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Abstract

Intuitionistic fuzzy sets, Pythagorean fuzzy sets, and q-rung orthopair fuzzy sets are rudi-
mentary concepts in computational intelligence, which have a myriad of applications in fuzzy
system modeling and decision-making under uncertainty. Nevertheless, all these notions have
some strict restrictions imposed on the membership and non-membership grades (e.g., the
sum of the grades or the sum of the squares of the grades or the sum of the gth power of
the grades is less than or equal to 1). To relax these restrictions, linear Diophantine fuzzy set
is a new extension of fuzzy sets, by additionally considering reference/control parameters.
Thereby, the sum of membership grade and non-membership grade can be greater than 1, and
even both of these grades can be 1. By selecting different pairs of reference parameters, linear
Diophantine fuzzy sets can naturally categorize concerned problems and produce appropriate
solutions accordingly. In this paper, the interval-valued linear Diophantine fuzzy set, which
is a generalization of linear Diophantine fuzzy set, is studied. The interval-valued linear
Diophantine fuzzy set is more efficient to deal with uncertain and vague information due to
its flexible intervals of membership grades, non-membership grades, and reference parame-
ters. Some basic operations on interval-valued linear Diophantine fuzzy sets are presented.
We define interval-valued linear Diophantine fuzzy weighted average and interval-valued
linear Diophantine fuzzy weighted geometric aggregation operators. Based on these new
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aggregation operators, we propose a method for multi-criteria decision-making based on
supplier selection under the interval-valued linear Diophantine fuzzy environment. Besides,
a real-life example, comparison study, and advantages of proposed aggregation operators
are presented. We describe some correlation coefficient measures (type-1 and type-2) for the
interval-valued linear Diophantine fuzzy sets and they are applied in medical diagnosis for
Coronavirus Disease 2019 (COVID-19). Lastly, a comparative examination and the benefits
of proposed correlation coefficient measures are also discussed.

Keywords Linear Diophantine fuzzy set - Interval-valued linear Diophantine fuzzy set -
Aggregation operator - Correlation coefficient - Supplier selection - Medical diagnosis

Mathematics Subject Classification 03E72 - 28E10 - 94D05

1 Introduction

As a generalization of a classical set, Zadeh (1965) brought the perception of a fuzzy set (FS).
The membership degrees of elements into a fuzzy set are measured using the membership
function. In the literature, Zadeh’s fuzzy set is tackled from different aspects in the multi-
criteria decision making (MCDM) issues (Petchimuthu et al. 2020; Petchimuthu and Kamac1
2020, 2019; Ye 2011; Song et al. 2014). The interval-valued fuzzy set (IVFS) is proposed
as an interval spanned extension of a fuzzy set (Gehrke et al. 1996; Sambuc 1975). These
sets treat the membership degree of a fuzzy set as interval values in place of an exact value.
Atanassov (1986) generalized the fuzzy set into the intuitionistic fuzzy set (IFS), which
possesses a non-membership grade in addition to membership grade. The perception of IFS
is stepped forward to address the real-life MCDM issues (Aydin and Enginoglu 2021; Hayat
etal. 2018; Kamac12019; Karaaslan 2016). The average and geometric aggregation operators
are evolved to aggregate the information in the surrounding of IFS [see Xu (2007), Zhao et al.
(2010), Xu and Yager (2006)]. To cope with the MCDM issues based on IFS information
measures, similarity measures (Song et al. 2014) and cosine similarity measures (Ye 2011)
were developed. To expand both the membership and non-membership degrees of the IFS
from exact values to interval values, Atanassov and Gargov (1989) brought the interval-
valued intuitionistic fuzzy set (IVIFS). Many researchers contributed to the development
of IVIFS by proposing aggregation operators (Wang et al. 2012; Garg 2016a) and distance
measures (Ye 2013; Baccour and Alimi 2019). Yager (2014) adopted the idea of Pythagorean
fuzzy set (PyFS) (is also referred to as IFS of type 2) through relaxing some conditions
of IFS and advanced a few outstanding aggregation operators termed O-PFWPA and O-
PFWPG. To prioritize the options concerning PyFS, many PyF operations, relations, and
aggregation operators were developed (Garg 2017; Hashmi and Riaz 2020). Moreover, the
distance measures (Firozja et al. 2020; Nguyen et al. 2019; Zhang et al. 2019), divergence
measures (Zeng et al. 2019) and cosine function-based similarity measures (Wei and Wei
2018) were proposed to measure between two PyFNs. In Abdullah and Goh (2019), Akram
et al. (2020), Khalid et al. (2019), Riaz and Hashmi (2020), many authors endeavored to
deal with the fruitful real-life applications of PyFSs. The PyFS was prolonged into the
interval-valued Pythagorean fuzzy set IVPyES) (Peng 2019; Zhang 2016) and studied in
some aspects (Garg 2016b; Li et al. 2018). In 2017, Yager (2017) introduced the q-rung
orthopair fuzzy set (q-ROFS) (is also referred to as IFS of type ¢ (where ¢ > 1)). Later
on, Liu and Wang (2018) and Riaz et al. (2020a) focused on the aggregation operators such

@ Springer f bMA



Correlation coefficient measures and aggregation operators... Page3of41 409

as ¢-ROFHWAGA, q-ROFWA, g-ROFWG, and Wang et al. (2019) aimed to measure the
similarity between two q-ROFSs. The different perspectives on q-ROFS, which are closer to
real-life applications, were presented (Ali 2018; Ali and Mahmood 2022; Mahmood and Ali
2021). Joshi et al. (2018) extended the q-ROFS into an interval-valued g-rung orthopair fuzzy
set (IVq-ROFS), and immediately afterward, they were advanced in different directions (Gao
et al. 2019). In 2019, Riaz and Hashmi (2019) significantly tested the regulations associated
with the membership and non-membership degrees in the structures of FS, IFS, PyFS, and g-
ROFS and those obstacles were offered numerically. They introduced the linear Diophantine
fuzzy set (LDFS) by including reference parameters to the nature of IFS to take away those
obstacles. They put forward that the idea of LDFS will eradicate the constraints in the existing
methodologies of other sets and enable the free selection of data in practice. Also, they proved
that the space of this set is larger than those of FS, IFS, PyFS, and q-ROFS using the arbitrary
property of the reference parameters [see: Theorem 3.3 and Table 18 in Riaz and Hashmi
(2019)]. For more details on the hybridizations, algebraic and topological structures of LDFS,
the concepts in Almagrabi et al. (2021), Kamac1 (2021a,b), Riaz et al. (2020b) can also be
reviewed. Moreover, the reference parameter approach utilized by Riaz and Hashmi (2019)
on LDFS is a rising fashion to assess alternatives thoroughly and accurately. It sparks in our
thoughts that a deep and tricky observation needs to be made on LDFS.

Thus, encouraged by Riaz and Hashmi’s studies on LDFS in Riaz and Hashmi (2019),
we focused on the theory of interval-valued linear Diophantine fuzzy set IVLDFS) in which
the degrees of membership, non-membership, and reference parameters are intervals. We
know from the prevailing research (Beg and Rashid 2015; Chinram et al. 2021; Riaz and
Hashmi 2019) that the average and geometric aggregation operators are the simplest and
appropriate approaches to fuse information. So, we seek the solutions to the supplier selec-
tion based on IVLDF information by introducing the interval-valued linear Diophantine
fuzzy weighted average IVLDFWA) and interval-valued linear Diophantine fuzzy weighted
geometric IVLDFWG) aggregation operators. Recently, Garg and Rani (2019) proved that
the correlation coefficient measure is one of the most critical measures to assist not only in
evaluating data entity with another but also show the extent of association between them
and their direction. It leads us to define type-1 and type-2 correlation coefficient measures
between two IVLDFSs.

The motivation of this paper is (1) to extend the range of IVLDFS, (2) to derive new
operations on IVLDEFSs, (3) to present some aggregation operators to fuse IVLDF informa-
tion, (4) to formulate correlation coefficients that measure similarity/distance between two
IVLDSs, and (5) to show that the proposed operations, operators, and correlation coefficients
can be used to deal with problems such as supplier selection and medical diagnosis. The
contributions of this paper are itemized as follows.

e The current concepts such as IFS, PyFS, q-ROFS, LDFS, IVIFS, IVPyFS, and IVqQ-ROFS
have been prosperously applied in different areas, but there are situations in genuine life
that cannot be represented by those notions. The LDFS perception of Riaz and Hashmi
generalizes the concepts of IFS, PyFS, q-ROFS, LDFS, IVIFS, IVPyFS, and IVq-ROFS
with the integration of reference parameters. The reference parameters increase the range
of membership and non-membership grades. Further, by changing the physical sense of
reference parameters, LDFS can be used effectively in different situations. The perception
of IVLDFS that we propose is the more generalized form of the LDFS of Riaz and Hashmi.
It has extra functionality in processing the degrees of membership, non-membership, and
reference parameters as interval values instead of exact values in evaluation with LDFS.
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e The existing arithmetic, geometric, and other aggregation operators created for the
subsisting notions IFS, PyFS, g-ROFS, LDFS, IVIFS, IVPyFS, and IVqQ-ROFS are not rel-
evant to resolve the MCDM quandaries under the IVLDFS environment. Meanwhile, our
proposed arithmetic and geometric aggregation operators IVLDFWA and IVLDFWG)
are eligible to resolve the MCDM based on supplier selection under the environment of
both the subsisting notions IFS, PyFS, q-ROFS, LDFS, IVIFS, IVPyFS, IVq-ROFS, and
the proposed IVLDFES.

e The information measures proposed for the IFS, PyFS, q-ROFS, LDFES, IVIFS, IVPyFS,
and IV@-ROFS are special instances of the proposed type-1 and type-2 correlation coef-
ficients of the IVLDFS. Consequently, the type-1 and type-2 correlation coefficients of
IVLDEFS are felicitous and effective to deal with the authentic-life MCDM issues more
accurately than the preexisting ones.

The rest of this study is organized as follows: In Sect. 2, we give the introductory notions
and principal properties about the fuzzy set and its prolonged models. In Sect. 3, we present
a framework for linear Diophantine fuzzy set theory in which grades of membership, non-
membership, and reference parameters are interval values. Also, we discuss relationships
between interval-valued linear Diophantine fuzzy sets and the prolonged interval-valued
fuzzy sets like IVIFS, IVPyFS, IVq-ROFS. In Sect. 4, we define interval-valued linear Dio-
phantine fuzzy weighted average (IVLDFWA) and interval-valued linear Diophantine fuzzy
weighted geometric IVLDFWG) aggregation operators. Based on these new aggregation
operators, we propose a method for the MCDM based on material supplier selection in
the interval-valued linear Diophantine fuzzy surrounding. In addition to these, a real-life
example, comparison study, and advantages of proposed aggregation operators (IVLDFWA,
IVLDFWG) are presented. In Sect. 5, we describe some correlation coefficient measures
(type-1 and type-2) for the IVLDFSs and they are applied in medical diagnosis for Coron-
avirus Disease 2019 (COVID-19). A comparative examination and the benefits of proposed
correlation coefficient measures are also discussed. In Sect. 6, the conclusion of this study is
summarized.

