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Abstract

In this paper, we study the algebraic structure of a new family of linear codes over the
mixed alphabet Z;R, where R = Zy + uZ; + u2Zs + u3Zy, u* = 0. We present generator
and parity-check matrices of Z;R-linear codes in standard form. We define a Z;R-cyclic
code of length (r, s) as a R[x]-submodule of (%EE% X ()S\.lfjl) and determine its generator
polynomial. Also, we determine the size of a Z;R-cyclic code by giving a minimal spanning
set. Furthermore, we present the generator polynomial of dual code of a Z,R-cyclic code of
length (r, s) for odd s, while r is set arbitrary. Finally, optimal binary codes are constructed

from Gray images of Z,R-cyclic codes.

Keywords ZQZZ[M4]-CyC1iC codes - Dual codes - Separable codes

Mathematics Subject Classification 94B05 - 94B15

1 Introduction

In 1973, (Delsarte and Levenshtein 1998) defined additive codes in terms of association
schemes as subgroups of the underlying abelian group. These codes are interesting, because
their coordinates are partitioned into two parts such that each part is a linear code over
different alphabet. Brouwer et al. (1998) have studied mixed binary/ternary error-correcting
codes and presented upper and lower bounds for their maximal size. Recently, Borges et al.
(2010) have introduced Z,Z4-additive codes as submodules of Z5 x Zf , where « and B are
positive integers. In Borges et al. (2010), the duality of Z,7Z4-additive codes are considered
by defining an inner product different from the usual Euclidean inner product. Abualrub
et al. (2014) have studied the cyclic structure of Z,7Z4-additive codes for the first time, where
a minimal spanning set for these codes is presented, and generator polynomials of Z,Z4-
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additive codes and their duals codes are determined. Extending the methods given in Borges
et al. (2010); Aydogdu and Siap (2015) have studied Z,r Z s-additive codes and presented
their generator and parity-check matrices in standard form. Also, generalizing the methods
in Borges et al. (2010) and Abualrub et al. (2014), Aydogdu et al. (2017a,b) have studied
Zo 7 ul-cyclic codes and ZyZp [u3]-cyclic codes. In another work, (Borges et al. 2018) have
defined Z,-double cyclic codes, and obtained the form of generator polynomials of these
codes and their duals codes. We note that Zng[u3]—cyclic codes are generalization of both
Zo 7 u]-cyclic codes and Z,-double cyclic codes. In recent times, various families of linear
codes are studied over mixed alphabets and obtained good and some new optimal codes as
their Gray images (Borges et al. 2012; Bilal et al. 2011; Diao et al. 2020; Dinh et al. 2020,
2021, 2020; Hou and Gao 2021; Li et al. 2020; Meng and Gao 2021; Rifa-Pous et al. 2011;
Yao et al. 2020; Yao and Zhu 2020). Motivated by these studies, in this paper, we study
ZzZz[u4]-cyclic codes and determine the generator polynomials of ZzZz[u4]-cyclic codes
and their duals.

2 7Z27Z>[u*]-linear codes

Let Z, = {0, 1} be the binary field, and R denotes the commutative ring Z + uZ, + u?Zp +
u3ZZ ={a+ ub + u?c + ud | a,b,c,d € Z,}, where u* = 0. R is a finite chain ring
with nilpotent element u of index 4. Clearly, R contains Z, as a proper subring. We use the
notation ZoR := Zy x R = {(c1 | ¢2) |[c1 € Z and ¢» € R}. Z,R is a commutative group
with respect to component wise addition. To multiply the elements of R with the elements
of Z»>R, we consider the mapping § : R — Z; defined by

8(a +ub + u*c +u’d) = a.

Clearly, § is a ring homomorphism. Now, for any d € R and (c; | ¢3) € Z;R, define a
product ‘x’ as d * (c1 | c2) = (6(d)cy | dc2). This product is well defined and Z,R is an
R-module with respect to the product “x’. Extending the product ‘*’ to Z; x R* such that for
any d € Rand ¢ = (c1o, €11, ..., Clr—1 | €20, €21, -..,C25—1) € Z5 x R*, we define

d*c=(5(d)cio, 8(d)ciy, ..., 8(d)ciy—1 | der,deay, ..., deas—1) .

This extended multiplication is also well defined and Z; x R® is an R-module.

Definition 1 A non-empty subset C of Z} x R* is called a Zs[u*]-linear code of length (r, s)
if C is an R-submodule of Z, x R®.

Recall that the Gray map ¢ : R +— Z‘zt is defined as ¢ (a + bu + cu® + du®) = (a +
b+c+d,c+d,b+d,d) (Ozger et al. 2014). We extend this map component wise to
& Z5 xR > Z£+4S such that for any ¢ = (c10,¢11,---,€C1r=1 | €20, €21, -.-,C25—1) €
Zh x R®,

D(c) =(cr0,C11,---5C1r—1 | P(c20), d(c21), ..., P(c25-1)).

