLLy
and Lower Upper fractional transportation problem (7 PLV).

Step 4: Linearize the fractional problems (TPYY)y, (TPYL), (TPLL) and (T PLY) as
explained above and get the linear models (TPUU/), (TPUL/), (TPLL/), and (TPLU/),
respectively.

Step 5: Solve the multi-objective linearized model (T PUY") using the WSM discussed in

Sect. 3.3 to find the efficient solution {z/V*, xYU*, tEU*} with objective functions value
OUU/*
JU

Step 6: To maintain the feasibility condition of the proposed model (Ps), solve the lin-

’ . . . UL z Ux
earized model (T PUL") with additional constraints (Z,]L'"L) < (t’L”;J*), (M) >

UUx_ ,UUx
(7% ,Lu)i['" ) ¥ 1, m, to find the efficient solution {zUL*, xl[,{lL* tL1#} with objective func-

tions value 0,51 L'*

Step 7: Solve the linearized model (TPLL/) by substituting the solution from Step 6 as
LL Lx
(f{}"L) = (Z”"t%) to find the efficient solution {zleL*, lenL*, ULy,

Step 8: Solve the linearized model (TPLU/) by substituting the solution from Step 5 as
ZILnf/ _ ZIL:nLM_XlLrInW< find the effici luti LUx* LUx ,UUx
(tl,—U) = (tLT) to find the efficient solution {z;"*, x;./ " t }.
Step 9: Find the values of the original parameters from the obtained solutions by using the
Usx

U ULx* LLx LUx*
- UUx _ Zm ULx _ Zm LLs _ Zim LUx _ Zim
substitutions x;, " = 0% Xy = L X = ULer Xy = U0

Step 10: The set of rough interval {X R’*} = {[xLL* L*][xLU* UU*]} is a Pareto-
optimal solution to the given FRMOFTP with the objectlves value (OR Iy = [OkL L O,f] L
[OLU* OUU*].

Remark 2: In the proposed problem, the solution variables are rough intervals, i.e., xllfnl

(L xPExEY, x PV and each model T PUY, T PUL, T PLE and T PV has two variables
one in numerator and other in denominator. Using appropriate substitution, these models are
converted into a single variable problem. For instance, in model 7 P, ZUL is considered
as xlU L — xlm + W and then using the VTM this fractional model is converted into linear
transportation model TPLL by substituting Zlm = xlm LytUL, lenL = wleL*tUL; VL > 0.
A similar justification can be done for the model 7 PYY, T PUL and T PLY . In the proposed
methodology, to obtain the Pareto-optimal solution of the considered problem, model 7 PV v’
is solved and the obtained solution is used to solve model T PUL", To evaluate the objective
function value of models 7 PLL" and T PLV', the previously obtained solutions from 7 puv’
and T PUL" are used. To evaluate the objective function value of models 7 PLL" and T PLU',
the previously obtained solutions from 7 PYY" and T PUL" are used.

The flowchart representation of the proposed solution algorithm is depicted in Fig. 2.
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tFormulale the model of FRMOFTP ]

Decompose the FRMOFTP into two sub-models: UIM
and LIM

Decompose the UIM into two crisp models (TPYY), (TPH)
and the LIM into two crisp models (TPYE), (TPHE)

Linearize the models (TPYY), (TPVL), (TPH), and (TPHY)
using the VTM

Solve the linearized model (TPUV"), (TPUL), (TPL),

and (TPM") using the WSM to find the efficient solutions
{(:ﬁ”bt fLL'n)~ (:IL;HL.' tLLu) (zhl;u. rLAL‘). (:%u ’Lrl..u)}

[Find the the value of the original parameters using the subsli-]

; UUS _ Gt ULe _ Gt L _ gt U _ it
tutions v, = ;lﬂr'_ Xim =;ﬂ7 Lim = 'Hb' Xim =’-f(lb7

!

Find the objective functions value as rough interval num-
B % Rk 0 ORI(
ber by using {X*} in OF (x)

Fig.2 Flow chart of the proposed algorithm

5 Advantages and limitations of the proposed methodology

In this section, the advantages and limitations of the proposed model and solution procedure
are mentioned.

