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Abstract

This paper proposes the alternating direction implicit (ADI) numerical approaches for
computing the solution of multi-dimensional distributed-order fractional integrodifferential
problems. The proposed method discretizes the unknown solution in two stages. First, the
Riemann-Liouville fractional integral term and the distributed-order time-fractional deriva-
tive are discretized with the help of the second-order convolution quadrature and the weighted
and shifted Griinwald formula, respectively. Second, the spatial discretization is obtained by
the general centered finite difference (FD) technique. At the same time, the ADI algorithms
are devised for reducing the computational burden. Additionally, the convergence analysis
of proposed ADI FD schemes is analyzed in detail through the energy method. Finally, two
numerical examples highlight the accuracy of the proposed method and verify the theoretical
formulations.
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1 Introduction

This paper considers the distributed-order fractional integrodifferential equation in two/three
dimensions

DPu(x, 1) — pAux, 1) — [P Au(x, 1) = f(x,1), 0<B <1, (x,1)e2x(0,T].
(D

The initial condition and the boundary condition (IC and BC, respectively) are prescribed as

u(x, 0) = k(X), X € 2, 2)
u(x,1) =0, (x,1) €082 x|[0,T], 3)

and the distributed-order integral is defined as
1
DPu(x, t) = fw(ot)Df‘u(X, t)do. 4)
0

Following Podlubny (1999), the Caputo fractional derivative (CFD) and the Riemann—
Liouville fractional integral (RLFI) are respectively defined in

t
ﬁof(t — s)_‘"%(x, s)ds, O0<a <1,

Deu(x, 1) = ©)

x,1), a=1,
and , .
D) = {ﬁ(l — )P ()ds = 175 {(r — )77 (s)ds,
U e (0,1), t € (0, 00),

(6)

in which w(@) > 0 with fj @(@da = ¢g > 0, 2 = R> or R, I'(9) = f;7> &7~
exp (—£)d& and f(x, t) represent the weight function, spatial domain, the Euler’s Gamma
function, and forcing term, respectively. Without loss of generality, we can take a zero initial
value u(x, 0). If u(x, 0) = @ (x), then we can consider a transform w(x, t) = u(x, t) — w (X).
Theory of fractional calculus (FC) generalizes the integer order derivative to arbitrary order,
which can be achieved in space and time with a power law memory kernel of the nonlocal
problems (Tarasov 2021a,b; Kumar and Saha Ray 2021; Behera and Ray 2022; Moghad-
dam et al. 2019; Abdelkawy et al. 2022; Lopes and Machado 2021). With the increasing
popularity of FC, fractional differential equations (FDEs) have become an important key
for describing and modeling various phenomena phenomena in scopes of engineering and
sciences (Podlubny 1999; Hilfer 2000; Akram et al. 2021; Alia et al. 2021). Nakhushev
(1998, 2003) discussed the importance of studies on the positivity of continuous and discrete
differentiation and integration operators in the theory of mixed type equations and FC and
proposed that fractional integrals (FIs) of uniformly distributed order can be expressed in
terms of the so-called continual FIs. Then, Pskhu (2004, 2005) suggested the fractional oper-
ators which are the opposite of the continual Fls and presented the theory about the continual
integro-differentiation operator. Their research has had a significant impact on the study
of FC. Furthermore, many scholars have proposed different numerical methods for solving
FDEs, including finite difference (FD) (Qiu et al. 2019; Yn et al. 2011), finite element (FE)

@ Springer f bMA



Efficient alternating direction implicit numerical approaches... Page3of27 236

(Liu et al. 2015), two-grid methods (Liu et al. 2015; Qiu et al. 2020, mehless method (Nikan
et al. 2021b,a; Nikan and Avazzadeh 2021) and etc. In recent decades, distributed-order
partial differential equations (DOPDEs) have a wide range of applications in mathemati-
cal physics and engineering (Bagley and Torvik 2000; Caputo 2001), and can be used to
describe the dynamics of anomalous diffusion and relaxation phenomena. Distributed order
derivatives are fractional derivatives that have integrated the order of the derivative over a
certain range. On the one hand, the distributed order fractional problem can be extended to
a general integer order problem. On the other hand, the distributed order problem can be
discretized into a multi-term time fractional order problem. In the past few years, more and
more researchers have studied distributed-order differential equations. Naber (2004) obtained
the solution for the fractional subdiffusion equations with the distributed-order by means of
Laplace transform and variable separation. Kochubei (2008) studied the distributed order
derivative and integral. Atanackovic et al. (2009) investigated the Cauchy problem of the
time distributed-order diffusion wave problem. Meerschaert et al. (2011) analyzed explicit
strong and random analogs solutions. Katsikadelis (2014) adopted a new numerical approach
to approximate distributed order FDEs of a general formulation in an integration domain.
Morgado and Rebelo (2015) explored an implicit approach for solution of the distributed-
order time-fractional nonlinear reaction-diffusion problem. Chen et al. (2016) studied the
spectral scheme and pseudo-spectral scheme in a domain of semi-infinite space. Du et al.
(2016) analyzed and proposed the higher-order FD techniques having smooth solutions in
1D and 2D spaces. Jin et al. (2016) developed two fully discrete approaches including error
analysis to discretize the distributed-order time fractional diffusion problem including nons-
mooth initial of data. Abbaszadeh and Dehghan (2017) subsequently presented an improved
meshfree technique with error estimation. Gao et al. (2017) developed an interpolation-based
approximation for the temporal second order difference scheme to approximate multi-term
distributed order time FDEs. Yang et al. (2018) formulated an orthogonal spline colloca-
tion (OSC) technique. Qiu et al. (2020) advanced the Galerkin FE technique for the time
fractional mobile-immobile model with the distributed-order. Gao et al. (2020) investigated
the nonhomogeneous 2D distributed-order time-fractional cable equations by unstructured
grids of Galerkin FE. Zhang et al. (2022) presented an ADI Legendre-Laguerre spectral
scheme for the 2D time distributed-order diffusion-wave problem on a semi-infinite domain.
Jian et al. (2021) established fast numerical algorithms to solve the Riesz space fractional
diffusion-wave problem with time distributed-order.

It is well known that the ADI methods have the advantage of reducing the compu-
tational burden using decomposing a multidimensional problem into several independent
one-dimensional problems Huang et al. (2021). Some fractional order problems have been
studied so far by the ADI methods. Chen et al. (2016) and Qiao et al. (2021) proposed the ADI
FD technique for fractional order Volterra equation and the 3D nonlocal evolution equation.
Pani et al. (2010) implemented ADI OSC method for the single-order time FDEs. Gao and
Zz (2016b,a) adopted the ADI FD approach to the distributed-order time-diffusion equa-
tions, while Li et al. (2013) used the ADI FE scheme for the investigation of single-order
temporal/spatial FDEs. However, the problem (1)—(3) in two/three dimensions has not been
studied. In the following, we will discuss and analyze this issue.