2 Preliminaries

This section reviews some basic concepts and results related to the fuzzy set and its extended
models.

We start this section with Zadeh’s definition of a fuzzy set.

Definition 2.1 (Zadeh 1965) A fuzzy set (FS) F in the universal discourse set X is defined
as follows:

F={(xi, Mr(x)) : x; € X},

where M r : X — [0, 1] represents the membership function of F and the value 97~ (x;)
denotes the degree of membership of x; € X into the set F. The set of all FSs over the
universal discourse set X is denoted by FS(X).

Definition 2.2 (Gehrke et al. 1996; Sambuc 1975) Let J19-11 be the set of all closed subin-
tervals of the interval [0, 1]. Then, an interval-valued fuzzy set (IVES) F in the universal
discourse set X can be described as follows:

F= {(x,-,(?)ﬁj.‘-(xi))) tX € 36}
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where M4z : X — 510.1] represents the membership function of F such that M#(x;) =
[Emé-_-_(x,'), Dﬁif-_-_(x,')] and 0 < sm;.(xi) < smg(xi) < 1. The values smg,_.(x,-) and im;]_;(x,-)
denote the lower and upper degrees of membership of x; € X into the set , respectively.
The set of all IVFSs over the universal discourse set X is denoted by 1V FS(X).

Definition 2.3 (Atanassov 1986) An intuitionistic fuzzy set (IFS) Z in the universal discourse
set X is defined as follows:

T = {(x;, Mz (x;), Nz (x))) : x; € X},

where M7 : X — [0,1] and N7 : X — [0, 1] represent the membership function and
non-membership function of Z, respectively. The values iz (x;) and 97z (x;) denote the
degrees of membership and non-membership of x; € X into the set Z with the condition
0 < Mz (x;) + Nz(x;) < 1 for each x; € X. The hesitation margin, which is the degree of
non-determinacy of x; € X into the set Z, is described as $H7(x;) = 1 — (M7 (x;) + Nz (x;))
for each x; € X. The set of all IFSs over the universal discourse set X is denoted by 7 F S(X).

Definition 2.4 (Atanassov and Gargov 1989) Let 3101 be the set of all closed subintervals of
the interval [0, 1]. Then, an interval-valued intuitionistic fuzzy set (IVIFS) Z in the universal
discourse set X is described as follows:

T = {(x, (M3 (), Mp () = % € X},

where My = [ME(x;), MY ()] = X — IO and Ny = [N (), N ()] : X — TN
represent the membershlp function and non-membership function of I respectively. The
values E)JTI(xt) 9)? (x;) denote the lower and upper degrees of membership of x; € X
into the set Z, and the values ‘ﬁé (x;), ‘)I (x;) denote the lower and upper degrees of non-
membership of x; € X into the set Z. Bes1des the following condition is provided: 0 <
MY (x;) + MY (x;) < 1 for each x; € X. The hesitation margin is evaluated as $7(x;) =
[1— M () + NE(xi)), 1 — (MY (i) + 9N (x)] for each x; € X. The set of all IVIFSs
over the universal discourse set X is denoted by IVIFS(X).

Definition 2.5 (Yager 2014) A Pythagorean fuzzy set (PyFS) P in the universal discourse
set X is defined as follows:

P ={(x;i, Mp(x), Np(x)) : x; € X},

where Mp, Np : X — [0, 1] represent the membership function and non-membership func-
tion of P, respectively. The values M p (x;) and 9Np (x;) denote the degrees of membership and
non-membership of x; € X into the set P with the condition 0 < (Mp (x; N2HOp(x))? < 1
for each x; e X. The hesitation margin of x; € X is Hp(x;) = (1 — ((Mp(x;))? +

Np(x; ))2)) Py FS(X) denotes the set of all PyFSs over the universal discourse set X.
Definition 2.6 (Peng 2019; Zhang 2016) Let J1%-11 be the set of all closed subintervals of the

interval [0, 1]. Then, an interval-valued Pythagorean fuzzy set (IVPyFS) P in the universal
discourse set X is presented as follows:

P = {(xi, (M (i), M () = x; € X},

where M5 = [Mf (x;), MP (x)] : X — T and Ny = [N (x1), NP ()] : X — JO
represent the membership function and non-membership function of P, respectively. The
values EI)TL (x;), MY 5 (x;) denote the lower and upper degrees of membership of x; € X
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into the set P, and the values ‘ﬁ% .(‘xi), ‘)’t% (x;) denote the lower and upper degrees of non-
membership of x; € X into the set P. In addition, the following condition is provided: for each
xi € X,0 < (MZ(x)” +(Np(x;)* < 1. Foreachx; € X, Hp(xi) = [95(x). H%(x)] =

1 1
[(1 = (@G @)? + M5 i) 2, (1= (@MY @i)? + G xi)?)? ] is termed to be
hesitation margin of x; € X. The set of all IVPyFSs over the universal discourse set X is
denoted by IVPyFS(X).

Definition 2.7 (Yager 2017) A g-rung orthopair fuzzy set (q-ROFS) Q in the universal dis-
course set X is defined as follows:

Q = {(x;, Mo (x;), No(xi))) : x; € X},

where Mg, Ng : X — [0, 1] represent the membership function and non-membership
function of Q, respectively. The values Mg (x;) and Mg (x;) denote the degrees of member-
ship and non-membership of x; € X into the set Q with the condition 0 < (Mg (x;))? +
Mo (x;))? < 1 (where g > 1) for each x; el X. The hesitation margin can be evaluated as

Hoxi) = (1= (Mo (xi)? + Na(x;i))))4 for each x; € X. The set of all ¢-ROFSs over
the universal discourse set X is denoted by g-ROFS(X).

Definition 2.8 (Joshi et al. 2018) Let 31911 be the set of all closed subintervals of the interval
[0, 1]. Then, an interval-valued q-rung orthopair fuzzy set (IVq-ROFS) & in the universal
discourse set X is described as follows:

0 = {(x, (Mg 0x), N5 () : xi € X},

where Mg = [ME (x;), MG ()] - X — TOMand Ny = [N (), NG (x)] : X — JO
represent the membership function and non-membership function of O, respectively. The
values DﬁLQ (x;), Dﬁlé (x;) denote the lower and upper degrees of membership of x; € X
into the set O, and the values ‘)’Ilé (x;), ’ﬂlé (x;) denote the lower and upper degrees of non-
membership of x; € X into the set Q. In addition, the following condition is provided:
0< (imlé(x,-))q + (‘J’Ilé(x,-))q < 1 (where ¢ > 1) for each x; € X. The hesitation margin

is caleulated as 55(x1) = [9% (xp). 9% ()] = [(1 = (@ ()7 + i) 7. (1 -

1
((zmg.(xi))q + (fng(xi))q))ﬁ ] for each x; € X. IVq — ROFS(X) denotes the set of all
IVq-ROFSs over the universal discourse set X.

The website “https://smartphonesrevealed.com” focuses on determining the mobile phones
best suit buyer’s functionality-quality requirements and wallet. For example, we consider
Fig. 1 based on data from this website on October 16, 2020.

In Fig. 1, “score on selected criteria” means rating the mobile phones evaluating
their functionality-quality (that is, phones ranked on Camera&Video, Data Speed, User-
friendliness, Battery Life, Design-Materials), “total score” means rating the mobile phones
evaluating their functionality-quality and price (that is, phones ranked on Camera& Video,
Data Speed, User-friendliness, Battery Life, Design-Materials, Price). The best mobile phone
is Samsung Galaxy Note 20 Ultra 256 GB, both according to “score on selected criteria” and
“total score” (its score on selected criteria is 95/100 =0.95 and its total score is 55/60 =0.917).
When the functionality-quality of mobile phones is evaluated according to the “Price Level”
and mobile phones are ranked according to these evaluations, Motorola Edge + (2020), Sony
Xperia 1 II (2020), and One Plus 8 (2020) 128 GB are recommended for the best phone.
While one can describe “score on selected criteria” and “total score” with FS, IFS, PyFS, or
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Reviews = Find PerfectPhone | Brands | Bestmobilephone | Valuefor Money | Budgetphones | BestiPhone Quality vs Price

Revealed Compare 1ol | Qualiies | Pricehistory | Guides&Tips | History of the mobile phone

You have indicated following qualities as important:

Camera & Video, Data Speed, User-friendliness, Battery Life, Display and Design and Materials
Maximum Rating of your selected criteria is: 60/60

is the best posible match for you.

28 GB and Motorola Motorola Edge+ (2020) gives you most value for money
See phones ranked on: Camera & Video, Data Speed, User-friendliness, Battery Life, Display and Design and Materials
YOUR RESULT
Phone Total Score Score on selected Price Level Details
criteria

tra 256 95/100 55760 $1430/€ 1230 G
A 95 = $ 1560 £ See smartphone
2 84/100 55 $ 1040 / €890 [U—
OnePlus 8 Pro 128 GB 84 5. $ 1000 See smartphone
OnePlus 8 Pro 256 GB 84/100 54/60 $ 1130/ € 960 S

See smartphone

53 See smartphone

ny Xpei 2020) 79, 53 /6 740/ € See smartphone

OnePlus 8 (2020) 128 GB 83/100 52/60 $780 /€670 So6 smphone
OneP 52760 880 /€760

e 52/60 3380/€ /60 See smartphone

Show all Phones
See all phones ranked according to your criteria

Fig.1 The comparison of mobile phones (Source: https://smartphonesrevealed.com)

g-ROFS, it is difficult to describe these evaluations with the existing fuzzy set approaches
when the reference parameter is Price Level (wallet).

To eliminate such difficulties, Riaz and Hashmi (2019) proposed the linear Diophantine
fuzzy sets which are the extended forms of the IFSs, PyFSs, and q-ROFSs, by integrating the
degrees of reference parameters to the degrees of membership and non-membership in the
structure of the IFS (or PyFS, q-ROFS). The constitutional definition of linear Diophantine
fuzzy set can be given as follows.

Definition 2.9 (Riaz and Hashmi 2019) A linear Diophantine fuzzy set (LDFS) £ in the
universal discourse set X is defined as follows:

D = {(x;, Mp(x;), Np(x;)) , (tp, kD)) : 1 € N},

where Mp (x;), Np(x;), p, kp € [0, 1], respectively, represent the degrees of membership,
non-membership and references parameters of x; € X into the set D with the conditions
0<tp+kp <land 0 < tpMp(x;) + kpMNp(x;) < 1. The hesitation margin for each
x;i € Xis 0pHp(xi)) = 1 — (tpIMp(x;) + kpNp(x;)). The set of all LDFSs over the
universal discourse set X is denoted by LDFS(X).
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Table 1 The comparison analysis

of LDFS with FS, IFS, PyFS, Sets Comments Parameterization
q-ROFS FS Cannot deal with the X
non-membership degrees
IFS Cannot deal with the X
condition M + N > 1
PyFS Cannot deal with the X
condition M2 + N?Z > 1
q-ROFS Cannot deal for smaller X

values of ¢ with the
condition M9 + N9 > 1,
andforM=1,N=1

LDFS This set deals with the v
condition
0<1tM+ N < 1 and for
all the conditions which
fails to hold for FS, IFS,
PyFS, q-ROFS. It works
under the influence of
reference parameters 7 and
Kk, M and N can be freely
selected from [0,1]

In 2019, Riaz and Hashmi (2019) gave the comparison analysis of LDFS with existing fuzzy
set approaches as in Table 1.

