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Abstract

We consider the strong convergence of the stochastic theta (ST) method for highly nonlinear
hybrid stochastic differential equations with piecewise continuous arguments (SDEPCAs).
There are three major ingredients. The first is the pth moment boundedness of the ST method.
Second, the mean square convergence rate of the ST method for hybrid SDEPCAs is given by
means of the forward-backward Euler—-Maruyama method. The third ingredient is a numerical
simulation, which shows the agreement with the theoretical convergence rate.

Keywords Stochastic differential equations with piecewise continuous arguments
(SDEPCAS) - Stochastic theta (ST) method - Forward-backward Euler—Maruyama (FBEM)

method - Convergence rate

Mathematics Subject Classification 65C30 - 60H35

1 Introduction

Stochastic differential equations with piecewise continuous arguments (SDEPCAs) play an
important role in stochastic theory. Such models are applicable in a variety areas including
biology, control science and neural networks (Li 2014; Mao et al. 2014; You et al. 2015;
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Xie and Zhang 2020). Component failures, changes in subsystem interconnections and sud-
den environmental disturbances can lead to abrupt changes of structures and parameters in
many practical systems. To tackle these problems, hybrid systems driven by continuous-time
Markov chains have become a powerful tool (Jobert and Rogers 2006; Smith 2002; Song
and Mao 2018). Furthermore, it is well known that Markov chain can work as a stabiliz-
ing factor (Li and Mao 2020; Hu et al. 2020), that is, the whole system can be stable even
though some subsystems are stable and others are unstable, such property is referred to as
switching-dominated stability in Zhang et al. (2019).

Since explicit solutions are almost impossible to obtain for such systems, it becomes
extremely important to solve them numerically. Finite time convergence analysis of an Euler
type method for stochastic differential equations (SDEs) with Markovian switching was given
in Mao et al. (2007) and Yuan and Mao (2004). It has been extended to stochastic differen-
tial delay equations (SDDEs) with Markovian switching (Li and Hou 2006; Milosevi¢ and
Jovanovi¢ 2011; Zhang and Xie 2019), SDDEs with Markovian switching and Poisson jump
(Li and Chang 2007; Wang and Xue 2007) and neutral SDDEs with Markovian switching
(Yin and Ma 2011; Zhou and Wu 2009), etc. Numerical invariant measure of the backward
Euler-Maruyama method for SDEs with Markovian switching was investigated in Li et al.
(2018). It is worth mentioning that most of previous studies for hybrid systems is devoted to
those equations driven by a continuous-time and homogeneous Markov chain independent
of the Brownian motion, and the switching process r(z) was assumed to have a finite state
space. Recently, Yin et al. extended the study to the Markov process (X (¢), r(¢)) by allowing
the generator r(¢) to depend on the current state X (¢) and to have a countable state space
(Yin and Zhu 2010; Nguyen and Yin 2016).

To our best knowledge, there are few works on SDEPCAs with Markovian switching.
An SDEPCA belongs to the SDDEs, but the delay term is different from ¢ — v and may be
a discontinuous function. Moreover, although the SDEPCAs are retarded, the solutions of
these equations are determined by only a finite set of initial data, rather than a function, as in
the case of general SDDEs (Wiener 1993; Mao 2007). Because of these characteristics, we
cannot simply generalize the properties of hybrid SDDESs to hybrid SDEPCAs.

In this work, we concentrate on the numerical solutions for highly nonlinear hybrid SDEP-
CAs, the stochastic theta (ST) scheme, which is an extension of the Euler—Maruyama method
and the backward Euler-Maruyama, is adopted. The rest of this paper is organized as follows.
Some basic notations and assumptions are introduced in Sect. 2. The ST method for hybrid
SDEPCAEs is established in Sect. 3. Section 4 is devoted to the pth moment boundedness of
the ST method. Then we go further to reveal the strong convergence rate of the numerical
method in Sect. 5. Finally, a numerical experiment is given in Sect. 6 to verify our theoretical
convergence order.

2 Notations and preliminaries

Throughout this paper, unless otherwise specified, we let (2, F, {¥;},>¢ , P) be a complete
probability space with a filtration {F;},5( satisfying the usual conditions (i.e., it is right
continuous and Fy contains all P-null sets). If A is a vector or matrix, its transpose is denoted
by AT. Let B(t) = (Bi(t), ..., Bg(?))T be a d-dimensional Brownian motion defined on
the probability space. If x is a vector, ||x| denotes its Euclidean norm. (x, y) denotes the
inner product of vectors x and y. If A is a matrix, its trace norm is denoted by ||A] =
Vtrace(ATA). For two real numbers a and b, we will use a vV b and a A b for the max {a, b}
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and min {a, b}, respectively. Let ﬁ’]'_-t (2; R™) denotes the family of F;-measurable R”-valued
random variables & with E||&||” < oo. Let L?([a, b]; R") denotes the family of R"-valued
Fi-adapted processes { f (t)}4<:<p such that fab | f(@®|Pdt < oo, as., LP(Ry; R"™) denotes
the family of processes { f(¢)};>0 such that for every T > 0,{f(t)}o<;<r € LP ([0, T]; R").
MP([a, b]; R") denotes the family of processes {f(t)}a</<p in LP([a, b]; R") such that
Efab || f(®)|I”dt < oco. [-] denotes the greatest integer function.

Letr(t),t > 0, be aright-continuous Markov chain on the probability space taking values
in a finite state space S = {1,2, ..., N} with generator I' = (y;;)nxn given by

YijA +o(A), if i #J,

P{r@t+A)=jlr@t) =i} =
{r(+ ) Jlr() l} 1+VIIA+0(A)’ 1fl=j,

where A > 0. Here y;; > 0 is the transition rate from i to j wheni # j, and
Yii = — Z Vij-
J#
We assume that the Markov chain r(-) is independent of the Brownian motion B(-).
Consider the following hybrid SDEPCAs

dx(t) = f(x@), x([t]), r(@)dr + g(x (@), x([t]), r(1))dB(), =0, (1)
with initial data x(0) = xo € R" and r(0) = ip € S, where
FiR'xR"xS—>R" and g:R" xR" x § — R"™,
Let us give the definition of the solution.

Definition 1 An R"-valued stochastic process {x(¢)},>¢ is called a solution of (1) if it has
the following properties:

(1) {x(#)} is continuous and F;-adapted;

@) {fx@), x(t]), r@)} € L' R4 R™), {g(x (1), x([1]), 7 (1))} € L2(Ry; R™*9);
(3) Equation (1) is satisfied on each interval [n,n + 1) C [0, co) with integral end-points
almost surely.