For large problems, the ADI method can reduce the storage requirements and computa-
tional complexities. In addition, although the implicit method has good stability, it requires a
large amount of CPU run time if the number of unknowns is large. Therefore, we construct an
ADI FD scheme, which deals with two- and three-dimensional problems by solving a series
of smaller, independent one-dimensional problems. The main objective of current work is
to develop the efficient ADI numerical approaches for distributed-order integrodifferential
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equations for the case of two/three dimensions. The time discretization is obtained based on
the second-order CQ rule and the weighted and shifted Griinwald formula for the RLFI and
the distributed-order time-fractional derivative, respectively. Then, we adopt the central FD
technique to establish the fully discrete scheme. Meanwhile, the fully-discrete ADI differ-
ence approaches in two/three dimensions are obtained with corresponding ADI algorithms.
The numerical results show that our schemes in two/three dimensional cases are conver-
gent, with time convergence of order 2, spatial convergence of order 2, and distributed-order
convergence of order 2, respectively.

This paper includes five sections as follows. Section 2 gives the necessary notations, some
useful lemmas and derivation of ADI difference approaches and performs the convergence
analysis of the two-dimensional distributed order problem. Section 3 constructs the ADI
approach of the three-dimensional problem by adding a tiny term, and studies the convergence
analysis of the ADI approach by means of the energy method. Section 4 presents two test
problems to confirm the theoretical prediction and show effectiveness of the method. Finally,
Section 5 summarizes the main concluding remarks.

2 Numerical description and theoretical analysis for the
two-dimensional case

2.1 Preliminary

In the following numerical method analysis, we assume that two-dimensional problems (1)—
(3) have a sufficiently smooth and unique solution on the domain §2 = (0, L) x (0, L) and
its boundary 9£2. We will give some useful symbols and significant lemmas, which can help
us in the subsequent discussions. First of all, let us define the necessary notations of time
and distributed order. For convenience, we consider a temporal step size which is selected
as the nodes T = % andt, = nt,0 <n < N, where N and T are the total number of time
steps and a finite time, respectively. For positive integers N and J, we separate [0, 1] into
2J-subintervals oy = [Ax, 0 <1 < 2J, so that distributed-order step size Aa = % For

1
n=1,2,...,N,letusintroduce §;v" "2 = %(v” — v"~1). In what follows, we mention the
composite trapezoid formulation for discretizing the distributed-order integral.

Lemma 1 (Gao and Zz 2016b) For o («) € C2[0, 1], we have

1 2J "
Jo(@da = na Y o (@) — S5 (da)?, &€ (0, 1),
0 =0
in which
i, 1=02J,
=
1, [=1,2,...,2J —1.

Next, we describe the process of discretization for the distributed-order CFD. Now, let us
introduce

+oo
@) = folo e LI [ 1+ 6D HIp@ls <o), sz,

where ¢(&) = Flpl¢) = fj;o e¥1(¢)dr illustrates the Fourier transformation for the
function ¢(¢).
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Lemma2 (Pskhu2004; Meerschaert and Tadjeran 2004) For ¢ € 3*T1(R), the RL fractional
derivative can be stated as

t
—oDf (1) = Fgy g | (@ =) p(6)de )

and
BY,0() =t Z &Pt — (k —m)7), ®)

in which g(a) = (=D (‘]’(‘) are the coefficients for a € (0, 1] and m is an integer. Then, we
have
BZ ,9(1) =—o0 Dif@(t) + O(7),

uniformly satisfies int € R when v — 0.

Furthermore, in the case of 0 < « < 1, the coefficients g,((a) introduced in (8) satisfy the

following properties

géa) 1, g%a) =—a <0,

(ot) g(a) gé(;x) <...<0,

@ _ 3,05 | ©
Zg —,kzogkz,nz.

For carrying out a theoretical analysis, we require the following lemma.
Lemma 3 (Tian et al. 2015) Assume that ¢ € I*T2(R). Then, we have
S 5@

(1+ DBLow0 = §BE_ 190 =7 3 1ot — ko)

= o0 DFp(1) + O(?),
uniformly holds for t € R when t — 0, and the coefficients )»,(ca) can be evaluated as follows

WO=0+ 9", A =0+9gY -4, k=1 (10)
Actually, it can be checked for 0 < o < 1 that

(@ _ @ _ _aB+
) =1+2>0 AY=-2C <,

J17-3
(@) 1 2 = 05 o€ [0, 2 ]7
Ay = —a(a” + 3 —2) =
o4 {>0, ae (=2,

WO = [+ HEE) — g <0, k=3

From Wang and Vong (2014a), we can obtain the following non-negative properties.

Lemma4 (Wang and Vong 2014a) Let the coefficients {k(a)} are introduced in (10). For
any mesh series (Wl, e, W”‘)T e R™, we have

m n—1
Z (Z }LI({a)Wn—k>Wn > 0.
n=1 k=0
According to the aforesaid lemma, we can conclude the lemma as follows.
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Lemma5 (Gaoand Zz2016a,b) Assume that the coefj‘icients{ )L,(Ca) }1(:0:0

(10). Then, for any mesh series (WO, R Wm)T e Rt it follows that

i (Z x,ﬂ‘”w”) W" > 0.

n=0 \k=0

are introduced in Eq.

Afterwards, we define the following notation

2J

= [Aa > clw(al)r_“/kéal)]. (11)
=0

Then, we get the estimate as follows.

Lemma 6 (Gao and Zz 2016b) Let w1 be defined in the relation (11). Then, we get 1 =
O((r| 1nr|)*1).

Secondly, we take two positive integers M| and M». Let hy = L{/My, hy = L2/M>,
h = max{hy, hy}. Define the nodal points x; =ihy,0 <i < My, y; = jh2,0 < j < M,
x={1<i<M —-1,1=<j<M—1},y={G )Ix;,y;) € 082}. Also, we introduce
2p={(i,y)0<i <M,0<j< M}, 2y = {wlw € 2,5 w;; =0, when (i, j) € y),
2, =2, N2 and 082, =2, NIS2.

In order to facilitate the analysis, suppose that the symbols u;.'j and f/ represent the values
of functions u(x, y, t) and f(x, y, t) at nodal point (x;, y;, t,,), respectively. We define some
necessary notations for any grid function w = {w;;|0 <i < M;,0 < j < M>} over 2,

1
X i hl ij i—1,j7° YWij h2 ij i,j—1/
S2ull = Gl — Sy ), SR = - (Sywlh — Syl )
wWij = g O Wiy = Wi ) yWij 1= g Wiy T Oy Wi 1)

Apwfy = STwlh + 85w, 1<i<Mi—1, 1<j<My—1, 1<n<N.