We believe that assigning an exact number to an expert’s opinion is too restrictive and it is
more realistic to assign an interval of value. Although the LDFS is quite an extensive theory
of FS, IFS, PyFS, and q-ROFS, this sets cannot deal with the interval values of membership
and non-membership in the structures of IVES, IVIFS, PyFS, and IVq-ROFS. Now, we will
outline the basic framework of models in which linear Diophantine fuzzy values are intervals.

3 Interval-valued linear Diophantine fuzzy sets

In this section, we discuss some operations on interval-valued linear Diophantine fuzzy sets
(Mahmood et al. 2022) in which values of membership, non-membership, and reference
parameters are intervals. Also, we investigate relationships between interval-valued linear
Diophantine fuzzy sets and the extended interval-valued fuzzy sets like IVIFS, IVPyFS,
IVg-ROFS.

3.1 The construction of interval-valued linear Diophantine fuzzy set

Definition 3.1 Let J!%!1 be the set of all closed subintervals of the interval [0, 1]. Then, an
interval-valued linear Diophantine fuzzy set (IVLDFES) D in the universal discourse set X is
described as follows:

D = {(xi, (Mp (), Ny () {75, ) = xi € X},
where M5 (x;) = [IM5 (xi), MZ ()], Ngs (i) = [N (xi), NE (i), 7 = [15, T3], k5 =

L
B
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Table 2 The table of IVLDFS for

Price Level D ((SmD (i), Mg i) <TD KD))
x1 ([0.7,0.8], [0.3, 11, ([0.2, 0.3], [0.5, 0.6]))
X (([0.4,0.7], [0.5, 0.51), {[0.2, 0.5], [0.3, 0.5]))
X3 ({[0.8,0.9], [0, 0.9]), ([0.4, 0.55], [0.1, 0.3]))
X4 ({[0.25,0.4], [0.7, 0.9]), ([0, 0.9], [0.1, 0.1]))

Table 3 The table of IVLDFS for

Screen Size D (95 (i), N (x)) - {735, Kk 55))
x| ({[0.4,0.5], [0.7, 0.8]), ([0.4, 0.45], [0.1, 0.3]))
X2 ({[0.7,0.9], [0.2, 0.8]), ([0.5, 0.6], [0.3, 0.3]))
X3 ({[0.3,0.7], [0.4, 0.7]), ([0.2, 0.25], [0.6, 0.7]))
X4 ({([0.3, 1], [0, 0.6]), ([0.35, 0.55], [0.3, 0.4]))

non-membership, and references parameters of x; € X into the set D with the conditions
0< rg + KZ-U)- <land0 < rgf)ﬁ%(xi) + K%‘ﬂ%(x,-) < 1. The hesitation margin of x; € X
into D is described as 6595 (x;) = [1 — (réi)ﬁ%(x,-) + Kgm%(xi)), 1 - (rg EDT%(xi) +
Kg ‘ﬂ% (xi))]. The any element of IVLDFS is said to be an interval-valued linear Diophan-
tine fuzzy number (IVLDEN) and is briefly denoted by n = ((Mp, Np), (tp.k5)) =
([omk, 1, (s, MU, ([2f, T41, [k, k31)). The sets of all IVLDFSs over the univer-
sal discourse set X is denoted by IVLDFS(X).

Example 3.2 Suppose that X = {xi, x2, x3, x4} is the set of four mobile phones that one is
considering purchasing. One might want to determine the best mobile phone having eligible
functionality-quality based on the price level. Then, “cheap” and “not cheap or expensive”
can be considered as reference parameters. For these reference parameters, the following
IVLDES can be created.

(x1, (10.7,0.81, [0.3, 11), ([0.2, 0.3], [0.5, 0.6])),

5 _ | (2. (104,071, 10.5,0.5), ([0.2, 051, 0.3, 0.5])),
) (x3, ([0.8,0.9], [0, 0.9), ([0.4, 0.55], [0.1, 0.3])),

(x4, {[0.25, 0.4], [0.7, 0.91), ([0, 0.91, [0.1, 0.11))

These IVLDF data can be take the form as Table 2.

The optimal screen resolution and battery for a mobile phone may vary depending on the
screen size. In other words, to watch a video in sufficient quality, the ideal pixel size for a
mobile phone with a screen size of 6 inches is 1440 x 2560, while 1080 x 1920 is a good
option for a mobile phone with a screen size of 5 inches. However, for a mobile phone with
a screen size of 6 inches, if the pixel size is 1080 x 1920, it may not be satisfactory. One
might want to determine the best mobile phone having eligible functionality-quality based on
screen size. Then, it can be considered the reference parameters “ideal screen size” and “not
ideal screen size”. According to these reference parameters, the IVLDF data can be given as
in Table 3.

Proposition 3.3 The space of IVLDFN is larger than the space of IVIFN, IVPyFN, and IVq-
ROFN.
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IVLDFS

IVg-ROFS

IVPYFS

IVIFS
IVFS

PYFS
q-ROFS

LDFS

Fig.2 The relationship between IVLDFS and other fuzzy sets

Proof Let n = ({[9nk, M1, (N, ML), ([2k, <51, [k, k%1) be an IVLDEN with
the conditions 0 < ¥ + /cg < 1l and 0 < rgim% + /cg‘ﬂ% < 1 where
Uﬁ%, im%, ‘ﬁ%, ‘ﬁ%, TI'Ly rg, K%, Kg € [0, 1]. It is obvious that considering the arbitrary
choice of lower and upper degrees of reference parameters, the above inequalities are achieved
for every IVIFN, IVPyFN, and IVQ-ROFN. Thus, each of IVIFN, IVPyFN, and IVq-ROFN
is also an IVLDFN.

An IVIFN, IVPyEN, or IVq-ROFN may not necessarily be an IVLDFN with the given
set of reference parameters. Let us consider the upper degrees of membership and non-
membership as Sm% =1, ‘)’t% = 1. Then, we have 19 + 19 = 2 > 1 for any ¢ > 1

but 0 < rg sm% + /cg‘ﬁ% < 1 for the arbitrary set of reference parameters providing the

condition 0 < rg + /cg < 1. So, any IVLDFN may not be IVIFN, IVPyFN, and IVq-ROFN.
O

Consequently, IVLDFS is an extended version of LDFS, and so FS, IFS, PyFS, and q-ROFS
(from Table 1). Since the lower and upper degrees of reference parameters in the structure
of IVLDES can be arbitrarily selected (by Proposition 3.3), it is asserted that IVLDFS(X) D
IVq — ROFS(X) 2 IVPYFS(X) 2 IVIFS(X) 2 IVFS(X). These are illustrated in Figure 2.
Note 1. The reference parameters in the structure of an IVLDFS are expressed in a single
form, such as cheap and not cheap. However, the degrees of these reference parameters can
not be the same foreach x; € X (see Tables 2 and 3). The notations of the reference parameters
as Tp = [z%, Y] and Kpy = k%, kY] can lead to the assumption that their degrees will
be the same for all x; € X. To avoid this confusion, from now on we will show reference
parameters as (i)rﬁ =[Ok, ©z¥)and (i)/cﬁ = [(i)/cé, (i)/cg] for each x; € X. These new
notations will contribute to a better understanding of the proposed concepts and operations
for IVLDFS.

Definition 3.4 An IVLDFS in the universal discourse set X of the form D! = {(x;, ([1, 1],
[0,00), ([1,1],[0,01) : x; € X} is termed to be absolute IVLDFS and D° =
{(xi, ([0, O], [1, 11}, ([0, O], [1, 1])) : x; € X} is termed to be null or empty IVLDFS.
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Definition 3.5 Let Dy, D> € IVLDFS(X). Then,

(a) Dy is a subset of Ds, symbolized by Dy C Do, if for each x;eXx

937%1 (x;) < 93?%2 (x), m%] (x;) < mgz(xi),

N (i) = N (), N (x) = N (xi),
D) Dy

el < (i)-C.L2 DU < O U
@) L @) L (OP L) (i) (}’
1 1 1 1

K 5, > K= ) > K-~2

(b) D, and D, are equal, symbohzed by Dy = Dz, if for each x, eXx
9)’{ (xl) = m (x,) m (xl) = m (xl

mél (x;) = mlb (-xl) mg (-xl) = Dz(-xl)

(7l — L DU — U

0 D' . 0.0 _ Dz
l - l 1 — 1
KD] - Kﬁz’ Kﬁl K'Dz

By Definition 3.5(a) and (b), we say that Dy =D, if and only if Dy € Dyand D, C Dy

3.2 Some operations on interval-valued linear Diophantine fuzzy sets

Definition 3.6 Let D=((xi, ([ (xi), MY (x0)]. [T (), NG (x)l), (Deh O e 1,

[(i)xék,(i) ng]>) 1x; € X} fork = 1,2, ..., s. Then, we derive the following operations:
(2) (Complement of IVLDES) 7¢ — {(x;,<[‘ﬁ%k (i), MY, (x;)], [zm%k (i), MY, (xi)]>,

(i) . (@) .
[ 00} [k e4 ) 2]
(b) (Union of IVLDFSs)

0 [, 0 02 )t o0 s [t

uDy’ UDk]
(l) .
L i), U C oy
Kuijk’ KO@])) TXx; € %], where

Lo (x; Q.. ) = U (x;
UDk( xi) = e M, (xi), Mgy (xi) ke{gl;)_i_”n}mtpk(x,),
Nk = min mL xi), M (i) = NY (x),
( i) refn ( i) ( i) = min . Dk( i)
@y L —  max (z)tg DU, —  max (i).EL_/
iy ke{l.2,..n} D&’ OB T ke{l,2,...n}  Di’
Okl = min  Okk OV, = min Okl

UDt  ke{l,2,...n) Dy’ UDt  ke{l,2,...n) Dy’
for each x; € X.

(c) (Intersection of IVLDFSs) kd B = | (oo [, 00 MY i ], [k 5 ),

@) ) ® .
U . L () ,U L (), U -
N --k(x,)]>, ([ e TR k] [ Kepo KX k])) 1X; € %] where

zmé . (x;) = min sm x;), MY min MY (x;),
( ) ke(l,2,..., ( i ADx (xi) = ke{l,2....n} Dk( i)
_ L )
‘ﬂﬁﬁk( )_ke{rﬁlf‘f_, ‘ﬁ (xl) ‘ﬁ~ (x,)— 2’7}__’”} Dk(xl),
L, — min (’)1:1‘ OV, — min (l)-,;l_,/
R T ke{l,2,..n} D&’ Ty ke{l,2,..n) D&’
DL, = max Ork Ol = max Okl

ADr ™ kel.2,my D’ TODe T ke(l2,n)
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for each x; € X.