A solution {x(#)} is said to be unique if any other solution {x ()} is indistinguishable from
{x(1)}, that is

P{x(t) = x(¢t) forallt > 0} = 1.
We impose some assumptions:
Assumption 2.1 For every integer R > 1, there exists a constant L(R) > 0 such that

IfCey, i) = fG Y, DIV Igh, y, i) —g&, y, DIl = LR(Ix — X[ + Iy = yID.

foralli € S and those x, y, x, y € R" with ||x| v [ly|| V IX]| vV [I¥]l < R.
Assumption 2.2 There exists a constant « > 0 such that

A f@y D) <+ P+ IyI%), Va.y € R, Vi € 5.
Assumption 2.3 There exist constants L; > 0 and &1 > 1 such that

If Gy, < Lo+ lxI™ + [lyI"), ¥x, y € R", Vi € S.
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Assumption 2.4 There exist constants L, > 0 and &, > 1 such that

lgCe, y, DIl < La(l+ [IxIl + Iy1I"), ¥x, y € R", Vi € S.

Theorem 2.5 Under Assumptions 2.1-2.4, for any T > 0, there exists a unique global solu-
tion x(t) to Eq. (1) ont € [0, T] with the initial data xo. Moreover, the solution has the
property that E||x(¢)||P? < oo forallt € [0, T].

Proof For any given i € S, we first prove that there exists a unique global solution to the
SDEPCA

dx(r) = f(x(@), x([t]), Hdt + g(x (), x([1]), )dB (1) (@)

on ¢ € [0, T] with the initial data xo and the solution has the property that E||x ()| < oo
for all + € [0, T]. To distinguish between the solution of (1) and that of (2), we denote the
solution of (2) by y ().

In a similar way as the proof of Theorem 3.15 in Mao and Yuan (2006), there is a unique
maximal local solution y(#) exists on [0, 1,) under the local Lipschitz condition, where 7,
is the explosion time. Then for each integer R > ||xpl|, define the stopping time ng =
inf{r € [0,n.) : |ly(®)|| = R}. Clearly, ng is increasing as R — o00. We denote that
Noo = limg_ o ngr and inf@ = oo. Hence, 1o < 1, almost surely. If we can obtain
Noo = 00 almost surely, then 17, = oo almost surely. In what follows, we will prove 1, = 00
almost surely and E| y(¢)||? < oo.

Applying 1t6’s formula to ||y ()||?, p > 2, we have

—1
d(lyI”) <plly®P~2 (yT(z)f(ya), y([eD), i) + ”T gy (@), y([tD), i)||2) dr

+ plyOIP2y (1) g(y (@), y(11), )dB(1).

3

e Take any ¢ € [0, 1), integrating both sides of (3) from O to ¢ A ng, then

ly@ Anp)I?

< IIy(O)II”er/0

tA

R —1
ly(s)IIP—2 (yT(s)f(y(s), y(0),i) + ”T lg(y(s), y(0), i>||2> ds

IANR 2T
+P/(; IyOIP™7y " (9)g(y(s), y(0), )dB(s).
Hence,

Ellyt Anp)ll?

IR 2(.T p—1 12
=< IIJCo||p+1DIE/0 ly) 12— <y (S)f(y(s),xo,i)-i-T llg(y(s), xo, Dl )ds.
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By Assumptions 2.2 and 2.4, together with Young’s inequality, one has

IANR
Ely Ang)ll” <lxoll? +pIE/0 ny(s>||"‘2<a(1 + Ly + llxol1?)

(p—DL3
2

+ I+ Iyl + uxon’”)z)ds

IANR
<lxoll” + pE /0 { (70 +allxol® +3(p = DL3/20x0]*2 ) ()72
+ yony(s)n"}ds
IR p 2 2,2 h
<llxoll” +pIE/ {yo +alxol” + G(p — DLE/2) % [xolP"
0
+G+ Vo)lly(S)H"}dS
P
<ptyy + (14 pra®)xoll” + pr(3(p — 1)/2) LY |lxo )72
t
+3+ yo)PfO Elly(s Ang)|Pds,

where yp = a +3(p — 1)L§ /2. Now it can be obtained from Gronwall’s inequality that

£ P P
Elly(t Anp)llP < (myoz + (1 + pra)|xoll” + ptB(p — 1)/2)2 L§||xo||P’”) e<3+y°“”( "

5506(3“‘)’0)17’
where
£ 2 2
Bo = pvy + L+ pa?)lxoll” + pB(p — 1)/2)2 L |lxo||P"? < oco.
Thus,

Ely@ Anpll” = lim Elly( Anp)ll” < BoeB+mp, )

Let /5 denote the indicator function of the set G, then
BoeP TP = Elly(1 Anp)ll” = E (Ilyme)lIP Ipg<1)) = RPP(ng < 1);

hence,

BoeBHror

Png < 1) < R

Let R — oo, we have P(n,, < 1) = 0, which gives
P(neo > 1) =1,
combining (4) and (5), it can be obtained that

Ely®)|” < oeCTP, 1 e10,1].
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e Forany ¢ € [1, 2), similar to the process above, integrating both sides of (3) from 1 to
t A ng, and then taking the expectations, we can arrive at

Elly@ A np)ll?

S]El\y(l)\l”+PE/

[Pk —2(.T . p—1 12

1 ly@)1I? (y ) f(y(s), y(1),i) + — lg(y(s), y(), DIl )dx
AR 2 2 2

< JEHy(l)II”erIE/1 ly1°= (a(l + Iy I+ lyMI)

— L2
+ (”2#0 +lye)l + ||y(1>||”2>2)ds

< Elly()]” +pE/IMR { (0 +alyIF +3(p = D321 I) ly@17
+ youy(s)nf’}ds

<ElyMI” + pE/IMR {yf +aly(I” + Gp — DL/ [y()|72
+ G+ Iy }ds

< = Dyt + (14 pt = DaHEI DI + pt = DG — /25 LIEy(H|P*
+@+y)p /1[E||Y(S AnR)|IPds.

By Gronwall’s inequality, one has
Elyt Anp)|lP < prePH10r, (6)

where
B1 = (p)/og +(1+ pa%)EH)’(])”P + pQB(p — l)/z)ngEHy(l)”/’hZ) -~
Hence,
Elly@ Anp)ll” = lim Elly@ A ne)ll” < BleGHp, .
it gives
Bre TP > By A np)I” = E (Ilymr)lI” Iing <)) = RPP(ng < 2).

Taking R — o0, yields

BreBGtrr
P <2) < lim —— =0,
(1o <2< lim =
which implies
Pneo > 2) =1,

then combining (6) and (7), it can be obtained that

Ely®)|” < 1P 1 e1,2].
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e Repeating this procedure we can deduce that, for any integer j > 1,
P(oo > j) =1,
and
Elynl” < ;P 1 elj.j+11, ®)

where
13 p ;
i = (oo + (-4 b DB + pG(p = D/ LB ) < oo

Since j > 1 is an arbitrary integer, we can conclude that n,, = oo almost surely and
ElyOII? < o0, Vt = 0.