Let us define the discrete inner product and the associated norms for w, v € £2), by

My—1 My—1
(w,v):=hihy Y Y wijvj, vl =+, v), vl = [_max gl
=l j=1 1Zj=Mh1
Sj=M

Here, we present the associated discrete method and some lemmas to construct the ADI
difference approach. First, we introduce the second-order CQ strategy (cf. Lubich 1986,
1988) for discretizing the RLFI / B (1) as

n
ol @) =1y o or + Pl e, 0<p=<1, (12)
p=1

where the CQ weights w‘iﬁ ) can be derived by

GNP =3 P,
s=0

in which §(v) denotes the generating function Lubich (1988). For the CQ with second-order
accuracy, we get

2
sS(v) = Zl Ta—vy.
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Therefore, we can get the quadrature weights a)(ﬂ )
B _ 1P ra-pg
e =D = D ramra—gm > 0
(ﬂ)_()aim s> 0.

=

We can present the correction weights w(ﬁ ) introduced in (12) for discretizing the integral
term with second-order accuracy in the time dimension. When ¢ = 1, we have

n B 8
0 (1) = w5 [ty — )P 1ds = 2 (13)
0

Thus, we arrive at
n

~(B) _ P (ﬁ)
@n _'F£+ﬁ) §:

Now, we analyze the quadrature error.

Lemma 7 (Chen et al. 2016; Xu 1997) Suppose that the function v (t) is continuously dif-
ferentiable over (0, T] and real, v, (t) is integrable and continuous on (0, T]. Then, the
quadrature error can be obtained using

n—1

1By (1) — Q(ﬁ)(lﬁ)IEC[ 20811y (0)] + 72 /(,n I ETp
tn
+o!tP |w,,(s)|ds], 0<p<l,
-1

in which Q(ﬁ)(lﬂ) is presented by (12), and 0 < t, < T < oo.

Remark 1 Throughout the article, C represents a generic positive constant which is inde-
pendent of the space and time step sizes. In addition, it is not necessarily same in different
occurrences.

Remark 2 Through the above-mentioned Lemma, the quadrature error of the CQ is O(¢1+#).
However, the quadrature error of second-order CQ is O(z?) when [V ()] < C,t €[0,T].

In the following, we list some useful lemmas based on the Taylor formula with integral
remainder.

Lemma8 (Ynetal.2011) Supposing that u(x, y, -) € Cx'3([0, L11x [0, L21). Then, we get

9%u
ﬁ(xi, Vi tn) = 8)2(Ulr;
W2 [ ot 9*u (14
— 2 [ [+ by ) + S = shyy) |- 6%,
0
9%u

_ 27n
87)12()”’ Vjs th) = Sinj

4 15)

h% *u 0%u 3
[y a3+ B to) 5 iy = o) | 1 )%,

6
0
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Now, we can obtain the bound of I®u, (x;, Vi th) — Q(ﬂ)(S)%U,-j).
Lemma9 Assumethatu(x,y, 1) € Cy7 (10, L11x[0, La]x[0, T1). Then, forn = 1,..., N
and (i, j) € x, we get
((ROY| = 1P Autxi, yj, 1) — QP (MnUij)| < C2 + 13 + h3). (16)
Proof Using the triangle inequality, we have
1Py (xi, yjs 1) — Q(ﬁ)(SEUij)\
< [1Purc (i, v tn) — OF (x (i yj )| + | O (s (i v, ) — 0 (82U3) .

In other hand, for the estimate of } () (uxx (Xi, ¥js ~)) Q(ﬁ) (6)%
(formula (2.4), Qiao et al. 2022) to get

|Q"”(uxx<x,, vi.)) — 0P 82U
=c(e Z o, )13 + CePloff i}

ij)|» we use Lemma 8 and

p-1
< C(fsﬁ—lds)h% + B p2

< Cth h2 + t,’fn*lh%
< C(T)h2

Regarding Lemma 7 and Remark 2, we get

T Prure i, yjs12) — OF @20 | < [TPurs i, yjs 12) — O (e (i, yj, )| + Ch2
<C(?+ h%)

In the same way, we can prove |1(’3)uw(x,, Vi tah) — Q(ﬂ)(S'%U,Z,)} <C@E%+h: 5). To sum

up, the proof is completed. O

2.2 The derivation of the ADI difference approach in two dimensions

Firstly, we can establish the ADI difference approach for Egs. (1)-(3). Considering Eq. (1)
at the nodal point (x;, y;, t;) for (i, j) € x,n=1,..., N, we have

DPu(x;, yj, tn) — pAui, yjo tn) — IO Aulxi, yjo tn) = f(xiy yj, 1),

(x,y)ef2, n=1,...,N. (17

From Lemma 1, we can get

1 2J
D®u ” fa)(a)D"‘u” do = Aa Y i (o) D'l L+ O(La?).
=0

Observing the equivalence of the CFD Df ¢(¢) and the RLFD _o, D ¢(t) with ¢(t) = 0 at
t < 0 and employing Lemma 3 as well as the above formula, we can obtain

Dyul; = Aa Z cro (o)t Z WU+ 02 + Aa?). (18)

From Lemmas 8 and 9 leads to

1P Auxi, yj. 1) = OF (Anuij) + (R G.j)ex. n=1,....N. (19)
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Inserting relations (14), (15), (18) and (19) in (17) yields that

Aa S o S @)k _ 53 0® Aul 4 2B A, g0
al;‘)clw(oq)t ZA ;LAhu —(z pz:lw”*”Ahuij—i_T @ Apuj;)
= i3+(R1)ij’ (l,])EX, I’lZI,...,N,
(20)
in which
(R | < C(r2+h% +h§+Aa2). @1)

2 = (R»)}; to both sides of Eq. (20), we can

Then adding the small term tu1u282828,u

get

2 @) n—k ®) )

Aa Y o)t Z Al ”J - ,LLAhu” — (7P Z w, Ahu + P&, Ahu?j)
=0 ¥
l
+ru1u282628tuu z = —l—R:’/, (i,j)ex, n=1,...,N,
(22)
in which
|R | = \(Rl)” + (R)}; | < C(r2 +h3+h3+ Aa2>,
4,42

from which, if u € Cx.y’,([O, L] x [0, Lp] x [0, T]) with T,l,Ll,LL% = (’)(r2|lnr|), then

|(R2);?j| <Ct2 Noting the IC and BC in (2)-(3), we obtain

Wy =iy, G pex, uy=0, (,pey, n=1,...,N. (23

Ignoring the truncation error R}, and using the substitution of U}, instead of u;’j in Egs. (22)-
(23), we can provide the ADI difference approach for Eqgs. (1)—(3) as

el @p) ik ® B
Aa Y ()T Z e DUSTE = p AU — (P Z o, , AU + T
=0 (24)
1

T= 1 (i,J)ex, n=0,1,...,N,

AU + mmza%zs,Ui’;’
0 _ Ly
U,;{ = K(xl,y]‘),. @, J) € x, 25)
Ul.jzo, (i,j)ey, n=0,1,....N
Let us introduce u, = ,ufl(u + rﬁw(ﬁ)) where (1 is defined in (11). It is not hard to get
that uy = O(t|Int]). At the same time, we notice that (24) can be restated as

pUL — (u+ tof ) AU + T p382828,U) * = Fl, (26)
where
n . —a, (@p) yrn—k B -l B) r B ~(B) 0 n
Fh :—Aal;)clw(al)t lka Ui+t E} Wy p AnU;; + TP on ApU + £