Clearly, @ is a linear map. Also, if C is a Z,R-linear code of length (r, s), then ®(C) is a
binary linear code of length r + 4s.
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2.1 Generator and parity-check matrices of Z,7;[u*]-linear codes

In this section, we present the generator matrix of a Z,R-linear code C of length (7, s) in
standard form. Here we note that C is a binary linear code of length » when s = 0, and
an R-linear code of length s when r = 0. From the definition of ¢, we see that R is group
isomorphic to Zg. Thus, as an additive group, a Z,R-linear code C of block length (r, s)
is isomorphic to Zgo X ng' X ngz X ngz X Zg“. In this case we say that C is of type
(r, 55 kos ki, ka, k3, k4).

Theorem 1 (Aydogdu 2019) Let C be a ZyR-linear code of type (r, s; ko; ki1, ka, k3, k).
Then C is permutation equivalent to a ZoR-linear code with standard generator matrix of
the form

I, Aot|0 0 0 0 u’Ty

0 Soi|lxy, Aot Aoz A,z Ao4
Gs=| 0 S11|0 uly, uAip uAiz uls |,

0 S0 O l/tzlk3 u?Axz u? A

0 0[0 0 0 wuly u'Ay

where So1, S11, S21 are binary matrices and Aoy, Aoz, Aoz, Aos, A1z, A13, A1a, Aoz, A2gAzg
are matrices over R. Furthermore, C contains 2k02%123k222k30ks oo dewords.

Example 1 Let C be a Z,R-linear code of length (2, 5) generated by the matrix

1100 u?  u? u?
11110 1+u u+tu’
G=|010u 0 u+u? u+u?
010 u u? u u+u’
1110 0 u? u? 4+’ u? +u?

Then, C is permutation equivalent to a Z;R-linear code with generator matrix in standard
form

11000 0 u?
00/110 14u u
Gi=|01{0u 0 u+u? u+u?
00[00u? u® u?+u’
0000 0 & u

Clearly, C is of type (2,5;1;1,1, 1, 1) and contains 2' - 2+1 . 231 . 221 .21 — 2048
codewords.

Now, we present the standard form of generator matrix of the dual code C of a Z;R-linear
code of type (r, s; ko; k1, ko, k3, k4). For this, we first define an inner product in Z5 x R¥.

Definition 2 The inner product of any two elements x = (xlo,xll,...,xqu |
X20, X215 ..-,xzs—l) and y = (Y10, Y11s+-+» Y1r—1 | Y20, Y21, .-+, y25—1) in Z5 x R¥ is
defined as

r—1 s—1
[x - y]=u’ [qu yn} + Y x5
i=0 j=0
@ Springer f DMAC
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Definition 3 The dual code Ct of a Z,R-linear code C is defined as

Cl={yeZ, xR [[y-c]=0forallceC}.
From the definition of C*, it is easy to see that CL is also a Z,R-linear code.

Theorem 2 (Aydogdu 2019) Let C be a ZyR-linear code of type (r, s; ko; k1, k2, k3, ka) with
the generator matrix as in Theorem 1. Then the generator matrix of the dual code C- is given
by

Ay I, uAlySh +utSy uSy, 0 0
Top 0| Al (AhAL + A,2/4) + A//13A/34 + Ay Ay, ° Ay Ay Ishi—ko—ki—k
H¢=| 0 0 |P u (A}, AL + Al) ulby  uly, 0
0 0 u?Al, u?ly, 0 0
0 0 w3y, 0 0 0

where

240 3
u (Af A} Sy + A Sy ) + u? Ay Siy +u’ oy
Ay (A1 A% ALy + Al Aby + AL ALy + Aly) + AQ, (Ady Ay + ALy) + A Ay + Agy
P= | u (A ApAds + AG Ay + Ay Ads + Af) ,
”§ (f‘é)l Ay + Apy)
u’Agy,

and M’ denotes the transpose of the matrix M.
Example 2 Let C be a ZyR-linear code of type (2, 5; 1; 1, 1, 1, 1) generated by the matrix in
standard form

rijoo o o0 W
00/11 u 1 u+ud
G=|0110uu+u®u u+u?
0100 u? w?u?+u°
0000 0 u W

Then the parity-check matrix of C is

11 u+u? u

u 00

1Ol +u+u® u? ull
H=]00 u u? uuo0
00 u? W +udu?00

00 u’ w 000

and, therefore, CL is of type (2,5;1; 1,1, 1, 1).