Now we are in a position to prove Eq.(1) has a unique global solution x (¢) and the solution
has the property that E||x (¢)||? < oo.

It is well known (see Anderson 2012) that almost every sample path of the Markov chain
r(-) is a right-continuous step function with a finite number of sample jumps in any finite

subinterval of R . Hence, there is a sequence of stopping times 0 =19 < 7] < -+ < T <
- such that
[e.¢]
r(6) =Y r@) g @, t=0.
k=0

We first consider Eq. (1) on ¢ € [tp, 71), which becomes
dx (1) = f(x@), x([1]), io)dr + g(x (), x([¢]), ip)dB(2), (O]

with initial data xg. By the existence-and-uniqueness proof for SDEPCA (2), we know that
Eq. (9) has a unique continuous solution which belongs to M2([19, 71); R") and has the
property that E||x(¢)||” < oo. In particular, x(t;) = limtﬁff x(t) € LQFT1 (2; R™). We next
consider Eq. (1) on t € [11, 172), which becomes

dx(t) = f(x (@), x([t]), r(z1))dr + g(x(2), x([z]), r (11))dB(7), (10)

with initial data x(t;) given by the solution of Eq. (9). Again we know that Eq. (10) has
a unique continuous solution which belongs to M?([t], 72); R") and has the property that
E|lx(¢)||” < oco. Repeating this procedure, we see that Eq. (1) has a unique solution x(¢) on
[0, T'] and has the property that

E[lx@)|” < oo, Vtel[0,T].

The proof is completed. O

3 Stochastic theta method

To define the ST scheme, let us first explain how to simulate the discrete Markov chain
{rf.k=0,1,2,...}. Recall the property of the embedded discrete Markov chain:

Given a step size A > 0, let r> = r(kA) for k > 0. Then {r, k=0,1,2,...} isa
discrete Markov chain with the one-step transition probability matrix

P(A) = (Pi;(A)yxy = e 2.
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Hence, the discrete Markov chain {rkA, k=0,1,2,... } can be simulated as follows: Let

roA = ip and compute a pseudo-random number ¢; from the uniform [0, 1] distribution.
Define

o i, if i € S — {N} such that Y17 Py ;(A) < 01 < YU Pig j(A),
N, if YNSP a) < 4

where we set Z(}: 1 P, j(A) = 0 as usual. In other words, we ensure that the probability
of state s being chosen is given by IE”(rlA = s) = P, s(A). Generally, having calculated
rOA, rlA, A rkA, we compute rkA+ | by drawing a uniform [0, 1] pseudo-random number g1

and setting

ik+1, Iif ix41 € S —{N} such that
s ,
ren = Py Pa j(A) < G < Py Poa (D),
. N—1
N, if Zj:l PrkA,/’(A) < Ck+1-

This procedure can be carried out independently to obtain more trajectories.

After explaining how to simulate the discrete Markov chain, we can now define the ST
approximate solution to Eq. (1). Let A = 1/m be a given step size with integer m > 1, and let
the gridpoints #; be defined by #x = kA(k € N). Since for arbitrary k € N, there exists € N
and/ =0,1,2,...,m—1suchthatk = sm +1, the adaptation of the ST method to (1) leads
to a numerical process of the following type by setting Xo = x(0) = xo, roA = r(0) = iop,

Xsmti+1 =Xsmu + (1 —0)f (Xsm—H’ Xsms VSA,,H,I) A
+0f (Xxm+l+17 Xsm, rﬁn+1+1) A+g (Xsm-ﬁ-lv Xsms rﬁ,pr]) ABgpm+1,

fors e Nand/ =0,1,2,...,m — 1, where ABs+1 = B(tsm+i+1) — B(tsm41), 0 € [0, 1]
is a free parameter that is specified a priori. X, is an approximation to the exact solution
X (tsm+1)-

Since the ST scheme is semi-implicit when 6 # 0, the first item that need to be considered
is the existence and uniqueness of solutions of these equations. In that sense, we will employ
the one-sided Lipschitz condition in the first argument of the function f, which is given in
the following.

an

Assumption 3.1 There exists a positive constant L such that
(x =%, fOr,y. i) = fEy.0) < Llx = 7|2,
forall x, x,y € R".

Remark 1 By Lemma 3.1 in Mao and Szpruch (2013), it is obvious to obtain that the ST
method has a unique solution if A < ﬁ. In the rest of this paper, we always assume that

A< LIT)'
To implement numerical scheme (11), we define a map F, let

FXem+j) = Xemtj — 0f Kiemt - xK,,,,rKA,Hj)A, keN, j=0,1,....m—1, (12)
then we can represent (11) as follows:

F(Xsm+l+1) = F(Xsm+l) + f(Xsm+lv Xsm, rSAm_H)A + g(Xsm+lv Xsm, VSAm+1)ABsm+lv (13)
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forl=0,1,...,m —2,

FX (s 1ym) =F X s 1ym—1) + L X (s Dym—1s Xsms 7§ ) A
+ 8(X(s+Dym—1 Xsm, F@H)m,l)AB(Hl)m—l (14)
+6 (f(X(Hl)mv Xsm, r(%-H)m) = S X s+ 1yms X(s+1ym> r(%-H)m)) A,
forl=m —1.

According to Assumption 3.1, there exists an inverse mapping F~! and the solution to
(11) can be represented in the following form:

Xsm+i+1 = F_l (Xsm+l + - Q)f(Xstrl, Xsm, rxAm-Q—])A + 8Xgm+i> Xsm, rsAm-Q—l)ABstrl)v

for/=0,1,...,m —2,
Xsmtl+1 = Fﬁl (Xsm+l + (1 - G)f(Xsm_H, Xsms rsAer])A + g(X.vm-Hy Xsms rsAerl)ABsm-H

+0 (f(X(x+l)m: Xsm, r(%+1)m) - f(X(x+l)m’ X(s—t—l)ms r@+1)m)> A>,

forl = m — 1. Clearly, Xgu+1+1 is Fy,,,,,,-measurable.

4 pth moment boundedness of the ST method

Throughout this section, we fix T > 0 be arbitrary and show that the pth moment of the
ST method is bounded. The following lemma shows that to guarantee the boundedness of
moments for Xj,,4; it is enough to bound the moments of F(X,,47), where F(Xgp47) is
defined by (12).