Example 3.7 Let us consider the IVLDFSs in the universal discourse set X = {x1, x2} as

follows:
11 11 L1 11
<x1’<|:2+k’ l+k] ’ [4+k’ E]><[ k> 3+k] J [4 k> 3+k]>)’
L1 11
(xZ’ <[3+k’ 2+k] ) [3+k’ l+k:|>’

fork =1, 2, ..., 100. Then, we obtain
i. The complement of IVLDFSs ﬁk foreach k € {1, 2, ..., 100} is

EUES) I S E I L U U I (O R O
e <x1’<[4+k’ k]’[2+k’ 1+k]>’<[ k> 3+k]’[3 ke 3+k]>)’
2\ 3k Tk | ° | 3+k° 24K ]

ii. The union of IVLDFSs ﬁk forall k € {1, 2, ..., 100} is

Dy =

W=

}
“’OD G (150 30 Lgogs o)) (5. 4
U k= Lyp L 1yl 1
(XZ ([4 3] [1031 101])»([47 3
iii. The intersection of IVLDFSs Dk forall k € {1, 2, ..., 100} is

~ (02 or] - [5+ 1)+ ([0s+ w03 ] [5- 510+
ka {(xz (5> 2] (3 2D ([0 121 5+ 21) ]

Proposition 3.8 Let Dy € IVLDFS(X) (k = 1,2, ..., s), then D, | J;_, Dx and (3, Dk
are also IVLDFSs in the universal discourse set X.

Proof Let Dy € IVLDFS(X) (k = 1,2, ..., s). Let’s prove that ﬂizl £; is also IVLDFS.
Others can be similarly proved. To verify | J;_; Dk is an IVLDEFS, it should be demon-
strated that the following conditions are valid: 0 < (’)ré]ﬁk + (’)Kgﬁk < 1 and

0 < (’)r~ . SITZU (x,) + (’)K~ . ‘ﬁ~ N (x,) < 1 for each x; € X. Suppose that

O U, = (l) = iti i LU
Kp, = Kl-jk* = & for any x; € % By Definition 3.1, we write 0 < 9 +

Ol < landso V¥ < 1 —& Since VY. = min DY from Defini-
Dyx Dy 5 NDy ke(l,2,....s) Dr

tion 3.6 (c), we have Wt y--k < ¢ l--]* and so ¢ ~U--k < 1 — &. We compute that
0< (1—g)aﬁgﬁk (i) +ENL (i) =1 since ML (i), N _(xi) € [0, 1]foreach; € X.
Since <">K‘J e[0,1](.e.& € [0 1])byDeﬁn1t10n3 1, weobtamO < <">zﬁUﬁk+ <i>xﬁUﬁk <1
and 0 < (’)1'~ .. DJTU (x,) + (’)K~ .. ‘ﬂU (xl) < 1 for each x; € X. Hence, the proof is
completed. O
Proposition 3.9 Let Dy, Dy, D3 € IVLDFS(X). Then, the following rules of commutative,
associative, distributive, and De Morgan are valid for x, ¢ € {U, N}.

(i) 151 * ﬁz = 232 * 231 (commutative).

(ii) D1 % (D2 x D3) = (Dy * Dy) * D3 (associative).

(iii) D1 * (D2 ¢ D3) = (D1 % Dy) ¢ (D1 * D3) (distributive).

(iv) (D1 * D2)¢ =D o DS (De Morgan laws).

Proof They can be demonstrated using the concepts of complement, union, and intersection
in Definition 3.6; hence, it is omitted. O
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3.3 Operational laws of interval-valued linear Diophantine fuzzy numbers

Definition 3.10 Some operational laws like sum, product, scalar multiplication, scalar power

for two IVLDFNs

m= ([, o] [, g )). (1o, e ] [k 'ek]))

and

m = ([, 2y ], [P, 2oy ), ([2e. e8] [k, 2k )

are described as below:

(a) The sum of two IVLDFNSs 1 and 73 is

([('omk + 2omk — tomL 2omk), (1 + 2mY — 1omg 2m% )],

R I CEAREE)

[(e57%). (5 75)])

(b) The product of two IVLDFNS 5 and 1, is

[ ) (o)

N ®m =

U, 2,U_1,U2,.U
(Kﬁ'f— 153 K Kﬁ>]>

(c) The scalar multiplication of IVLDEN #; is

[(lmg + 20tk — otk 2mg) , (lm% + 20 —

1.L2_L 1.U2_U 1, L 2, L 1
([(ek7eh). (‘epe8)] (e + 2k~ 'x

1L, 2L 1. L2L 1.U 4 2.U_ 1.U2U
<[( rﬁ—l— rﬁ TD TD>, (ID—I— TD ‘L’,D TD)],

o))

L2 L

([ (=)= (= g () (o))

[ R R

where f is a positive real number.
(d) The scalar power of IVLDEN 7 is

e e T L0

where B is a positive real number.

()]

([Coms)" (ong) ] [ (o ong) 1= (1= )

Example 3.11 Let n; = ({[0.4,0.8], [0, 0.7]), ([0.1, 0.6], [0.2,0.3])) and 1, = ({[0.5, 1],
[0.1, 0.6]), ([0.3,0.3], [0.2, 0.4])) be two IVLDFSs and g = 2. Then, we have

i. m @®mn = (([0.7, 11, [0, 0.42]), ([0.37, 0.72], [0.04, 0.12])).
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ii. 71 ®mn = (((0.2,0.8), (0.1,0.88)), ((0.03, 0.18), (0.36, 0.58))).
iii. 4n1 = (([0.8704,0.9984], [0, 24011]), ([0.3439, 0.9744], [0.0016, 0.00811)).
iv. 74 = ((10.0625, 0.1], [0.3439, 0.9744]), ([0.0081, 0.0081], [0.5904, 0.8704])).

Proposition 3.12 Let ny and ny be two IVLDFNs and 8 > 0, then n1 ® 12, 11 ® n2, Bn1 and
n’f are also IVLDFNs.

Proof Letn; and 1y be two IVLDFNSs. Then, by Definition 3.1, we have 0 < J rg +J /cg <1
and 0 < jrg izm% + ng j‘ﬂ% < 1for j = 1,2. Assume that 73 = 11 ® 12, where

3omL _— lomL 29mL 3omU _ lonU 29U 3oL _ Il 2L _1eonl 2¢nL  3U
ok = ok 2oL Sy = oy 2omY 3ok = ok +2 ok 1L 2otk 3y,

_1U2U_1U2U3L_1L2L3U 1U2U3L
= ‘ﬁﬁ—i— ‘ﬁﬁ ‘ﬂ--l ‘ﬁ--, TH= TH TR T = T5 TR, TKE
= WL g 2L _ 1, L2, L 3U_1 2,U _ 1,U2,U
= lieg + Zep — e e S = el 4 2 — T g
Itisobviousthaty+5>0y820andy+8>y8f0ry8€[0 1] and so we have
393?" 39)TU 3‘)?L 3‘)@” 3;,35 3Ké 3/<D>0 Also, if y& < yU and 8¢ < 8V for
vk yU 5L aUe[o 1]then)/ Lsl < yUsU and yL + 6L — Lol < ¥ +8U—y sv
Since 0 < ftD+ JK <1(j—]2) e can write 0 < /KD<1—fthor]_12
Then, we obtain
3,0 4 3,U_1.U2 LU2.U
TD+ K'ﬁ_ D T + K + K KD D
1,.U2 2.U 1.U 2_U
<Yl pr— Y 41— 2 (1 rﬁ>(l— rD)
1,02 . _2.U_ U, 2.U_ 1.U1_U
= DT+1 ~~+1 3 1+ s+ T4 s OTH
=1.
3_U 1,.U Us 1,U2,U 1,U 2,U
On the other hand, we obtain rD—i- DZOSIHC& KD+ K,D Ki K for ‘kx, Ky €

[0, 1]. Thus, we obtain that 0 < %g 3932% + 3/<g 391% < 1since 0 < %g + 3;<g <1
and 3931%, 3m7’.fj € [0, 1]. Hence, we have 11 ® 1 is an IVLDFN. Likewise, it is proved that
n1 & n2, BNy and n{} are also IVLDFNS. O
Proposition 3.13 Let ny, n2 and n3 be the IVLDFNs and B, By, B2 > 0. Then, we have

(i) nony =mn2omn foro € {®,
(ii) (1 om2) onz =mn1 o (2 on3) foro e {®, ).
(i) B(n1 @ n2) = Bn1 @ Bn2.
(v) (m@n)f =n @nb.
V) (B1+ B2)n1 = Bin1 @ Bami.
(vi) nﬂ1+ﬁ2 _ n/fl ® '7?2-

Proof Let’s prove part (i) for ® and part (iii), the others can be demonstrated similarly.
(i) Let £; and £, be two CLDFNSs, then we have

<[<1gﬁL 2mL _ 1gﬁ% 2931%),(1971%—1— 2931% _ 19)?% 2931%)]
[(tot 2on) . (ton 25 ) ]).
e = <[<1t1‘ + r.. — Ik zré) (%g + 2.0 1Y zrlf)]
D D D)\ D D D D)’
[ENER)
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([(Zsm% + laml — 2omk ok ), (2mY + 'md — 2o lsm%)],

(o o). (o ') ]).
2L 1L

([ + 1ok - 2k 12k). (
(o5 55)- (=4 9]

D KB D D
=n2Dn.

(iii) Let n; and 17 be two IVLDFNSs and 8 > 0, then

2,0 L U _ 201U
Bt B )

)

B @ n2)

([t + 2o o 200 4 20— 1o 2005
5)- (' 20%)])
1.U2.U

) (‘e P = g2 ) ]

_ 1L 2. L
D’D

_1—(1—
-(1- ("5

((
(

1

‘,_.

1

1

i
("
_<1 (1
<1

—_—

(1

()" (b)) () ()" |
= Bn @ Bny.

- (1- ISDIL)ﬁ-l-l (1- 2im%)ﬂ ‘
() (10 mp)))
gt
(1- 29:7%)'3 - <1 -(1- 197{%)“) <1 -(1- 2931%)'3))
) <2m%>ﬁ; ]
5 ()’ 1
_ lr%>ﬁ+lf<lf erj)ﬁ (17 (1- lré)ﬁ>
- 2%)’3 (1— (1- lzg)ﬂﬂ—(l ng)’g :

- )|

)’3 (I‘JIU 2mu>’3]>

D Tb))ﬂ’
DRI

<T+T

U

)

D

L L 2. L
’DD

1U2U

1.U 2.0 _
T+f D

s

K

[}
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To compare the two IVLDFNSs, we define the concepts of score function and accuracy
function for an IVLDFN as follows.

Definition 3.14 Let n = ([, zm%], RIER m%p, ([rl.g, rg], [xg, Kg]» be an IVLDFN.

(a) The n-score function for 1, is denoted and defined by

st = () - () )+ (8) - (o)) + ()" - (<8))
+ ((Tg)n - ("g)n)) . S"() e [—1,1],

where 7 is a positive integer.
(ii) The n-accuracy function for 7 is denoted and defined by

() (%)) (o) (o)

e | K e

+(x5) )+ ((z8) +(<8)). A" et-1.11

where n is a positive integer.