Advantages

e The proposed technique is applicable for solving the FTP with rough intervals, and the
rough set theory is more capable of dealing with the ambiguity and imprecision of real-
world problems. As a result, the modeling of the problem is realistic.
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e The proposed method does not include any ranking function for the rough intervals and
hence it is free from any ambiguity that may arise from using different ranking functions.

e The proposed method provides the rough interval solution of the rough problem, i.e., the
Pareto-optimal solution is obtained in the same environment, which gives the decision-
maker a wide range and a better understanding of the solutions.

e The FTP is a further extension of the linear transportation problem which plays a vital
role to reduce cost and improve service in logistics and supply management. The solution
methodology suggested in the present study successfully solves the proposed model of
FTP.

e Unlike, the method given by Liu (2016) and Mahmoodirad et al. (2019), the proposed
technique is applicable to problems with multiple objectives.

Limitations

e The proposed method is not applicable for unbalanced FRMOFTP.

e The proposed approach cannot be used for the non-linear FRMOFTP as in this approach
VTM is employed to handle fractional objectives with linear decision variables. But if
the decision variables are non-linear in nature, then VTM could not be applied and the
proposed approach will become inapplicable.

6 A case study-FRMOFTP

A case study has been solved in this section to demonstrate the applicability of the proposed
technique. Two objective functions are considered in this problem: the ratio of total profit
to total transportation costs and the ratio of total delivery speed to total waste along the
transportation route. The products are supplied to four destinations from the three source
locations. Due to the lack of precise information, all the data including profit, transportation
costs, delivery speed, total wastage along the shipping route, supply capacity of sources, and
demand of destinations have been represented as rough intervals and are shown in Tables 1
and 2.

To obtain the rough interval Pareto-optimal solution, the problem is solved by using the
proposed methodology. As per Step 2 of the solution algorithm, the UIM and the LIM for
the proposed problem are formulated as follows

Table 1 Profit (ﬁllfnl ) and the transportation cost (Fllfn] )

1 2 3 4 Supply

1 [10, 10][9, 11] [13, 14][13,16]  [7,9][6, 10] [10, 13][10, 15]  [7,9][6, 10]
[14,17](12, 171 [11,13][11,13]  [14,17](14,19]  [7,9][5,11]

2 [8, 81[7, 9] [11, 13][9, 15] [13,16][10, 17]  [6, 9][6, 11] [17, 21][16, 22]
[9, 11][8, 12] [5, 7115, 7] [11, 14][10, 17]  [11, 13][9, 15]

3 [8, 10][7, 11] [5, 6][4, 9] [15,16][12,17]  [9, 10][7, 10] [16, 18][15, 19]
[13,14][10, 15]  [14,16][13,17]  [11, 12][9, 16] [8, 11][7,14]

Demand  [10, 12][9, 13] [2, 4][1, 5] [13, 15][12, 16] [15, 17][15,17]  [40, 48][37, 51]
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Table 2 Delivery speed (‘ ) and the wastage of product (w 11 ) during transportation

1 2 3 4 Supply

1 [3,5]1[2, 6] [5, 8][3, 10] [3,6][2,9] [1, 3][0, 4] [7,9][6, 10]
[1, 1110, 2] [2, 3][1, 6] [2, 5111, 8] [5, 7115,71

2 [1,2][1, 4] [5, 6][3, 6] [0, 2][0, 2] [3, 5112, 6] [17,21][16, 22]
[4, 512, 5] [2,3][1, 6] [4, 714, 8] [1, 3][0,4]

3 [1,2][1, 4] [0, 1110, 3] [2,5]2,7] [2,4][2, 4] [16, 18][15, 19]
[4,6][3,7] [3,4][1, 4] [2,3][2, 5] [2,2][1,3]

Demand [10, 12][9, 13] [2, 4][1, 5] [13, 15][12, 16] [15, 17][15, 17] [40, 48][37, 51]

UIM:

Max OV (x) =
9, 11]®[x11 ,xn Ul 4113, 16]®[x12 ,]x U]+[6 10]®[x13 ,x13U]+[10 15]®[x14 . X

uu
14]

+[7, 9]®[X21 ,x21y]+[9 15]®[)C22 7x22 ] + (10, 17]®[x2'; ,ng ]+[6 11]®[x24 7x24 ]
+[7, 11]®[X31 sx31 ] [4, 9]®[X32 ,x32 ]+[12 17]®[x33 ,X33 ]+[7 10]®[X34 ’xﬁU]

[12, 17]®[x11 ,x“ ] [11, 13]®[x12 ,x12U1+[l4 19]®[x13 x5, 11]®[x14 U, xbl
+I8, 12]®[x21 ’x21 ] [5, 7]®[x22 ’x22 ]+[10 17]®[x23 1x23U]+[9 15]®[X24 ,Xﬁu]
+[10, 15]®[x31 ,x;l Ul 4113, 17]®[x22 ,x32U]+[9, l6]®[x23 ,x% Ul+1(7, 14]®[X34 , X3 U]