Lemma 4.1 Suppose that Assumption 2.2 holds. Let § be any given constant with 1 —4a0 A >
8 > 0. Then for any p > 2,

I Xomarll? <357187% [||F<Xsm+l)||f’ F (1= [ Xll” + (1 - 5)%] :
Moreover,
1Xomsal” = 357167 IF Q17 + 178 = DEIF KXo I” + (1 = 8)F ]
Proof Using Assumption 2.2, we can arrive at

IF X smaDI* =1 Xsmtt — 0 f Ksmsts Xoms iy DA
> Xgmat1? = 20AX L 41 f Kgmerts Xom ) (15)
> | Xgm 1> — 200 AL+ (| Xgmp I + 1 Xsm I,

which implies

200 A 200 A
X 2<(1-2a0A) " F(X 2 Xl + ————, (6
1 Xsmll” =< ( @A) F XsmaD) 1™+ 77 WX I+ 2~ (16)
then applying the inequality (x + y + z)g < 3%—1()(% + yg —I—Zg),‘v’x, v,z > 0, and the
fact that 1 — 4a6 A > §, we obtain
D_1._P jd 4
1 Xgmrl? <3771572 [III*"(Xstrl)Ilp+(1—5)2 ||Xsm||p+(1_8)2]- A7)
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Furthermore, if [ = 0, one can get that

1Xmll? < (1 — 4a8A) " | F KXo |2 + —228 (18)
s ‘ 1 —4ab A
from (15) directly, substituting (18) into (16), then
I Xsmarl? < (1 =220 A) [ F(Xgmin) 12
+ 2004 PP+ 202 (19)
(1 —=2a6A)(1 — 4B A) : 1 —4abA

which gives
1 Xomsall” = 3571672 IF i) |17 + (178 = DENFXan)I” + (1 =98] 20)
In particular, it from (18) that
1 Xomll” = 2571672 [IF Q) 17 + (1 = 8) %] @1
O

In what follows, for notational simplicity, we use the convention that C represents a generic
positive constant independent of A, the value of which may vary with each appearance. For
example, C = C + C and C = C x C are understood in an appropriate sense. Moreover, we
may give specific expressions of C when needed. Let us begin to establish the fundamental
result of this paper that reveals the boundedness of the pth moment for the ST scheme.

Theorem 4.2 Let Assumptions 2.2-2.4 and 3.1 hold, and 6 > 0.5. Then for any p > 2, the
ST scheme (11) has the following property:

E { sup ||Xsm+l||p} <C.
Oftsm+IST
Proof Foranys € N,1 =0, 1,...,m — 2, using Assumption 2.2 and # > 0.5, we have

IF Xgmr+D |
= 1F Xmt1) + f Ksmtt: Xsm 1o s DA + 8 Xmests Xomo Ty ) A Bsmr |1*
= IF XsmaD) 1> + 2(Xsmets f Ksmerts Xom. o)) A
+ (1 =20) | f X1+ Xsm- 7iopy  DIPA% + 118 Xsmsts X Tigy 1) MBI
+ 2(F Xgmr) + f Ksmats Xom 7oy DA 8 Ksmarts Xom gy ) A By
S NF Xsma) I + 20 A0 + [ Xgmat 17 + 1 Xsm 15 + 1AMt > + ANgmir, (22)
where
AMsm+i =8 Xsm+is Xsm, rﬁn_;_l)ABsmHa
ANgns1 =2(F Xsmi1) + f Kgmyts Xom- Ty i DA AMyp ).

Then we can infer that
sm+1
IF Xsm1+ DI <IF X II? + 20 + 200 X |* + 2004 > (1 X7

i=sm

sm—+l1 sm—+l
+ ) IAMi|IP + ) AN;,
i=sm i=sm
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substituting (18) and (19) into the last equation and recalling that 1 —4a0 A > §, we acquire

2aA smt! 20 20
IF XomareD 2 === 3 IFDI + (1 + 5—2> IFXsm)I* + =

i=sm

sm—+l1 sm+l
+ ) IAM;|IP+ > AN
i=sm i=sm

. . . P .
Thus, according to the inequality (ZLI la; |) < kr~1 Zle lai|?, p > 1, one can arrive
at

E{ sup ||F(Xsm+j+l)||p}
l

J=0.1,....
sm—+1
< C1A Y EIF(XD)IP + CE|F(Xan)|1” + Cy
i=sm (23)
) sm+l smej 5
+C3(0+ 127! ZIE||AMi||p+C3E sup Z AR
i=sm j=0,1,....1 izem
A

’ 4 £
where C; = 577! (270‘)2 L Cy = 5571 (1 + g—‘;‘) * 3 = 577!, and we use the fact that

IAN<1,1=0,1,...,m—2.
Since AB; is F;;-independent, with the help of Holder’s inequality and Assumption 2.4,

we have
1
EIAM; I <Ellg(Xi, Xom, r)I1” BN AB;|*7)?
4 1 h (24)
=CARLE3PTE (141X 17 + [ Xon 172

combining (20) and (21), we can obtain that
EIAMi[” <CA%(CEIFXOIP + CSEIF Xam)I? + CeBIF (Xa)| + Cs ), (25)
where
Com L5328, Cs = LI3F R —p)t e, o= Lia B,
phy

h h
Cr=1437t (1435 a—0f st 27— 9% ).

According to the definition of ANy, and F(Xg,+41), using the time discrete Burkholder—
Davis—Gundy type inequality, we yield

S}

Jj=0,1,...,1

i=sm

2 g sm+j
As<5> E|l sup Y (Xi+ O - DFX)) g(Xi, Xgm, r{)AB;

L]

z sm+l )
2 s
5§ (*) “af (Z (E”(Xi +6 - HFX;) e(X;, xm,riA)”a)n)
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g sm—+l1
<2 (%) AR+ DETT S BG4+ 0 — DFX)T2(X, X, r11
1=sm
2 2 sm+l
<P (5) A Y (BIX; + @ = DFODIP +ElgXi, Xon, r)117)
1=sm
3p p Sl P p Sl
<2Fpa6™3 3 (BIXi 1P+ EIFX)IP) +2272p6 72 A Y7 Bllg(Xi, Xom i1
i=sm L=sm

(26)
Similar to (24) and (25), one can get that
Ellg(Xi, Xgm. 17 < CaBIF(X)II” + CSEIF (Xm)|” + CeENF (Xem) P> + C7.
27
By substituting (20) and (27) into (26), we have

sm+l1
A< CsA Y EIFX)I” + CoBIF (Xl + CloEI F(Xe) 172 + Cr1. - (28)

i=sm
where

Cy=2%7p0~% (14357157 8) 12820~ F

Co = 237[)_3179_%3%_1 (1— 5)% 5P 4+ 25—29—§pcs,

Clo=2520"5pCs, C1i=2F7po 3511 -5t s E 4252075 pey.
It follows from (23), (25) and (28) that