Note 2. Some special cases of n-score function and n-accuracy function for an IVLDFEN are
stated as below.

e Ifn = 1 then the n-score function and n-accuracy function are termed to be score function
and accuracy function for an IVLDEN, respectively. Also, it is symbolized as S(n) and
A(n) instead of S”(n) and A" (n), respectively.

e If n = 2 then the n-score function and n-accuracy function are termed to be quadratic
score function and quadratic accuracy function for an IVLDEN, respectively.

e If n = 3 then the n-score function and n-accuracy function are termed to be cubic score
function and cubic accuracy function for an IVLDEN, respectively.

e If n = 4 then the n-score function and n-accuracy function are termed to be quartic score
function and quartic accuracy function for an IVLDFN, respectively.

In this paper, especially, we assume thatn = 1.
To rank two IVLDFNS 5 and 7, the following comparison strategy is proposed.

1. If S"(n1) > S" () then n; > no.
2. If 8" (n1) < S"(n2) then ny < ns.
3. If S"(n1) = S"(ny) then

i. if A"(n1) > A"(n2) then n1 > 12,
ii. if A"(n1) < A" (n2) then ny < n2,
iii. if A"(51) = A"(ip2) then 51 = n2.

Example 3.15 We consider IVLDFNSs 1y and 7, in Example 3.11. Then, we have n1 <

since S(n1) = 0.175 < 0.2 = S(ny) forn = 1. If n = 5 then we calculate 5-score functions
as S° (1) = 0.0612 and S5 (51) = 0.2369.
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4 |VLDF weighted aggregation operators and their application for
supplier selection

In this section, we define interval-valued linear Diophantine fuzzy weighted average oper-
ator and interval-valued linear Diophantine fuzzy weighted geometric operator. Also, we
propose an approach to MCDM based on supplier selection under an interval-valued linear
Diophantine fuzzy environment.

4.1 Interval-valued linear Diophantine fuzzy weighted aggregation operators

For the following definitions, A is a collection of all IVLDFNs and (11, 12, ..., n,) € N".

Definition 4.1 Let nj (j = 1,2,...,r) be a collection of IVLDFNs. Also, let @ =
(w1, @2, ..., w)T be the weighted vector of n; (j = 1,2,...,r) with w; € [0, 1] and
Z;‘:l wj =L

(a) An interval-valued linear Diophantine fuzzy weighted average (IVLDFWA) operator is
a mapping IVLDFWA,, : N — N such that

,
IVLDFWA, (11, 12, s 1) = P wjnj = o1im @ o @ - @ o, (41)
j=1

(b) An interval-valued linear Diophantine fuzzy weighted geometric IVLDFWG) operator
is a mapping IVLDFWG,, : N* — N such that

.
IVLDFWG,, (1, 2, - 0r) = Q)0 =11 @n5* @ --- @ . (4.2)
j=1

Theorem4.2 Let n; (j = 1,2,...,r) be a collection of IVLDFNs. Also, let o =
(w1, w3, .., wp)T be the weighted vector of n; (j = 1,2,...,r) with w; € [0, 1] and

(1) The aggregation value of IVLDFNs using the IVLDFWA operator is also an IVLDFN,
and IVLDFWA, (01, 02, -.-, 0y) =

1= 10— mb)” 11— ]
j=1 =

-y
J

(ML), ] («"m%fj}
Jj=1 Jj=1
- . 4.3)
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(2) The aggregation value of IVLDFNs using the IVLDFWG operator is also an IVLDFN,
and IVLDFWG,(n1, 02, ..., ny) =

-~

1

o)™ 1 o |

= o a fro- mg ||

L j=1
_ 4.4)
ﬁ«%W,ﬁaﬁfﬂ,
=1 j=1
i r r @i
H(l_jKD) ) n(l_j"D)l
L Jj=1 J=l
Proof (1) Let us use the mathematical induction technique for proof.
(1) For r = 1, by Eq. (4.3), we write
i 1 1
=T - - g
L =l j=1
[ 1 ’
fi oty i oty |
IVLDFWA,,(31) = )
1 1
IO o= ]
- : j=l
1 1
1_[ (kp)™ 1_[ (,KD)
/=1 j=l
[1- (= tob)” 1= (1- 'mf)”]
[EAEREIR |
= . 4.5)
[1- (= h)” == )™,
(B ()]
Considering Definition 3.10 (c), we have
([1= (= tmb)” 1= (1= TG L [(m5) ™ ()" ]).
o =
w w w w
([1= 0=ty = (=) ] [(eb)™ . (ef)™])
(4.6)

Thus, by Egs. (4.5) and (4.6), we have IVLDFW A, (n1) = win and so Eq. (4.3) is
valid for r = 1.
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(ii) For r = 2, by Eq. (4.3), we write

IVLDFWA,, (1. 72)

2 2
L= B (1= k)™ - 11— fsm%)‘”f]
j=1 j=1

o

()™,

e

1

J J

oy

( SR - f - )

j=1

s s

||:|~

[1- (1= o)~
(1= 2mb)™ 1= (1= 'am§)” (1 - 2m§)™ ],

('925)” (). (') ()]
- Y= 2eh) - (1= )™ (1= 2e)™ ]

[
[Cxby™ by )" )]

4.7

From Definition 3.10 (¢), we can write

o = (<[‘ (1 ) - (1 )] () <lmg>‘“'1>v)
[ty 0 )70 [C)” ()7

(4.8)

and

. (<[1 (1- 200" 1= (1 2ong)"]. [ ()™ <2m%>”]>,).
(== op)™ 1= (=) (O™ o))

(4.9)

By Definition 3.10 (a), the sum of w71 and wyn; is calculated as follows:
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w1 S wrny =

' 1- (1 — ‘zm%)wl +1-— (1 - sz%)wz ‘

[<(l (o) )=o) )
1— (1 - ‘zm%)wl +w12— (1 - Zsm;.fj)wz ) :
(0 (= ) o (- 0))

| [(n) ()" () ()]

L= (= Tamk)er +1 - (1 = 2ok
—(( == Tmkyena — a - 2mk)=)),

(4.10)

[ 1= (1= "M +1 - (1 — 2m)e ]
_((l -1 - lf)ﬁ%)wz)(l — (- ZW%)wz))

[y eokyer, ()@ o]

As a result of the calculations, it is seen that IVLDFWA, (11, n12) = w1n1 @ wan3. So,
Eq. (4.3) is valid for r = 2.

(iii) If Eq. (4.3) holds for r = k, then we should demonstrate that Eq. (4.3) holds for
r = k + 1. That is, we must prove that IVLDFWA,(n1, m2, ..., nk) D @k+1Mk+1 =
IVLDFWA, (11, 12, +vs Mict1)-

Since Eq. (4.3) holds for r = k and considering Definition 3.10 (a) and (c), we obtain
IVLDFWA, (11, 025 s k) © Ok 1Mk+1 =

B k k
1= T] (1— imb)™ 1= T[] (1 - m%f"}’
j=1

Jj=1

1

IT:]»

e
oy 1 o |

[ k k . w;
r:[ (1— k)™ ,1—j1;[l(1— i) J]

fost”. f 0"
e R

[(Hl )wm (ka%)me’ . @11

< _ k+1ré)wk+] 1— (1 _ k+1‘L’g)wk+1],

(k+l U)wk+1 (k+l U)wk+1]>

@ Springer f bMA



Correlation coefficient measures and aggregation operators... Page 210f41 409

Then, we calculate as

E=TT (= mb)™ |+ (1= (1= k)™

j=1
; o k+1 ‘ Y.
(=10 o)) (= (= )™ = =TT - o)

and
(jlill ((ng)w./> <k+1,<g)wk+]> = /;ljj (7kY)”.

Others can be calculated similarly. Thus, we have
IVLDFWA,, (11, m2, .., M) @ @ 1Mk+1 =

k+1 ) w; k+1 . Y
1= T (1= 7mE)™ 1— T (1= 7mY)™ |,
j=1 j=1

(k+1 Loy KL
I (o) 11 ()
j= j=

k+1 ) . k+1 . w;
1- I (1= 1=T] (1= 75" |,

| =t j=1
(k+1 okt .
[T (xp)™ . T1 (xp)™
=1 j=1
= IVLDFWA, (11, n2, ..., nk+1)  (by Eq. (4.3)). 4.12)
So, if Eq. (4.3) is valid for » = k then Eq. (4.3) is valid for r = k + 1. Thus, the proof is
completed.
(2) It can be shown similarly to the proof of (1) using equations in Definition 3.10 (b) and
(d). O

4.2 An approach to MCDM based on supplier selection under IVLDF information

Let X = {x1, x2, ..., xp} be a set of alternatives, £ = {¢y, &2, ..., &} be a set of criteria and
r
its weight vector = {wr, w2, ..., 0} Where w; € [0,11(j =1,2,...,r) and ) w; = 1.
j=1
Let n;. be the IVLDFN of the alternative x; with the respect to the criterion ;.
Algorithm 1. (Based on IVLDFWA and IVLDFWG)

Step 1. Find the aggregation value 1’ of LDFNs n’i, né, s n£ using [IVLDFWA operator
or IVLDFWG operator, i.e., respectively

,
IVLDFWA,, (1}, 1), . 1t) = @D sty = o' 4.13)
j=1
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Goal

Material Supplier Selection

Technological Capability Delivery Time Quality

Cost
(Reference
parameter)

Cost
(Reference
parameter)

Supplier 1 Supplier 2 Supplier3 Supplier 4

Fig. 3 Hierarchical structure of decision problem based on material supplier selection

or
,
i i i\ _ iNwj __ I
IVLDFWG,, (1}, 13, .. 1} ) = @) =" (4.14)
j=1

Step 2. Calculate the values of score function SHVi=1,2,..., p. IS = S(n2)
forany iy, ir € {1,2,..., p}, then calculate the values of accuracy function A(ni )
and A(n™2) to rank ! and 2.

Step 3. Specify the optimal alternative according to the maximum value of score function

S (i = 1,2, ..., p). (If there are two maximum values for the score function,
then specify the optimal alternative according to the maximum value of the accuracy
function).

Example 4.3 A high-technology manufacturing company desires to select a suitable mate-
rial supplier to purchase the main components of new products. After preliminary screening,
four candidates (X = {x1, x2, x3, x4}) remain for further evaluation. A committee of decision
makers has been formed to select the most suitable supplier. Three benefit criteria (parame-
ters) are considered as ‘“Technological Capability”, “Delivery Time”’, and ““Quality’’. The
weight vector of parameters is taken as w = {0.2, 0.5, 0.3}. Assume that “low cost” and
“not low cost (or high cost)” are the reference parameters for the material suppliers. The
hierarchical structure of this decision problem based on material supplier selection is shown
in Fig. 3.

The tabular forms of interval-valued linear Diophantine fuzzy sets (IVLDFSs) corresponding
to the given three criteria for the material suppliers are displayed in Tables 4, 5 and 6,
respectively.