3 Z27Z>[u*]-cyclic codes

In this section, we generalize the Definition 3.1 given in Aydogdu et al. (2017a) and define
ZsR-cyclic codes. A Z,R-linear code of length (7, s) is cyclic if the simultaneous cyclic shifts
of r coordinates and s coordinates leaves the code invariant. Here, we study the structural
properties of Z,R-cyclic codes of length (r, s) by determining their generator polynomials
for odd s, while r is set to be arbitrary.
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Definition4 A Z)R-linear code C of length (r,s) is called a ZyR-cyclic code if

(c1r-1,€10s - -5 Cc1r—2 | €25-1,€20,...,C25—2) € C whenever (c10,c11,...,¢17-1 |
€20, €21, ..., ¢25-1) € C.
7 R Z R o .
LetRy, s[x] = ()CEE% X (xs[f]l),Zz,,.[x] = (fo[j1]> andRy s[x] = <xs[f]1>.1dent1fy1ng each
c = (cro.¢11,.-.,¢17—1 | c20,€21,...,c25-1) € Z5 x R with a pair of polynomi-

als (cio+crix 4+ -+ cirm1x™ V| cag+c21x + -+ crs_1x* 1) € C, we have a
one-one correspondence between Z x R® and Ry, s[x]. Now for any f(x) = > fixl e
R[x] and (c1(x) | c2(x)) € Ra,s[x], we define the product f(x) * (c1(x) | c2(x)) =
B(fx)ec1(x) | f(x)ea(x)), where §(f(x)) =Y S(fi)xl. Following these notations, it can
easily be shown that R4, ¢[x] is an R[x]-module with respect to the product ‘x’.

Letc = (c10,¢11,---»C1r—1 | €20, €21, ..., C25—1) be an element in Z), x R® and i be
an integer. We denote the ith shift of ¢ by

D = (C10mis Cli—iv ey Clr1—i | €20y C21—is -+ C25—1-i)

where the subscripts are taken modulo r and s, respectively. Following these notations, it is
easy to see that x xc(x) = (c1ox +c1 X2 4 erixt | c20x dext4Hep1xt) =
(Clr—1 +crox+- -+ cpppx"! | ca5—1 +Coox + -+ ¢25—2x7 1), which is the cyclic
shift of ¢ in Z5 x R®. More generally, xt s e(x) = ¢ (x). The cyclic codes in the present
setting are R[x]-submodules of the residue class ring R4 , ¢[x], in fact they generalize both
binary cyclic codes and cyclic codes over R.

Theorem 3 A Z;R-linear code C of length (r, s) is cyclic in Z!; x R if and only if C is an
R[x]-submodule of R4, s[x].

Let C, and C; be the canonical projections of a Z,R-cyclic code C of length (r, s) on first
r coordinates and last s coordinates, respectively. Then, C, is a binary cyclic code of length
r and Cy is a cyclic code of length s over R. These codes are well studied in the literature
(MacWilliams and Sloane 1975; Ozger et al. 2014). We now extend these known structures
and obtain the generator polynomials of a Z,R-cyclic code by taking the back projection of
CyinRy 5.

Now onward s denote an odd integer and r an arbitrary integer. Also, we denote the gcd
of two polynomials f(x) and g(x) by (f(x), g(x)). The following result gives the form of
generator polynomials of cyclic codes of odd length over R.

Theorem 4 (Ozger et al. 2014) Let C be a cyclic code of length n over R, n odd. Then,
C = <g(x), uay (x), uar(x), u3a3(x)> = (g(x) +ua(x) + ular(x) + ulaz(x)), where
g(x), ar(x), ax(x) and a3(x) are binary polynomials such that az (x) |a2(x) |a1 (x) |g(x)}(x"—
D).

The following result gives the generator polynomials for a Z;R-cyclic code C of length

(r,s).

Theorem 5 Let C be a ZyR-cyclic code C of length (r,s). Then, C = <(f(x) [ 0),
((x) | g(x) 4 uai(x) + u?ax(x) + M3a3(X))>, where f(x),1(x), g(x), a1(x), az(x) and
a3 (x) are binary polynomials such that a3 (x)‘ag(x)’al(x)’g(x)‘(xs —1)and f(x)’(x’ —1).

Proof Consider the projection mapping 7 : C — Ry ¢[x] such that (c; (x) | c2(x)) > c2(x).
Clearly = is an R[x]-module homomorphism with kernel ker(;r) = {(a(x) | 0) € C | a(x) €
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Zy r[x1}. Since Zy [ x]is aprincipal ideal ring, the set K = {a(x) € Zy ,[x] | (a(x) | 0) € C}
is a principal ideal. Therefore, there exists f(x) € Zy  [x], f (x)‘(x’ — 1) such that K =
(f(x)), and therefore, ker(r) = ((f(x) | 0)). On the other hand, the homomorphic image
of C under r is an ideal of R4 ¢[x]. From Theorem 4, we have 7 (C) = (g(x) 4+ ua;(x) +
u?ay(x) +uas(x)). This implies (/(x) | g(x) +ua; (x) +u’az(x) +u’az(x)) € C for some
I(x) € Zy r[x]. Therefore, ((f(x) | 0), (I(x) | g(x)+ua1(x)+u2a2(x)+u3a3(x))) C C.To
show C € ((f(x) | 0), ((x) | g(x)4ua) (x)+uaz(x)+uaz(x))),let (p1 (x) | p2(x)) € C.
This implies p2(x) € Cs and pr(x) = A(x)(g(x) 4+ uai(x) + u?ar(x) + ulaz(x)) for some
A(x) € R[x]. Furthermore,

(P1(x) | p2(x)) — () ((x) | g(x) + uay(x) + u*ar(x) + u’az(x))
= (p1(x) — A(x)I(x) | 0)
=1 () (f(x)0),
for some A/ (x) € Zy[x]. This implies (p1(x) | p2(x)) € ((f(x) | 0), ((x) | g(x)+ua;(x)+

u?ar(x)+u3az(x))), and therefore, C C ((f | 0), (I | g(x)+uay(x)+uar(x)+uaz(x))).
O

Remark 1 From Theorem 5, it is obvious that f(x) is a monic polynomial of least degree
such that (f(x) | 0) € C. Also, for any (a(x) | 0) € C, f(x) divides a(x).

