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Abstract

In this paper, we study the direct/indirect stability of locally coupled wave equations with
local Kelvin-Voigt dampings/damping, where we assume that the supports of the dampings
and the coupling coefficients are disjoint. First, we prove the well-posedness, strong stability,
and polynomial stability for some one dimensional coupled systems. Moreover, under some
geometric control conditions, we prove the well-posedness and strong stability in the multi-
dimensional case.
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1 Introduction

The direct and indirect stability of locally coupled wave equations with local damping has
arouses much interests in recent years. The study of coupled systems is also motivated by
several physical considerations like Timoshenko and Bresse systems (see for instance Wehbe
and Ghader2021; Bassam et al. 2015; Akil et al. 2020, 2021; Akil and Badawi 2022; Abdallah
et al. 2018; Fatori et al. 2014; Fatori and Monteiro 2012). The exponential or polynomial
stability of the wave equation with local Kelvin-Voigt damping is considered in Liu and
Rao (2006), Tebou (2016), Burq and Sun (2022), for instance. On the other hand, the direct
and indirect stability of locally coupled wave equations with local viscous dampings are
analyzed in Alabau-Boussouira and Léautaud (2013), Kassem et al. (2019), Gerbi et al.
(2021). In this paper, we are interested in locally coupled wave equations with local Kelvin-
Voigt dampings. Before stating our main contributions, let us mention similar results for such
systems. In 2019, et al. in Hayek et al. (2020), studied the stabilization of a multi-dimensional
system of weakly coupled wave equations with one or two locally Kelvin-Voigt damping and
non-smooth coefficient at the interface. They established different stability results. In 2021, et
al. in Wehbe et al. (2021), studied the stability of an elastic/viscoelastic transmission problem
of locally coupled waves with non-smooth coefficients, by considering:

uy — (aux + bOX(alm)”m)x + CoX(@r,a9) Yt =0, 1n (0, L) x (0, 00),
Vit — Yxx — COX(ap,aq)Ut = 0, in (0, L) x (0, 00),
u(0,t) =u(L,t) = y(0,1) = y(L,t) =0, in (0, 00),

where a,bg, L > 0,cp # 0,and 0 < o] < a» < a3 < ag4 < L. They established a
polynomial energy decay rate of type . In the same year, Akil ef al. in 2021, studied the
stability of a singular local interaction elastic/viscoelastic coupled wave equations with time
delay, by considering:

g — [auy + x©,p) (111 + kU (t — f))]x + coX(a,y)yr =0, in (0, L) x (0, 00),
Vit — Yxx — COX(a,y)Ut = 0, in (0, L) x (0, 00),
u(,1) =u(L,t) =y(0,1) = y(L,t) =0, in (0, 0c0),

where a, k1, L > 0,k3,c0 #0,and 0 < ¢ < B < y < L. They proved that the energy of
their system decays polynomially in #~!. In 2021, Akil e al. in 2021, studied the stability
of coupled wave models with locally memory in a past history framework via non-smooth
coefficients on the interface, by considering:

o0
Uy — (aux + bOX(O,ﬁ)/ g()uy(t — S)dS> + coX(@, )y =0, in (0, L) x (0, 00),
0

X
Vit — Yxx — COX(a,y)Ut = 0, in (0, L) x (0, 00),
u(,1) =u(L,1) =y(0,1) = y(L,1) =0, in (0, 00),
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where a, by, L > 0,c0 20,0 <a < <y < L,and g : [0, 00) —> (0, 00) is the convo-
lution kernel function. They established an exponential energy decay rate if the two waves
have the same speed of propagation. In case of different speed of propagation, they proved
that the energy of their system decays polynomially with rate  ~!. In the same year, Akil et al.
in 2022, studied the stability of a multi-dimensional elastic/viscoelastic transmission prob-
lem with Kelvin-Voigt damping and non-smooth coefficient at the interface, they established
some polynomial stability results under some geometric control condition. In those previous
literature, the authors deal with the locally coupled wave equations with local damping and
by assuming that there is an intersection between the damping and coupling regions. The
aim of this paper was to study the direct/indirect stability of locally coupled wave equations
with Kelvin-Voigt dampings/damping localized via non-smooth coefficients/coefficient and
by assuming that the supports of the dampings and coupling coefficients are disjoint. In the
first part of this paper, we consider the following one dimensional coupled system:

Uy — (auy +busy), +cyr =0, (x,t) € (0,L) x (0, 00), (1.1)
Vit — ()’x +dytx)x — CUy = 05 (xa [) € (07 L) X (Oa 00)7 (12)

with fully Dirichlet boundary conditions,

u(,t) =u(L,t) =y(0,1) =y(L,t) =0, t € (0, 00), (1.3)
and the following initial conditions
u(-,0) =uo(), u(-,0) =ui(), y(,0) =yo() and y;(-,0) =y (), x € (0, L). (1.4

In this part, for all by, dy > 0 and co # 0, we treat the following three cases:
Case 1 (See Figure 1):

b(x) = box(by,by)(X), c(X) = CoX(cr,e)(X)s  d(x) = dox(ay,a)(X), 1)
where 0 < b) <by <cy <cp <dy <dy < L.
Case 2 (See Figure 2):
b(x) = box(by.by)(X)s  €(X) = COX(cr.er)(X),  d(x) = dox(dy.dy)(X)s )
where 0 < by <by, <dy <dr <ci <cr < L.
Case 3 (See Figure 3):
b(x) = box(py,by) (X)), ¢(X) = C0X(cy.cr)(X)s  d(x) =0, (C3)
where 0 < by <by <cy1 <2 < L.

While in the second part, we consider the following multi-dimensional coupled system:

uy —div(Vu + bVu;) +cy; =0 in Q x (0, 00), (1.5)
yie — Ay —cyr =0 in € x (0, 00), (1.6)

with full Dirichlet boundary condition
u=y=0 on I'x (0,00), (1.7)
and the following initial condition

u(-,0) = uo(-), ur(-,0) =ui(-), y(-,0) = yo(-) and y; (-, 0) = y1 () in 2, (1.8)
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0 by b a1 C2 dy da L

Fig.1 Geometric description of the functions b, ¢ and d in Case 1

0 by bo dy do 1 C2 L

Fig.2 Geometric description of the functions b, ¢ and d in Case 2

Coe —
I I
| |
I I
| |
I I
| |
bo ¢ i | : :
I I I I
I I I I
¢ ¢ ¢ ¢ °
0 b1 b 1 C2 L

Fig.3 Geometric description of the functions b and ¢ in Case 3

where Q ¢ RV, N > 2 is an open and bounded set with boundary I" of class C 2 Here,
b,c € L*°(2) are such that b : @ — R is the viscoelastic damping coefficient, ¢ : 2 — R
is the coupling function and

b(x)>byp>0in wp CQ, c(x)>co#0 in v, C 2 and c(x) =0 on Q\w(1.9)
and

meas (o, NI') >0 and wp N = 0. (1.10)
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In the first part of this paper, we study the direct and indirect stability of system (1.1)-(1.4) by
considering the three cases (C1), (C2), and (C3). In Sect. 2.1, we prove the well-posedness
of our system by using a semigroup approach. In Sect. 2.2, by using the general criteria of
Arendt-Batty, we prove the strong stability of our system in the absence of the compactness
of the resolvent. Finally, in Sect. 2.3, by using a frequency domain approach combined with
a specific multiplier method, we prove that our system decay polynomially of type t=* or
=

In the second part of this paper, we study the indirect stability of System (1.5)-(1.8). In
Sect. 3.1, we prove the well-posedness of our system by using a semigroup approach. Finally,
in Sect. 3.2, under some geometric control condition, we prove the strong stability of this
system.