Denoting the notation E” = U" — U™, after simplification, we can obtain the following
ADI scheme
(T — n28)(I — 8N E}, = F; 27)
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where 7 is an identity operator, .7?[’; is given as follows

2J n
ﬁl’; = —Ul.';._l + u,zAhUi'}_l — ,ul_]Aot Zcza)(az)rf‘” Zk,(ca’)Ui’}_k
1=0 k=1

n—1
+ur' > o, AUl + u PP AUl + !t £
p=1

Solving two sets of independent 1D problem, we can determine Ul’; Let us define

n 1

E; = (T—m&)E},  (i,y) €2y, n=1,...,N.
Therefore, we give the following computational steps:

Step 1 Firstly, for fixed j € {1, 2, ..., My — 1} we solve the following system to calculate

_1
(E;; ?):
1
N2 _ : _
(I—l,uz(SX)El..{. =F, 1<i<Mi—1, n=1,...,N, 28)
Eo ;' =Ey,;=0
_1

Step 2 Once {Einj 2} is available, fixed i € {1,2,..., M — 1}, we can solve the system as
follows:

1
n—sz

(T — ma8))E}, = E; 7,

Eﬁ0=EﬁM2 =0

1<j<M;—-1, n=1,...,N, (29)

to compute {E Z }, and we can get the desired solution {U i’;} further.

2.3 Analysis of the ADI difference approach

This subsection only examines the convergence analysis of the proposed algorithm (24)—(25).
In what follows, we introduce some useful lemmas.

Lemma 10 (Xu 1997) Fort € {t € C,Re(r) > 0}, B(t) € L1°¢(0, c0) denote a positive
value if and only U‘Re(,é(z)) > 0, in which ﬁ(é) = fj;o e"gt,B(t)dt indicates the Laplace
transform of B(t) introduced in (6), and Re(-) represents the real part.

Lemma 11 (Lopez-Marcos 1990; Xu 1997) Suppose that a real-valued sequence {ag, ay, . . .,
as, ...} satisfies: for any vector (Ll, L% ..., LN) e RV, positive integer N, and a(z) =
> pasz’ is analyticin S = {z € C: |z| < 1}, for z € S, it follows that

N n
> ( > an—pr)Ln >0,
n=1 p=1

if and only if Re(a(z)) > 0.

Lemma 12 (Chen et al. 2016; Lopez-Marcos 1990) The functions w, v € 24 have the fol-
lowing properties:
Fw, v)| < hi%llwllllvlls

Mi—1
D @GFw,v) = ~h1 Y Gxwj1)(Grvjr1).
j=0
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In the same way, we can denote the notation (8§w, v) and so on.

Define

e;’J = u(xi, ), ty) — /—u Ul';, (i, j)ex, n=0,1,...,N.

Subtracting (24)—(25) from (22)—(23), respectively, and denoting the notation A« leio C
w (o)t~ % = @; ;, we can compute the error system of equations as follows

Dy Z }»(m) ok nApe; — (tf Z o pAnef; + rﬂw(ﬂ)Aheg) 0

1

+T/L1M%3)%3)251€ Z—R:’J, (l,J)EX, n=1,..., N,
e =0, (G, ))ex,

el(’jzo, @(i,j)ey, n=0,1,...,N.

3D

Theorem 1 (Convergence). Suppose that {u"}N o and {U "}N o are the solutions of (1)~(3)
and (24)-(25), respectively. Let u(x, y, 1) € c;“y‘,z([o L] x [0, La] x [0, T1). Then, we
obtain

N
T len? = ey (2 + B+ na?).

n=1

Proof We establish the following weak formulation by taking the inner product of (30) by
te”, summing fromn = 1 to N, adding small term 7| (€2, €9 to the both sides of (30) and
denoting &€ = T as

N n @) N N n (ﬁ)
@, Y Y (K e — ut Y (Ape, e") — TP Z Z p(Ane?, e

n=0k=0 n=1
N N
Y P (M ) + T Y T pd(E2628,e" e = 1 Z(R" ") + 5112
n=1 n=1 n=1
(32)
Each term in (32) will be analyzed below. Firstly, based on the Lemma 5, we have
N n
@ Y Y A (@K e > 0. (33)
n=0 k=0
Secondly, we can get
—(Ape". e") = —(87¢" + 87", e")
= (8y€", 8:€") + (8y€”", 8ye")
o o (34)

= [18ce" 1> + lI8ye" ||
D= || Vae ||
Thirdly, from Lemmas 10-12, we get

Z Zw(ﬁ) (Ape?, ") = Z Zw,(f)p [(6re”, 8xe") + (8ye”, 8ye™)] (35)

n=1 p=1 n=1 p=1
> 0.
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Fourthly, applying Lemma 12 (i), we arrive at

N N
DS 5P (A0, &) < TS (5P| (apel, e
n=1 n=1
4 e 4||e°||||e I
_Tl+ﬂ[ v ]Z' @) (36)

1
=4 1+'3(]12 h% Z|w<ﬂ>|||e0||||e -
n=1

Moreover, we have

1

N 0
T /1,1;1,2 2(82528 e"_f e = rzulu Z 858§L

—1
,e”>
T

n=1 n=1

= T 2
) N el P 1 e n 1+en l+e
> TR, 2(&8 - , 0x 3y 3 )
e
T3
> =2 (I8:8ye™ 17 = 18:8°1).
37
Finally, employing the Cauchy—Schwarz inequality arrives at
N N
T (R ") <ty |R"|lle"]l. (38)
n=1 n=1
Inserting (33)—(38) in (32), we have
2 2
T TUIH ~
Ty IVae | + Tznaxayean < — 210:8,e%7 + e’
(39)
+ar! P (— Z|cb<ﬁ>|||e°H||e ||+rZHR"\||e I
2 n=1

Next, using the Young inequality ab < ea®+ ;-b*(a, b € R, & > 0) and Poincaré inequality
lle"|| < CollVe" |l to get

N 2 2
T TUIK TRIM ~
oz 2 NP+ =28y eI = 2 18c8ye ) + 2102

1 )
+4 1+ﬁ(h2+hg)zl 1] e ||+—Z||R"||2 4C2X‘1II”IIZ
' = 4o
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Then, because of ¢ = 0, we have

3‘” Zn "% < —ZHR”H (1)

Finally, we obtain the convergence results as

N N
Ty "I = CT Y IR
n=1 n=1

2
< C(T)(r2 + 0+ 13+ Aa?)