Theorem 6 Let C = ((f(x) | 0), (I(x) | g(x) + uay (x) + u?ax(x) + uaz(x))) be a Z,R-
cyclic code of length (r, s). Then, f(x) divides x-l L(x).
)

az(x)
Proof Consider
x5 —1

(l(x) | g(x) + ua; (x) 4 u’ar(x) + u3a3(x)) = <8 (x‘ — l> I(x)

az(x) a3 (x)
x5 =1
= I(x)|0) eC.
az(x)
This implies that f(x) divides El()c) from Remark 1. O

az(x)

Corollary 1 Let C = ((f(x) | 0), (I(x) | g(x) + uai (x) + u?az(x) + uaz(x))) be a Z,R-
cyclic code of length (r, s). Then, f(x) divides =L ((x), f(x)).

az(x)

Theorem7 Let C = ((f(x) | 0), (I(x) | g(x) + uai (x) + u?az(x) + ua3(x))) be a Z,R-
cyclic code of length (r, s). Then deg(l(x)) < deg(f(x)).

Proof Assume deg(/(x)) > deg(f(x)). Since f(x) is a monic polynomial, we can apply
division algorithm. To that end, there exist polynomials ¢ (x) and r(x) in Z;[x] such that
I(x) = f(x)q(x) + r(x), where r(x) = 0 or 0 < deg(r(x)) < deg(f(x)). Therefore

(FG) 10), ((x) | g(x) + uar (x) + ular(x) + wlas(x)))
=((f(x) 10), (f(x)g(x) +7rx) | gx) + uai(x)
+ular(x) + waz(x))
=((f(x)10),g)(f(x) | 0) + (r(x) | g(x) + uai(x)
+ular(x) + uwaz(x))
= (@) [0), (r(x) | §(x) + uai (¥) + u?ar (x) + waz (x))).
As deg(r(x)) < deg(f(x)), we may assume that deg(/(x)) < deg(f(x)). ]

@ Springer f bMA



7y 7o [u*]-cyclic... Page70f20 172

The following result present a minimal spanning set for a Z,R-cyclic code that given in
Theorem 5.

Theorem 8 Let C = ((f(x) | 0), (I(x) | g(x) + uai(x) + u?ar(x) + u’az(x))) be a Z,R-
cyclic code of length (r,s) such that g(x)h(x) = x* — 1, g(x) = a1(x)b1(x),a;(x) =
ay(x)ba(x) and ar(x) = az(x)b3(x). Then, S = S1 U S U S3 U S4 U S5 forms a minimal
spanning set for C as an R[x]-submodule of R4 g, where

r—deg(f)—1
si= U a'=(10
i=0
s—deg(g)—1
Sy = U xi*(llg+ua1+u2a2+u3a3)
i=0
deg(g)—deg(ay)—1
S3 = U Xt x (lh | uarh + uzazh + u3a3h)
i=0
deg(ar)—deg(az)—1
Sy = U x"x (Ihby | u*arhby + uashby)
i=0
deg(ar)—deg(az)—1
Ss = U x"x (Ihbyby | udazhbiby) .
i=0

Proof Let c be a codeword in C. Then there exist d; and d» in R[x] such that

c=di*(f10)+drx (| g+uar+uar+uas)
=8 f|0)+dyx (| g+ua +u*ar + uas). (1)
We first show that d; * (f | 0) € span(Sy). If deg(§(d1)) < r —deg(f),thend; % (f1 | 0) €

span(Sy). Otherwise, by division algorithm, there exist g, r| € Z[x] such that §(d;) =
@11 + ) with r; = 0 0or 0 < deg(r1) < r — deg(f). Then

f
x" =1
Sdnf10)= ((611 7 +r1>f|0>

=@ =) +rifl0
=q(x" =110 +r(f0)
=r1(f | 0) € span(S).

If deg(dr) < s —deg(g),thendax (I | g +uaj + wlar +ulaz) € span(S>) and ¢ € span(S).
Otherwise, by division algorithm, we have do = g2h + rp with r, = 0 or 0 < deg(rp) <
s — deg(g), g2, > € R[x]. Therefore
dy* (| g +uay + way + u'azs) = (qah + 1)1 | g +uar + u’ay + was)
= g2 % (lh | uarh + u*ash + w’azh)
+rax (| g +uar +utar +uas).