2 Direct and indirect stability in the one dimensional case

In this section, we study the well-posedness, strong stability, and polynomial stability of
system (1.1)-(1.4).

2.1 Well-posedness

In this section, we will establish the well-posedness of System (1.1)-(1.4) using semigroup
approach. The energy of system (1.1)-(1.4) is given by

1 L
E@t) = 5/ (s ? + alux 2 + Lye 2 + [ys ) dox.
0

Let (u, us, y, y;) be a regular solution of (1.1)-(1.4). Multiplying (1.1) and (1.2) by u; and
Vs, respectively, then using the boundary conditions in (1.3), we get

L
E'() = —/ (Blure P + dlyix ) dx.
0

Thus, if (C1) or (C2) or (C3) holds, we get E'(t) < 0. Therefore, system (1.1)-(1.4) is
dissipative in the sense that its energy is non-increasing with respect to time . Let us define
the energy space H by

H = (H} (0, L) x L*(0, L))*.

The energy space H is equipped with the following inner product:

L L L L
U, Uy 2/ vildx-l-a/ ux(ﬁl)xdx+/ zZldx+/ Y (Fxdx,
0 0 0 0

foral U = (u, v, y, z)—r and Uy = (u1, v1, y1, zl)T in H. We define the unbounded linear
operator A : D (A) C H — H by

D(A) = {U =@, v,y,2) €M v,ze HJO,L),
(auy + bvy)x € L*(0, L), (yx +dzyx)x € L*(0, L)}
and

A, v,y,2) " = (v, (auty +bvy)y — ¢z, 2, (vx +dza)x +cv)|,
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YU = (u,v,y,2)| € D(A).

Now, if U = (u, uy, y, yt)-r is the state of system (1.1)-(1.4), then it is transformed into the
following first-order evolution equation:

U, =AU, U(0) = Uy, 2.1
where Uy = (ug, uy, yo. y1)' € M.

Proposition 2.1 If (C1) or (C2) or (C3) holds. Then, the unbounded linear operator A is
m-dissipative in the Hilbert space H.

Proof Forall U = (u,v,y,z) € D(A), we have

L L
N (AU, U)y, = —/ blux Pdx —f dlze2dx < 0,
0 0

which implies that A is dissipative. Now, similar to Proposition 2.1 in Wehbe et al. (2021),
we can prove that there exists a unique solution U = (u, v, y, z)T e D(A) of

—AU =F, YF=(f" 2 2 9T e

Then 0 € p(A) and A is an isomorphism and since p(.A) is open in C (see Theorem 6.7
(Chapter III) in Kato 1995), we easily get R(AI — A) = H for a sufficiently small A > 0.
This, together with the dissipativeness of .4, imply that D (.A) is dense in H and that A is
m-dissipative in H (see Theorems 4.5, 4.6 in Pazy 1983). O

According to Lumer—Phillips theorem (see Pazy 1983), then operator A generates a Cp-
semigroup of contractions e’ in H which gives the well-posedness of (2.1). Then, we have
the following result:

Theorem 2.2 For all Uy € H, system (2.1) admits a unique weak solution
U(r) = Uy € COR,, H).
Moreover, if Uy € D(A), then the system (2.1) admits a unique strong solution

U(t) = Uy € COR,4, D(A) NC R, H).

2.2 Strong stability

In this section, we will prove the strong stability of system (1.1)-(1.4). We define the following
conditions:

1
(C1) holds and |cg| < min < va , ) , (SSC1)
c—c1 ¢ —c
or
(C3)holds, a=1 and |c¢g| < (SSC3)

c—cr
The main result of this part is the following theorem:
Theorem 2.3 Assume that (SSC1) or (C2) or (SSC3) holds. Then, the Cqy-semigroup of

contractions (e‘A) is strongly stable in H; i.e. for all Uy € H, the solution of (2.1)
satisfies

t>0

lim |le"AUyll3 = 0.

f—>+00
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According to Theorem A.2, to prove Theorem 2.3, we need to prove that the operator A has
no pure imaginary eigenvalues and o (A) N iR is countable. Its proof has been divided into
the following Lemmas:

Lemma 2.4 Assume that (SSC1) or (C2) or (SSC3) holds. Then, for all A € R, iX] — Ais
injective, i.e.

ker (irxI — A) = {0}.
Proof From Proposition 2.1, we have 0 € p(A). We still need to show the result for A € R*.

For this aim, suppose that there exists a real number A # 0 and U = (u, v, y, z)T € D(A)
such that

AU =i\U.
Equivalently, we have
v =ik\u, (2.2)
(auy + bvy)y —cz = ilv, 2.3)
z=iy, 2.4)
(yx +dz)x +cv = ikz. (2.5)

Next, a straightforward computation gives

L L
0=NRGAU, U)y =R (AU, U)y = —/ blu,|dx — / d|zx|*dx. (2.6)
0 0

Inserting (2.2) and (2.4) in (2.3) and (2.5), we get

A2u + (auy + irbuy), —irey =0 in (0, L), 2.7
A2y + (v +irdye)y +ircu =0 in (0, L), 2.8)
with the boundary conditions
u(0) =u(L) = y(0) = y(L) =0. 2.9
e Case 1: Assume that (SSC1) holds. From (2.2), (2.4), and (2.6), we deduce that
uy =vy =0 in (b1, by) and y, =z, =0 in (d{, d>). (2.10)
Using (2.7), (2.8), and (2.10), we obtain
Au+aug =0 1in (0,¢;) and A%y + yyr =0 in (c2, L). (2.11)
Deriving the above equations with respect to x and using (2.10), we get

)\2”)( + auyxyy = 01in (0, 1), )\zyx + yxax = 0in (c2, L),

iy =0 in (br.by) C 0.c). ™ =0 in (di,d) C (2, L).
(2.12)
Using the unique continuation theorem, we get
uy =0 in (0,cy) and y, =0 in (¢, L). (2.13)
Using (2.13) and the fact that u(0) = y(L) = 0, we get
u=01in (0,c;) and y =0 in (c2, L). (2.14)
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Now, our aim is to prove that u = y = 0 in (cy, ¢2). For this aim, using (2.14) and the fact
thatu,y € C 1 ([0, L]), we obtain the following boundary conditions:

u(er) = uy(cr) = y(c2) = yx(c2) = 0. (2.15)
Multiplying (2.7) by —2(x — ¢2)uy, integrating over (c1, ¢3) and taking the real part, we get

—~ f 320 — en)((uPedx —a [ (x—c2) (lux|?), dx

1 C1

3]
+20 (ikcof (x — cz)yﬁxdx> =0, (2.16)
cl
using integration by parts and (2.15), we get
[o5) [o5) 2
/ [Aul’dx + a/ iy |Pdx + 2R (MCO/ (x — cz)yﬁxdx) =0. (2.17)
c1 c1 cl

Multiplying (2.8) by —2(x — c1)Y,, integrating over (cy, c2), taking the real part, and using
the same argument as above, we get

(653 c2 2
/ IAy|?dx +/ lye|2dx — 20 (i)w()/ (x — cl)uyxdx> =0. (2.18)
cl

cl c1

Adding (2.17) and (2.18), we get

) (&) &) 2
/ |ku|2dx+a/ |ux|2dx+/. |Ay|2dx+/ lyx|2dx

c1 cl Cq 1
(%]