Max 02 (x)
[2.6] ® [xFY ,xlUlU]+[3 l()]®[x12 ,]xleU]+[2 9]®[x1L3U,x{QU]+[0, 4 xy xV
+1.4]® [le v‘le ]+[3 6] ® [xzz vxzz ]+[0 2]@[)521 7)523 ]+[2, 6]®[X212‘U;)C51U]
L 4@ [k ,x” Y1410,31® (v ,x32 U+ 12,71 ® [x& ,x33 U+ 12,41 @ x5/, x4V

10,21 ® [xFV, 28U+ 11, 61 @ vBY x BV 4+ 11, 81 @ [k, 2BV T+ (5, 7]®[x14 ,x,ﬁ”]
+[2,51® [szlU AU+ L6 ® [szzU ,xgz’f 1+[4,81® [x2L3U ,x%u 1+10, 4]®[x24 A
+3.71@ x5, x YU+ (1,41 @ [xBY x5V 1+ 12,51 @ [V, x4V 1+ (1,31 @ 61V, xYY1

subject to
[, x0) J+[x12 AU Y xBT+ 2T =16, 10]
el a8V T+ B 2801+ B 2501+ Y 2481 = 16, 22]
x5, x§) ]+[x32 VT4 gy BT+ g x5V T =115, 19]
xfy ’xl Y1+ ey ’le Y1+ g ’x31 Y1=19.13]
[y ’Xl U1+ [ ’xzz U1+ [y ’X32 Y1=11.5]
[x13 ,xl ]+[x2; ,x2 ]+[x3; ,xn Ul =112, 16]
ey VT + g U1+ gl xV 1= 115,17

LIM:
Max OF (x)

[10, 10] ® [xEE, x[E1 + 113, 14] @ [x Jx,2 141791 ® [xEL ,x,3LJ+l10 13J®lx14 xgE
+[8, 8]®[x21L,x21 ]+[11 1z]®[x22 ,x22 L1+ (13, 16]®[x23 ,x2z L] 416,91 @ [x4F, x¥11
+I8, 10]@[)531 ,x3] J+[5 6J®[X32 »X32 J+[15 16J®[X33 ,X33 J+[9 1OJ®[X_~£I4L’X§{1LJ

[14, l7]®[x1L1L,x“L]+[ll l3]®[x1L2L,x12L]+[14 17]®[x1L3L,x13L]+[7 9]®[x1L4L,x

L
14]

+[9, 11]®[X21 ’le ] +I0571® [)sz ’x22L1+[11 4] ® [xzz sx23LJ+[11 13]® [)C24 ,x24 J

+[13, 141 @ [x5E, xYET+ (14, 16] @ [xhE, xSE 1+ 11, 121 @ [k xSE1 + (8. 111 @ [xEE,
Max OF (x)

X34 "1
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3, 5]®[x]L]L,x”L]+[5 8]®[x1““ 1xBE+ 13, 6]®[x]L3L,xRL]+[1 31® [x]Lf,X. g
+[1,2] ® [x21 s x21L] +[5.61® [xzz s xzzL] +10,2]® [x23 5 X23L] [3,5]® [X24 s th ]
_ AL 21 ® [x;] ,x3| L4100, 11® [)c22 ,x32 L1425 ® [)c;3 ,x% L)+ 2, 4]®[)c24 ,x34 3
[1,1]® [xll ’xllL] +12,3]1® [x12 vxlzL] +12,51® [x13 vx13L] +[5.71® [x14 vxl4 ]
+[4,5]1® [)Cé“][‘, XZ] ] +12,3]1® [xédzLy x22 ] [4,71® [szgLy x23 ] [1,3]® [x2L4L’ Xog L]
+[4,6] ® [X31 s x31L] +03.41® [x32 s x32L] +12,3]1® [x33 s x33L] +12,2]® [X34 s x34L]

subject to

3L G+ Il x 1 =17, 9]
X0 xS+ gt x5 =117, 21]
xzg YR+ EE xYE) = (16, 18]

x4 [
+ [
+1
+ [k x311‘]:[10,12]
+1
+1
+ [x

LL
X2 xzz]
LL

X327 xz2 ‘]