(42)

This completes the proof O

3 Numerical method and error analysis for the three-dimensional case

This section presents the numerical scheme and analysis of the three-dimensional problem
(1)—(3) with £2 = (0, L1) x (0, L2) x (0, L3). Except for special definitions, other signs are
the same as the two-dimensional case.

3.1 The derivation of the ADI difference scheme in three dimensions

Leth; = 1 ,hy = M 2 h3 = M 3 h =max{hy, ha, h3}, where M, M,, M3 are the number
of divisions in the x, y and z dlmenswns respectively. The nodal points x; = ihy,y; =
Jjho,zm = mh3,0o ={1 <i <M —-1,1 < j<My—1,1 <m=< M3—-1},1 =
(G jom)| (i, yjozm) € 8R2), 2p = (i, yjoza)l0 <0 < M0 < j < My, 0 <m <
M3}, 2 = {wlw € 25, wijm = 0, when(i, j, m) € 1}, 2, = 2,N2and I2), = £2,N2.
Let us introduce the following grid functions

u?jm ::u(xivijzmvtn)s f,‘r;‘m ::f(xisyszmstn), (thj',zm)EQh, n=0,1,...,N.

For any grid function w = {w;j,|0 <i < M,0 < j < M;,0 <m < M3} over 25, we
define

1
n P n n
Sx Wiy, = ;(wijm — Wiy jm)s
1
Sull = G, — 8 ),
t]m T h xwl] wl 1,j,m’>
1
_ Q2 2 2.n
Apw ij : 8 ij +8 ljm +8 z/m
2 2
In like manner, we define other symbols, e.g., § wum,S wl]m,SV ljm,SZ Him» ete.

In addition, for grid functions w = {w;;»|0 <i < M;,0 < j < M>,0 <m < M3} and
v={v;jml0 <i <M,0=<j <M, 0=<m =< M3}, let us introduce the inner product and
norms as

Mi—1My—1 M3—1

(w,v) :=hthahz Y>3 > WimVijm, vl =+/(v,v),

i=1 j=1 m=1
lvllo =  max  |vjjml.
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We obtain the following expression by considering (1) at the nodal point (x;, y;, Zm, ;) for
(i,j,m)eo,n=1,...,N,as

D?)u(xiv YjsZms tn) — mAu(x;, YjsZms tn) — I('B)Au(xis YjsZms ) = f(xi, YjsZm, tn),
(x,y,2) € 2, n=1,...,N.
(43)
Similarly to what was considered in Sect. 2, from Lemmas 1 and 3, we can obtain

DUt =y Z MWDUE L 02 4 Ad?). (44)

ljn‘l l/m
Meanwhile, in virtue of Lemmas 8 and 9, we have

1P Auxi, ), 2o tn) = O (Anttijm) + (R, G j.m) €0, n=1,...,N.
(45)
Bring (44)—(45) into (43) and according to Lemma 8, we can get

»B) 0
b T P00 Ay, (46)

+(R3),,m, (i, j.,m) € o, n—l, .., N,

n
@I,J Z )\(Ofl) n—k —/LAhM (tﬁ Z (l)(ﬂ) Ahl/l

k uz]m ijm

l/m

where
R} | = € (22 413 + 13 + 13 + A?).

Adding the small termwl.’j.; = 11 p3(8282+6282+6282)8, U, 2 — T 38262828, U;, 2
= (R4);’jm to both sides of (46), we can get

nol
D Z )L(a’) Um p,Ahu”m — P Z a)(ﬁ) Ahu”m + L’uijm2

k=0 p=1 47
=P Ay, + £, + R, G.jm)eo, n=1,.N,

where
[03)

ijm

| = 1R, + (Ra)l, | < C(22 4 b3 + B+ 13 + 8a?),

with the IC and BC as follow

0 A
u,]m_K(xiayj7Zm)a @, j,m)e€o,

C (48)
m—O @(i,j,myet, n=1,...,N.

’J

Dropping the truncation errors (R) fim with U! :;m instead of u; im in (47)—(48), we obtain the
difference scheme as follow

1

n
P WU K — payut, — 1t Z ol AUl + LU,

k= 49)
—rﬁa)(ﬁ)AhUO + (l,],m)eg, n=1,...,N.

ijm t/m’

Ul = k@i, yj,zm), (G, j.m)€o,

UL, =0, (. j.myew, n=1.. N e
This moment, by observing that (49) can rewritten as
M1 Ut};m (1 + rw(ﬂ))Ah Utr;m + ‘CUZJm = ]:zr;m’ G1)
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in which
. = a @)k | 2p ®) P .
]:z/m = —Aa l;)clw(al)t ! Z Mg UUm T Z w, AhUij P, AhU,jm fum

Let the notation E” is defined in front. After simplification, we get the following ADI dif-
ference scheme
(Z — 1283)(T — pa8H(T — a2 EL,, = F, (52)

ijm ijm’

. . . ha n .
where 7 is an identity operator, and F; i 18 presented as follows

27 0
1 1 _
’E’;m = Uln/m +M2AhU — U Aa E cw(a)t ™™ E k(al)Ulr;mk
=0 k=1

n—1
—1 B)
+ lu’l Tﬂ Z Wy — pAhUzim

+/’L1 rﬂ (ﬁ)AhU0m+/’Ll z]m

Next, we present several intermediate variables to determine at U i

l
ELy =(T—m82)El,, 0<i<M, 0<j<My, 0<m<Mij—1, n=1,.,N

ijm

and

n—

2 1
El G =(T—m8)E,} ., 0<i<M, 1<j<My—1 0<m<Ms, n=1,..N.

t]m ijm *
From the above formulae, we can calculate the E] T’. ,, through the following three steps.