We use the proposed aggregation operators [VLDFWA and IVLDFWG defined in Sect. 4
to pick out the suitable material supplier in keeping with Algorithm 1 as follows.

Step 1. The aggregation value ni of IVLDFNs n’i, n;, e ni (i =1,2,...4) are given in
Table 7.

Step 2. The score values S(n') (i = 1,2, ..., p) and ranking order in keeping with the
proposed aggregation operators [IVLDFWA and IVLDFWG are displayed in Table
8.
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Table 4 The table of IVLDEFS for technological capability

D (M (), My (7)), (T35, K55))

X1 ({[0.62, 0.73], [0.26, 0.68]), ([0.32, 0.41], [0.25, 0.37]))
X2 (([0.58,0.64],[0.11,0.21]), ([0.1,0.37], [0.11, 0.28]))
X3 (([0.59, 0.89], [0.23, 0.87]), ([0.25, 0.41], [0.15, 0.33]))
X4 (([0.86,0.91],[0.32, 0.73]), ([0.35, 0.46], [0.02, 0.18]))

Table 5 The table of IVLDEFS for delivery time

D ((mﬁ(xi),mﬁ(x,-)), (‘Eﬁ,lcﬁ))

X1 ({[0.67,0.83], [0.28, 0.43]), ([0.48,0.51], [0.13, 0.15]))
X2 ({[0.69, 0.78], [0.03, 0.13]), ([0.4,0.61], [0.12, 0.35]))
X3 ({[0.87,0.97], [0.26, 0.63]), ([0.57, 0.63], [0.03, 0.11]))
X4 (([0.25, 0.96], [0.24, 0.477), ([0.32, 0.61], [0.12, 0.14]))

Table 6 The table of IVLDFS for quality

D (Mg (i), N (xi)), (T35, K75))

x1 ({[0.29, 0.78], [0.36, 0.57]), ([0.27, 0.45], [0.18, 0.21]))
X ({[0.13,0.73], [0.15, 0.18]), ([0.11, 0.51], [0.17, 0.19]))
x3 (([0.75,0.91],10.17, 0.71]), {[0.45, 0.49], [0.14, 0.26]))
x4 (([0.54,0.92],[0.32, 0.68]), ([0.24, 0.51], [0.1, 0.15]))

Step 3. We achieve the most suitable material supplier as x3 in keeping with the proposed
aggregation operators IVLDFWA and IVLDFWG from Table 8. Therefore, the
material supplier with the high-end configurations and having a low cost is x3. The
comparison outcomes of each of the proposed aggregation operators IVLDFWA
and IVLDFWG are visually displayed in Figure 4.

4.3 Comparative study for IV\LDFWA and IVLDFWG

In this part, we examine our proposed aggregation operators Interval-Valued Linear Diophan-
tine Fuzzy Weighted Average (IVLDFWA) and Interval-Valued Linear Diophantine Fuzzy
Weighted Geometric IVLDFWG) with some existing operators GIVIFIWA (Garg 2016a),
O-PFWPA, O-PFWPG (Yager 2014), PFOWA, PFOWG (Xu et al. 2017), IVPFWHM,
IVPFWDHM (Li et al. 2018), IVPFWA, IVPFWG (Garg 2016b), g-ROFHWAGA (Riaz et al.
2020a), g-ROFWA, g-ROFWG (Liu and Wang 2018), Algebraic, Einstein, Hamacher, Frank
(Gao et al. 2019), SF, ESF (Riaz and Hashmi 2019) based on the existing models IVIFS,
PyFS, IVPYFES, q-ROFS, IV@-ROFS, and LDFS. The comparison effects are provided in
Table 9.
Advantages of proposed IVLDF WA and IVLDF WG aggregation operators

Any IFN (97, 97)) may be considered as IVLDEN (([9tz, Mz], [D1z, Nz]), ([0, 0],
[0, 0])). (For instance, ((0.7, 0.2)) corresponds to ({[0.7,0.7], [0.2, 0.2]), ([0, O], [0, O])) ).
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Table 8 The values of score function and ranking order

Aggregation operator Score value Ranking order
S S @) S
IVLDFWA 0.26624 0.3676 0.4048 0.31409 X3 > X2 > X4 > X|
IVLDFWG 0.23204 0.29948 0.36238 0.26431 X3 > X2 > X4 > X|
0,45 -
0,4
0,35 1
b 0,3 1 B Suppler 1
=
§ 0,25 - B Supplier2
g 02 1 B Suppser3
g 0,15 1
B supphera
0,1 1
0,05 -
0
IVLDFWA IVLDFWG

Aggregation operators
Fig.4 Comparison outcomes of aggregation operators IVLDFWA and IVLDFWG

Using the matching of the existing notions IVIFN, PyFN, IVPyFN, q-ROFN, IVq-ROFN,
and LDFN with the proposed IVLDFN, one can utilize our proposed aggregation opera-
tors IVLDFWA and IVLDFWG to solve the MCDM problems under the environment of
IVIFS, PyFS, IVPyFS, q-ROFS, 1Vq-ROFS, and LDFS. However, the existing operators
GIVIFIWA (Garg 2016a), O-PFWPA, O-PFWPG (Yager 2014), PFOWA, PFOWG (Xu et al.
2017), IVPFWHM, IVPFWDHM (Li et al. 2018), IVPFWA, IVPFWG (Garg 2016b), g-
ROFHWAGA (Riaz et al. 2020a), g-ROFWA, g-ROFWG (Liu and Wang 2018), Algebraic,
Einstein, Hamacher, Frank (Gao et al. 2019), SF, ESF (Riaz and Hashmi 2019) based on the
existing notions IVIFS, PyFS, IVPyFES, q-ROFS, IVq-ROFS, and LDFES can not be utilized
to solve the MCDM problems where data is collected under IVLDF information. It suggests
that our proposed aggregation operators IVLDFWA and IVLDFWG are advanced than the
existing aggregation operators mentioned in Garg (2016a,b), Xu et al. (2017), Yager (2014),
Li et al. (2018), Riaz and Hashmi (2019), Riaz et al. (2020a), Liu and Wang (2018), Gao
et al. (2019).

5 Correlation coefficients for IVLDFSs and their application in medical
diagnosis

In this section, we describe some correlation coefficients for the IVLDFSs and they applied
in medical diagnosis.
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5.1 Correlation coefficients for IVLDFSs
Let
Br={ (s [ . Y (] [ o). MY ).
[, [ e ) e
and

Bo=] (s ([, . Y, ] [ o), Y, )

@)L () U @), L @) ,U R
<[ B, tﬁ2]’|: “By Kﬁz]>)'xlex}

be two IVLDFSs over the universal discourse set X = {x1, x2, ..., x,,}. Then, the informa-
tional energies of two IVLDFSs D; and D; are described as

(o) = 3 (o 0)"+ (00

i=1

+ (‘ﬁ%l (xi))2 + (‘ﬁq ()Ci)>2 + ((i)%l) + <<’) gl)z
+ ((i)KZle) n ((z) g1>2>’ 5.0)
=2 <(9ﬁL (x1) ) (m%z(xi))z + (‘ﬁ%z (xi))2 + (‘ﬁ%z(xl'))2 + ((i)réz)z

i=1
. . 2 . 2
+(°>th> () (O58)). 5

The correlation of the IVLDFSs D and D, is defined as

C(D1.1y)

Loomb oo+ ml aoml @10k ootk o)+l ol
_ i WEEIL(’Q)(‘T? (xj )(: W:/,D(liile)jmp (i()X,)L-%- ‘(J;),Di(xl):)p (Xlz,:— Z,Dl(xl)mpz()ﬁ) . (5.3)
=1 + rﬁl T'ﬁ2+ Tﬁl rﬁ2+ Kﬁl Kﬁ2+ Kﬁl Kﬁ2

It can be easily verified from Eq. (5.1) and Eq. (5.3) that the correlation of IVLDFSs satisfies
the following properties:

o C (D],'Dz) =C (Dz,'D])
e C (D1, D1) =T (D).

Now, based on these concepts, we propose the correlation coefficients between IVLDFSs

Definition 5.1 Let D; and D, be two IVLDFSs over the universal discourse set X =
{x1,x2, ..., xp

(a) The type-1 correlation coefficient (type-1 CoCo) between Dy and D, is denoted by
¢! (Dy, Dy) and defined as
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C(Dy.Dy)
(T(Dy) x T (Dy))?

& (me )M () + MY, ()M, (xt)+‘ﬂLl(xl)‘ﬁL () + NG ()N, (xl))
D7l 7L 4 U gy ()L()L O 0 U
P +l 1 ,D' + 1 D ITD' + 1 1 D' +l ] 1 Dz

¢ (Br.5) =

b ((zm%l(xi)) (4 @)+ (3 @)+ (G )’

i=1

2 2 2
()L i) U o), L (i), U \2
+( Tﬁl) +< Tﬁl) +< Kij]) +( Kﬁ1)>

X é ((fm%z @)+ () + (3 @)+ (4 o)’

) ) ¢ () (05))
(5.4)

(b) The type-2 correlation coefficient (type-2 CoCo) between D and D, is denoted by
¢2(Dy, D;) and defined as
C(Dy, D)

max {T (D), T(Dy)}

» (WIL @M () + MG @MYL, () + N ()N, () + N ()N () )
el (g U OU ()L() O 00U
+,‘.D.+,I,7j+l "‘D+' Y0y

@ (By. 1) =

D,

(o) (0 0+ () (0 )+ (755 (8 )

=1

max +<(” L )2+(m o4 )2)

z(cmL () + (MY () + Ny @))% + (NG () + Dtk 2+ (D2 7+ (D )2 4+ (O )?)

: (5.5)

Theorem 5.2 The correlation coefficients (CoCos) between two IVLDFSs Dy and Ds, as
defined in Eq. (5.4) and Eq. (5.5), satisfies the following properties. Fort = 1,2,

(H o Sﬁt(?l,ﬁz) =L
(2) &(D1, Da) = €(D2, D).
(3) €' (Dy, D) = 1ifDy = Ds.

Proof Let us verify the above properties for ¢ = 1. It can be verified in a similar way for

t=2.

(1) Since fmﬁl(xz'),mﬁz(xi),“mb:.l (xi), mﬁz(x‘,"),(i)tﬁl, (")tﬁz,(i‘)‘lcﬁ],(i)lcﬁz e 7101 for
all x; € X, we have C(D;,D,) = 0, T(D;) > 0 and T(D;) > 0. So, we obtain
ey, ﬁz) > (. Now, we shall prove Ql(ﬁl, ﬁg) <1.

By Eq. (5.4), we write

! (’Dl’Dz) _ C(Dy, Do) :

(T (D) x T(Dy))?