=< 2|Alleol(c2 — 61)/ (Iyllux] + [ullyx]) dx. (2.19)
cl

Using Young’s inequality in (2.19), we get

o33 c c
/ |Au|2dx + a/ qulzdx +/ Ikylzdx
4 Cl C1

o CZ(CQ _ 61)2 c
+/ |y [2dx < 07/ Ihyl*dx
c a ¢

1 1

&) &) 2
+a/ luy|dx + ci(ca — c1)2/ |Au|>dx +/ lyx |2dx; (2.20)
cl cl

cl
consequently, we get

2 _ 2 ) (&)
(1 _ Wcl)) / nylPdx + (1= cca — cl)z)/ ulPdx <0. (221
a c c

1 1

Thus, from the above inequality and (SSC1), we get
u=y=01in (cy, ). (2.22)

Next, we need to prove that u = 0 in (¢, L) and y = 0 in (0, ¢1). For this aim, from (2.22)
and the fact that u, y € C'([0, L]), we obtain

u(ez) =ux(c2) =0 and y(cr) = yx(c1) =0. (2.23)
It follows from (2.7), (2.8) and (2.23) that

{lzu—i-auxx =0in (2. L), { A2y + yex = 0 in (0, ¢y),
u(cz) = uy(c2) = u(lL) =0, y(0) = y(c1) = yx(c1) =0.

@ Springer f bMA

(2.24)



Stability results of locally coupled wave equations . . . Page90of30 240

Holmgren uniqueness theorem yields
u=01in (c2,L) and y =0 in (0, ¢y). (2.25)
Therefore, from (2.2), (2.4), (2.14), (2.22) and (2.25), we deduce that
U=0.
e Case 2: Assume that (C2) holds. From (2.2), (2.4) and (2.6), we deduce that
uy =0, =0 in (b1,b2) and y, =z, =0 in (di, d2). (2.26)
Using (2.7), (2.8) and (2.26), we obtain

AMu+auye =0 1in (0,c1) and A%y +yee =0 in (0, cy). (2.27)
Deriving the above equations with respect to x and using (2.26), we get
2 —0; 2 —0;
{ e 0 T e € O, ™ { o T ) ¢ 0,00 @)
Using the unique continuation theorem, we get
uy =0 1in (0,c;) and y, =0 in (0, cy). (2.29)
From (2.29) and the fact that u(0) = y(0) = 0, we get
u=0in (0,c;) and y =0 in (0, cy). (2.30)
Using the fact that u, y € CL([0, L)) and (2.30), we get
22U+ autyy —ircgy =0 in (cy, c2),
A2y + yex + idcou =0 in (c1, c2), (2.31)

u(cr) = ux(cr) = y(er) = yx(c1) = 0.

Now, using the definition of ¢(x) in (2.7)-(2.8), (2.26) and (2.31), we get

u=y=0 in(cy, c2).
Again, using the fact that u, y € clqo, L)), we get

u(cz2) = ux(c2) = y(c2) = yx(c2) =0. (2.32)

Now, using the same argument as in Case 1, we obtain

u=y=0in(c2, L);
consequently, we deduce that

U=0.

e Case 3: Assume that (SSC3) holds. Using the same argument as in Cases 1 and 2, we
obtain

u=01in (0,c;) and u(cy) = ux(cy) =0. (2.33)

Step 1. The aim of this step is to prove that

2 2
/ lul®dx = / ly|%dx. (2.34)
Cl Cl
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For this aim, multiplying (2.7) by y and (2.8) by u, then using integrating by parts over (0, L),
and (2.6), we get

L L 2
/ Auydx — / Uy yrdx — ihco f ly|?dx = 0, (2.35)
0 0

cl
L L (&)
/ A2 ytdx — / yylixdx + ico / lul?dx = 0. (2.36)
0 0 Cl
Adding (2.35) and (2.36), taking the imaginary part, we get (2.34).
Step 2. Multiplying (2.7) by —2(x — ¢2)u,, integrating over (c1, ¢2) and taking the real part,

we get
-m(f”ﬁu—qmmﬁdﬁ—m<fqu—wwmfhw)
4] Cl

13}
+20 (ikcof (x — cz)yﬁxdx> =0, (2.37)
el

using integration by parts in (2.37) and (2.33), we get

[65) c2 €2
/ |Au|>dx +/ x> dx + 2% (l'}»C()/ (x — cz)yﬁxdx> =0. (2.38)

Cl 1 1

Using Young’s inequality in (2.38), we obtain

2 ) 2 2
/MWM+[meSW@—m/MWw+W@—m/m#m
Cl Cl

4] Cl
(2.39)
Inserting (2.34) in (2.39), we get
&)
(1= feoltca = en) [ (hal + s P) i < 0. (2.40)
1

According to (SSC3) and (2.34), we get

u=y=0 in (c1,c2). (2.41)

Step 3. Using the fact that u € H2%(c1, ¢2) C Cl([e1, 2]), we get
u(cr) = ux(c1) = y(cr) = yx(c1) = y(c2) = yx(c2) = 0. (2.42)
Now, from (2.7), (2.8) and the definition of ¢, we get

:Azu—i—u” =0in (c2.L), 4 =A2y+yxx =0 in (0,¢) U (ca, L),
u(cz) = ux(c2) =0, y(c1) = yx(c1) = y(c2) = yx(c2) = 0.

From the above systems and Holmgren uniqueness Theorem, we get
u=0in (c3,L) and y =0 in (0,c1) U(ca, L). (2.43)
Consequently, using (2.33), (2.41) and (2.43), we get U = 0. The proof is thus completed. O
Lemma 2.5 Assume that (SSC1) or (C2) or (SSC3) holds. Then, for all » € R, we have
R@GA —A) =H.

Proof See Lemma 2.5 in Wehbe et al. (2021) (see also Akil et al. 2021). ]
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Proof of Theorems 2.3 From Lemma 2.4, we obtain that the operator .4 has no pure imaginary
eigenvalues (i.e. o, (A)NiR = @). Moreover, from Lemma 2.5 and with the help of the closed
graph theorem of Banach, we deduce that o (A) NiR = . Therefore, according to Theorem
A.2, we get that the Cy-semigroup (e’ A) +>0 18 strongly stable. The proof is thus complete. O

2.3 Polynomial stability
In this section, we study the polynomial stability of system (1.1)-(1.4). Our main results in
this part are the following theorems:

Theorem 2.6 Assume that (SSC1) holds. Then, for all Uy € D(A), there exists a constant
C > 0 independent of Uy such that

c 2
E@) < glonllD(A), t>0. (2.44)

Theorem 2.7 Assume that (SSC3) holds . Then, for all Uy € D(A) there exists a constant
C > 0 independent of Uy such that

C
E@ = —Uolhy, > 0. (2.45)
According to Theorem A.3, the polynomial energy decays (2.44) and (2.45) hold if the
following conditions
iR C p(A) (H1)

and
1
B

% for Theorem 2.6,

2 for Theorem 2.7, (H2)

lim sup

AER, |A|— 00 A ”(i)\-l _A)_IH[,(H) < 00 with £ = [

are satisfied. Since condition (H}) is already proved in Sect. 2.2. We still need to prove (H>),
let us prove it by a contradiction argument. To this aim, suppose that (H») is false, then there
exists

{ (2 Un = vy 20 )} € RE x DA
with
A —>o00asn — o0 and ||Uy|lx =1, Yn>1, (2.46)
such that
)’ (Anl — AUy = Fy = (fin. frns o fan) — 0 in H, asn — co. (2.47)

