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Abstract

In this paper, to develop less conservative delay-dependent stability criterion and the method
for Hy, performance analysis, the problem of stability and H, performance for discrete-time
neural networks with time-varying delay is investigated. Inequality is an important tool for
stability and H, performance analysis. To reduce the conservatism of some existing inequal-
ities, an improved reciprocally convex inequality is proved. This inequality is related to the
quadratic of delay and encompasses some existing inequalities as its special cases. Based on
the proposed reciprocally convex approach, a novel free-matrix-based summation inequality
is derived. A delay-product-type Lyapunov—Krasovskii functional (LKF) term is introduced.
By utilizing the constructed LKF, information of time delay, and the proposed reciprocally
convex approach, two improved sufficient conditions for stability and Hy, performance of
discrete-time neural networks with time-varying delay are derived in terms of linear matrix
inequalities (LMIs), respectively. Finally, several numerical examples are provided to illus-
trate the effectiveness and benefits of our proposed approach.

Keywords Discrete-time neural networks - H, performance - Summation inequality -
Time-varying delay

Mathematics Subject Classification 34K20 - 37K45 - 39B82

1 Introduction

Neural networks have aroused considerable interest of many researchers owing to their
extensive and successful applications such as signal and image processing, control, system
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identification, and telecommunications (Haykin 1998; Gabrijel and Dobnikar 2003; Liu 2002;
Zeng et al. 2015; Shi et al. 2021). Since signal transduction and response between neurons
in most practical systems cannot be instantaneously carried out, time-delay is unavoidably
encountered in neural networks (Zhang et al. 2008), which is a non-negligible factor that will
result in degradation of performance and instability of the systems (Gu et al. 2003). In view
of the fact that discrete-time systems have a strong background in engineering applications
(Zhang et al. 2016), the stability of discrete-time systems with time-varying delay has become
the subject extensively studied in the last several decades (Mathiyalagan et al. 2012; Meng
et al. 2010; Qiu et al. 2019). To derive sufficient conditions for stability of delayed systems,
the Lyapunov—Krasovskii functional (LKF) approach is an efficient way, but it leads to con-
servatism to some extent. With the purpose of finding the maximal admissible delay upper
bound, there are a great deal of efforts made on these two aspects: constructing appropriate
LKFs and seeking some sharper summation inequalities to obtain a tighter upper bound of
the forward difference of the constructed LKFs.

From the previous studies (Banu and Balasubramaniam 2016; Banu et al. 2015; Chen
et al. 2020), we know that more available system information benefits to reduce the conser-
vatism of stability criteria. A class of discrete recurrent neural networks with time-varying
delays was investigated in Wu et al. (2010); an improved global exponential stability criterion
was obtained through constructing augmented LKF terms containing the activation functions
gi(x;(k)). By adding triple summation terms into the LKF and fully utilizing the information
of time-delay, some novel sufficient conditions with less conservatism were established to
guarantee a class of discrete-time delayed dynamical networks to be asymptotically stable
(Wang et al. 2013). By employing a newly augmented LKF and a newly augmented vec-
tor including summation terms of states, a new delay-dependent stability criterion for the
discrete-time neural networks with time-varying delays was proposed in Kwon et al. (2013).
How to construct an appropriate LKF to reduce conservatism effectively is a difficulty in
dynamic analysis for delayed discrete-time systems. By taking the advantage of the chang-
ing information of delay, the delay-variation-dependent stability of discrete-time systems
with a time-varying delay is concerned in Zhang et al. (2016). By constructing the delay-
product-dependent term in LKF, some significantly improved stability criteria have been
derived (Zhang et al. 2016, 2017a; Nam and Luu 2020). Inspired by these works, we will
introduce the delay-product-type term in the construction of the LKF to enlarge the delay
bounds.

In the dynamic analysis of delayed discrete-time systems, summation terms such as
Z:_h AxT(s)RAx(s) often arise in the forward difference of the constructed LKFs. To
derive less conservative criteria, it is another difficulty how to bound these summation terms.
Many summation inequalities have been proposed to fill the bounding gap. The discrete
Jensen inequality (Gu et al. 2003) and the Wirtinger-based summation inequality (Seuret
et al. 2015) were widely used to estimate the single summation term in the forward dif-
ference of the LKF. Nam et al. (2015) presented an auxiliary function-based summation
inequality, which extended the Wirtinger-based summation inequality. The free-matrix-based
summation inequality was developed in Chen et al. (2016), which contained the discrete
Wirtinger-based inequality as a special case. The general summation inequalities including
the Jensen inequality, the Wirtinger-based inequality, and the auxiliary function-based sum-
mation inequalities as special cases were obtained in Chen et al. (2016). Based on orthogonal
group of sequences and the idea of approximation of a vector, a refined auxiliary function-
based summation inequality was obtained in Liu et al. (2017). Although we can obtain more
general summation inequality via orthogonal polynomials of high order, the computation
burden may result from the orthogonal polynomials with high degree. Later, a general free-
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matrix-based summation inequality was proposed in Chen et al. (2019), which generalized
the free-matrix-based ones proposed in Zhang et al. (2017b). Inspired by the aforementioned
literatures, this paper will further investigate the summation inequality. Noting that the for-
ward difference of an LKF may be dominated by a quadratic function of time-delay, we hope
to derive a delay-quadratic-dependent inequality. To avoid the complexity of polynomials
of high order, by following the main idea (Liu et al. 2017; Zhang et al. 2017a), a novel
free-matrix-based summation inequality will be established.