-1
E{ sup |F(Xsm+j+l)”p} <CpA ZE{
l j

sup ||F(Xsm+j+1)”p
J=0.1,... = o

+ (Ci2A + C)EIF (Xgn) |7 + CLUBIF (Xn) |77 + Cis,

where we set Z;OIEHF(XWHH)H” = 0 as usual. Here C1» = C| + C3C4C + C3Cg,
Ci13 =C2+C3C5C + C3C9, Cry = C3C6C + C3C10, C15 = C1 + C3C7C + C3Cy 1. Using
the discrete Gronwall inequality (Theorem 2.5 in Mao and Yuan 2006), we obtain

E: sup ||F(Xsm+j+l)||p]
Jj=0,1,....1

= (€128 + CEIFXam)|I” + CLEIF (Xs) [P 4 Cis) 2. (29)

By induction, we divide the proof into several steps to show

E [ sup ”Xstrl”p} < C.
OSIstrlST
Step1.Fors =0,/ =0,1,...,m —2,(29) implies

E { sup ||F<X,-+1)||"} = (€28 + I FX)I” + Cual FXo) I + Ci5) €2,
j=0.1,....1
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(30)

Noting that F(Xo) = Xo — f(Xo, X0, i0)A, Xo = xp, using Assumption 2.3, we can easily
get that

IF(Xo)lI” < C(p,lIxoll, L1, k1) and  ||F(Xo)[I”"> < C(p, Ixoll, L1. ki, o).

Substituting the last equations into (30) we have

E sup  [[F(X)IP ¢ <C, (31)
j=0,..., m—1
and it follows from Lemma 4.1 that
E{ sup |X,I”} <C. (32)
j=0.1,....m—1

Repeating the procedures as discussed above, we can also get that

E sup [|[F(X,)|IP" ¢ <C and E sup  [IX; "M} < C. (33)
j=0 1 j=0.1,...m—1

Next we show that E|| X, [|? < Cand E||F(X,,)||? < C. Applying (12), (13) and (14) again,
by Assumptions 2.3 and 2.4, one has
1 X — 6 f X Xo, 7y AP
= IF Xn-1) + f X1, Xo. Ty DA + g (X1, Xo, 1y ) ABy—1 1>
< 3IF =01 + 31 f Xm—1. Xo. 1y ) A + 318 (X1, X0, ) ABu111%,
hence by (31)—(33), we infer that
El X =6 f (X, Xo, i) AllP

<3 {E||F(Xm_1>||f’ +HEIf X1 X0, DA + Ellg(Xm—1. Xo. r,ﬁ,,)ABm_luf’}
<37 {E||F<Xm_1>||" + 37 LY A+ EN Xt [P+ [ X011 AP

1
+ 3P LY+ Bl X117 + 1X017"2) (EI| AByy—111*P)2 }

<C.
Moreover, repeating the process (15)—(17), one can get that
1-68\2 1—68\2
2_q).—p — —
E|l X |I? <32 1{5 ZE”Xm_Qf(XmaXOvrrﬁ)A”P'i'(T) ||X0||P+<T> }
<C.
Using F(Xgm+1) = Xsm+1 — 0 f (Xsm+1> Xsm, r£n+l)A again, we obtain
EIFXm)|” =ElXm = 0.f Xin X, r)) AP
<2 7B X )P + 277107 APE| f X, Xons 1) I
<2P7E| X017 + 6”_10”APL’1’(1 + 2E (| X, 17)
<C.
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Step 2. For s = 1, according to (29), we have

E { sup ||F(Xm+.,-+1)||”}
j 2

< ((CA + CRBIFXIP + CLEIFXnI2 + Cis) €
< ((C12A 4+ C13)C + C1aC + Cy5) €12 .= C,

which gives

E{ sup ||F(Xm+j)||p} <C,
j=1,2...m—1

then it follows from Lemma 4.1 that
E{ sup IIXm+j||”} <C.
j=1,2...m—1

Adopting the same procedures as in the Step 1, we can arrive at E| X, ||? < C, then
E| F(Xan)|I? < C follows from (12).

Step 3. For s € {2, 3, ..., [T]}, the following assertion can be proved in the same way as
shown before, for any fixed 7', there exists a constant C independent of A such that

E{ sup ||F(Xsm+j)||p}§c and E: sup ||Xsm+j||p}§c-
Jj=1 j=1

Combining Steps 1-3, we can get that

E{ sup ||Xsm+l||p} <C,

0§[5m+1§T

for any fixed T'. The proof is completed. O

5 Rate of strong convergence

It is convenient to work with a continuous extension of a numerical method here, because
the continuous extension enables us to use the powerful continuous-time stochastic analysis
to formulate theorems on numerical approximations. For this purpose, we introduce a new
numerical scheme, which is called the forward—backward Euler—Maruyama (FBEM) scheme,
to help us get a well-defined continuous-time numerical approximation.

First we compute the discrete values Xj,,+; from the ST method, then we define the
discrete FBEM scheme on [s, s + 1) C [0, 00), s € N by

)’\(Avin+l+l = Xsm+l + f(Xsm+la Xsm, r_yA,,1+])A + g(Xsm+l; Xsm, r‘£11+[)AB‘Ym+la (34)

where/ =0,1,...,m — 1, Xo = Xo = x(0).
Let X(¢) = Xgnvi, X)) = Xomtis rA(t) = rsAm_H for t € [tym+is tym+i+1), and the
continuous FBEM scheme is defined by

t t
X(t) = Xo+ / FX @), X (), r ))du + f g(X(w), X(5), r®)dBw), (35)
0 0
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on each interval [tg,,41, tsmti1+1). We would like to remark that the continuous and discrete
FBEM schemes coincide at the grid points, that is, X (tsm+1) = Xsm+i1-

Now we impose some stronger versions of Assumptions 2.2-2.4 to get the convergence
rate.

Assumption 5.1 For any constant K > 0, there exists a positive constant K such that

=0T (f,y, ) = fE5,0) +Klgx, y,i) — g, 3,0
< Ki(lx = xI1> + ly — 317,

foralli € Sand x, x,y,y € R".

Assumption 5.2 There exist constants K, > 0 and p; > 1 such that

£y, i) = FG 3, D1 < Ko(1+ [P+ [Iy[I”" + 1x)1”
131D Alx =Xl + Iy = 31D

foralli € Sand x, y, x,y € R".
Assumption 5.3 There exist constants K3 > 0, K4 > 0 and p» > 1 such that

lgCx,y, i) —g(x, y, Dl = Kzllx — xIl,
llgCe, y, i) = g(x, 3, DI < Ka(L + [IyII”” + 131”1y — ¥,

foralli € Sand x, y, x, y € R".