For simplicity, we drop the index n. Equivalently, from (2.47), we have

fi

ihu—v =7, fi—0in H (0, L), (2.48)
irv — (auy + bvy), +cz = % f» — 0 in L?(0, L), (2.49)
) _ . 1
iry—z = A f3—0in Hy(0,L), (2.50)
. _ Ja -
irz — (yx +dzy)y —cv = L fa— 0 in L7(0, L). (2.51)
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2.3.1 Proof of Theorem 2.6

In this section, we will prove Theorem 2.6 by checking the condition (H>). For this aim, we
will find a contradiction with (2.46) by showing ||U ||y = o(1). For clarity, we divide the
proof into several Lemmas. By taking the inner product of (2.47) with U in H, we remark
that

1

L L
/ b v, dx + / dlzsPdx = R (A — AU, U)p) = 2" IR (F,U)py) =0 (rf) .
0 0

Thus, from the definitions of b and d, we get

/:2 lvg|>dx =0 (k_%) and /ddZ Iz dx = o ()\_%) ) (2.52)

1 1

Using (2.48), (2.50), (2.52), and the fact that f], f3 — Oin H(} 0, L), we get

by 1 d 1
/ lu, [2dx = O(i) and / lye|?dx = Q (2.53)
by A2 d A2

Lemma 2.8 The solution U € D(A) of system (2.48)—(2.51) satisfies the following estima-

tions
) 1 d 1
/ wPdx = 22 / 22dx = 2D (2.54)
by A d

3 3
2

1 A2

Proof We give the proof of the first estimation in (2.54), the second one can be done in a
similar way. For this aim, we fix g € C! ([b1, ba]) such that

b)) =—gb) =1 = d "(x)] = myg.
g(b2) g(by) ,xerg}%ﬂlg(x)l mg an xe%??z2]|g(X)| mg

The proof is divided into several steps as folllows:
Step 1. The goal of this step is to prove that

1
A2 b 1
b)) + o) < <2 + 2mg/)/ oPdx + 20, (2.55)
by

From (2.48), we deduce that
vy = idity — 272 (fD)x. (2.56)

Multiplying (2.56) by 2gv and integrating over (b1, by), then taking the real part, we get

by by 1 by
/ g (jv)?), dx =% (m/ guxwx> -9 <2rz f g(fl)xwx) .
by by b

Using integration by parts in the left-hand side of the above equation, we get

by by
lb)|? + lv(b))* = / g lvdx + 9% (m/ guxﬁdx)
by by

b2
—N (2)»_7 / g(fl)xﬁdx> .
by

@ Springer f bMA



Stability results of locally coupled wave equations . . . Page 130f30 240

Consequently, we get

by by
B + o) smgf/ |v|2dx+2|A|mg/ ey Jvldx
by by
1 by
+2|A|—fmgf (sl lvldx. 257)
by

Using Young’s inequality, we obtain

1
2 |vf?

3 _1
20mglu||v| < + 223 meu|* and 207 2mg|(f1)xl|v]

2 2 —1,-1 2
Smg/|v| +mgmg/ A (D«

From the above inequalities, (2.57) becomes

A2 by 3 by
G + (b < <2+2mgf)fb oPdr + 203 [ P
1 1

2

m? b2
+—ér1/ |(fD)x|dx. (2.58)
g by

Inserting (2.53) in (2.58) and the fact that f; — O in HO1 (0, L), we get (2.55).
Step 2. The aim of this step is to prove that

3
Az (b2
|(aux+bvx)(b1)|2+|(aux+bvx)(bz)|2s—2 / lv]2dx + o(1). (2.59)
by

Multiplying (2.49) by —2g (au, + bvx), integrating by parts over (b1, by) and taking the
real part, we get

by
| + bvy) (b)) + [(auy + bvy) (b)|* = / g'lau + b, [*dx+
b
by - | )72 -
N (ZiA/ gu(auy + bvx)dx> —-MN (2)»_7 / gfr(auy + bvx)dx) ;
by by

consequently, we get

by
l(auy + bvy) (b)* + |(auy + bvy) (02) > < my f |au, + bvy|*dx
by o b (2.60)
+2Amg/ [vllauyx + bvyx|dx +2mgd™2 / | f2llauy + bvuy|dx.
by by

By Young’s inequality, (2.52), and (2.53), we have

by k% by L
2,\mg/ |v|lauy + buy|dx < —/ |u|2dx+zm§m/ lauy + bvy|>dx
by 2 by by
3
A [P
< —/ [v]%dx + o(1). (2.61)
2 ),

Inserting (2.61) in (2.60), then using (2.52), (2.53) and the fact that f, — 0 in L2(0, L), we
get (2.59). Step 3. The aim of this step is to prove the first estimation in (2.54). For this aim,
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multiplying (2.49) by —iA~'7, integrating over (by, b») and taking the real part, we get

by by
/ [v]2dx = R (ir‘ (auy + bvy)Vydx
by by

-1 b2, .23 b2 _
— [lk (auyx + bvy) v]b. +ir" 2 frudx | . (2.62)

by

Using (2.52), (2.53), the fact that v is uniformly bounded in L2(0, L) and f» — 0in L0, L),
and Young’s inequalities, we get

1 3

b2 A2 A2
/b v2dx < Tznv(bm2 + b)) + 72[|<aux + b ) (b)) + [(aiy + buy) ()]
1
o(1)

+ (2.63)
A2
Inserting (2.55) and (2.59) in (2.63), we get
by 1 b2 1
/ oPdx < <* +mg’f%>/ ol + 22,
by 2 by A2
which implies that
1 b2 1
<f —mg,r%>/ lv2dx < L} (2.64)
2 by A2

Using the fact that A — oo, we can take A > 4m2,,. Then, we obtain the first estimation
in (2.54). Similarly, we can obtain the second estimation in (2.54). The proof has been
completed. O

Lemma 2.9 The solution U € D(A) of system (2.48)-(2.51) satisfies the following estima-
tions

Cl L
/ (Iv? + alux|*) dx = o(1) and / (Iz* + [y« [?) dx = o(1). (2.65)
0 c

2

Proof First, let h € C'([0, c;]) such that h(0) = h(c;) = 0. Multiplying (2.49) by
2a='h(au, + bvy), integrating over (0, ¢), using integration by parts and taking the real
part, then using (2.52), the fact that u, is uniformly bounded in L%, L) and f» — 0in
LZ(O, L), we get

Cl Cl
N <2ika71 / vh(au, + bvx)dx> +a! / W au, + bvxlzdx
0 0

1 I
=—N (/ hf>(auy + bvx)dx) . (2.66)
A2 0

o(1

I
22

From (2.48), we have

iy = —Ty — 272 (FD)x. (2.67)
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Inserting (2.67) in (2.66), using integration by parts, then using (2.52), (2.54), and the fact
that fj — Oin HO1 (0, L) and v is uniformly bounded in L%(0, L), we get

cl cl 1 .
/ W |v?dx +a”! / W |auy + bvy|*dx = 2% ()f% / vh(fl)xdx>
0 0 0

=06 %) (2.68)

o by o(l
—M|2ira” by hvvydx | +—.
by A2

=o(l)

Now, we consider the following cut-off functions pi, p» € C L([0, b3]), such that

1 in (0, by), 1 in (b, c1),
p1(x) = 0 in (ba,c1), and py(x):= 0 in (0, by),
0 < p1 < 1in (b, b2), 0 < p2 < 1in (by, b2).