It is well known that there often exist various external disturbances. The H, control aims
to minimize the effects of the external disturbances. The objective of Hs, performance anal-
ysis is to find the saddle point of objective functional calculus depending on the disturbance
(Kwon et al. 2013). As an important dynamic performance for neural networks, H, perfor-
mance of the systems with time-varying delay has also drawn many researchers’ attention
(Lee et al. 2014; Huang et al. 2015; He et al. 2020; Tian and Wang 2021). The guaranteed
H, performance state estimation problem of static neural networks with time-varying delay
was considered in Huang et al. (2013), in which some better performance was achieved
by the proposed double-integral inequality and the reciprocally convex combination tech-
nique. Using the augmented LKF and the Writinger-based integral inequality, Kwon et al.
(2016) investigated H,, performance for systems of linear model with interval time-varying
delays and obtained smaller disturbance attenuation y. For delayed Markovian jump neural
networks, Hy, performance analysis was conducted by proposing the third-order Bessel—
Legendre integral inequality and the LKF with delay-product-type terms (Tan and Wang
2021). The non-integral quadratic terms and the integral terms were connected by employing
the third-order Bessel-Legendre integral inequality rather than the Wirtinger-based integral
inequality. Several less conservative sufficient conditions that guaranteed the Hy, perfor-
mance for delayed Markovian jump neural networks were obtained. Zhang et al. (2021)
investigated the Hy, performance of discrete-time networked systems subject to network-
induced delays and malicious packet dropouts. A novel approach related to quartic polynomial
inequalities was presented to deal with the Hy, performance of discrete-time networked sys-
tems. Although various methods have been proposed to tackle the Hy, performance analysis
problem, H, performance analysis for delayed discrete-time neural networks has not yet
been fully studied and there remains some space for improvement.

Motivated by the above consideration, this paper aims to improve the reciprocally convex
inequality and establish a novel free-matrix-based summation inequality. By employing an
LKF with delay-product-term and the new free-matrix-based summation inequality, less
conservative sufficient conditions of stability and H, performance for delayed discrete-time
neural networks are obtained. The major contributions and improvement of this paper are
summarized as follows:

1. An improved reciprocally convex inequality with six free matrices is proved. To make
the most of the newly proved reciprocally convex inequality, a novel free-matrix-based
summation inequality is derived.

2. Two new zero equalities are introduced. These zero equalities are merged into the esti-
mation of the forward difference of the constructed LKF to increase the freedom of
criteria.

3. By combining the LKF containing delay-product-term with the improved reciprocally
convex combination inequality and the newly proposed summation inequalities, a new sta-
bility condition for delayed discrete-time neural networks is developed and corresponding
Hs, performance condition for the disturbance-affected delayed neural networks is
established. Compared with the existing literatures, the stability criterion and the Hy,
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performance criterion for the considered system in this paper are with less conservatism.
Their effectiveness are demonstrated by some numerical examples.

Notations Throughout this paper, $R” is the n-dimensional Euclidean vector space, and
SR denotes the set of all m x n real matrices. The superscript T stands for the transpose
of a matrix. P > O(> 0) implies that P is a positive definite (semi-positive-definite) matrix,
I,, and 0,,, represent the n x n identity matrix and m X n zero matrix, respectively. The
symmetric term in a symmetric matrix is denoted by the symbol ‘x’ and sym{A} = A 4+ AT.

2 Preliminaries

Consider the following discrete-time neural network with time-varying delay:

x(k 4 1) = Bx(k) + Wo f (x(k)) + W1 f (x(k — d(k))),

ey
x(k) = ¢(k), ke[—dy,0]

where x (k) = [x1(k), x2(k), ..., x,(k)]T € 98" denotes the neuron state vector, z is the num-
ber of neurons, f(x(k)) = [fi(x1(k)), fa(x2(k)). ..., fu(x,(k))]T € R" is the activation
function, B, Wy, W are the state feedback matrix, the interconnection weight matrix, and
the delayed interconnection weight matrix, respectively, d (k) denotes the state time-varying
delay, d,, < d(k) <dy, um < Ad(k) =dk + 1) —d(k) < up, dm, dy, m and pupy are
known integers.

The activation function f(-) in system (1) is assumed to be continuous and bounded with
fi(0) = 0, and there exist constants l;, l;.r, such that

(s) — £
Z;SMSZJ*, Vs,t €M, s#£1,j=1,2,....n. ?)
-

Corresponding to neural network (1), the discrete-time system subject to external distur-
bance u (k) can be described as follows:

x(k +1) = Bx(k) + Wo f(x(k)) + W1 f (x(k — d(k))) + Du(k),
v(k) = Cx(k), (3)
x(k) = @(k), k € [—dum, 0],
where u (k) € R" represents the exogenous disturbance, v(k) € PR™ is the output vector, and
C, D are real matrices with compatible dimensions.
The problem of Hy, performance analysis for delayed discrete-time neural networks is

stated as follows. For a given scalar y > 0, the neural network (3) is said to have Hy,
performance level y if the following conditions are satisfied:

1. System (3) with u(#) = 0 is asymptotically stable;
2. For any positive integer %, under the zero-initial condition

(v,v)p < )/2(1/!, u)p
holds for Yu(k) € I, and u(k) # 0, where (u, u), = ZZ:O uT(k)u(k).

To facilitate the subsequent research, we introduce the following lemmas.
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Lemma 1 For positive definite matrices Ry, Ry € R"™", if there exist symmetric matrices
X; e WX i = 1,2, 3,4 and any matrices Y1, Y, € R"™", such that

R —X1 -1 =0 R -1 =0
* Ry | =7 * Ry—Xp| =7

R — X1 — X4 Y
[ . Ry — x3] >0, “)

then the following inequality holds for any o € (0, 1):

1R, 0 >R1—|—(1—oz)X1+(1—oz)2X4 a¥) + (1 —a)Ys 5)
* ﬁR2 * Ry +aX, +a?X3|"

Proof Tt is easy for us to get the following identical equation after simple calculation:

R O X1 Y 0 X4 O
|:>a< Rz]_a[* 0]—(1—a)|:* X2:|—a(1—a)|:* X3]

_ 2| X4 O 2[-X1—-Xs —Yi4+Ys
= |:>I< X3]+a * X2—X3
2| Ri -Y2 | L[-Xi—-X4 -1+
To [* RQ—XZ_ « |: * X2 — X3
a2 R Y, ] -X1—-X4 -+
o [* R, — X —I—Oé|: * X, — X3

ta R, o’ - i Ry -1
x Ry — X» *x Ry —X» ¥ Ry — X»