[xL:
[
[
(3, x5
[
[x
[

e, x A+ [x
[szlL, X%L] +
okE Y+
hE <P+
1+
1+
1+

b
[XleLsxleL szzL’xzz ] x32 x%z ]— (2,4]
[X1L3Lsx1%L 2L3Lsx2 ] x33 x%3 ]= [13,15]
[xﬁf,xfff x24 x24 ] 4L x34 “1=115,17]

Then as per Step 3 of the solution algorithm, from UIM and LIM four crisp multi-objective
fractional transportation problems have been constructed, which are given below:
(TPYY)y .
Max Of/U
_tapU6e U+10xf§”+15x1 W +9x BV 41550V 417080 +1164 0 + 1124V +0x 80 41780 110 YV
120V + 1 + 14l 4 5x bV 4 8xlV 4 sx bV 106+ oxll + 10xEV + 13x kY oxll 4 7kl

Max OUU
6x“U + IOxf/zU +9x1U3U +4xpy vy +4x§]lU + 6x5, yu +2x%u +6x5 vu +4x3UlU +3x3, uu 4 7x§gU +4x
i +afy) 4y + sl + 2+l At ol el oy o g

subjeclto

B e T (U B A MR MR AR )
x“ +x21 +x3l =13, x12 +x22 +x32 =35, Xl3 +x23 +x33 =16, x14 +x24 +x34 =17,
it gy +ofd ol =60 g oy + a3 gl =16 4+ o g =1,
oy el =0y vy oy = 1 el =2 g g =S
U EU >0 v 1=1,23; m=1,2,34

(TPYLy:

Max oVL

_10xfE + 14 fE 4 ox Pl 4 3l 4 8x§’lL + 13x2 UL +16x4 +9x§QL + 10x§’1L + 6 + 16x 4 + 10xY,
]4xLL+]]x +]4x +7xEE +oxkE 4 sxBE 4+ nixEE 4 naEE + xR 4+ 1axEE 4 1kl 48 kE

Max 0
Sx”L + 8x{4F +6x1Uf +3x][£L +2:Y +6x22L + 228 +5x L 4 2:Y +x32 +5x§f3L +4axyE
xll +2x +2x +5x +4x +2x +4x23 +x24 +4x +3x +2x +2x

subjecl to

it aft aft el = 0wt it Bt il =21 G g g i =,
x” +x21 +x31 =12, xlz +x22 +x32 =4, x13 +x23 +x33 =15, x14 +x24 +x34 =17,
i i ol =7 g B g =17 g g g =6,

afE e oE e xlE =10, oBE - olE o alE =0 o B pa Bl B =13 o R p R = s,
afE Ul =0 vi=1,23 m=1,234
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(TPELY
Max 0FL
LL LL LL LL LL LL LL LL LL LL LL LL
B 10x 77~ + 13x75 —0—7)(I3 + 10x7;" + 8x51 + 1lxyy —0—13)(23 + 6x5y +8x31 —0—5)(32 —0—15)(33 +9x34
- UL UL UL UL UL UL UL UL UL UL UL UL
17x™ + 13x7; +17xl3 +9xyy + g™ + Ty +l4x23 + 13x5, +l4x31 +l6x32 +12x33 +ll)c34
Max 05‘1‘

LL LL LL LL LL LL LL LL LL LL LL LL
3xpi A+ 5xy7 +3x57 + oy a1 +5x557 + 037 + 30y +x37 4+ 0x3y7 + 2x357 + 2x3y
UL UL UL UL UL UL UL UL UL UL UL UL
X[ 33Xy A 5x 3T 4 Txys 4 5x50" 4 3x5y7 4+ Taygt 4+ 3x,7 + 6x3) 7 +4x3y" +3x337 + 2xgy
subject to

Aty s el =7 gt g g g =7 gt g g r g =16,

lelL +x2LlL +x§ll“ =10, xf‘zl“ +X§‘2L +x3L2L =2, x{“f +x2L3L +X3L3L =13, x{“4L +xé“4l“ +X3L4L =15,
xf/ll“ +x1UZL +x1U3L +x1U4L =09, xgll‘ +xg2l‘ +xg3l‘ +xéil“ =21, xé‘/lL +x§/2L +X§I3L +x§£" =18,
xf]lL +xg|L +x§/|L =12, xf]ZL +xg2L +x3UzL =4, x]U3L +x§]3L +x3léL =15, xﬁL +x§£L +xﬁL =17,

aEE VL =0 v 1=1,23 m=1,234

(TPLY):
Max 0{‘U
_ 9tV + Bxfy +6xlY + 100 + 7x5Y +9x8Y + 1008 + 6xk + Tkl 4+ 4xkl 4+ 12580 4 7L
17589 4+ 1369V + 1780 + 0x UV + 114V + 7V + 14x Y + 1340 + 14xfV + 16 + 1247 + 11V
Max OZLU