Since deg(ry) < s—deg(g),ra*( | g+ua1+u2a2+u3a3) € span($>). Also, ifdeg(qr) <
deg(g) —deg(ai), g2 x(lh | uarh +ulayh +ulazh) € span(S3), and therefore, ¢ € span(S§).
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Otherwise, compute go = g3bj + r3, where r3 = 0 or 0 < deg(r3) < deg(g) — deg(ay).
Then

q2 * (Lh | uarh + wrarh + u3a3h) = (g3b1 +r3) * (lh | uarth + wrarh + u3a3h)
= g3 % (lhby | uaxhby + uazhby)
+r3* (lh | uah + wrarh + u3a3h)
Clearly, r3 * (Ih | uaih + wlarh + ulazh) € span(S3). If deg(q3) < deg(a;) — deg(az),

then g3 * (Lhb; | ularhby + ulaszhby) € span(S4), and therefore, ¢ € span(S). Otherwise,
compute g3 = gaby 4+ rq4 withrg = 0 or 0 < deg(r4) < deg(a;) — deg(az). Then

g3 * (lhby | uashby + udazhby) = (qabs + ra) x (Ihby | u*arhby + u’azhby)
= qa * (Lhb1by | u’azhbib)
+ 714 % (Ihby | u*ashby + ulazhby)
Again, since deg(rs) < deg(a1) — deg(an), r4 * (Ihby | ularhby + ulazhby) € span(Ss).
Now, we show g4 * (Ihb1by | ulashbiby) € span(S; U Ss). If deg(qs) < deg(az) — deg(as)

then we are done. Otherwise, compute g4 = ¢s5b3 + rs with rs = 0 or 0 < deg(rs) <
deg(az) — deg(az). This implies that

qa * (Ihb1by | w>azhbiby) = (gsbs + rs) x (Ihbiby | u’ashbiby)
= g5 % (Lhb1byb3 | 0) + rs = (Ihb1bs | uazhbyby).

Since x* — 1 = azb1byb3h, and f| xi; (from Theorem 6), we have gs *x (lLhb1bab3 | 0) €

span(Sy). Also, since rs *x (lhb1b; | wazhbiby) € span(Ss), we finally see ¢ € span(S).
Therefore, C is spanned by S. O

Corollary2 Let C = ((f(x) | 0), (I(x) | g(x) + uai (x) + u*ar(x) + u’az(x))) be a Z,R-
cyclic code such that f(x)‘(xr -1, a3(x)|a2(x)|a1(x)‘g(x)’(xs — 1). Then,

IC| = or—deg(f) | g8 —deg(g) gdeg(g)—deg(ar) gdeg(ar)—deg(az) pdeg(az) —deg(a3)

Corollary3 Let C = ((f(x) | 0), (I(x) | g(x) 4 uay (x) + u’ax(x) + ua3(x))) be a Z,R-
cyclic code such that f(x)|(xr — 1), a3 (x)|a2(x)|a1(x)|g(x)|(xs — 1) and C+ be its dual
code. Then

CL| = 2des(f) | ges(as) gdeg(a)~deg(as) gdeg(ar) ~deg(ar) pdeg (g)~deg(a)

Proof The result follows as |C| = 27~dee(f)gs—dee(s)gdeg(s)—deglar)qdeg(ar)—deg(ar)
2deg(@z)—deg(@s) from Corollary 2 and |C||CL| = 27 16°. o

Note that, if C = ((f(x) | 0), ((x) | g(x) + ua;(x) + wlar(x) + u3a3(x))) is a ZpR-
cyclic code of length (r, s), then the canonical projection Cy is an R-cyclic code generated
by g(x) + ua(x) + u?ay(x) 4+ uaz(x). Also, it can easily be seen that the spanning set of
an R-cyclic codes of odd length given in Ozger et al. (2014) is a special case of Theorem 8
forr =0.

Theorem 9 Let C = ((f(x) | 0), (I(x) | g(x) + uai (x) + u*ar(x) + uaz(x))) be a ZoR-
cyclic code of type (r, s; ko; k1, ko, k3, kq) such that f(x)|(x’ —1), a3 (x)|a2(x)|a1 (x)|g(x)
(x* = 1). Then, kg = r — deg(f,lhb1by), k; = s — deg(g), ko = deg(g) — deg(ay),
k3 = deg(a1) — deg(az) and ks = deg(az) — deg(az) — deg(f) + deg(f, [hb1by).
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Proof From Theorems 1 and 8, we have kq is the dimension of the projection of the space
generated by (f | 0) and (l hb1by | u3a3hb1b2) on first r coordinates. Clearly, the polynomi-
als f and [hb| by generates this space. Since the projection of R4 , ¢ on first r coordinates is a
principal ideal in Z5 ,[x], the monic polynomial (f, [hb1b>) generates this projection space.