_ 2R —X1i - R -1
_a|: * R21|+(1 O{)|:>I< Ry — X

ta(l —a) [R‘ R R;_YIXJ :
For any o € (0,1), if [RI;XI _R);l} E [Iil Rz_—YZXZ] z 0, and
|:Rl - ?il — X4 Rz_—YlX3] > 0, then
5 1 A oot B o[ {0 o

l—a

For any o € (0, 1), pre- and post-multiplying (6) by K
* —1

IR 0 J_[rR © n (1I—-a)X; al
* %Rz | % Ry * 0

+[o (1—a)Y2]+[(1—a)2X4 20 }

* aX»p * a X3

This completes the proof. O
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1
=R 0
Remark 1 The classical reciprocally convex inequality | ¢ 1 > kS was
* ——=R * R
(I—a)

proved (Park et al. 2011). It played an important role in dealing with non-convex
terms occurring in the forward difference of an LKF. Seuret and Gouaisbaut (2016)

1
= 0
extended the classical reciprocally convex inequality into the form |:"‘* 1 R] >

[R +(1-a)X; a1+ —-a))

* R+aX,
an improved reciprocally convex inequality comprising three slack matrices was presented
(Zhang and Han 2018). In stability and Hy, performance analysis, a main difficulty is how
to estimate the forward difference of the LKF V (k) and prove AV (k) < 0. The forward
difference of an LKF may be dominated by a quadratic function of time-delay. However, the
right-hand sides of both reciprocally convex inequalities (Seuret and Gouaisbaut 2016; Zhang
and Han 2018) are the linear functions of «. These reciprocally convex inequalities (Seuret
and Gouaisbaut 2016; Zhang and Han 2018) cannot be directly used to estimate AV (k)
with the square of the time-delay. A generalized reciprocally convex inequality is proved in
Lemma 1. This novel reciprocally convex inequality involves the square of & and more slack
matrices. Kim (2016) proved the quadratic function negative determination lemma, which
could be used to handle the quadratic function of time-delay. Using the generalized recip-
rocally convex inequality derived in this paper, non-convex terms in the forward difference
of the LKF can be merged into one expression of o2, whose sign can be determined via the
quadratic function negative determination lemma.

] . By weakening the constraints (Park et al. 2011),

Remark2 Let X3 = X4 = 0, the generalized reciprocally convex inequality in Lemma 1
degenerates into the reciprocally convex inequality (Seuret and Gouaisbaut 2016). Let
X3 = X4 =0,Y] =Y, =7, the generalized reciprocally convex inequality in Lemma 1
degenerates into the improved reciprocally convex inequality in Zhang and Han (2018).
Set X; =0,i =1,2,3,4,Y) = Y, =Y, the generalized reciprocally convex inequality
in Lemma 1 becomes to the classical reciprocally convex inequality (Park et al. 2011). If
X3 > 0, X4 > 0, the generalized reciprocally convex inequality in Lemma 1 is less conser-
vative than the reciprocally convex inequality (Seuret and Gouaisbaut 2016).

Lemma 2 For a vector function y(s) : [—h, 0] — R", a positive definite matrix R € R"*",
positive integer h > 1, any real matrix M and any vector xo with appropriate dimensions,
the following inequality holds:

—1

1 h _
2 VTR = oxi R = Sxg MR™ M o = 2 M, @
s=—h

—1 —1 —1 . —1
where X1 := Y1 Y(8), X2 = 57 Lot 2y V() = Loam Y (5).

Proof Let f(s) = % Carrying out simple algebraic calculation yields: Zs;]_h f(s) =

0, 252y £26) = 5 Xadoy FOY6) = xa.
For any vector xo with appropriate dimension, let §(s) = col[xo, f(s)xo0, y(s)] ® =
LR7'LT LR'MT L
* MR~'MT M |. Using Schur complement, it is obvious that @ > 0. Using
* * R
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the Jensen inequality gives

-1

Z ST()PS(s)

s=—h
= ~1
T
> S )T (Z 6(s>)
s=—h s=—h
1
=hxo LR™'L 0+ 2xg L + 3 x1 Rt ®)
Direct computation yields
—1
D s @s(s)
s=—h
_ h(h —1) _
=hxg LR™'L 0+ 2xg Lx1 + >——xg MR™'M"
Xo X0 Xo LX1 3h+ 1) Xo X0
-1
+2x0 Mxa+ Y YT(RY (). ©)
s=—h
Combining (8) with (9), we can get
—1
1 h(h —1) _
T T T 12,7 T
$)R > 1 Rx1 — —————=xg MR "M xo —2x9 M x2. 10
S;hy (ORy() 2 301 Rx1 = 3575 %0 x0—=2x M2 (10)
Sincc; gEZ; B < %, inequality (7) can be derived from inequality (10). This completes the
proof. O

Corollary 1 Let vector function x(s) : [—h,0] — R" and Ax(s) = x(s + 1) — x(s). For
any positive definite matrix R, integer h > 1, the following inequality holds:
-1

. | I N
D A@TRAXG) = LTI RK + 370 R, (11)
s=—h

where x1 = x(0) — x(—=h), x2 = x(0) + x(—h) — ﬁ Z?th x(s).

Remark 3 1f M = 0 in Lemma 2, then inequality (7) will degrade into the Jensen summation
inequality (Gu et al. 2003). By setting y(s) = Ax(s) = x(s + 1) —x(s), M = —%R,
xo = x2 in (7), inequality (7) becomes the Wirtinger-based summation inequality (Seuret
et al. 2015), which is presented in Corollary 1. Using inequality Zs_=]_h ST(s)@8(s) > 0,
the free-matrix-based summation inequality (Chen et al. 2016) was derived. Different from
the method in Chen et al. (2016), based on the Jensen summation inequality, inequality
(7) is proved by utilizing Z;:l_h sT(s)®8(s) > %(Zs_:l_h 8(s))T<1§(ZS_:1_h 8(s)). Since
%(Z; 217 A3eNT (XL 217 5 8(s)) = 0, inequality (7) may be with less conservatism than the
free-matrix-based summation inequality.
Based on Lemmas 1 and 2, it is easy for us to obtain the following lemma.