_ 2leIU + 3x|l‘2U + 2le3L + OX]L4U + xé“lu + 3x£“2U + Oxégu + 2xé“4U + xé“lu + Oxé“zu + 2x§3U + 2x§4U
ZXIUIU + 6x1L§U + SX%U + 7x]U4U + SXgIU + 6x§/2U + Sx%u + 4x£/4U + 7x§/1U + 4x§/2u + SX%U + 3x3U4U
subject to

xBU BV 4 B x BV =6, xRV Y BV 4 xE =16, BV 4 xR o b =1,
V4 x4 xbV =9, )bV xbV b xB = x4  xl = 12, o B Y =15,

vU ., VU | UU , UU U, UU | VU, UU U, UU | UU , UU
o Fxn Fxp gy =100 007 Fxgy Fxgy +xgy =22, 0307 +x30 Hxgy +agy =19,

xf/IU +x§/]U +x§]lu =13, x]UzU +x§/2U +x3U2U = 5,)61%1] +x£]3u +x3léU =16, X&U +x§iU +xglu =17,

sV V>0 v 1=1,2,3; m=1,2,34

7 Results and discussion

The models (T PUY), (T PUL), (T PLL), and (T PLY) are completely deterministic in
nature. By utilizing Step 4 to Step 9 of the proposed solution algorithm defined in Sect.
4, the Pareto-optimal solution of the case study is obtained at different weight sets by using
LINGO 18.0 optimization solver, which is shown in Table 3.

The weights for the objective functions may be assigned by the decision-maker according
to their priority or it may be computed using methods like AHP, TOPSIS, etc. In addition,
the proposed methodology gives the fully rough solution to the given problem, i.e., the
transported amount of product have also been obtained in terms of the rough intervals which
is presented in Table 4 and shown graphically in Fig. 3. In this way, the models (T PYY),
(TPYLY, (T PLL), and (T PLY) can help the decision-maker in determining the appropriate
transported amount for the customers. Moreover, the best compromise solution is obtained
by calculating the expected value of objective functions.
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Table 4 Optimal transported amount for different weight sets

Case wi wy Rough interval optimal transported amount

1 0 1 xR = [1,3][0, 41, ¥R =16, 61[6. 6], X! =110, 12][9, 13],
xR =11, 00, 1, 7R = 16, 8116, 81,
353121 =[13, 15][12, 16], fﬁl = [3, 3][3, 3], and remaining decision
variables are zero rough intervals
2 0.1 0.9 R =11,3][0, 4], ¥R! = [6, 6116, 6], TR =10, 12][9, 13],
xR =11, 00, 1, 7R =16, 8116, 8]
xR =13, 151112, 16], X! =[3, 31[3. 3], and remaining decision
variables are zero rough intervals
3 0.2 0.8 R =1[1,31[0, 41, ¥R] = [6, 6116, 6], TR = [10, 12][9, 13],
xR =1, 00, 1, 7R = 16, 8116, 8],
TR =113, 15][12, 16], ¥R! = [3, 3](3, 3], and remaining decision
variables are zero rough intervals
4 0.3 0.7 xR =11.3100. 41, ¥8] =16, 6116, 6], TR =110, 12][9. 13],
R =11, 171, 11, FRT =6, 81[6. 8],
xR = [13,15](12, 16], ¥R = (3, 3](3. 3], and remaining decision
variables are zero rough intervals
5 0.4 0.6 xR =11,3100,41, X/ =16, 6116, 61, TR =110, 12][9, 13],
xR =11, 1001, 11, 8 =16, 8]16. 81,
;31%1 = [13, 15][12, 16], fﬁl = [3, 31[3, 3], and remaining decision
variables are zero rough intervals
6 0.5 0.5 R =11,3][0, 4], ¥R! = [6, 6116, 6], TR =110, 12][9, 13],
RE=1(1, 1101, 11, 8] =16, 8116, 81.58] = 13, 15112, 16], 3R] =
[3, 3][3, 3], and remaining decision variables are zero rough intervals
7 0.6 04 R =1[1,31[0, 41, FR! = [6, 6116, 6], TR = (10, 12][9, 13],
xR =1, 00, 1, 7R = 16, 8116, 8],
¥R =113, 15112, 16], ¥R! = [3, 3][3, 3], and remaining decision
variables are zero rough intervals
8 0.7 0.3 xR =1, 1710, 21, ¥R! =16, 8116, 8], X! =19, 1119, 11],
R = 12,411, 51, ¥R = [6, 6116, 6],
xR =13, 151012, 16), X! =[3,3][3. 3] . and remaining decision
variables are zero rough intervals
9 0.8 0.2 xR =1, 1710, 21, ¥R = 16, 8116. 8], ¥R/ =1[9,91[9, 9],
xR =11.3101. 31, 8 =11, 3100, 41, TR/ =[6. 6116, 6],
xR =[1,3][0, 41, ¥R = (12, 121012, 121, K] =[3.3](3. 3], and
remaining decision variables are zero rough intervals
10 0.9 0.1 R =11, 1][0, 2], B! = (6, 8116, 8], TR =19, 9][9, 9],
R = 11,3101, 31, ¥R = (79116, 101, ¥R/ =[1,3][0, 4],
xR =6, 6][6, 61. ¥R = [9,9][9, 9], and remaining decision variables
are zero rough intervals
1 1 0 R =1, 10021, TR = [6. 8106, 81, X! = [9, 9109, 91,
xR =11,3101, 31, X8 =17,9116, 101, X! =11, 3][0, 4],