Assumption 5.4 There exists a positive constant K5 such that
/0,0, v 11g(0,0, )l = Ks,

foralli € S.

Remark 2 Assumptions 5.1-5.4 imply Assumptions 2.2-2.4. Suppose that Assumptions 5.1—
5.4 hold, we can easily get that

xXTfe,y, i) =(x —0)T(f(x,y,i) — £(0,0,i)) +xT £(0,0,1)

1 1 .
<Ki(lIx[I* + Iyl + Enxn2 +31£0,0, i

L 1., 1 2 2
<|Ki+ 7 + 2K5 T+ =+ 1y,
which is Assumption 2.2, and
Gy, DI I,y 8) — £(0,0,)] + [1/(0,0, )]
<Kx(1 A+ [lx[”" + Iy 1P Alxl + ylD + Ks
<(6K2 + Ks) (1+ X[ + [IyII*”") .
which is Assumption 2.3, as well as
lgCx, y, DI <llglx, y,i) — g, y, Il + 10, y, i) — g(0,0, )| + l1g(0, 0, )]
<Ksllx|l + K4(L + Iy ")yl + K5
<Ko(1+Ilx]l + ly1”+1),
which is Assumption 2.4, where K¢ = K3 +2K4 + Ks.

@ Springer f DMAC



372 Page 16 of 26 Y.Zhang et al.

Under the assumptions above, we can determine the rate of strong convergence for ST
scheme (11) to the solution of (1). First, we need some lemmas.

Lemma 5.5 Let Assumptions 5.1-5.4 hold, and 6 > 0.5. Then for any p > 2 and sufficiently
small step size A, Xgm+1 and Xsp+1 obey

E{ sup [ Xgnis — Xsmeill? } < CAP. (36)
0<tsm+1=T

Proof Foranys € N,/ =0, 1,...,m — 1, summing up both schemes of the discrete FBEM
(34) and ST (11), respectively, we have

Xomti+1 = Xsmairt = Xom — Xom + 0 (f Koms Xoms riy)
— F Xgmet1s Xom: Fori)) A, (37)
then we can infer that
Xomti+1 — Xomai+1 =0A(F(Xow X0, 78 = f KXsmeris1s Xoms Tiyii41))

)
FOAY " (f Kims Xim 1) = f K X—ym- 1))

i=1
Thus, we obtain
I X gmi1 — Xsmais1 P
< AP7OP AP (|| £ (Xo, Xo, rgHIP + 1L f Ksmett1s Xsms Foie D7)
s
427707 APSPTUN | (X X i) = f Kims X—vym- riy) 1P (38)
i=1

According to Assumptions 5.2, 5.4 and the inequality (|a|+|b)? < 2P~ !(|a|P+|b|P), p > 1,
we can acquire

||f(Xsm+l+l7 Xsma rﬁnJr]Jr[)”p
< 2PN f Xgmt 1 Xoms Fimpa) = O, 0,750 DIP +2P7H1£(0,0, 75,11 D17

<277 KL A Xt 17+ 1 177 (N X st 1|+ 1 X )P + 2P K2
< 27 72KD (307 (L4 D Xmarn 1277 + [ X1 2771)
+227 7 (X mar 1127 + 1 Xon ) ) + C. (39)
Similarly, one can also get that
I f Xims Xims i) — f Kims Xi—tyms rip) 1P
< KL (327 A4 321X PP 41Xl
+227 71 (X127 + 1 X = m129) ). (40)

Substituting (39) and (40) into (38), with the help of Theorem 4.2, for s € [0, [T']], we yield

E{ sup | Xgmpis1 — Xsm+l+l||p] < CAP?,

O0<tsm+i41=T

and the assertion follows. O
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Lemma 5.6 Let Assumptions 5.1-5.4 hold, and 6 > 0.5. Then for any p > 2,
E { sup ([ Xomti ||P} <C, E [ sup ||f((t)||l’} <C.
O0<tym+1=T 0<t<T
Proof It follows from Theorem 4.2 and Lemma 5.5 that
E { sup ”)A(sm-!-l ”P} fzpilE { sup ”)A(sm-!—l - Xsm+l ”p}
Oftsm+1§T Oftsm+1§T
41)
+2p1E{ sup ||Xsm+l||p} <C.

O§[5m+15T
Moreover, according to (35) and Holder’s inequality,

sup | X(@0)|P <3P~ (nfw 1P + AP (Xmetts Xms 7o )DIP

Lsm+1 =T <Ism+i+1

+ sup

Lom1 <t <Tsmi+1

)

t
/ 8§ Xsmts Xom, 5 )dB )
1,

m+l

it follows that
E{ sup [ X(OI7
0<t<T
0<tgmt <T tsm+1 =t <tgm+i+1

sE{ sup sup ||>?<r)||"}

=< 31771E { sup ”}?sm+l”p} + 3p71ApE { sup ”f(Xst-ly Xsm, rsAm+l)||p}

0515m+15T Oftxm+l§T

t p
+3r1E { sup sup / 8 Xsm+is Xsm, rsAer,)dB(u) } .
0=ty <T Lsm+i <I<lsm+i+1 tsm+l
I
(42)
Similar to (39), from Theorem 4.2 we can get that
E { sup ”f(Xstrh Xsm,s rsAm.q.l)”p} <C. (43)
05t5m+l§T

According to Remark 2 and Theorem 1.7.2 in Mao (2007), together with Theorem 4.2 again,
we can infer that
p }

[T] m—1 t
1< Z Z E : sup [ & Xsm+is Xsm, rsAerl)dB(u)

=0 =0 Lsm+1 SU<Ism+i+1 sm+1

p

[T] m—1 p3 : o,
=< (7> Aj]E”g(Xsm—HvXsm»rsAm_;,_[)”p
i AV )
p3 % ) [T] m—1
<4 (m) KEAEY S (14 Bl X |7 + Bl X 7027D)
s=0 [=0
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30\7%
541’*1(ﬁ) K£A51<[T]+1>(1+E{ sup ||Xsm+z||f’}

Oftsm+I§T
+E{  sup [ X7 )
Oftxm+I§T
<CAT (44)
Substituting (41), (43) and (44) into (42), one has E {supoitsT ||)A((t) ||1’} <C. ]

Lemma 5.7 Let Assumptions 5.1-5.4 hold, and 6 > 0.5, then for any p > 2,

sup E[X(1) — X(1)|P < CAL.