Lemma 3 For a positive definite matrix R € R, 11 < 17 < 712, any real matrices
F1, F» with appropriate dimensions, and any vectors 01, n2, if there exist symmetric matrices
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X; e W' i = 1,2, 3,4 and any matrices Y1, Yy € R"*", such that
R—X; -Y; > 0. R - > 0. R—X|— X4 Y > 0.
* R |~ x R—Xo|— * R—X3|—
then the following inequality holds:

k—11—1
Z AxT(s)RAx(s)
s=k—1
> ol (R + (1 — )X + (1 — a)*Xg)a; (k)

+2al (k) (@Y1 + (1 — a)Ya)az (k)

+a3 (k) (R + a Xy + o’ X3)a (k)

—2n] Fiaz (k) — 203 Faaa (k)
(T

1) _
_fU?FlR YRl —

where a1 (k) = x(k—11) —xk—1), (k) = x(k — 1) —x(k — 1), az(k) = x(k —11) +
x(k — 1) — 201 (k), as(k) = x(k — 1) + x(k — 12) — 2a2(k), w1 (k) = S K1 X6

s=k—t T —11+1°
_ kT x(s) _ %=1
w2 (k) = ZS=1<*T2 nnu+l ¥ = o

(12 — ™) _
fnngR "F o,

Remark 4 Different from the existing summation inequality, the free-matrix-based summa-
tion inequality given in Lemma 3 is related to the square of the delay. Vectors 1 and 1, can
be freely and independently chosen. Since more free matrices are introduced in Lemma 3,
the free-matrix-based summation inequality in Lemma 3 can provide more freedom.

Lemma 4 (Kim 2016) For a quadratic function f(x) = arx®+aix +ag, where ag, ai, ar €
R, if () f(h1) <0, (i) f(ha) <0, (i) — (ha — h1)*az + f(h1) <O, then f(x) <
0,Vx € [hy, hy].

3 Main results

In this section, by resorting to the above new summation inequalities and improved recip-
rocally convex inequality, improved sufficient conditions for stability and Hs, performance
of delayed discrete-time neural networks are proposed. For simplifying the representation of
subsequent parts, the related notations are given as follows:

di =d(k), di=dy —dp,

o = (dk —dp)/d1, Ax(s) =x(s+1) —x(s),

ei = [Onx(i—tyn> In, Onx(13—iynl’s i =1,2,...,13,

el = (B — I)e] + Woep + Wied,
k—1 k—dn—1

mk) =collx(k), Y  x(s), Y x(s)],
s=k—d,, s=k—dy

k—1

mk) = collx(k), Y x()], n3(k) = collx(k), Ax(k)],
s=k—d,,
{(k) = collw, w2, @3, W4, Ts],
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@ = col[x(k), x(k — dp), x(k — di), x(k — dpy)],
k k—dp k—dy
wy = col[ Z x(s), Z x(s), Z x(s)],
s=k—d,, s=k—dy s=k—dy
@3 = col[ f(x(k)), f(x(k —di))],
[ k—d, k—dj
x(s) x(s)
w4 = col Z _, Z _—
S di —dpy +1 iyt dy —di +1
Ck—dp—1k—dp—1 x(]) k—dy—1 k—dy—1 X(])
= 1 N
@5 =0 2 de—dpm+1° 2 2 dy —di + 1
_s=k—dk j=s s=k—dy j=s

j=

M = E8nPIE], — EnPiEL +dk)(EPES — E14P2E))
+Ad(k)E;z P ES,

B = les te1,e5 —ex,e6+e7 —e3 — eyl
Ep =le1,e5s —e1,e6 + €7 —ex —e3],
E13 = [es tei,es —eal, Eia=ler,e5 —eil,

I = e;Q1e] + (02 — Q1)es — esQres,

My=T1 4D+ 541y, Iy =eg(d2R) +diRy)el,

D = —E36R1 5% — 3537 R1 54,

I3 = disym{Z3sM| 83, + E3sN1 B34},

Iy=—-83(Ry+ (1 —a)X; + (1 — )’ Xy 5],
—2831(aY1 + (1 — ) Y2) &5
—E33(Ry + a Xy + o’ X3) Eqy,

ﬁ3 = 7dl(dk3 m) E3sMi Ry M;FS;FS

dl(dM do) £
3
Ejl=ex—e3, Ep=ertez— 2810,

-1

E33 =e3—eq, Eza=e3+eq—2e,

E35 = [e2, e3,e10], &35 = [e3, eq, €11],

By =e1—e, E37=e +ey— es,

dn +1
21 =[eg — ez, e2 —e3], §22 =[e7 —e3,e3 — e4],
§23 = [e2 — e6 + 2e12, €2 + 3 — 2e10],
Q24 = [e3 —e7 +2e13, €3 + s — 2eq1],
25 = [ez, 3, €6, €10, €12], $26 = [e3, e4, €7, €11, €13],
My = di[eaUyed + e3(Uy — Uy)el — eqUse) | + diler, es1Sler, es]"
+disym{Q25 My 23 + 26N252, }
—[215127 + (1 —a)2: X, 2]
+(1 — )’ 21 X4 2] + 202,727
+2(1 — @) $21Y292] + $2,8,925
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a2 X,2] + a2, X327,
- di(dy — d,

%QSMZSTIM;Q;F

+d1 (dy — dy)

T Q6NaSy

1 AT T
N, 2.,

s = sym{[e; Ly — eg]Ji[es — e1 L1]" + [e3L2 — eg]Ja
x[eg —e3L1]" + [(e1 — e3)La — (es — €9)]J

x[(eg — e9) — (e1 — e3)L1]"},
Mg = sym{H; ((dk — dy + De1o — e6)"
+Ha(dy — dy + Deyy —e7)T},

Ui
71 = [d1 E35N1, d1 26N ],
I = —3diag{R,, $2}, 2=

x Uy

1 _ _
—?[memgﬂ + EnXaE5 + 21X42] + 2X382;1,

sl=s+[0 Ul], 52=S+[0 UZ],

1, = [d1E35M1, d125M3],
—3diag{R2, Sl}.