» (ML (MG (@) + MYy ()M (x1) + Ny <x,>mL L) + N () (x.))

gL (g I )¢ u kil U (z) 1 m P ) g A (z) U
+ B ’D o+ B, ‘[D + ,D_Jr Dz

3 ((Em’DI (x,)) + (sm%l (x;)) + (‘J?"tM ()c,))z + (‘ﬁ%l (x;))z + (‘”r%l) + (“)T%I )2 + ((")K%l)z + ("’K,Dl>2) .
x5 ( (o, )+ (0 x0) o (90 0) (0 ) (e, ) (028, ) (k) (9,)°)
(5.6)

Using Cauchy-Schwarz inequality (i.e., (Zl_l uivi)? < (Z 1M2)(Z,_1 vz)) we have
¢\(Dy. Dy) <
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P
z(cmL (D (Mg @) o+ (Mg ) + (N () o+ (Ve 0+ (Defly 0+ (Dl 2 4+ (O )?)

- L, U L U 7 L Z i) LU Z 0, L ? i), U ’
g((sm (r)) (aﬁﬁzu,)) +(‘ﬁ1§:(x,)> (‘nbz(x,)) +(‘ s, )t ‘1b2 + (Kﬁ: + )Kﬁz

XH

(5.7)
If we take the following notations
S (9 0)” =an 3 (o, 00) = a3 (0 () = 3 (W08 x0) = o
& (o0, 0) = e (0, 0) = en & (0 ) = a2 (9, 00) = e
(o) = £(0h) = £(4) = £(04) =5
(h) = 5 (Osh) =

, Z ((i)'(%7) = ha,
then Eq. (5.7) reduces to

~

~
I
M=
—_
=
S
S—"
N
|
>

i=1

TMsTMsTMsT M

¢! (151,52)
_ (varaz + /biba + \Je1cz + Vdidy + Jerez + /T o + /28182 + Vhih2)
T VaFbh fatditeFAteFh)x@+b+ei+dite+ A F+g+h)
(5.8)

Then, we calculate
. . 2
(€' (D1, Dy))

((Varaz + /biby + Jerc2 + Vdida + Jeres + Vi fr + /8182 + «/hlhz))2

T (ar+bi+e+dite+fi+gith)x@+brter+dter+ fit+g+h)
ajay +biby +cica +dida +erea + fifo+ g1g2 + hiha
+2/atax/biby + 2 /ararJcicar + 2 /araxs/didy + 2 /aiasJerex
+2/arax/ f1 fr + 2/ arax/g182 + 2 /arax~/hi1hy + 24/b1by\Jcica
+2+/b1by/d1dy + 2+/b1baJerer + 24/b1bay/ f1 fo + 24/b1b2 /8182
+24/b1ba/hihy + 2. /cican/didy + 2 /cicaJerea + 2. /cican/ f1 12
+2./cic2/g182 + 2 /cica/hihy + 2/didaJere; + 2/dida/ fi fa
+2/d1dr /8182 + 24/d1dr~/hihy + 2. ferexy/ f1 fo + 2 /e1e2 /8182
+2/e1ea/hihy + 24/ f1 [23/8182 + 24/ f1 fa/ hiho + 24/ f1 fa/hiha

aja; +biby +cicx +didy +erex + fifo+ gi182 + hihy + a1by +ajca + ard

+aiez +ay fo +ai1g2 +arhy + biay +bicy +bidy +bies + by f>

+b1g2 + brhy +craz + c1by + c1da +cren

+c1f2 +c1g2 + crhy +diax + diby +dica + die

+di fo +di1g2 +dihy +e1ax + e1by +e1c2

+eids +e1fo +e1g2 +erhy + fiax + fiba + fica + fidy

+fiex + fig2 + fiha + g1a2 + g1b2

+81c2 + g1da + g1e2 + g1 f2 + g1hy + hax + hiby + hicy

+hidy +hiex +hifo+hig

(5.9)
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For the positive numbers y1, ¥, 81, 82, we have (/7182 — /1 y2)2 > (0. Then, we obtain
Y182 + 81y2 — 24/71824/81¥2 > 0 and so

Y182 +81y2 = 2/ y182+/8172- (5.10)

Considering Eq. (5.10), we have (Ql(ﬁl, 132))2 < 1 and thus ¢! (D}, D,) < 1. Thus, we
prove that 0 < 031(51,252) <1.

(2) It is obvious that ¢/(Dy, Dy) = ¢1(Dy, Dy) due to C(Dy, D) = C(Dr, Dy) and
T(D1) x T(D2) = T(D2) x T (D).

(3) If Dy = D; then C(Dy, Dy) = T(Dy) and hence

C (D1, D) _ T(D1)

¢! (D), D) = ] |
(T(ijl) X T(ﬁl))7 ((T (ﬁ]))z)i

1. (5.11)

m}

In real-life situations, sometimes, we must take into account the proper weightage dedicated
to some elements. Therefore, we propose weighted correlation coefficients for IVLDFSs in
the following definition.

Definition 5.3 Let D; and D, be two IVLDFSs over the universal discourse set X =
{x1,x2, ..., xp}. Also, let w = (w1, w2, ..., a),,)T be the weighted vector corresponding to

p
the elements x; (i = 1,2, ..., p) withw; € [0, 1]and ) w; = 1.
i=1

(a) The type-1 weighted correlation coefficient (type-1 WCoCo) between Dy and D; is

denoted by €1 (Dy, Dy)and defined as
By By = — Co@PrDa)
(T(D1) x To(D))?

L . L . U . U . L . L . U . u .
L ( MLy ()M () + MY )MY, (1) + Ny )Ny (x) + NG (k)N () )
i=l1

(gL gL 4 U DU 4 Ol Ol 40 (U 0l
U TS, T T T, TR, R, T K, KD,

(iil o ((Em%‘ (x‘))z + (EmUDI (.’(f))2 + (‘ﬂ%‘ (x,'))z + (‘ﬁ%l (.’(f))2 + (“)qu-j‘ )2 + (“’rf-D/-l)z + ((”K%‘ )2 + (“)K%‘ )2) ) !

/ 2 i i i i J
x 2 on (M (xi))? o+ (Mg (x))? o+ (MG () + (M (ki) + (D 4 (V7 )% 4 (D )+ (Vs )?)

i=

(5.12)

(b) The type-2 weighted correlation coefficient (type-2 WCoCo) between Dy and D, is
denoted by Q:Z) (Dy, Dy) and defined as

& (B, By) = Co (D1, Dy)
2 (B, D) = — e
max (7, (B1). 7, (D)}
e <m?%:(¥??n:% ) + gn% (i»sm%)z ) (Jr)fffgjl (»(u))v:/gjz () + N NG ()
DL ()L 4 (@) i @)L () L 4G (G
1 + ID.l T'ﬁz+ Tﬁu rﬁ2+ Kb, I(D'2+ Kb, Kp,

i=

é P ((zm;j] (x,))2 +(my, (x,>)2 + (s, oc,))2 +(nY, (x,))2 +(ek, )2 + (<f>r;./jl)2 + (el )2 + (el )2) , ’ .

max 2

’_é ; ((mlbz (Xi))2 + (WUDZ (x1))2 + (9’117‘52 ()ci)) + (m%z (x,’))z + (‘i)r,L-D-z)z + ((”r%z)z + ((“K%z)z + ('i)x%z)2)
(5.13)

Theorem 5.4 The weighted correlation coefficients (WCoCos) between two IVLDFSs Dy and
D», as defined in Eq. (5.12) and Eq. (5.13), satisfies the following properties. Fort = 1,2,
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Symptoms of COVID-19, cold, influenza

Fig.5 The symptoms of COVID-19, influenza, cold (Source: World Health Organization (WHO))

Symptoms COVID-19 Influenza
(Flu)

Dry cough Tk
Fever ++
Stuffy nose - ++
Sore throat Rt b
Shortness of breath i
Headache ++
Body aches o
Sneezing
Exhaustion +t 4t
Diarrhea - ++

+++ Frequent ++ Sometimes + Occasionally - Rare

Table 10 The table of IVLDES for patient g

Cold

++

-- Not observed

([omks e, mG o | [tk ). MY (i) ])

[Pk o] [ ]

& (Patient) X

x2
x3
x4
x5
X6
x7
x8
x9
x10

(10.3,0.61, [0.5,0.8])
{10.2,0.5],0.3,0.9])
(10.5,0.8],[0.4, 0.6])
(0.4, 0.61,0.3,0.8])
(10.3,0.5],[0.6,0.7])
(10.8,0.91,0.2,0.5])
(10.5,0.91,0.3, 0.5])
(10.4,0.8],10.1,0.9])
{10.1,0.8],[0.2,0.9])
(10.3,0.61, 0.2, 0.8])

<

{10.2,0.41,[0.3, 0.6])
{10.7,0.8],10.1,0.2])
{10.2,0.6],10.3,0.4])
{10.5,0.71,10.1,0.2])
{10.5,0.7],10.1,0.3])
{10.3,0.8],10.1,0.2])
{10.1,0.21,10.6,0.71)
{10.3,0.41,10.2,0.6])
{10.1,0.31,10.2,0.7])
{10.1,0.41,0.2, 0.6])

(1) 0 <&, (D1, D) < 1.
) € (Dy, Dy) = ¢, (DZ,DI)
3) e:’ (D1, D2) =1ifDy =

Proof They can be proved similar to the proof of Theorem 5.4, so they are omitted.

[m}
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Table 11 The table of CLDFSs as a consensus of infectious disease experts for diseases 01, 07, 93

([ - g ] [ oo o) ([Och Oop] [ Ve

® (COVID-19) x;  ([0.1
x {02
x3 (0.1
x4 (0.2
X5 ([0.3
xe (0.2
x7 {05
xg (0.2
xg  {[0.1
xi0 ([0.3
© (Influenza) x| ([0.6
x (07
x3 (05
x4 (0.6
x5 ([0.1,
xe  ([0.1
x7 (0.3
xg (02
xg  {[0.1
xio ({02
g (Cold) x (0.1
x {02
x3 (0.1
x4 (0.3
x5 {[02
xe  ([0.1
x7 (0.2
xg (0.1
xg (0.2
xi0 {[0.1

,0.8],
,0.71,
,0.9],
,0.6],
,0.91,
,0.9],
,0.9],
,0.8],
,0.7],
,0.9],
,0.8],
,0.9],
,0.7],
,0.9],
0.2],
,0.2],
,0.4],
,0.3],
,0.2],
,0.3],
,0.3],
,0.4],
,0.6],
,0.5],
,0.61,
,0.4],
,0.5],
,0.3],
,0.3],
,0.2],

[0.5,
[0.2,
[0.5,
[0.2,
[0.2,
[0.5,
[0.6,
[0.4,
[0.3,
[0.6,
[0.5,
[0.2,
[0.2,
[0.4,
[0.5,
[0.6,
[0.5,
[0.6,
[0.6,
[0.5,
[0.3,
[0.1,
[0.4,
[0.6,
[0.5,
[0.4,
[0.7,
[0.6,
[0.8,
[0.3,

,0.6],
,0.71,
,0.5],
,0.8],
,0.71,
,0.6],
3,0.7],
,0.8],
,0.6],
,0.8],
,0.2],
,0.3],
,0.3],
,0.6],
,0.4],
,0.3],
,0.3],
,0.3],
,0.4],
,0.4],
,0.8],
,0.71,
,0.8],
,0.8],
,0.5],
,0.5],
,0.7],
,0.8],
,0.7],
,0.6],

[0.3,
[0.2,
[0.3,
[0.1,
[0.2,
[0.3,
[0.2,
[0.1,
[0.3,
[0.1,
[0.5,
[0.3,
(0.3,
[0.2,
[0.1,
(0.6,
[0.4,
[0.3,
[0.3,
(0.1,
[0.1,
[0.2,
[0.1,
[0.1,
[0.4,
[0.4,
[0.1,
[0.1,
[0.1,
(0.2,

5.2 The approach based on correlation coefficients of IVLDFSs with application

Let X = {x1, x2, ..., X} be a set of alternatives, £ = {¢1, &2, ..., &-} be a set of criteria and its
weight vector o = {w1, w2, ..., 0} Where w; € [0,1] (j = 1,2, ...,7) and Z;zl w; = 1.