Finally, take h(x) = xp1(x) + (x — c1) p2(x) in (2.68) and using (2.52), (2.53), (2.54), we
get the first estimation in (2.65). By using the same argument, we can obtain the second
estimation in (2.65). The proof is thus completed. O

Lemma 2.10 The solution U € D(A) of system (2.48)—(2.51) satisfies the following estima-
tions

[Au(c)] = o(1), lux(c)l =o(1), [Ay(c2)| =o(1) and |yx(c2)| =o(l). (2.69)
Proof First, from (2.48) and (2.49), we deduce that
22U+ auyy = —{—f —iAZfi in (b, 1) (2.70)
2
Multiplying (2.70) by 2(x — by)ii,, integrating over (b2, ¢1) and taking the real part, then
using the fact that u, is uniformly bounded in L2(0, L) and fo — 0in L2(0, L), we get

/ 22(x = b2) (Jul?), dx +a / (x = b2) (lux ), dx
by

by
o(1)
.

1
—_n <2m% (x — bz)flﬁxdx> + 271

by
Remark that from (2.65) and (2.48), we get

cl Cl
/ |Aul?dx = o(1) and / iy |2 dx = o(1).

by by

Using integration by parts in (2.71), then using the above estimations, and the fact that f; — 0
in H} (0, L) and Au is uniformly bounded in L?(0, L), we get

1 —
0= (e = bo) (Phuen) P +alu(enl?) = R (2027 (e1 = ba) fi(en)ia(en) ) +o(D(2.72)
consequently, by using Young’s inequality, we get

au(e))|? + alux(e)* < zix%|f1(c1)||u(2cl)| +o(1)
< E|Au(c1>|2+ X|f1(61)|2+0(1).
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Then, we get
1 2 2 _ 2 2
Elku(m)l +alux(cr)l lefl(m)l +o(1). (2.73)

Finally, from the above estimation and the fact that f; — 0 in HO1 (0, L), we get the first two
estimations in (2.69). By using the same argument, we can obtain the last two estimations in
(2.69). The proof has been completed. O

Lemma 2.11 The solution U € D(A) of system (2.48)—(2.51) satisfies the following estima-
tion

2
/ (IAul? + alux* + [2y)* + [y P)dx = o(1). (2.74)
c1

Proof Inserting (2.48) and (2.50) in (2.49) and (2.51), we get
P

c0 f3

— 32U — auyy +ircoy = 22 +ir2 fi + 28 in (e1, ), (2.75)
A2 A2

—A%y — yox —idcou = L‘I‘ + ix%f3 - CO{C‘ in (¢, c2). (2.76)
A2 A2

Multiplying (2.75) by 2(x — ¢2)uy and (2.76) by 2(x — c1)Yy, integrating over (cy, ¢2) and
taking the real part, then using the fact that || F || = o(1) and |U ||« = 1, we obtain

&) c2
—,\2/ (x —c2) (jul?), dx — a/ (x —c2) (Jux?), dx
cl 1
2
+N (2”\60/ (x — cﬁyﬂdx)
cl

L1 [ _ o(1l
=N{2ir2 (x — ) fiuxdx | + — 2.77)
cl

A2
and

) 2
—AZ/ (x—cn) (Iy*), dx—f (x —c1) (Iyxl?), dx

1 1

1)
N <2ikc0/ (x — c‘1)uy7dx>
ci

(653 1
_ <2m% / (x — cl)f3y7dx> IO
Cl

(2.78)

Using integration by parts, (2.69), and the fact that f1, f3 — Oin HO1 ©, L), llullz20,0) =
001, and ||yll 2., = O(A™"), we deduce that

Y _ o(1) Y _ o(1
Nir2 (x —c2) fiuxdx | = —— and N |iA2 (x —c1) fayydx | = —.
c1 A2 c1 A2
2.79)

Inserting (2.79) in (2.77) and (2.78), then using integration by parts and (2.69), we get

c2 c2
/ (IAul? + aluy|?) dx + 9 (i)w()/ (x — cz)ymdx> = o(1), (2.80)
cl

C1
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/L‘z (|Ay|2 + |yx|2) dx — N <ikco /Cz(x — cQuyjdx) =o(1). (2.81)

1 1

Adding (2.80) and (2.81), we get
2
/ (IAul? + aluy* + [Ay1* + |y« |*) dx
C]

%) (&)
=N (Zi)LC()/ (x — cﬂuyjdx) -N <2ikc0/ (x — cﬁyﬁd}c) + o(1)
4] Cl

. |col 1 [
< 2|col(c2 — Cl)/ [Aullyxldx +2—-(c2 — c1)a* / [Aylluyldx + o(1).
c

a* cl

Applying Young’s inequalities, we get
. 2 2 1
(I = leol(c2 — 61))/ ([Aul” + lyx[Ddx + <l — —=lcol(c2 — 01))
o Ja

2]
| alus + vyPrax <o 2.82)
cl

Finally, using (SSC1), we get the desired result. The proof has been completed. O

Lemma 2.12 The solution U € D(A) of system (2.48)—(2.51) satisfies the following estima-
tions

Cl L
/ (Iz1* + |y« *) dx = o(1) and / (101 + alux|*) dx = o(1). (2.83)
0

2

Proof Using the same argument of Lemma 2.9, we obtain (2.83). m}

Proof of Theorem 2.6. Using (2.53), Lemmas 2.8, 2.9, 2.11, 2.12, we get | U||x = o(1),
which contradicts (2.46). Consequently, condition (H2) holds. This implies the energy decay
estimation (2.44).

2.3.2 Proof of Theorem 2.7
In this section, we will prove Theorem 2.7 by checking the condition (H>), that is by finding

a contradiction with (2.46) by showing ||U || = o(1). For clarity, we divide the proof into
several Lemmas. By taking the inner product of (2.47) with U in H, we remark that

L
[ biusax = 9 (AU V)0 = 3RAE U = 067,
0
Then,

by
/ luy [2dx = o(A72). (2.84)
b

1

Using (2.48) and (2.84), and the fact that f; — 0 in H(} 0, L), we get

by
/ luy 2 dx = 0. (2.85)

by
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Lemma213 Let 0 < ¢ < @; the solution U € D(A) of the system (2.48)—(2.51)
satisfies the following estimation

by—e
/ [v]2dx = o(A7?). (2.86)
bi+e

Proof First, we fix a cut-off function 6; € C!([0, ¢1]) such that

1 if x € (b1 +¢,by —¢),
01(x) = 0 if x € (0,b1) U (b, L), (2.87)
0<6 <1 elsewhere.