Theorem 1 For given integers dy,, dpr, iim, Iy, System (1) is asymptotically stable if there

exist positive definite matrices Q; € R"*", R; € R"",i =

1,2, § € Rz=x2n positive

definite diagonal matrices J; € R'", j = 1,2,3, symmetric matrices Py € R >3n
Py € RIV2 Uy, Uy € RPN, Xy € RPN, Xy € R¥M k= 1,2, 3,4, matrices My, N,

H;, Y, Y, 1 = 1,2 with appropriate dimensions, such that the following LMIs hold:

P(dy) >0, P(dy) >0,

_R2 _ Xl —Yl - 0’ R2 _Y2 -~ O,

| % Ry, | — x Ry—Xo| —

Ry — X1 — X4 -Y >0,

L X R2 —X3

S1— X1 =Y - S —YQ_ >0,

| * S |~ * S =X~

S1— X1 — X4 -Y > 0.

L * S» — X3

6 6

LMl T} g | Tl 1| g

L k Fl k Fl

6

L il 12| g, E il V2| _ g,

L %k Fz %k 1_'2
6 5 6 5

2 il =d0A Tl g | X il =04 T
i=1 ’ i= .
L * I * I
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Proof Consider the following LKF:
4
Vi) =) Vik)
i=1

with

Vi(k) = nf (k) Py (k) + d(k)yna (k) Pama (k),

k—1 k—dm—1
iy = Y xT®)Qix) + Y xT(s)Qax(s),
s=k—d, s=k—dy

-1 k-1
Vi) =dw Y Y AxT()RiAx()
s=—dp i=k+s
—dn—1 k-1
tdi Y Y AT R Ax (),
s=—dy i=k+s
—dpy—1 k—1
Vaky =di Y Y m)Sns(i).

s=—dp i=k+s

(16)

First, we verify the positive definiteness of the LKF candidate in (16). Vi(k) can be

equivalently written in the following form:
Vi(k) = 0} (k) P(d k) (k).

0

where P(d(k)) = P; + d(k) Zz ol

Since S > 0, Q; > 0,and R; > 0,i = 1,2, the positive definiteness of V (k) can be

guaranteed by condition (12).

Now, we calculate the forward differences AV (k) along the trajectory of system (1) and

estimate the upper bound of AV (k).

AVi(k) = nT(k + 1) Pyny(k + 1) — 0} (k) Py (k)

+d(k + 1)n3 (k + 1) Pana(k + 1) — d(k)n3 (k) Pana (k)

= T m¢(k),

AVy(k) = x" (k) Qux(k) + x" (k — d)(Q2 — QD)x(k — )

—xT(k — dm) Qax (k — dur)
= (T ()¢ (k),
AV3(k) = d2 AxT (k) Ry Ax (k) + df AxT (k) Ry Ax (k)
k—1

—d,, Z AxT(s)R; Ax(s)
s=k—d,
k—d,—1

—d; Z AxT(s)Ry Ax (s).
S:k—dM

a7

(18)

19)
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Using Corollary 1, we obtain

k—1
—dn Y AxT(s)R1Ax(s)
s=k—dy,
<~V (k) (E36R1 B + 3837 R1 B3¢ (k). (20)

For any matrices M, N1 with appropriate dimensions, applying Lemma 3 yields
k—dypy—1
—di Y AxT(s)RyAx(s)
s=k—dy
<~ (R + (1 =) X1 + (1 =)’ X) 11 + 2] @V + (1 =) V2) 1y
X1 (R2 + @ Xo + & X3) 11} + 2d1 g M1 72 + 2d1 Ko N1 %o
di(dy — dy) . _ . di(dy —d
n 1( /<3 m)XngRlelTX0+ 1( M3 9]
where §i = ER¢(K), o = ELe(h), i = Ehe(K), B = ELew), fo = EXt k),
%o =ELch), @ = (d — dy)/dy.
It follows from (19)—(21) that:

Xa NiRy 'NT %0, 1)

AVs(k) < ¢ (k) IT3 + IT3)¢ (k). (22)
The calculation of AV, (k) leads to

k—dpy—1
AVy(k) = din; ()Snz(k) —di Y~ 03 ()Sna(s)
s=k—dy
k—dy—1
—di Y M (s)Sma(s). (23)
s:k—dM

Similar to the method in Park et al. (2015), we introduce the following zero equations:

di[xT(k — dp)Urx(k — dy) — x" (k — di)Urx (k — di)]
k—dy—1

0
—~di Y ol [* gl] m(s) =0,
s=k—dy !
di[x" (k — d)Usx (k — di) — x" (k — dy)Uax (k — du)]
k—dy—1
a3 o) 2]me=o 24)
s=k—dy

where U; and U, are any symmetric matrices with appropriate dimensions.

LetS$1 =S+ |:0 U1:| , =8+ |:O UZ:I . Combining (23) with (24) yields

x Ui x Uy
k—dpy—1
AVi(k) = dini () Snak) —dy Y 03 ()Sina(s)
s=k—dy
k—dy—1
—di Y 03 ()San3(s) +di[x" (k — d)Urx (k — diy)
s=k—dy