0<t<T

Proof For any t € [0, T'], there always exist s € Nand/ € {0,1,...,m — 1} such that
t € [tym+i, tsm+i+1); hence,

EIX(0) — X7 < 2P 'E|X (1) — X0 + 2P '"EIX (1) — X0)|1?
=2P'EIX (1) — XOIP + 2P "Bl Xms1 — Xomat P, (45)

Applying Holder’s inequality and Theorem 1.7.1 in Mao (2007), for t € [tsm+1s tsm+i+1)>

E|X(1) — X(0)|”
t

= EH f(Xsm+l7 Xsm, r‘YAm+l)dI/l =+ /

Esm+1 Lsm+1

t

8 Kot Xoms riy 1 )dB@)|”
< 2P7VAPE| f Xgmetts Xom: oy )17
2
2t (Z222) A5 e Humar, Xom eI

similar to (39), by Assumptions 5.2-5.4 and Theorem 4.2, we can easily get

E|fKsmt: Xemoripin)|” =€ and - EfgXomss, Xoms )" < €,
which means

E|IX (1) — X(@)||? < CA? + CA% < CA%.

By substituting the last equation and (36) into (45), the desired assertion follows. ]

Lemma 5.8 Let Assumptions 5.1-5.4 hold, and 6 > 0.5, then for any s € N,
s+1 )
E/ If (X @), X(s), r®@)) — (X @), X(s), r)|I*du < CA,

s+1
E/ 18 (X (), X(s), r® ) — g(X(u), X(5), r(w)||’du < CA.
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Proof Using Assumption 5.2, we have

Lym+i+1 A 2
E/ 1 f (X ), X(s), r= () — f(X @), X(s), r(w))||"du
t,

smA+1

Lsm+1+1
= [P0 X)) = S, XO) PP 00
1,

sm+l

tsm+1+1
<2E f I (X @), X (), 72 @) = 0,0, P WO Ty uysr 1100} 4
I

m+l

Ism+i+1
+2F / QX X(5), ) — £ 0, DI Iyt 1)
Is

m+l

5 Ism+1+1 E 21 21 5 5
<24K; (LHIX @17+ IXOI) (X @O+ IXEN7) Tt} | 94
Is

m+l

_ 2 Ism+1+1 21 21 2 2
=24K; E(E{ (14 1 Xsm2 177"+ 1Xsm 1727) (1 Xsmt2 12 + 1 Xsm 1) 17 (gm0 }
1,

sm+1
x E{I{rw)#r(xmz)}|’(’sm+l)})d“’

where in the last step we use the fact that X (u) = Xgp11, X(5) = Xgn and L{r ) £r (t510))
when tg, 41 < U < tyn4i+1 are conditionally independent with respect to the o -algebra
generated by r (/). By the property of Markov chain, one has

E{ L@ r s 17 Usme) | ZZ Lty =iy P(r ) # i|r (tsm+1) = 1)

ieS

= Z L (1) =i) Z(Vu (U — tgmar) +o(u — tsmyr))
ies i

S( 1rirll?g}v(—yii)A + O(A)) Z Lty ) =i}

ieS

<C(A +o(A)),

where C = max|<;<n(—y;i). Hence,

Ism+1+1 A 2
E/ I/ (X @), X(s),r™(u)) — f(X @), X (), r(u))||"du
Ism+1
Ism+1+1

< C(A+o(A) E{(1 4 1 Xsm2 17" 4+ 1 X sm 1271) (1 X it 12+ 1 X s 11?) } due

tsm-H
< CAA +0(A) (1 +E[Xmst I + ElXgm I*" +El X gmas |* +EN Xmll?) .

Then using Theorem 4.2, one can get that

s+1
E/ ILF (X @), X (s), 72 ) — £(X ), X(s), r(w))|*du

m—1 Tsm+141 A )
= Z E | f (X @), X(s), r=(u)) — f(X(u), X(s), r(u))||"du
1=0 Tsm+1
< C(A+0(A) (14 E| Xgmis I + BN Xgm |*" + Ell Xgmpr1* + El Xy |1*)
< C(A +o(A)). (46)
The second inequality can also be proved similarly. O
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Theorem 5.9 Under Assumptions 5.1-5.4, and 0 > 0.5, the continuous FBEM method (35)
strongly converges to the solution of hybrid SDEPCAs (1), that is

JE[ sup ||5f(r)—x(t)||2} < CA.

0<t<T

Proof Lete(t) = )A((t) —x(),ea(t) = )A((t) — X (¢). Forany ¢ € [0, T], there always exists
s € Nsuchthatt € [s, s + 1), hence

[T]
IE: sup ||e<r)||2}§E{ sup sup ||e(z>||2}sZE{ sup ||e<r>||2}. 47)
s=0

0<t<T 0<s<[T]s<t<s+1 s<t<s+l

For any r € [s, s + 1), it follows from (34) and (35) that
e(r) =e(s) +/ (f(X ), X (), r® () = f(x(), x(s), r()))du

1
+ / ((X(u), X (5), r®w)) — gx(w), x(s), r()))dB(w),

then according to the generalised It6 formula (Mao and Yuan 2006), one has
t
le@)I* = lle(s)> +/ 2eu)" (f (X (), X(s), 7% @) = f(x(u), x(s), r(u))du
t
+ / lg(X @), X(s), r® (w)) — g(x(u), x(s), r(u))||*du

t
+/ 2e(u)" (g(X (), X(5), ™ (u)) — g(x(u), x(s), r(u))dB (u).

Hence, it is easy to see that

E{ sup ||e<u)||2} 5E||e(s>||2+zE{ sup M(u)}

S=<u=t S<u<t

+2E / e)" (F(X @), X (), r® W) — f(x(u), x(s), () du

t
i E/ g (X (). X(5), @) — gGeu), x(s). r(u)]” du,
(48)

where
M (u) =/ e’ (g(X (), X(5), r®(v)) — g(x(v), x(5), 7 (v))) dB(v).

Applying the Burkholder—Davis—Gundy inequality and 2ab < a? + b?, we obtain
T A 2 \?
Bl sup M)t <4v2E ( [ e (scxa. x.r2 @) - g, 2. ran)| du)
N

S<u<t
1 2
sz sup [le(u)]|
S<u<t

t
+32E / llg(X (), X(s), 2 ) — g(x @), x(s), r(w)||*du.
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Substituting the last equation into (48), we get
1 2
EE sup [le(u)]|
S<u<t

t
<Ele(s)|* +2E / e)" (F(Xw), X(s), r®)) — f(x(u), x(s), r())) du

N

(49)
Ji

t
+651E/ |g(X @), X (), P @) — gCe(u), x(s), r@))| > du .