Multiplying (2.49) by 2167, integrating over (0, c1), using integration by parts, and the
fact that f, — O in L2(0, L) and v is uniformly bounded in L3(0, L), we get

c1 1 c1
i/ 61 |v)>dx + n / (ux + bvy) (010 + Ovy)dx = o(A7%). (2.88)
0 0
Using (2.84), (2.85), the fact that ||U||¢ = 1, and the definition of 01, we get
1[4
; / (ux + bvy)(0]T + 0Ty)dx = o(A72).
0

Inserting the above estimation in (2.88), we get the desired result (2.86). The proof has been
completed. O

Lemma 2.14 The solution U € D(A) of the system (2.48)—(2.51) satisfies the following
estimation:

cl
/ (01 + lux)dx = o(1). (2.89)
0
Proof Leth € C'([0, ¢1]) such that h(0) = h(c;) = 0. Multiplying (2.49) by 2h(u, + bvy),
integrating over (0, c¢1) and taking the real part, then using integration by parts, (2.84), the
fact that u, is uniformly bounded in L?(0, L), and the fact that f» — 0in L2(0, L), we get
cl 1
n (2 / irvh(uy + bvx)dx) + / W |uy + b2 dx = o(A72). (2.90)
0 0
Using (2.84) and the fact that v is uniformly bounded in L2(0, L), we get
Cl Cl
N (2/ iMvh(uy, + bvx)dx> =20 (/ ikvh@dx) +o(1). (2.91)
0 0

From (2.48), we have

(),

AUy = —Vy — 2

Inserting (2.92) in (2.91), using integration by parts, the facts that v is uniformly bounded in
L?(0, L), and f; — 0in H}(0, L), we get

(2.92)

Cl Cl
N (2/ i Mvh(uy + bvx)dx> = / h’|v|2dx + o(1). (2.93)
0 0
Inserting (2.93) in (2.90), we obtain

cl
/ h (Jv* + lux + bv|*) dx = o(1). (2.94)
0
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Now, we fix the following cut-off functions:

1 in  (0,b) +¢), 1 in (by —e,cy),
6r(x) := 0 in (b —e,cyp), and 63(x) := 0 in (0,b; +¢),
0<6,<1lin (by +¢,by —¢), 0<63<1in (by+e,by—¢).

Taking h(x) = x62(x) + (x — c1)03(x) in (2.94), then using (2.84) and (2.85), we get

/ lv|%dx +/ iy 2 dx = o(1). (2.95)
(0,b1+e)U(by—¢,c1) 0,61)U(b2,c1)

Finally, from (2.85), (2.86) and (2.95), we get the desired result (2.89). The proof has been
completed. O

Lemma 2.15 The solution U € D(A) of system (2.48)—(2.51) satisfies the following estima-
tions

[Au(c)| = o(l) and |uy(cy)| = o(l), (2.96)

&) c2
/ |Au)?dx =/ IAy2dx 4+ o(1). (2.97)
C C

1 1

Proof First, using the same argument of Lemma 2.10, we claim (2.96). Inserting (2.43),
(2.50) in (2.49) and (2.51), we get

22U 4 (uy + bvy), —ikey = —% - i% - c{—;, (2.98)
i
)Lzy—i-yxx—l—i)»cu = —% —%—i—c)%. (2.99)

Multiplying (2.98) and (2.99) by Ay and Au, respectively, integrating over (0, L), then using
integration by parts, (2.84), the fact that |U || = 1 and || F || = o(1), we get

L L o5
13/ uydx —A/ uxyxdx—icof [Ay|2dx = o(1), (2.100)
0 0 1
L L ) 0(1)
,\3f yiidx —A/ Vyitydx —I—icO/ |Aul>dx = —=. (2.101)
0 0 1 A
Adding (2.100), (2.101), then taking the imaginary parts, we get the desired result (2.97).
The proof is thus completed. O

Lemma 2.16 The solution U € D(A) of system (2.48)—(2.51) satisfies the following estima-
tions:

2 (o) 2
/ [Aul?dx = o(1), / Ay|?dx = o(1) and / luePdx = o(1). (2.102)

C1 C1 1

Proof First, Multiplying (2.98) by 2(x — ¢2)ii,, integrating over (cy, ¢2) and taking the real
part, using the fact that ||U ||y = 1 and || F|| = o(1), we get

)»2/ 2(x—cz) (|”|2)xdx+/ 2()c—cz) (|ux|2)xdx

1 C1

&)
=N (2“»6()/ (x — cz)yﬁxdx> +o(1). (2.103)
1

@ Springer f DMAC



240 Page 20 of 30 M. Akil et al.

Using integration by parts in (2.103) with the help of (2.96), we get
c2 c2 c2
[ Par s+ [ s < 2l - e [yl 4o, 2100
c cl cy
Applying Young’s inequality in (2.104), we get
c2 c2
[P+ [ s < el - e
1

1

o €2
/ lux|2dx + |col(ca — 1) f [Ay|%dx + o(1). (2.105)
c Cl

1

Using (2.97) in (2.105), we get
I
(1= leol(e2 cmf (13l + ux2) dx < o(1). (2.106)
C1l

Finally, from the above estimation, (SSC3) and (2.97), we get the desired result (2.102). The
proof has been completed. O

Lemma2.17 Let 0 < § < 5L, The solution U € D(A) of system (2.48)—(2.51) satisfies
the following estimations:

c—6
/ vl 2dx = o(1). (2.107)
c1+4

Proof First, we fix a cut-off function 64 € C1([0, L]) such that

1 if xe(c1+8,c0—9),
O4(x) := 0 if x € (0,¢1) U (cp, L), (2.108)
0<bs<1 elsewhere.

Multiplying (2.99) by 64y, integrating over (0, L), then using integration by parts, || F||n =
o(l) and ||U||n = 1, we get

. 2 g 2 LDV . @ o(1)
O4|Ay|“dx — A O4|yx|“dx — A O4yxydx + iico Oquydx = SV (2.109)
¢l cl

Using (2.102), the definition of 64, and the fact that Au is uniformly bounded in L2(0, L),
we get
&)

[65) L
/ 042y |*dx = o(1), / 04y, ydx = o(A7 1), iACO/ Oauydx = o(A™"). (2.110)
c 0

1 C1

Finally, Inserting (2.110) in (2.109), we get the desired result (2.111). The proof has been
completed. O

Lemma 2.18 The solution U € D(A) of system (2.48)—(2.51) satisfies the following estima-

tions:
c1+6 c1+6 L
/ yl2dx, f yl2dx, f iy,
0 0 =8

L L L
/ Iyxlzdx,/ Mulzdx,f lux)?dx = o(1). 2.111)
c—6 [e5) (&)
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Proof Letq € CL([0, L) such that q(0) = g(L) = 0.Multiplying (2.99) by 2¢ y, integrating
over (0, L), using (2.102), and the fact that y, is uniformly bounded in L%(0, L)and || F|| =
o(1), we get

L
/0 g’ (I + 1y«?) dx = o(D). 2.112)

Now, take g(x) = x05(x) + (x — L)0¢(x) in (2.112), such that

1 in  (0,c; +6), 1 in (cp—34,L),
Os5(x) ;= 0 in (¢ —36,L), and 6Og(x) 0 in  (0,c; +96),
0<6; <1lin(c;+6,¢c2—9), 0<6s<1lin(ci+6,c3—9).

Then, we obtain the first four estimations in (2.111). Now, multiplying (2.98) by
2q (u x + bvy) integrating over (0, L), then using the fact that u, is uniformly bounded
in L2(0, L), (2.84), and || F |l = o(1), we get
L
/ q (|)th2 + |ux|2) dx = o(1). (2.113)
0

By taking g(x) = (x — L)67(x), such that
1 in (2, L),
O7(x) = 0 in (0, c1),
0<07 <1lin (c1, ),

we get the the last two estimations in (2.111). The proof has been completed. O

Proof of Theorem 2.7. Using (2.85), Lemmas 2.14, 2.16, 2.17 and 2.18, we get |U || =
o(1), which contradicts (2.46). Consequently, condition (H2) holds. This implies the energy
decay estimation (2.45)

3 Indirect stability in the multi-dimensional case

In this section, we study the well-posedness and the strong stability of system (1.5)-(1.8).