@ Springer f bMA
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+x ' (k — di)(Us — UDx(k — di) — x" (k — dy)Usx(k — d)]. (25)
For any matrix M, with appropriate dimension, applying Lemma 2 yields
k—dp—1
—di Y m(s)Sina(s)
s=k—dj
1 di(dx — d,
< —712;1“51/2] +2d]I?gM2122 + %E(}“MQSFIM;“IZ(), (26)
o
where k1 = 2[¢(k), k2 = 23 ¢(k), Ko = 23¢(k), o = (dk — d) /d;.
Similarly, for any matrix N, with appropriate dimension, we have
k—dr—1
—dy Yy (s)Sans(s)
S=k—dM
di(dy —d
< — Tk Sak1 + 2] Moy + ngst;‘Ngko, @27)
= _ oT - _ oT - _ oT
where ik} = §2, ¢ (k), iy = £2,¢(k), ko = $2¢ ¢ (k).
Using Lemma 1 to deal with «-dependent terms gives
| | B
—&KITSllq 1z a/clTSziq
1 1
= —TMO-2192] + —— 25271 (k)
o (1 —a)
< "W + (1 — )X + (1 - )’ X 2f
+221 (@Y + (1 — @)Y2)$2; + 22(S2 + aXa + a?X3)$25 ¢ (). (28)
From (23)—(28), we obtain
AV4(k) < ¢ " (k) Uy + T2 (k). (29)
Since the activation function f(-) satisfies (2), then
20f (x(k)) — Lix ()] Ji[Lax (k) — f (x(k))] = 0,
20f (x(k —dp)) — Lix(k — di)]" [ Lox (k — di) — f (x(k — dy))] = 0,
20f(x (k) — f(xlk — di)) — Li(x(k) — x(k — di))]"
X J3[La(x (k) — x(k —di)) — (f(x(k)) — f(x(k —di))] = 0, (30)
where L = diag{l; .l ,.... [, }, Ly = diag{lﬁlj,...,l,f}, li_,ll*(i =1,2,...,n)are

constants given in (2), and J; (i = 1,2, 3) are any positive definite diagonal matrices with

appropriate dimensions.

In addition, we have the following two zero equalities with any matrices Hy, H3:

™ k—d k—d,
m m x(s)
0=2TkH — (i —dy + 1 IS a—
TIOH | Y x(s) — (d ’”+)de—dm+1

_S=k—d/< s=k—dy

[ k—dy k—dj (5
0=2TkHy | Y x(&)—dy—dp+1) Yy ——7—

dy —dy + 1
_S=k—dM S=k—dM

3D
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From (17) to (31), the upper bound of AV (k) can be described by
AV (k) < ST ()P (dy, Adi)g (k). (32)

where ® (dy, Ady) = Y°5_, IT; + IT3 + Iy

Since @ (dk, Ady) is quadratic with respect to dx and linear with respect to Ady, by
applying Lemma 4, @ (di, Ady) < 0 is guaranteed by conditions (13)—(15), which means
that system (1) is asymptotically stable. This complete the proof. O

Remark 5 To reduce the conservatism of stability criteria, one of the possible approaches is
to introduce some new zero equations. The introduction of two zero equations in (31) will
enhance the feasible region of stability criteria. However, two slack matrices H; and H, are
introduced with these two zero equations. The number of decision variables in Theorem 1
increases by 26n2, which is relatively time-consuming to find the feasible solutions of the
LMIs. Computational complexity will also increase moderately. When the sizes of LMIs are
not too large, the computational burden problem does not occur.

In what follows, the Hy, performance for the neural network (3) will be discussed.

Theorem 2 For given integers dy,, dy, [, iy and y > 0, the Hoo performance analysis
problem for system (3) is solvable, if there exist positive definite matrices Q; € R"*", R; €
RXN o= 1,2, 8 € RH*2, positive definite diagonal matrices J; € R"", j =1,2,3,
symmetric matrices Py € R Py € M¥X2 Uy, Uy € R, X € R, Xy €
R21X2n | — 1,2, 3,4, matrices My, N;, Hy, Y1, Y;,1 = 1,2 with appropriate dimensions,
such that the following LMlIs hold:

P(d,) >0, P(dy) >0, (33)
Ry — X1 -V -0 R -1 =0

| * Ry | =7 * Ry—Xo| =7

[Ry — X1 — X4 —-Y

L * R2 — X3i| = O’ (34)
_Sl Y S —)_/2

* Sz:|20’ [* Sz—izi| 0’
S1 X4 -Yi
* S5 — )_(3:| >0, (35)

6 6
2 il =F M| o | Z il —F 11| _
* I * I

Il
—

[=)}
f=)}

L lawum =F T2 o | L ilawwn = T2 g
* b * I,

(=)}

6
24 . —d’A —
lg n |(dm Hm) — dl A r Tl < O’ i; nl |(dm»l/—M) dl A F T] < O’

* I * I

(36)

where

ei = [Onxc(i—1yns> In» Onxc1a—ipn] s i =1,2,..., 14,
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el = (B — Ip)e] + Woeg + Wie§ + Dely,

N
¢ (k) = collmy, @2, @3, @y, @s, u(k)],
F = —elCTCelT + y2614elT4.

The other notations are the same as those in Theorem 1.

Proof Consider the same LKF V (k) as in Theorem 1. Denote
Ty = —v" (k) + y*uT (uk) = ¢ ") F ¢ (k).

It is easy to deduce that

6

AV (k) — J (k) < T (k) (Z I + T3 + 11y — F) ¢ (k).
i=1

AV (k) — J(k) < 0 is guaranteed by Conditions (34)—(36). Summing k& from O to & gives

ZZ:O AV (k) — Z:O J(k) < 0. Under zero-initial conditions, it is straightforward that

St vTk)uk) < F_ v2uT (k)u(k). This complete the proof. o

Remark 6 To reduce the conservatism of the stability criterion and H, performance analysis,
more information among the system states, time-delay, and the activation functions should
be considered. Therefore, many matrix variables are introduced to reflect the relationships
between these factors, which results in many complex notations. In practical engineering
application, the engineers only pay attention to the notations relating to the LMIs in these
criteria. Basing on symmetry, we can simplify programming of MATLAB. The LMISs in these
criteria can be easily solved by employing LMI toolbox in MATLAB.

Remark 7 Given a scalar y > 0, the neural network (3) is said to have Hy, performance
level y if (i) when the exogenous disturbance input u (k) = 0, system (3) is asymptotically
stable; (ii) under the zero-initial condition, for all nonzero u(k) € I, and all integer & > O,
ZZ:O vI(k)vk) < y2 ZZ:O uT (k)u(k) holds. The neural network (3) is said to be passive
if there exists a constant ¥ > 0, such that, for all nonzero input u(k) € I, and all integer
h > 0, 22220 vIkuk) > —y ZLO uT (k)u(k) under the zero-initial condition. Hso
performance and the passivity both are relevant to input, output and index y. They both
consider the relationships between input and output under the zero-initial condition. Different
from passivity, Hs, performance requires that system (3) with the exogenous disturbance
u(k) = 0 should be asymptotically stable. Hy, performance index y is used to prescribe the
level of noise attenuation. As a special case of dissipativity, passivity relates the input and
output to the storage function.