Thus, kg = r—deg(f, [hb1by). Furthermore, the parameters k1, k> and k3 are clear from The-
orem 8. Finally’ as |C| = 2r—deg(f) 16S—d5g(8)8deg(é’)—deg(fll)4deg(al)—deg(flz)szg((lz)—deg(GS) f—

206k 8k24k3 0k wwe have ky = deg(an) — deg(az) — deg(f) + deg(f, lhb1by). O

4 Duals of Z,7>[u*]-cyclic codes

In this section, we study the structure of duals of Z,R-cyclic codes. We determine the gen-
erator polynomials of these codes. The following result shows that the dual of a Z;R-cyclic
code is also cyclic.

Theorem 10 Let C be a ZyR-cyclic code of length (r, s) and C* be its dual. Then C is also a
ZoR-cyclic code of length (r, s). Furthermore, clt= ((f(x) | 0) , (f(x) | §(x) + uay(x)+

u?ar (x) + ulas(x))), where f(x), §(x),1(x), a1 (x), do(x), d3(x) € Zolx]with f(x)|(x" —
1) and a3(x) |2 () ]ar () [§(0) | e = 1).

Proof Let vy = (aj0,a11,...,a1r—1 | b1o,b11,...,b15-1) € Cand vz = (az0, a21, - ..,
ayr—1 | b2o,b21, ...,bas—1) € CL. Since v; € Cand Cis cyclic, we have (v)™=b e,
where m = lecm{r, s}. Then

0=[w)" Y v

=u(a11a20 + - + a1 ,—1a2,—2 + a10a2,-1)
+ (br1b20 + -+ + b1s—1b25—2 + brobas—1)

=u(ajoazr—1 +ar1a20 + - +ar,—1a2,-2)
+ (brobas—1 +bi1bao + - + b1s—1b25-2)

= [vg - vél)].

As vy is an arbitrary element of C, vél) € CL. Therefore, CL is a Z,R-cyclic code. O

Let f(x) = fo+ fix +---+ fux", fu # 0 be a polynomial of degree n. Then, the
reciprocal polynomial f*(x) of f(x) is defined as f*(x) = f, + fu—1x +--- + fox",i.e
frx) =x"f(1/x).

Theorem 11 (Srinivasulu and Bhinthwal 2017) Let f and g be two binary polynomials such
that deg(f) > deg(g). Then

1. deg(f) > deg(f*), and equality holds if x 1 f;
2. (fo)r = frg™: ,

3. (f +g)* — f* _i_xdeg(f)fdeg(g)g*;

4. gl f=g*| f"and

5. (f.9)"=(f".g".

Let m = lem(r,s) and 6, (x) = Y /" 01 x'. Then it is easy to show that x” — 1 =
" - 1)0m ") = — 1)9m (x*). Similar to (, Borges2010, Definition 4.3) now we define
a bilinear map Y and study the orthogonal properties of elements of Ry , ¢[x] under .

@ Springer f DMAC



172 Page 100f 20 B. Srinivasulu, P. Seneviratne

Definition 5 Let vy (x) = (a1 (x) | b1(x)) and v2(x) = (a2(x) | ba(x)) be any two elements
in Ry, s[x]. Let ¥ : Ry s[x] X Ry s[x] — (xli,[f]1> be a mapping, such that

¥ (W1 (x), 12(x)) = wlay (6)fm (x")x" 1B g3 (x)
+b1(x)6m (x$)xm 1748 BN px () mod (x™ — 1).
Lemmal Let vy = (ay | by) and va = (az | b2) be elements in 7, x R* with associated

polynomials vi(x) = (a1(x) | b1(x)) and v2(x) = (a2(x) | ba(x)) in Ry, s[x]. Then vy is
orthogonal to vy and all its cyclic shifts if and only if ¥ (v1(x), v2(x)) = 0.

Proof Let vy = (a10,ai1,...,a1,—1 | bro,b11,...,b15-1),v2 = (@20,G21,...,a2,—1 |
bro,b21, ..., o

1
bys—1) € Z5 x R%,and v, " = (a20-i, @21—is -+, a2r—1—i | b20—i» b21-i, ..., b2s—1-i) be

the i-th shift of vy. Then, vy vy = Oifand only if u® Y7 2§ a1 jaz;—i + 34— bicbak—i = 0.
Now, from the definition of ¥/, we have

r—1 r—1
Y1), @) =’ Y | 0n ()Y arjazj-ex™
e=0 j=0
s—1 s—1
+ Z (9{7 (x%) Zblkaktxm1t>
t=0 k=0
r—1r—1
= Gr’n,_ | Z Zaljazj,exmA*e
e=0 j=0
s—1 s—1
+ O (x*) (Z > blkbzerm_l_'> 2
=0 k=0

Rearranging the terms in (2) and denoting the summation: 1 Z;;é) aijazj—i +Z‘,§;(l) bixbak—i
by S;, we get

m—1

Y1(x), v2(0)) = Y Sx™ ' mod (x" —1).

i=0
Therefore, w(vl(x), va(x)) = 0ifand only if §; = O forall 0 < i < m — 1. The result
follows as vy - v\ = §,0 <i <m — 1. o

The following result is a straightforward generalization of [Borges et al. (2010), Lemma
2].