Step 1 Firstly, solve the following system to compute {E -3 } in the x-dimension by fixing

ijm
me{l,2,...,M3—1}and j € {1,2,..., My — 1} as
(T — 1282)E] ’—;E{;m, l<i<M -1, n=1,...,N,
Eg = (T - Mzﬁz)Eo,ml (T = 128)(T — w28 Eg (53)
Eppim =T — 1280 Ey 5 = (T — 1282)(T — 28 Ely

Step 2 Solve the following system in the y-dimension by fixingm € {1,2, ..., M3 — 1} and
ie{l,2,...,M; — 1}, wecan

(Z - md2)E,; _Eum , 1<j<My—1, n=1,...,N,
1
El”0m T~ H’zsz)ElOm’ (54)
n— 2
EIM;WL (I ,LLQS )ElMgm
Step 3 Solve the following system in the z-dimension when once {E; ,m3} and { l"]m3} are
determined by fixing j € {1,2,..., M, — 1}andi € {1,2,..., M| — 1} as
2
{(I 1287)Ef, = El]m , lsm<M;—1, n=1,....N, (55)
0=0, E”Mz 0.

@ Springer f DMAC



236 Page 16 of 27 T.Guo et al.

3.2 Analysis of the ADI difference approach in three case

Following a similar process used in the 2D case, we only consider the convergence analysis of
the proposed scheme (49)—(50). To begin with, we present the following significant lemmas.

Lemma 13 (Sun 2009; Wang and Vong 2014b) Assume that w, v € ? and w, v are grid
Sunctions. Then it holds that

(8785w, v) = (8:8,w, 8:8yv),

(8282w, v) = (8:8;w, 8,80,

(8382w, v) = (8y8;w, 8,8;v).

Lemma 14 (Sun 2009) Let us define grid functions w, v € 2. We obtain

(828282w, v) = — (88,8, w, §,8y5.v).

X7yTz

At first, define

=u(xivyj’zm7tn) U” = n _Un (iaj7m)€Qa n=07 19--~7N-

elﬂjm : ijm ljnl ijm?’
Now, we obtain the error system of equations by subtracting (49)—(50) from (47) and (48),
respectively, as
1
_ B (ﬁ)
T Z Wy Ahez]m + ['ezjm (56)

—rﬁw,f’Ahe,Jm+f;;m+<R),,m, G.j.myeo. n=1_...N,
A =0, (i, j,m) € o,

ljm

m—O (i,jomyet, n=0,1,...,N.

n
k
¢l,] Z }‘](cal)e?]m MAheljnl

(57)
€ij
Theorem 2 (Convergence). Assume that {u" }N o and {U”} o represent the solutions of (1)—

(3) and (49)~(50), respectively. Ifu(x, y, z, 1) € Cj‘y‘fz‘,?([o, L11x[0, L2]x[0, L3]x [0, T1),
then we can arrive at

N
e Y fen? < C(T)(r2 Ty Aaz).

n=1

Proof We can obtain the following weak formulation employing the inner product of (56)
by re” and the summing from n = 1 to k = M as well as adding small term 71 (e?, %) to
the both sides of (56) as

) v )L(Oll) n—k ny _ N Arel o) — 7118 N (/3) Arel . et
Ly 20 2 A (@ ") — T Y (Ape,e") — T Z p(Apel, ")
n= Ok 0 n=1 n=1 p=1 (58)
1 5 N
148 Z a)(ﬂ)(A;e em) +T(£eumz’ ey : Z B, Z Rn e _'_5”60”2.

n=1
Below we shall estimate the terms in (58). For the first term E1, according to Lemma 5, we
have
N n (@)
@ Y Y ek e > 0. (59)
n=0 k=0
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Then for E,, utilizing Poincaré inequality A||e" | < ||Ve" ||, we yield
—(Ane" "y = (82 + 83 + 8D)e, ")
= (8xe", 8x¢") + (5)'en» 5y€n) + (8,¢", 8.¢")
= [18c€" 7 + l18ye" II” + [182€" |1

: 2o 52y ,n 2
p=1Vre 1T = A7)l I

(60)

For E3, from Lemmas 10-12, we have

N n N n
SN 0P aner ey =S 0l [(5ee? bee™) + (Sye”. 8ye™) + (8:e” . 5]
n=1 p=1 n=1 p=1

> 0.
(61)

Next for E4, applying Lemma 12 (i), we arrive at

N N
rth Zd)gﬂ)(AheO, e < tlth Z |5)§lﬁ)|(Aheo, et
n=1 n=1
4l e
5 +
hy

4l e 40 lle" 7
H h||2 I | th ]Z|w£’ﬂ>|
2 3

< T1+ﬁ[
n=1

gl 11 ZN 21011
=4t ( +h7+ ) |, |||e ””e I
2

72 22
hi h3 ot
(62)
Moreover, for Es, in view of Lemmas 13-14, we have
20(52628,¢", €") > [[8:8ye" |* — [18x8ye" 1%,
2¢2 2 —1,2
27(8;828,€", €") = [18x82€" |7 — [18:x8.€" |7, ©3)

20 (87578,¢", €") = [18,8:¢" I — 118,8.¢" |,
—21(8787578:¢", €") = [8:8,8:€" > — [18:8y8.¢" |7,

Let us denote TMIM% =3 = O Int)), rulu% = us = O(t3|1n 7|?), then we obtain
N 1 N ]

T Y (Le e =Tus ) (6307 + 6287 + 82683 e")
n=1 n=1

N
— sy (8252525,e" 2 M)

n=1

= 13 ((5§5§ + 8262+ 8287) (" — "), e")

™M=

=

M=t

— Y (826302 — e )

1

et — en—l +en—1 L
=13 )

2

Mzﬁ

((5§5§ + 6282 4+ 8262 (" — "N,
1

3
Il
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Table 1 Maximum absolute
errors E(t, h, Aa), associated
time convergence orders Orderl 3 2.1994e—2

B N E(t, h, Aa) Order!} CPU(s)

and CPU run times (in s) by ¢ - 0.37
h—dda—dandg—2 0% 16 6.0727¢e—3 1.86 0.75
32 1.5688e—3 1.95 1.64

64 3.7238e—4 2.07 4.27

8 1.5099e—2 - 0.39

0.50 16 3.9846e—3 1.92 0.76

32 1.0176e—3 1.97 1.98

64 2.3685e—4 2.10 4.60

8 1.3064e—2 - 0.35

0.75 16 3.5761e—3 1.87 0.73

32 9.5618e—4 1.90 1.64

64 2.3383e—4 2.03 4.41

—1 n—1 n
2 et =e"" 4o +e
_ Z <5x5y<sz —e" Y, 5 )

7[||axayeN||2 — 118:8y€°I1” + 118:8.€™ 17 — 118:8:¢°I> + 118,8.¢™ |I*
a4
— 18,817 + 5F[16:8,8:eN 12 — 15.8y5:¢°17 . (64)

Finally, employing Cauchy-Schwarz inequality and Young inequality ab < ea”® +
41—Eb2(a, b e R, e > 0), we arrive at