TR = (6, 6][6, 61, ¥R! = [9,91[9, 9], and remaining decision variables

are zero rough intervals
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Fig. 3 Graphical representation of optimal transported amount for different weight sets

7.1 Discussion

The proposed method gives the rough interval optimal compromise solution of the FRMOFTP.
A set of compromise solutions has been obtained by altering the weights with respect to the
objective functions. The obtained results are in accordance with the trends, i.e., when more
weightage is given to the first objective then OR ! glves a better solution, and lesser weightage
to the second objective, decreases the value of ORI

For instance, when maximum weightage is given to 01 ie., w; = 1, wy = 0, the solu-
tion obtained is ORI = [0.7831, 1.6049][0.4705, 2.4084] with expected value 1.3167, and
ORI [0.2478, 1.1969] [0.1419, 2.3404] with expected value 0.9817. Similarly, w; = 0
and wy = 1 gives 511” = [0.7687, 1.4987][0.4764, 2.3310] with expected value 1.2687,
and Ofl = [0.4021, 1.7768][0.2093, 3.8684] with expected value 1.5641. The solutions
for different weight sets have been given in Table 4 and are graphically represented in Fig.
3. The decision-maker may choose a solution depending upon his/her weightage to the dif-
ferent objectives and as per his/her satisfaction. In the obtained rough interval solution, the
lower interval represents the possible Pareto-optimal solution range and the upper interval
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represents the range of surely Pareto-optimal solution. Expected value has been used to get
the practically working solution out of this range.

8 Conclusions and scope of the future research

The parameters of the real-life transportation problems may be uncertain in nature. Therefore,
numerous researchers have studied transportation problems under various uncertain environ-
ments such as interval, stochastic, fuzzy, type-2 fuzzy environment, etc. But the rough set
theory has higher practical implications than other theories since it takes into considera-
tion the opinion of all involved experts (intersection) and respects their knowledge (union)
by lower and upper approximation intervals, respectively In order to examine this benefit,
an algorithm has been proposed in the present study to solve the fully rough multi-objective
fractional transportation problems. The systematic procedure of the proposed approach oper-
ates by decomposing the problem into two sub-models: the upper interval model and the
lower interval model. Then to solve these two sub-models, four crisp multi-objective frac-
tional transportation problems are constructed which are then linearized by using the variable
transformation method. Finally, using the weighted-sum method for different weight sets,
the rough interval solution of the objective functions is obtained. The reformulation of the
fractional transportation problem in terms of the rough set theory and extending the solution
technique adds to the novelty of the proposed work. In contrast to existing approaches that
provide crisp solutions to rough problems, the suggested algorithm obtains the solution in
the same environment, which is a significant advantage. This algorithm, therefore, extends
the scope of the obtained solutions and manages indeterminacy and imprecision in a better
way. The practical visualization of the obtained solutions validates the proposed algorithm.
The extension of the fractional transportation problem in rough set theory exhibits a new
insight for the transportation sector as the obtained results have practical meanings. The
expected value helps the hesitant decision-maker to make better decisions towards choosing
the compromise solution. In the future, interested investigators may extend the proposed
approach for an unbalanced or non-linear fractional transportation problem. The investigation
of the proposed approach for proving the scalability for higher dimensional problems will
also be an interesting research direction.
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