3.1 Well-posedness

In this section, we will establish the well-posedness of (1.5)-(1.8) by using semigroup
approach. The energy of system (1.5)-(1.8) is given by

1 L
E(z):E/O (e > + [Vul® + 1y > + |Vy[?) dx. (3.1)

Let (u, u;, y, y;) be a regular solution of (1.5)-(1.8). Multiplying (1.5) and (1.6) by u; and
V1, respectively, then using the boundary conditions (1.7), we get

E'(t) = —/ b|Vu,|*dx, (3.2)
Q

using the definition of b, we get E’(f) < 0. Thus, system (1.5)-(1.8) is dissipative in the
sense that its energy is non-increasing with respect to time ¢. Let us define the energy space
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‘H by
H = (HL(Q) x L2(Q)’.

The energy space H is equipped with the inner product defined by
(U, Uy = / vurdx —l—f VuVuidx —i—/ zz1dx +/ Vy - Vyrdx,
Q Q Q Q

forall U = (u, v, y, Z)T and Uy = (u1, vy, y1, zl)T in H. We define the unbounded linear
operator Ay : D (Ay) C H —> H by

D) = {U = 0,307 e ¥ v,z € HY (@),
div(uy + bvy) € L*(Q), Ay € L*(Q)}

and

v
div(Vu + bVv) — cz
z
Ay 4+ cv

.AdU= s VU:(H,U,y,Z)TED(Ad)-

IfU = (u, us, y, y;) is a regular solution of system (1.5)-(1.8), then we rewrite this system
as the following first-order evolution equation:

Ur=AqU, U(0) = U, (3.3)

where Uy = (ug, u1, yo, y1)' € H.Forall U = (u,v,y,2)" € D(Aqg), we have
R (AU, U)yy = —f bIVoPdx <0,
Q

which implies that A, is dissipative. Now, similar to Proposition 2.1 in Akil et al. (2022),
we can prove that there exists a unique solution U = (u, v, y, 2)" € D(Ay) of

~AU=F, YF=(" 122 AT en.

Then 0 € p(Ay) and Ay is an isomorphism and since p(Ay) is open in C (see Theorem 6.7
(Chapter III) in Kato 1995), we easily get R(AI — A;) = H for a sufficiently small A > 0.
This, together with the dissipativeness of .A,, implies that D (Ay) is dense in H and that Ay
is m-dissipative in H (see Theorems 4.5, 4.6 in Pazy 1983). According to Lumer—Phillips
theorem (see Pazy 1983), then the operator .4, generates a Cp-semigroup of contractions
¢'Ad in H which gives the well-posedness of (3.3). Then, we have the following result:

Theorem 3.1 For all Uy € H, system (3.3) admits a unique weak solution
U(r) = Uy € CORy, H).
Moreover, if Uy € D(A), then the system (3.3) admits a unique strong solution

U(r) = Uy € CO(Ry, D(Ag)) N C Ry, H).
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Q

Fig.4 Geometric description of the sets wp and w

3.2 Strong stability
In this section, we will prove the strong stability of system (1.5)-(1.8). First, we fix the
following notations:
Q=Q-@;, I =dw.—03Q and [y=dw. —I.
Let xo € R and m(x) = x — x¢ and suppose that (see Figure 4)
m-v<0 on I'n= 0w, —T]. (GO)
The main result of this section is the following theorem:

Theorem 3.2 Assume that (GC) holds and

1 1
lelloe < min = = : (SSC)
e e L

where Cp, , is the Poincarré constant on w.. Then, the Co—semigroup of contractions (e’ Ad)
is strongly stable in 'H; i.e. for all Uy € H, the solution of (3.3) satisfies

lim |le" Uyl = 0.
—+00

Proof First, let us prove that
ker(irl — Ag) = {0}, VA e R. (3.4)

Since 0 € p(Ayg), we still need to show the result for A € R*. Suppose that there exists a real
number A # 0and U = (u, v, y,z)| € D(Ayg), such that

AqU =iAU.
Equivalently, we have

v =i, (3.5)
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div(Vu + bVv) —cz = iAv, (3.6)
z=1i\y, (3.7
Ay +cv =ilz. (3.8)

Next, a straightforward computation gives

0=NRGAU,U)py =R (AgU,U)py = —/ b|Vv|%dx,
Q

consequently, we deduce that
VbVv=0in Q and Vo=Vu=0 in wy. (3.9)
Inserting (3.5) in (3.6), then using the definition of ¢, we get

Au=—2*u in wp. (3.10)

From (3.9) we get Au = 0 in @) and from (3.10) and the fact that A # 0, we get
u=0 in wp. (3.11)
Now, inserting (3.5) in (3.6), then using (3.9), (3.11) and the definition of ¢, we get

22u+ Au =0 in fZ,

u=01in wp C Q. (3.12)
Using Holmgren uniqueness theorem, we get
u=0 in <. (3.13)
It follows that
u=g—z—0 on I'. (3.14)

Now, our aim is to show that u = y = 0 in w,. For this aim, inserting (3.5) and (3.7) in (3.6)
and (3.8), then using (3.9), we get the following system:

Au+Au—irey =0 inQ, (3.15)
Ay + Ay +ireu =0 in€Q, (3.16)
u=0 ondw,, (3.17)
y =0 onTy, (3.18)

u
— =0 only. (3.19)

av

Let us prove (3.4) by the following three steps:
Step 1. The aim of this step is to show that

/c|u|2dx:/ clydx. (3.20)
Q Q

For this aim, multiplying (3.15) and (3.16) by y and i, respectively, integrating over 2 and
using Green’s formula, we get

AZ/ uydx—/ Vu~Vydx—ik/ clyl?dx =0, (3.21)
Q Q Q

AZ/ yitdx—/ Vy-Vﬁdx—HA/ clul?dx = 0. (3.22)
Q Q Q
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Adding (3.21) and (3.22), then taking the imaginary part, we get (3.20).
Step 2. The aim of this step is to prove the following: identity

2
dar

9
—d/ |,\u|2dx+(d—2)/ |Vu|2dx+/ (m - v) | 22
we We To

av
=20 (ik/ cy (m-Vu) dx) =0. (3.23)

For this aim, multiplying (3.15) by 2(m - Vi), integrating over w, and taking the real part,

we get
20 <k2/ u(m - Vﬁ)dx) + 2N </ Au(m - Vﬁ)dx)

=20 (ik/ cy(m - Vﬁ)dx) =0. (3.24)
Wc
Now, using the fact that # = 0 in dw., we get

RN (2%/ u(m-Vﬁ)dx) = —d/ |Auldx. (3.25)

Using Green’s formula, we obtain

20 (/ Au(m - Vﬁ)dx)
:—29%(/ Vu~V(m~VL_t)dx> —i-ZER(/ 8—u(m-VIZ)dl">
We Iy v

9
=Wd—-2) | |VulPdx — | (m-v)|Vul>dx + 2R (/ M m. Vﬁ)dl“) (3.26)
[ dwe 0 v
Using (3.17) and (3.19), we get
2 au|?
(m - v)|Vul|“dx = (m-v)|—| dI' and
dw, To av
! ou _ au|?
N — (m-Vi)dl') = | (m-v)|—| dT. (3.27)
Iy v Iy v

Inserting (3.27) in (3.26), we get
2

a
29 (/ Au(m~Vﬁ)dx>:(d—2)/ \Vuldx + | (m-v) a” dT.  (3.28)
We [oF Ty v

Inserting (3.25) and (3.28) in (3.24), we get (3.23).
Step 3. In this step, we prove (3.4). Multiplying (3.15) by (d — 1)u, integrating over w. and
using (3.17), we get

d—1 [ |rulPdx+(1— d)/ |Vul?dx — % (ik(d - 1)/ cyﬁdx) =0. (3.29)