Lemma2 Let vi(x) = (a1(x) | b1(x)) and va(x) = (az(x) | ba(x)) be any two elements in
Ry, s[x] such that ¥ (vi(x), v2(x)) = 0.

1. Ifai(x) = 0orax(x) =0, then by (x)b5(x) = 0 mod (x* — 1).

2. If by(x) =0 or by(x) =0, then ay (x)a(x) = 0 mod (x" — 1).

Proof Letaj(x) = Oorax(x) = 0.Then v (v1(x), v2(x)) = 0+by (x)fm (x*)x"~deeb2())—1
b3(x) = Omod (x™—1). This implies that by (x)gm (x*)x™ ~4820D=1p5 () = (x" —1)g (x)
for some g(x) € Z[x]. Taking f(x) = xde&®2N+lo(x) we get bl(x)Q% x)x"b3(x) =
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f()(x™ — 1), and therefore, by (x)(x™ — Dx™b5(x) = (x™ — 1)(x* — 1) f(x). Since x and
x* — 1 are relatively prime, we have b (x)b3(x) = 0 mod (x* — 1). Part (2) can be proved
similarly. O

Theorem 12 Let C = ((f(x) | 0), (l(x) | g(x) + uai (x) + ular(x) + a3 (x))) be a ZoR-
cyclic code of length (r, s), where gh = x* — 1,¢g = aiby,a; = ayby and a» = azbs.
Then

(f.hD) .
1L e (),

2. UMD Rl € (f, hiby) and

3. AL hiby € (f, hibiby).

Proof Let hiby = (f, hlby)t; and f = (f, hib1by) tp. Then, there exist t3 € Z[x] such
that hlb1by = (f, hlb1by) tit3 with (>, 13) = 1. This in turns gives pitr + pat3 = 1

for some pi, p» € Z>[x]. Thus, p; T hlj;lbz) + pz(f}}’ll;;ll%)tl = 1, and therefore, p; ft; +

pahlbiby = LA hiby Hence, M hib) € (f, hibiby). Similarly, we can see that
(f.hl) (f,hiby)

(ff,)le (f, hl) and {fhl; hl € (f, hiby). o
Theorem 13 Let C = ((f(x) | 0), (I(x) | g(x) + uai(x) + u’ar(x) + ua3(x))) be a Z,R-
cyclic code of length (r,s) and C+ = <(f(x) | 0) , (i(x) | §(x)+udy (x)+u?dr(x)H+

w3az (x))) be the dual code of C. Then

x" =1
(f @), ()

Proof Let C, be the projection of C on first r coordinates. Then C, = (f, [), which is cyclic
inZs[x]/(x" —1). Since Z,[x]/(x" — 1) is a principal ideal ring, C, = ((f, [)), and therefore,

CHt = < ()6;7)1*> From the definition of the dual, we have, for any (a | b) € C, ¥((f |

0), (a | b)) = 0mod (x™ — 1). This implies that fa = 0mod (x" — 1). Thus f e (CHt

and (XfT)* divides f On the other hand, as ff* = 0mod (x" — 1) and fl* =0mod (x" —1)
-1

implies that f(f,1)* = 0 mod (x" — 1). Hence f divides (f,l)*'
O

fe) =

{ f 1)* , and therefore, f =
Theorem 14 Let C = ((f(x) | 0), (I(x) | g(x) + uai(x) + u?ar(x) + ua3(x))) be a Z,R-
cyclic code of length (r,s) and C+ = ((f(x) | 0) , (f(x) | §(x) + udi (x) + u?as(x)
+ulds (x))) be the dual code of C. Then

(x* = D(f (x), l(x)h(x)bl(x)bz(x))*

fr(x)az(x)
Proof Since (0 | u3g) = (0 | uPazbibabz), (0 | uParh) = (0 | wulasbrbsh) € C and
(b1, h) = 1, we have (0 | ua3bsrbz) € C. Again, as (0 | ularbih) = (0 | ulazbibsh) € C
and (by, bih) = 1, we have (0 | ua3b3) € C. Finally, as (lhb1by | ulazbibyh) € C and
(b3, b1byh) = 1, there exist p € Z>[x] such that ({hb1byp | u3a3) € C, and therefore,
(0

gx) =

3 S
u (thblbz)a3> €C.
Now, from definition of v and from Lemma 1, we have

¥ (€186 +u () + w2 @) +wa00), (0|6 G es ) )
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=0 mod (x™ — 1). 3)
Furthermore, from Lemma 2, (3) is equivalent to

. I " 5
——a; =0 d (x® —1).

8ty =0 med =D

Therefore

(x* = D(f, lhb1b)*

*
f*a3

é:
[}

Remark 2 From Theorem 4, we have C = (g + ua; + wlay + u3a3) = (g, uay, ula, u3a3).
Thus u'a; = m;(g + ua; + u?ar + ulaz), for some m; € R[x], i = 1,2, 3.