Let n'. be the IVLDFN of the alternative x; with the respect to the criterion & e
Algorithm 2. (Based on Correlation Coefficients for IVLDFSs)

Step 1. Create the set of multiple symptoms of patient (with suspected COVID-19), possible
diagnostic set related to these symptoms and reference parameters.
Step 2. Create IVLDF values of symptoms detected in Patient .
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1

0.9

0.8
0.7
0.6
0.5

Distance

0.4
0.3
0.2
0.1

0

type-1 type-2
MCOVID-19 0.8840687 0.8830382

Minfluenza 0.8474309 0.8159738
mCold 0.8187327 0.6893975

Fig.6 Comparison chart of type-1 and type-2 CoCos

Step 3. Generate IVLDFSs for the diseases 9, (¢ = 1, 2, ..., v) according to the symptoms.
If it is possible, determine weight vector for the symptoms.

Step 4. Calculate the type-1 (or type-2) CoCos (type-1 (or type-2) WCoCos if the symptoms
have weights) between the diseases 0, (¢ = 1, 2, ..., v) and Patient .

Step 5. Sort the diseases according to the type-1 (or type-2) CoCos (type-1 (or type-2)
WCoCos if the symptoms have weights) and diagnose the disease suffered by Patient
P determining the largest value of (weighted) CoCos.

Now, we handle the COVID-19 problem to demonstrate the performance of Algorithm 2
based on CoCos for IVLDFSs.

Example 5.5 Many of the diseases show different symptoms. Medical diagnosis is related to
the patient’s symptoms to diagnose what kind of disease the patient has suffered. The patient’s
multiple symptoms can be clustered as a collection of symptoms, and different diseases can
form a set of diagnostics. On the other hand, the length of symptoms is very important for
the diagnosis of the disease. It is said by the infectious disease experts that in general, people
diagnosed with COVID-19 have symptoms for two weeks—some longer duration. However, if
you happen to have a severe case of COVID-19 and develop a complication like pneumonia,
your symptoms will likely last longer. More severely ill patients are seen to need care and
continue to have symptoms such as shortness of breath for six weeks or more.

We consider the diseases COVID-19, Influenza, Cold, and their possible symptoms as in
Fig. 5.

In short, the set of symptoms is

x1 = Dry cough, x, = Fever, x3 = Stuffy nose, x4 = Sore throat,
x5 = Shortness of breath,

x¢ = Headache, x7 = Body aches, xg = Sneezing,

x9 = Exhaustion, x;9 = Diarrhea
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1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

Distnace

Weight 1 Weight 2 Weight 3
Mtype-1 (Alt 1) 0.8840687 0.9303666 0.8851326

Bitype-1 (Alt 2) 0.8474309 0.9215604 0.8245323
mtype-1 (Alt 3) 0.8187327 0.8263747 0.8200864
Witype-2 (Alt 1) 0.8830382 0.8892954 0.8575006
mtype-2 (Alt 2) 0.8159738 0.8337197 0.7894377
mtype-2 (Alt 3) 0.6893975 0.6507619 0.6640109

Fig.7 Comparison chart of type-1 and type-2 WCoCos

and the diagnostic set is
6 = {0y = COVID — 19, 0, = Influenza, 93 = Cold}.

Also, we consider reference parameters as length of symptoms “long duration” and “not long
duration (or short duration)”. Suppose all symptoms and references parameters of a patient
can be represented by the IVLDFS (data collected through a survey of infectious disease
experts) in Table 10 (that is to say, it is considered IVLDFNS instead of linguistic terms given
in Fig. 5).

The symptoms of each disease 0, (¢ = 1, 2, 3) can be also presented as IVLDFSs (data
collected by infectious disease experts) in Table 11.

Our goal is to diagnose the disease suffered by Patient g, especially whether he/she suffers
from COVID-19, by correlation matching with classified diseases. Applying the formula in
Eq. (5.4), we can obtain that

el (p, 1) = 0.8840687, ¢! (p, 92) = 0.8474309, ¢! (p, 93) = 0.8187327.

Thus, we can assign the patient to the diagnosis 91 (COVID-19) according to the evaluations
of infectious disease experts.
Similarly, if we use type-2 CoCo, then we have

€2 (p,01) = 0.8830382, €2 (p, 92) = 0.8159738, €2 (p, 93) = 0.6893975.

and so the patient g suffers from the disease 9; (COVID-19). The comparison of type-1 and
type-2 CoCos is illustrated in Fig. 6.

If there are weights of symptoms, then we apply the formulas in Egs. (5.12) and (5.13) and
obtain the outputs as in Table 12. The comparison of type-1 and type-2 WCoCos is illustrated
in Fig. 7.
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T N | G | @@ |
08 A \W\AMM

06 \

04

N \A
0

Alt1 | Alt2 | A3 | Alt1 | Alt2 | Ait3 | Alt1 | Alt2 | Alt3 | Alt4 | Ait5 [Alt1 | Alt2 | Alt3 | Alt4
~—&—Existing | 0.9353 | 0.9519|0.9724 | 0.7533 | 0.7728 |0.9114 |0.8964 | 0.963 |0.8386 |0.8701|0.8362 | 0.17 | 0.008 | 0.075 | 0.041
~Mi-type-1 |0.8987 |0.9463 | 0.9739 | 0.8987 |0.9498 |0.9739 |0.9301 |0.9618 | 0.8847 | 0.8861 | 0.8380 | 0.8174 | 0.9909 | 0.9304 | 0.9736
~s—type-2 |0.7242 |0.7113|0.8039 | 0.7242 |0.7125 | 0.8039 | 0.8793 | 0.9526 | 0.8424 | 0.7299 | 0.6720 | 0.6845 | 0.9362 [0.8120 |0.8791

Fig.8 Comparison chart of type-1 and type-2 CoCos with some existing information measures

Distance

e

N

Nz A
ol =] \V3

:
2 . \Y /\‘/‘
0,2
0

Altl | Alt2 | Alt3 | Alt1 | Alt2 | Alt3 | Alt1 | Alt2 | Alt3 | Alt4 | AlS | Alt1l | Alt2 | At3 | Alt4
—4—Existing | 0,853 | 0,919 | 0,949 | 0,6573 |0,7627 |0,9329 |0,9601 | 0,9838 | 0,9487 | 0,9621 | 0,9464 | 0,5645 | 0,8637 | 0,7768 | 0,7801
—@—type-1 |0,8836|0,9389|0,9709|0,8808|0,9398 |0,9706 |0,9028 | 0,9488 |0,8677 |0,8472 | 0,8333|0,6149|0,9259|0,8444 | 0,9103
~#—type-2 |0,6542| 0,688 |0,8144|0,6414|0,6857|0,8176|0,8316 |0,9074|0,8423 |0,7585|0,7214|0,3625| 0,61 | 0,515 | 0,565

Fig. 9 Comparison chart of type-1 and type-2 WCoCos with some existing weighted information measures

5.3 Comparative study for correlation coefficients

To illustrate the prevalence of our proposed information measures (type-1 and type-2 CoCos),
acomparison among the proposed similarity/distance measures and a few present information
measures are mentioned in this section. We examine the type-1 and type-2 CoCos with
the present similarity/distance measures C;rs (Ye 2011), PFCS I (Wei and Wei 2018),
q— ROFCS* (Wang et al. 2019), and dg (Baccour and Alimi 2019). Also, the type-1 and
type-2 WCoCos are in comparison with the present weighted similarity/distance measures
Swy (Songetal.2014), WPFCS! (Weiand Wei 2018),g — R OFWCS?2 (Wang et al. 2019),
and Wy rs (Ye 2013). These comparisons are shown in Tables 13 and 14, respectively. Also,
they are illustrated in Figs. 8 and 9.

Advantages of type-1 and type-2 correlation coefficients:
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Any IFN (M7, Q7)) can be taken into consideration as IVLDFN (([91z, M ], [Nz, 7)),
([0, 0], [0, 0])). (For instance, ({0.7,0.2)) corresponds to ({[0.7,0.7],[0.2,0.2]),
([0, 0], [0, O])) ). By the usage of matching of the present notions of PyFN, g-ROFN, LDFN,
and IVIFN with the proposed belief of IVLDFEN, one can use the type-1 and type-2 CoCos
to deal with the MCDM problems in the surroundings of PyFS, q-ROFS, LDFS, and IVIFS.
However, the prevailing information measures Crrs (Ye 2011), PFCS' (Wei and Wei 2018),
q—ROFCS4 (Wang et al. 2019), dy (Baccour and Alimi 2019), Syy (Song et al. 2014),
WPECS! (Wei and Wei 2018), q-ROFWCS2 (Wang et al. 2019), and Wivirs (Ye 2013) based
on the IFS, PyFS, q-ROFS, and IVIFS can’t be applied to solve the MCDM problems in
the surroundings of IVLDEFS. It put forward that the proposed type-1 and type-2 CoCos are
advanced to the prevailing information measures mentioned in Ye (2011, 2013), Wei and
Wei (2018), Wang et al. (2019), Baccour and Alimi (2019), Song et al. (2014).

6 Conclusion

In this article, we studied a new extension of fuzzy sets including IFSs, PyFSs, q-ROFSs,
and LDFSs, named IVLDFS. Powered by the additional use of flexible intervals of mem-
bership grades, non-membership grades, and reference parameters, this notion can provide
a more flexible and efficient framework for fuzzy system modeling and decision making
under uncertainty. We gave some basic operations for IVLDFSs, and developed IVLDFWA
and IVLDFWG aggregation operators. Using these interval-valued linear Diophantine fuzzy
aggregation operators, we solved the problem of material supplier selection. Besides, a real-
life example, comparison study, and advantages of proposed aggregation operators were
presented. We described some correlation coefficient measures (type-1 and type-2) for the
IVLDFSs and they were successfully applied in medical diagnosis for Coronavirus Disease
2019 (COVID-19). Lastly, a comparative examination and the benefits of proposed correla-
tion coefficient measures were also discussed.

It is worth noting that this paper will lead to new research describing new operations,
aggregation operators (to fuse information) and similarity/distance coefficients (to measure
information) for LDFS and IVLDFS. Our future research is to develop hesitancy and bipo-
larity hybridizations for IVLDFS and, thus, propose new approaches for more complex
real-world problems.
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