N N ,ILXZ N
non n n ny2 2
T (R =7y Rl = =D e 1> (695
n=1 n=1 n=1
Substituting (59)—(65) into (58) and noticing ¢% = 0, we can obtain
N t,u):z N
72 ny2 ny2 2
Ry lle"l? = == 1" 2. (66)
n=1 n=1
After simplification, we can get
> N N
/"L)‘Z ny2 3 ny2
3Tl = erZnR I%. (67)
n=1 n=1
Thus, we obtain
N N
Ty eI = CT Y IR
n=1 n=1 (68)
2
< C(T)(r2 +hi+h3+h3+ Aaz) ,
which finishes the proof. O
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Table 2 Maximum absolute
errors E(t, h, Aa), associated
time convergence orders Orderl 8 6.6218¢—3

B N E(t,h, Aw) Order} CPU(s)

and CPU run times (in s) by - 0-96
taking h = & A = ﬁ and 0.20 16 1.9702¢—3 1.75 1.29
qg=3 32 5.3269e—4 1.89 2.80
64 1.2885e—4 2.05 7.51

8 4.2271e—3 - 0.36

0.50 16 1.1896e—3 1.83 0.73

32 3.1289¢—4 1.93 1.65

64 7.2402¢—5 2.11 4.13

8 3.4720e—3 - 0.35

0.80 16 1.0309¢—3 1.75 0.71

32 2.8730e—4 1.84 1.63

64 7.0872e—5 2.02 4.19

4 Numerical results and discussion

This section presents two test problems to show the accuracy and computational efficiency
of the proposed algorithm. Here, the ADI schemes (24)—(25) and (49)—(50) are adopted to
approximate the problem (1)-(3). Let M| = M, = M3 = M = % withL =1,T =0.5and
= 0.5. For this aim, we calculate the maximum error and associated convergence orders
as
E(t,h, Ax) := max |[u" — U" o, Order! := log, (M),
1<n<N

EG/2h, Aa)
2 . E(t,h,Ax) 3 E(t,h,Aa)
Orderh = log2 (m)y Orderﬂa = 10g2 (m)

Numerical computations have been done in Matlab environment with a desktop computer
with Windows 10 and RAM 16 GB.

Example 1 Let us consider the two-dimensional problem (1)—(3) including an analytic solu-
tion
u(x,y,t) =t sin(wx) sin(w y),

such that the weight function and the source term are
w(@) =I'(l1+q—a),
_ _ 1+ 2\ . .
Foe vty =14 1(F(q + (1 = (n(t) = 4 2uem? + %) sin(rx) sin(r y),

respectively.

We solve this example with various values of parameters at total time 7 based on the
proposed method in the temporal and spatial dimensions. Tables 1 and 2 report the maximum
absolute errors, associated time convergence orders and CPU run times (in s) when the
space and distribution step sizes are fixed. It is seen that the proposed algorithm (49)—(50)
is second-order convergent in the time direction. Tables 3 and 4 list the maximum absolute
errors, associated time convergence orders and CPU run times (in s) when the time and
distributed-order step sizes are fixed. We observe that the proposed method (49)—(50) is
second-order convergent in the spatial direction. Table 5 displays the maximum absolute
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Table 3 Maximum absolute

errors E(t, h, Aa), associated 5 B M E(r. h, Aa) Order% CPU(s)
s o e O 2 s -
choosing 7 = ﬁ A = ﬁ 0.25 4 1.1622e—2 2.12 0.61
andg =2 8 2.7704e—-3 2.07 1.38
16 6.0912e—4 2.19 3.46
2 4.9076e—2 - 0.24
0.50 4 1.1354e—2 2.11 0.61
8 2.7332e—3 2.06 1.38
16 6.2403e—4 2.13 3.12
2 4.7521e—2 - 0.24
0.75 4 1.1041e—2 2.11 0.60
2.6564e—3 2.06 1.36
16 6.0393e—4 2.14 3.10

exors E(7. . A, associted ! M Emhde)  Oder  CPUQ
s e e Oner ez -
considering T = ﬁ’ A = % 0.30 4 4.5511e-3 2.07 0.61
andg =3 8 1.1031e-3 2.04 1.40
16 2.5300e—4 2.12 3.17
2 1.7760e—2 - 0.25
0.50 4 4.2680e—3 2.06 0.62
8 1.0391e—3 2.04 1.39
16 2.4122e—4 2.11 3.20
2 1.6601e—2 - 0.24
0.70 4 4.0151e—3 2.05 0.59
8 9.7821e—4 2.04 1.41
16 2.2622e—4 2.11 3.19

errors, distributed orders and CPU run times (s) and reflects the second order in distributed-
order. Looking at Tables 1, 2, 3, 4 and 5 as a whole, we see that the proposed method has less
time-consuming in the case of the two-dimensional problem. Figure 2 depicts the temporal
convergence order when 1 = 6—14, Ao = 1—%8 and ¢ = 2, while Fig. 3 represents the spatial
convergence order when fixed 7 = ﬁ and Aa = fls' Finally, Fig. 4 demonstrates the
distributed convergence order for fixed 7 = ﬁ, h= % and g = 3.

To show the efficiency of the ADI algorithm, we show the maximum errors, spatial con-
vergence orders and CPU run times for the ADI FD scheme and the standard finite difference
(SFD) scheme in Table 6. From Table 6 we can see that the errors do not have much difference
between the two methods, at the same time, our ADI method has a better spatial convergence
order and a shorter running time. Then we present Fig. 1, which intuitively illustrate the
efficiency of the proposed method. In summary, these demonstrate the competitiveness of
the ADI algorithm (Figs. 2, 3, 4).
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Table 5 Maximum absolute
errors E(t, h, Aa), distributed
orders Order3A o and CPU run

times (in s) with T =

h=dandg=3

s)

—~

CPU

2000

1800

1600

1400

1200

1000

800

600

400

200

B 27 E(t, h, Aa) Order3, , CPU(s)

| 3.8236e—4 - 1.96
380° 0.25 9.2675e—5 2.04 2.28
2.2105e—5 2.07 2.96
16 5.6439¢—6 1.97 4.19
2 4.5539e—4 - 2.07
0.50 4 1.0998e—4 2.05 2.55
8 2.5598e—5 2.10 2.98
16 5.8311e—6 2.13 4.24
2 5.3440e—4 - 1.96
0.75 4 1.2979¢—4 2.04 2.24
8 3.0661e—5 2.08 2.89
16 7.0517e—6 2.12 4.12

| |=—ADIFD scheme ,/" 1

—===SFD scheme 4
'l
L Y, A
/
- l, -
'/
/
- '/ -
'/
- l/ -
:,
'/
- :/ -
/
'/
L / A
/
r '/ 4
:/
L L A
50 100 150 200 250 300
M

Fig. 1 The CPU run times with 7 = 41%, Aa = %, = 0.1 and g = 2 for the ADI FD scheme and the SFD

scheme

Table 6 Maximum absolute errors E(t, h, Ax), the corresponding spatial orders Order% and CPU run times
(in's) with T = ﬁ, Aa = %, g =2 and u = 0.1 for the ADI FD scheme and the SFD scheme