Remark 8 How to construct an appropriate LKF is a main difficulty in reducing effectively
the conservatism of stability criteria. To overcome this difficulty, a delay-product-type LKF
term is introduced and three multiple summation LKF terms are constructed in this paper.

4 Numerical examples

Example 1 Consider the discrete-time system (1) with

08 0 0.001 0
B=[0 0.9]’ W°=[ 0 0.005]’
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Table 1 The MADUBs d); for different dj,;, in Example 1

dm 4 8 12 15 DVs

Theorem 1 (Song and Wang 2007) 11 13 15 17 17.5n2 + 4.5n
Theorem 1 (Zhang et al. 2008) 12 14 17 19 1502 + 5n
Theorem 1 (Wu et al. 2008) 16 18 19 22 1322 +7n
Theorem 1 (Song et al. 2009) 16 18 19 22 57n% + 11n
Theorem 1 (Wu et al. 2010) 18 20 20 23 4.5n% +17.5n
Theorem 1 (Kwon et al. 2013) 20 21 21 23 61.5n% 4+ 17.5n
Corollary 1 (Feng and Zheng 2015) 20 21 22 23 44n2 + 13n
Theorem 1 (Zhang et al. 2017a) 20 21 22 24 13.5n2 4+ 11.5n
Theorem 1 (Case I) (Chen et al. 2019) 20 21 23 24 61n2 + 15n
Theorem 1 (Case II) (Chen et al. 2019) 20 21 23 24 211n2 + 151
Theorem | (u = 1) 21 22 23 25 83.5n2 + 15.5n

Table2 The MADUBs d; for different d);, in Example 1

dm 4 8 12 15 DVs

Theorem 2 (u > 2) (Zhang et al. 2017a) 20 21 22 24 13.5n% + 11.5n
Theorem 1 (1 > 2) (Jin et al. 2018) 20 21 23 24 1972 + 9n
Theorem 1 (u > 2) 20 21 23 24 83.5n% 4+ 15.5n
Theorem 2 (u = 1) (Zhang et al. 2017a) 20 21 23 25 13.5n% + 11.5n
Theorem 1 (u = 1) (Jin et al. 2018) 20 21 23 24 1972 + 9n
Theorem 1 (u = 1) 21 22 23 25 83.5n2 + 15.5n

—02 —0.1
Ly = diag{0,0}, L, = diag{1, 1}.

W, = |:—0.1 0.01:|7

The maximum admissible delay upper bounds (MADUBSs) dy, for different d,,,, such that the
neural network (1) is asymptotically stable, are listed in Tables 1 and 2, where . = —u,, =
. From Tables 1 and 2, the MADUBs djy obtained in this paper are greater than or equal
to those in the existing literatures, which shows that our approach is less conservative.

When d(k) = 17.5 + 5.5 cos km, the initial values x(k) = ¢(k) = [0.3, —0417, k €
[—23, 0], the trajectories of the neural network in Example 1 are depicted in Fig. 1, which
shows that the discrete-time system in this example is asymptotically stable. It verifies the
effectiveness of the proposed criterion.

Example 2 Consider the discrete-time system (1) with

0.1 0 002 0
B:[o 0.3]’ Woz[o 0.004]
—0.01  0.01
W= [—0.02 —0.01]

Ly = diag{0,0}, L, = diag{l, 1}.
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0.3 T :

0.2

°
O

x, (k)

x,(0)|

o
T

State vectors: x(k)

—_— = T= = = T= = =T — —

-0.4 3 :
50 100

Time k

o

150

Fig. 1 The trajectories of the system in Example 1 with d(k) = 17.5 + 5.5 coskm and x(0) = [0.3, —0.4]T

Table3 The MADUBs dy; for different dj;, in Example 2

dm 4 6 8 10 20 DVs
Theorem 1 (Zhang et al. 2008) 12 13 14 16 23 15n2 + 5n
Theorem 1 (Wu et al. 2010) 14 16 18 20 30 4.5n% +7.5n
Corollary 3.2, Mathiyalagan et al. 2012 15 17 19 21 31 68n% + 10n
Theorem 1 (Wang et al. 2013) 17 18 20 23 32 2952 + 12n
Corollary 3.3, Banu et al. 2015 32 34 36 38 48 22.5n2 +4.5n
Corollary 3.3, Banu and Balasubramaniam 34 36 38 40 52 2012 + 14n
2016
Theorem 2 (1 > 1) (Zhang et al. 2017a) 101 103 105 107 117 13.572 4+ 11.5n
Theorem 1 (Case I) (Chen et al. 2019) 3121 3123 3125 3127 3137 6ln% +15n
Theorem 1 (Case II) (Chen et al. 2019) 3122 3124 3126 3128 3138  211n? +15n
Theorem 1 (1 > 1) 3127 3129 3131 3133 3143 83.5n2+15.5n

The MADUBS dy for different d,, such that the system in this example is asymptotically
stable , are listed in Table 3, where © = —u,;, = up. It can be discerned from Table 3 that
the MADUBSs dj; calculated by our method are larger than those in the existing literatures,

which shows that our approach is with less conservatism.

Example 3 Consider the discrete-time system (3) with

02 0 0.001 0
Bz[o 0.3}’ W°=[ 0 0.005]

—0.1 001
Wi = [—0.2 —0.1]’

’
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Table4 The minimum He performance y for d,, = 3 and different d

dy 9 11 13 15 17
Theorem 1 (Feng and Zheng 2015) 2.3658 2.6113 2.8690 3.1407 3.4268
Theorem 1 (u = 1) (Jin et al. 2018) 2.3634 2.6093 2.8651 3.1342 3.4189
Theorem 2 (u = 1) 2.3589 2.6062 2.8633 3.1331 3.4179
Table 5 The minimum Hyo " 1 5 >3
performance y for
(dm. dy) = 3,9) and different  Theorem 1 (Jin et al. 2018) 23634 23635 23635
" Theorem 2 2.3589 2.3627 2.3629
Table 6 The minimum Heg P | 5 >3
performance y for
(dm,dy) = (3, 11)) and Theorem 1 (Jin et al. 2018) 2.6093 2.6093 2.6093
different p

Theorem 2 2.6062 2.6083 2.6086

C = diag{l1, 1}, D = diag{l, 1},
L = diag{0,0}, L, = diag{1, 1}.