We

Adding (3.23) and (3.29), we get

Aul?dx + | |Vul*dx = | (m-v) 3

9 2
“Iar — o <iA /
v o,

@ Springer f DMAC

cy (m - Vi) dx)

We We Iy



240 Page 26 of 30 M. Akil et al.

! <ik(d - 1)/ cyﬁdx) =0.
we
Using (GC), we get

f |xu|2dx+/ |Vul>dx §2|A|/ lellylm - Vuldx
We we We

c

HAld =1 [ lcllylluldx. (3.30)

We

Using Young’s inequality and (3.20), we get

2141 lellylim - Vuldx < IImlloollvlloo/ (Ihul* + |Vul?) dx (3.31)
on

We

I — 1)/

+ d— 1)||C||oocp,w(»
2 e

Inserting (3.32) in (3.30), we get

d-1 d—1)Cpo,
(1 = lielleo (”m“oo + T)) / |Aul*dx + (1 —llclloo (”m”OO + %))

/ |Vul>dx < 0.
(2

and

d—1
lc@)lylluldx < w/ ot 2dx
We

[Vul?dx. (3.32)

Using (SSC) and (3.20) in the above estimation, we get
u=0 and y=0 in w,. (3.33)

In order to complete this proof, we need to show that y = 0 in €. For this aim, using the
definition of the function c in €2 and using the fact that y = 0 in w,, we get

Ay+Ay=0in Q,

y = 0 on 39, (3.34)
dy
— =0 on I'y.
av

Now, using Holmgren uniqueness theorem, we obtain y = 0 in € and consequently (3.4)
holds true. Moreover, similar to Lemma 2.5 in Akil et al. (2022), we can prove R(iAl — Ay) =
‘H, VA € R. Finally, by using the closed graph theorem of Banach and Theorem A.2, we
conclude the proof of this Theorem. O

Let us notice that, under the sole assumptions (GC) and (SSC), the polynomial stability of
System (1.5)-(1.8) is an open problem.

4 Conclusion and open problems

4.1 Conclusion

Concerning the first part of this paper: In Ghader et al. (2020) and (Ghader et al. 2021), Ghader
etal. considered an elastic-viscoelastic wave equation with one locally Kelvin-Voigt damping
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and with an internal or boundary time delay. They got an optimal polynomial energy decay
rate of type £~*. In 2021, Akil et al. in 2021 considered a singular locally coupled elastic-
viscoelastic wave equations with one singular locally Kelvin-Voigt damping such that the
region of damping and the region of coupling are intersecting, a polynomial energy decay
rate is established of type # ~!. Indeed, the case when the regions of damping and coupling are
disjoint is still an open problem. In this paper, we are interested in considering this case. In
fact, in the first part of this paper, we consider the case of direct stability of one-dimensional
coupled-wave equations; i.e., the two wave equations are damped. We note that the position
of the coupling region plays a very important role. We proved the following two cases:

e If we divide the bar into 7 pieces; the first piece is the elastic part without coupling, the
second piece is a viscoelastic part without coupling, the third piece is the elastic part
without coupling, the fourth piece is a viscoelastic part without coupling, the fifth piece
is the elastic part without coupling, the sixth piece is the elastic part with coupling, and
the last piece is the elastic part without coupling (see (C2) and Figure 2). In this case,
our system is always asymptotically stable and a polynomial energy decay rate of type
¢t~ has been obtained.

e If we divide the bar into 7 pieces; the first piece is the elastic part without coupling, the
second piece is a viscoelastic part without coupling, the third piece is the elastic part
without coupling, the fourth piece is the elastic part with coupling, the fifth piece is the
elastic part without coupling, the sixth piece is a viscoelastic part without coupling, and
the last piece is the elastic part without coupling (see (C1) and Figure 1). Our system is
strongly stable if the coupling coefficient satisfies

va 1 ) A.1)

c—cil—c

|col < min (

In this case, a polynomial energy decay rate of type r~* has been proved. Concerning the
second part of this paper,We consider a locally coupled wave equations with one locally
Kelvin—Voigt damping such that the damping region and the coupling region are disjoint (see
(C3) and Figure 3). When the two wave equations propagate at the same speed (¢ = 1) and
the coupling coefficient satisfies the following condition:

lcol < 4.2)

¢y —C
In this case, our system is always strongly stable and a polynomial energy decay rate of type
! has been obtained.

Concerning the third part of this paper: In 2022, In Akil et al. (2022) Akil et al. considered
multidimensional locally coupled wave equations with locally Kelvin-Voigt damping. If the
regions of the coupling and the damping coefficients are intersecting, without any geometric
conditions and without any conditions on the coefficients, the authors proved that the system
is strongly stable. Also, under the Geometric control condition (GCC) the authors proved
a polynomial energy decay rate of type t~'. In the third part of this paper, we consider the
same system under the condition that the coupling and the damping region are disjoint. When
the two wave equations propagate at the same speed (a = 1), the part of the boundary of
the coupling region satisfies a Multiplier Geometric condition (see (GC)), and the coupling
coefficient satisfies the following condition:

1 1
lellos < min R - : 43)
oo + 5 m oo + R
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we prove that our system is strongly stable.

4.2 Open problems

In this part, we present some open problems:

(OP1) The optimality of the polynomial decay rate of the system (1.1)-(1.4) remains an
open problem.

(OP2) For the first part of this paper: Can we get stability results if the coupling coefficient
does not satisfy (4.1)?

(OP3) For the second part of this paper: Can we get stability results if the coupling coefficient
does not satisfy (4.2) or if the two waves equations propagate at different speeds (i.e.
a #1)?

(OP4) For the third part of this paper: Can we get stability results if the coupling coefficient
does not satisfy any Geometric conditions or the coupling coefficient does not satisfy
(4.3) or if the two waves equations propagate at different speeds (i.e. a # 1)?

Appendix A. Some notions and stability theorems

In order to make this paper more self-contained, we recall in this short appendix some notions
and stability results used in this work.

Definition A.1 Assume that A is the generator of Co—semigroup of contractions (e”‘) >0 0N

a Hilbert space H. The Cp—semigroup (e”‘)t>0 is said to be
(1) Strongly stable if

lim |le'4xolly =0, Vxoe H.
t——+0o0

(2) Exponentially (or uniformly) stable if there exists two positive constants M and ¢ such
that

le'xolly < Me™*'||xolly, Yt >0, Vxoe H.
(3) Polynomially stable if there exists two positive constants C and « such that
le"xollm < Ct™¥llxollm, Vi >0, Vxo € D(A).
]

To show the strong stability of the Co-semigroup (e’ A)
due to Arendt and Batty (1988):

=0 e rely on the following result

Theorem A.2 Assume that A is the generator of a Co—semigroup of contractions (e’ A) >0
on a Hilbert space H. If A has no pure imaginary eigenvalues and o (A) NiR is countable,
where o (A) denotes the spectrum of A, then the Co-semigroup (e’ A) />0 IS strongly stable. O

Concerning the characterization of polynomial stability stability of a Co—semigroup of con-
traction (e’ A) >0 W rely on the following result due to Borichev and Tomilov (2010) (see
also Batty and Duyckaerts 2008 and Liu and Rao 2005):
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Theorem A.3 Assume that A is the generator of a strongly continuous semigroup of con-
tractions (e’A)t>0 on H. If iR C p(A), then for a fixed £ > 0 the following conditions are
equivalent:

1
limsup — ||[(iAl — A)~! 00, Al
Bl L b
c
le"*Uoll3y < < 1UoliHay. V2 > 0. Uy € D(A), for some C > 0. (A.2)
17

m}
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