J2

Using Assumption 5.2, Lemma 5.8, Holder’s inequality, Theorem 4.2, Lemmas 5.6, and 5.7,
one can acquire that

Ji <2E / et lPdu + E / K@), X (), P @) — FX ), X(6), rw) Pdu
+E f IR, X6, rw) — FR @), R(s), rw) P
+2E f LT (f K@, XK@, r@) = fx0), 3, r@)) ) du
<?2E /l sup [le(v)]|>du + CA

s<v<u

t
28 [ e (£, X)) = FGr.x(6).rw) du.

s

According to Lemma 5.8, Assumption 5.3, Theorem 4.2, Lemmas 5.6 and 5.7, we yield

t
72 = 38 [ 1500 X9, 7 @) = (X (@, X(5), ) P
t
+3E [ 18000 X0).r@) - (0. X ). r @)l
t
438 [ g(R0. R6).r@) - g, 16).r ) Pl
t
<ca+ 6k [ (KleaP +3K3 (14 IXOIP + IXOIP) lea®)I) du
t
+3E [ 1g(R0. R0).r) - g, x(6).r ) P
2 [ 2 o] 411
<catsk? [ {E(1+||X<s)|| 2+ X)) } {Ellea)*)* du
t
+38 [ gk, X(5).r) = g, x(6). @) P

t
=CA+ 3]Ef lg(X (), X(s), r()) — g(x(u), x(s), r(u))|*du.
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Substituting J; and J> into (49), using Assumption 5.1, then

t
E{ sup ||e(u)||2} §2E||e(s)||2+8E/ sup Jle()|’du + CA
s

S<u<t sS<v=u

t
+ 8K1]E/ (le@)11* + lle(s)11*)du (50)

t
<2E|[le(s)||* + 82K + 1)E/ sup |le(v)|’du + CA.
S

¢ s<v<u
Fors = 0,1 € [0, 1), (50) implies
13
B sup flel | <8CKI+DE [ sup le)lPdu+ €A,
O0<u<t 0 O<v<u
then according to the Gronwall inequality and the continuity of ||e(x)||?, we have
IE: sup ||e(u)||2} < CALSCKITD = CA.

O<u<l

In particular, we know that Elle(1)|?> < CA.
Fors =1,t €[1, 2), (50) implies

t
EQ sup [le@)l* } <2E[e(1)]* +82K; + DE f sup [le(v)[I*du + CA,
1<u<t 1 1<v<u
using the Gronwall inequality and the continuity of ||e(u) |12 once more, we can also get
E { sup ||e(u>||2} < CA,
1<u<?2

in particular, E|le(2)||> < CA.
Repeating the same procedures, for any s € [0, [T]], we always have

E{ sup e} <CA,
s<u<s+1
substituting this inequality into (47), which gives
EX sup lle]*} < C(IT1+ DA =CA.
0<t<T

The proof is completed. O

We are now ready to formulate the main theorem of this paper.

Theorem 5.10 Let Assumptions 5.1-5.4 hold, and 6 > 0.5, there exists a positive constant C,
independent of A, such that the ST method (11) strongly converges to the solution of hybrid
SDEPCAs (1), that is

sup E|X (1) — x(0)|* < CA.
0<t<T
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Proof Tt is apparent from the triangle inequality that

sup E[IX(1) — x> <2 sup EIX() — X@OI>+2 sup E[X(1) —x(0)]?,

0<t<T 0<t<T 0<t<T

then the assertion follows from Lemma 5.7 and Theorem 5.9. |

6 Numerical simulation

In this section, we consider the following scalar nonlinear hybrid SDEPCA

dx(?) = f(x @), x([tD, r())dt + g(x (@), x([]), r())dB(), >0, (S

where f :R xR x S - R,

-3 +x@), ifi=1,

(@), x([2]), i) = {—x3(t) +x([tD, ifi =2,

andg :RxR x § — R,

x(t) + sin(x([z])), ifi =1,

g, x (1), 1) = Lin(x(t)) +cos(x([t])). ifi =2,

with the initial conditions xo = 1 andip = 1 € S = {1, 2}. Here B(¢) is a scalar Brownian
motion on (2, F, {F;}s>0, P), and r(¢) is a right-continuous Markov chain taking values in
. -1 1
S with the generator I' = (y;;)2x2 = [ 2 _2] .
By a straight calculation, one has

=Dy, D= fEF D) +Klgh, y, 1) — g 7, DI
=@ —0)(—x +x+3 =X+ K|x +siny — X —sin y|?
< —?+i)x — x> —xx|x — x>+ |x — %> + 2K|x — %> + 2K | sin y — sin j|?
< QK+ D(x =3P+ 1y — 31,
and
(=D, 9.2) — f(F.57,2) +Klgx,y.2) — g& 7.2

=x—0)(=x>+y+3—3) + K|sinx —sinX + cos y — cos y|*
=2+ xD - I+ (=D —F) +2K|x — X + 2K |y — 7
1 _ _
< (ZK + 5) (x =% +1y = 3P,
which means the coefficients satisfy Assumption 5.1. Similarly we can also verify that the
coefficients satisfy other conditions of Theorem 5.10. We generate 2000 different discretized

Brownian paths and use the numerical solution of the backward EM method with step-size
A = 2715 as the “exact solution”.
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Let € and n denote the errors in mean square,

2000
1

e(T) =Elx(T) — X7m|* = 3000

NT)=EY sup [x(tsmss) — Xsmpil®
05’;m+lST
2
1 000
= — X
2000 4
i=1

D (T ) = Xrm(@),
i=1

2
( ma. |x(tsm+l7 wi) - Xsm+l(wi)| ) .
Oftxm-%—l <T

We calculate the errors in mean square €(1), €(2), €(3) and n(2), n(3) with step sizes
276,277 278 279 2-10 respectively. The log—log mean square error plots corresponding
to those chosen values of A and 0 are given in Figs. 1 and 2. It is well known that the slope
of a line in the log—log error plot implies the order of convergence for the numerical method.
Graphically, the mean square error lines’ slopes are close to the reference lines’ slope. There-
fore, it can be seen from Figs. 1 and 2 that the order of convergence in mean square for the

ST method is close to 0.5.

the mean square errors ¢(T) with 6=0.5

the mean square errors ¢(T) with 6=0.75

——reference line with slope =1

reference line with slope =1

*T=3 *-T=3
. T=2 . T=2
10" e T=1 w! cenT=1
102 10?2
*
10° * Pl 10° - - o :
* : * B )
e o
. o . -
10 - 10 o
s s .
o 10° 102 107 " 109 102 10
step size A (or 1/m) step size A (or 1/m)
Fig.1 Convergence rate of the ST method for Eq. (51)
" The mean square errors 7(2) " The mean square errors 7(3)
— — reference line with slope =1 — — reference line with slope =1
—* 0=0.5 —* 0=0.5
o —o- 9=0.75 - —o- =075
102 //// _-° 102 /’::’/
— Pt i . Pt
[ - o g ="
= -7 = &=
10 o~ 10
104 107
10°% 10

102
step size A (or 1/m)

Fig.2 Convergence rate (uniform) of the ST method for Eq. (51)
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