Letd,, =3 and 4 = —pu,;, = up- The optimal Hy, performance levels y for different dy,
computed by Theorem 2 and the methods (Feng and Zheng 2015; Jin et al. 2018) are listed
in Table 4. When (d,,,, dyr) = (3,9) and (d,,, dyr) = (3, 11), Tables 5 and 6 list the optimal
H, performance levels y for different u, respectively. From Tables 4, 5 and 6, we can see
that Hy, performance level is improved. This means that our results are of less conservatism.

Set the initial state x(k) = [2, —2]T,k € [—13,0], d(k) = int[8 + 5 = sin(kT”)] and
Jk) = —vT(kvk) + yzuT(k)u(k). Figure 2 displays the state response of the system in
Example 3 with the exogenous disturbance u (k) = col[2e ~0-01% 3¢=0-02K] The trajectory of
ZZ:O J (k) is depicted in Fig. 3, which testifies the validity of the results of Theorem 2.

Example 4 The repressilator model for Escherichia coli with three repressor protein concen-
trations and their corresponding mRNA concentrations was considered in Elowitz and Leibler
(2000). The discrete repressilator model with the stochastic jumping was investigated in Xia
et al. (2020). Removing the stochastic jumping factor in Xia et al. (2020), we can obtain the
following deterministic discrete repressilator model:

m(k + 1) = Bym(k) + Dog(p(k)) + D1g(p(k —d(k))) + uy(k),

p(k+1) = Byp(k) + Bsm(k) + ua(k), G
where p(k) = [p1(k), pa(k), p3(k)]" and m(k) = [my(k), ma(k), m3(k)I", p; (k) and m; (k)
denote concentrations of protein and mRNA at time k, respectively; g(p(k)) is the feedback
regulation of the protein on the transcription; the diagonal matrices Bj, By, B3 represent
the decay rates of mRNA, the decay rates of protein, and the translation rates of mRNA,
respectively; Do, D are the coupling matrices; u1 (k) and u (k) are the external disturbances.
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25 T T T T

)

2 - = %K

1.5

1

0.5

State vectors: x(k)

—-——

2 | | | |
0 100 200 300 400 500

Time k

Fig.2 The state trajectories of the system in Example 3 with d (k) = int[8 + 5 * sin(kT”)], x(0) = col[2, 2]
and u(k) = COI[ZC_O‘Olk, 36_0‘02k]

1200 T T T T T

1000

800

400

200

0 1 1 1 1 1 .|
0 50 100 150 200 250 300
Time k

Fig. 3 The trajectory of Y{_, J (k) in Example 3 with dy, = 3, dpy = 13, u(k) = [2e=001k, 3¢=0.02T
and y = 2.8633

Let x(k) = col[m(k), p(k)], g(x(k)) = col[g(m(k)), g(p(k))], B = [2 0 } Wo =
i1(k)
0 Dy _ [0 Dy _|m® | M,l( P
I R O R e S

Then, (37) can be rewritten as follows:
x(k+ 1) = Bx(k) + Wog(x(k)) + Wig(x(k — d(k))) + u(k).
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2 T .
%K)
15 - - %0
— = %K)

P x| |
= = = xg(k)
< - = x5k
$ 05 1
]

[S]
(5
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o VY h e e = =
g JEEEEEEEE 7
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051 1
_1 : I -
I
I
1.5 L : .
0 50 100 150
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Fig. 4 The state trajectories of the system in Example 4 with d(k) = int[49.5 + 0.5 x cos(kT”)], x(0) =
[2,1,-0.8,0.7, —0.9, —1.5]T and ujj(k) = 0.015sin(0.02k),i = 1,2, j = 1,2,3

02 0 0 01 O 0 0.09 0 0
SetBy=]0 02 0 |(,Bp=/(0 01 0|,B;= 0 0.09 0 |,
0 0 02 0 0 0.1 0 0 0.09
0 0 1 ,
Do =—-0.5V,D; =—-0.1V, V=1 0 0|, the regulation function g(x) = 1—T—x2" Itis
0 1 0
obvious that the activation function g (-) satisfies (2) with/;” = 0, l;r =0.65i=1,2,...,6.

If d,, = 1, the MADUB dj, calculated by Theorem 1 (Zhang et al. 2017a) is 316. This
discrete repressilator system is asymptotically stable for 1 < d(k) < 316. However, the range
of d(k) derived by Theorem 1 in this paperis 1 < d(k) < 1101. Compared with Theorem 1
(Zhang et al. 2017a), our stability criterion can provide less conservative result.

Setd,, = 4,dy = 50. For u > 1, by applying Theorem 2 in this paper, the allowable
minimum Hy, performance level y = 1.8100.

Let d(k) = int[49.5 + 0.5 = cos(%”)], the disturbance u;;(k) = 0.015sin(0.02k), i =
1,2,j = 1,2,3, and the initial value x(0) = [2, 1, —-0.8,0.7, —0.9, —1.5]T. The state
trajectories of the considered system are showed in Fig. 4, which indicates that the synthetic
genetic regulatory network is asymptotically stable.

5 Conclusions

In this paper, the stability and Hs, performance for the discrete-time neural networks with a
time-varying delay has been investigated. A new free-matrix-based summation inequality is
proposed and applied to estimate the single summation terms. By constructing a suitable LKF
with a delay-product-term and bounding its forward difference by the proposed new inequality
and the improved reciprocally convex inequality, we derive less conservative conditions for
stability and H, performance respectively. Four numerical examples are given to further
verify the validity of the proposed criteria.
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