B M E(t,h,Aa)  APIFDOrder  CPUGs)  E(t,h, Ay SFPOrder?  CPU(s)
4 1.0415e-2 -~ 0.24 1.0418e-2  — 0.41
2.5580e—3  2.03 0.45 256113 2.02 0.54
050 16 62889e—4 2,02 1.04 63199e—4 2,02 1.18
32 14880e—4  2.08 321 1.5190e—4 206 372
64 2927le-5 235 1104 32333e-5 223 23.98
128 5.8827e—6 231 3546 5.0315e—6  2.68 141.76
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107 T
= Order = 2.00
—-6--0=0.25
a=0.75
102 1
S
L
x
©
=
10%} 1
1074 '
10° 10" 102
N

Fig.2 The time convergence order with 7 = 6L4’ Ao = ﬁ andg =2

10° w
——— Order =2.00
-0--4=0.25
a=0.75
10-1 L 4
S
W, ol A
< 10
©
=
108 F E
1074 !
10° 10" 102

Fig.3 The space convergence order with 7 = %, Ao = 2;—6 andg =2

Example 2 Consider the three-dimensional problem (1)—(3) including an analytic solution
u(x,y,z,t) =t9sin(mwx) sin(w y) sin(rz) such that the weight function and the source term
are

w@)=I(14+qg—a)
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10° '

— Order = 2.00
—-©--a=025
10 a=0.75 E

102} E

Max Error
S
(]
!
.

105 ¢ < E

108 !
10° 10" 102

Fig.4 The distributed convergence order when v = ﬁ, h= % andg =3

and

gl 1yy—1 2 3rg+ha?
fG,y,z,t) =11 (F(q + DA —0)(n(;)) +3utn” + W)
sin(r x) sin(r y) sin(7 z),

respectively.

We simulate this example with different values of parameters at total time 7 based on
the proposed method in the temporal and spatial dimensions. Tables 7 and 8 extract the
maximum absolute errors, associated time convergence orders and CPU run times (in s) when
the space and distribution step sizes are fixed. It is observed that the proposed method (49)—
(50) is second-order convergent in the time direction. Tables 9 and 10 report the maximum
absolute errors, associated time convergence orders and CPU run times (in s) when the time
and distributed-order step sizes are fixed. It is seen that the proposed method (49)—(50) is
second-order convergent in the space direction. Table 11 shows the maximum absolute errors,
distributed orders and CPU run times (s) and reflects the second order in distributed-order.
Looking at Tables 7, 8,9, 10 and 11 as a whole, we observe that the proposed method has
less time-consuming in the case of the three-dimensional problem.

5 Concluding remarks

This paper analyzed and constructed the ADI difference approaches in two/three dimen-
sions for distributed-order integrodifferential equations. The proposed method computed the
unknown solution in two parts. First, the distributed-order time-fractional derivative and the
RLFI term were approximated by using the weighted and shifted Griinwald—Letnikov expan-
sion and second-order CQ, respectively. Second, the spatial discretization was obtained by
the general centered FD method. The convergence of the ADI difference approaches was
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chom E(c. b Ay, socined N E@hAy  Oden  CPU®
time convergence orders Orderl 8 5.56240—2 _ 18.84
and CPU run times (in s) when
h= % Ao = & andg =2 0.25 16 1.4655¢—2 1.92 44.01
32 3.5595e—3 2.04 92.88
64 8.2279e—4 2.11 218.58
8 3.6510e—2 - 21.23
0.50 16 9.0771e—3 2.01 43.84
32 2.2130e—3 2.04 9591
64 5.1091e—4 2.11 223.00
8 3.0199e—2 - 20.20
0.75 16 7.8655¢—3 1.94 43.42
32 2.0293e—3 1.95 94.35
64 4.9437e—4 2.04 221.56
s B h oy e 2 N E@hAy  Oren  CPU®
ime comvrzece s Order s e -
considering i = %’ Ao = (%4 0.25 16 4.0466e—3 1.81 43.66
andg =3 32 1.0497e—3 1.95 93.92
64 2.4798e—4 2.08 220.18
8 9.6892e—3 - 19.39
0.50 16 2.6718e—3 1.86 44.42
32 6.9237e—4 1.95 94.78
64 1.6210e—4 2.09 217.15
8 8.0609e—3 - 19.39
0.75 16 2.3303e—3 1.79 47.54
32 6.3695¢—4 1.87 106.71
64 1.5756e—4 2.02 235.36
Tabl Maximum absol
By 0 W Rehan  oum o
e amerene e Ouer s e -
taking 7 = ﬁ,Aa _ é and 0.25 8 2.9004e—3 2.06 13.17
qg=2 12 1.2343e—3 2.11 33.55
16 6.5411e—4 2.21 68.66
4 1.1929e—2 - 2.20
0.50 8 2.8740e—3 2.05 12.71
12 1.2357e-3 2.08 33.12
16 6.6513e—4 2.15 68.62
4 1.1704e—2 - 2.41
0.75 8 2.8185e—3 2.05 12.73
12 1.2096e—3 2.09 37.92
16 6.4909e—4 2.16 72.50
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Table 10 Maximum absolute

errors E(t, h, Aa), associated 5 B M E(r. h, Aa) Order% CPU(s)
e oz ol O s - aw
= gy Ao = dandg =3 0.25 8 1.2485¢—3 2.05 12.79
12 5.3770e—4 2.08 35.23
16 2.8984e—4 2.15 69.22
4 4.8648¢—3 - 2.24
0.50 8 1.1846e—3 2.04 13.54
12 5.1347e—4 2.06 34.65
16 2.7933e—4 2.12 73.87
4 4.5991e—3 - 2.19
0.75 8 1.1204e—3 2.04 14.52
12 4.8469¢—4 2.07 35.63
16 2.6283¢—4 2.13 76.62
e e 55 mwon _ows, oo
orders Order‘Aa and CPU run ) 2 635004 7 478.10
times (in ) by choosing 7 = 020 025 4 6.3720e—5 2.05 533.91
h=syandg =3 8 1.5686e—5 2.02 62431
16 4.6653e—6 175 830.67
3.1671e—4 - 424.66
0.50 4 7.6038¢—5 2.06 469.31
1.7817e—5 2.09 566.37
16 4.4774e—6 1.99 815.06
3.7715e—4 - 436.54
0.75 4 9.1408e—5 2.04 461.00
2.1820e—5 2.07 567.59
16 5.5278¢—6 1.98 740.13

thoroughly proven and verified numerically. Numerical experiments highlighted the validity
of the method and supported the theoretical predictions.
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