Theorem 15 Let C = ((f(x) | 0), (I(x) | g(x) + ua (x) + u’a>(x) + ua3(x))) be a Z,R-

cyclic code of length (r,s) and C+ = <<f(x) | 0) , (i(x) | 8(x) + uai(x) + uar(x) +
u3as (x))> be the dual code of C. Then,

(" = D), [x)h(x)bi (x)*

ar(x) = — .
ay (x)(f (x), [(x)h(x)b1(x)b2(x))*

Proof From Theorem 12 part (3), we have ({}f’il;}‘?ll’g)hlbl = P f + Q1hlbyb;, for some

Pi, Q1 € Zs[x]. Thus, (f | 0), (Ihby | u>ashby + udazhby), (hbiby | ulazhbiby) € C

implies that (0 ’ WD) (2 ayhby + washb)] + uashbiby Q1> € C. Since (0 | ularh+

wlah) € C and (a1, b)) = 1, we have (0 ’ ({]’c{%}jg) [uzazh] +u3Q’) € C, for some
polynomial Q" € C. Again, as (0 | uzg + ua)) € C and (g,h) = 1 implies that

(0 (f.lhbiby) [uzaz] +u’ Q) € C, for some Q € C. Also, there exist 111 € R[x] such

(fThbr)
that (§Gi1)! | iy (8 + uay + ulas + uas)) = (8Ghy) | uap) € CL.

Now, by Lemma 1, we have v ((a(ﬁm | udy), (o| Lt [u2a2]+u3Q)> —

0 mod (x™ — 1). This is equivalent to

. (f,1hb1by)* P
ai Wd; =0 mod (x — 1)

Therefore

4y = &= DU b
ai(f. thb1b)*

[m}
Theorem 16 Let C = ((f(x) | 0), (I(x) | g(x) + ua;(x) + u?ar(x) + ua3(x))) be a Z,R-
cyclic code of length (r, s) and C+ = <(f(x) | 0) , (i(x) | 8(x) + ud1(x) + u?ar(x) +
u3as (x))> be the dual code of C. Then,

(" = D), LA (x))*
aj () (f (), 1) ()b (x))*”

ax(x) =
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Proof Again, from Theorem 12 part (2), we have ({/’c”l'}l:)')lh = P, f + Q»lhby, for some

P>, Q> € Zo[x]. Thus, (f | 0), (h | uarh+uash+u3azh), (Ihby | uarhby +ulashby) €

C implies (0 | L [warh+ wPash + wash] + Qa [uPazhb) + udazhb,]) € C. Since

O | ug + ua; + udar) € Cand (g, h) = 1, we get (0 ({}’,’}ZV [ua;] +u2Q”) e C,

for some Q" in R[x] . Also, there exist m € R[x] (from Remark 2) such that (5 (1)l |
M2 (8 + udy + u’ay + u3az)) = S@na) | u?ar) € CL. Therefore, from Lemma 1, we

have ¥ ((S(mz) | u2ay), (0 | LD [ay) + uzQ”>> — 0 mod (x™ — 1), which is further

equivalent to

. (f.Ihb)* Y
aZ{ﬁT)l*al =0 mod (x* — 1).

Thus,
. & = D(f, Ih)*
ah=——"—"—.
aj(f,lhby)*
O

Theorem 17 Let C = ((f(x) | 0), (I(x) | g(x) + uai (x) + uas(x) + u’az(x))) be a ZoR-
cyclic code of length (r, s) and C+ = <<f(x) | O) , (i(x) | §(x) + ua(x) + ulasr(x) +
u3as (x))> be the dual code of C. Then

(* = D(f(x), [(x)*
g0 (f (x), L(x)h(x))*
Proof Since (f | 0),( | g + uai + u?ar + u3a3) and (Ih | waih + ularh +
wlazh) € C, and by Theorem 12 part (1), we have (0 ’ % [g +uay + ular + u3a3] +
03 [ua\h + u*ah + udazh]) € C, for some Q3 € Rlx]. As (0 | w’az) e C*,
v ((0 | u3£13) , (O | % [g +uay + ular + u3a3] + 03 [ualh +u?arh + u3a3h])> =
0 mod (x™ — 1). This is equivalent to

as ((J;”llh)): g* =0 mod (x* —1).

as(x) =

Therefore
.= DD
a3 = ——————.
’ g*(f,lh)*
O

Now, we determine the explicit form of /(x) in Zy ,[x]. Note that (g 4+ ua; + ulay +
u3a3)* =g* + I/txdeg(g)—dc::g(a1)ail< 4 u2xdeg(8)—deg(ﬂz)ai" + u3xdeg(g)—deg(a3)a§k_

Lemma3 Let C = ((f(x) | 0), (I(x) | g(x) 4 uai(x) + u?az(x) + ulaz(x))) be a ZR-
cyclic code of length (r, s) such that gh = x° — 1, g = aiby, a1 = axby and ay = azbs.
Then f|lhbib)bs.

Proof As hbibybs(l | g +ua; + wlar + u3a3) = (lhb1bab3 | 0) € C, we have f|lhb1b2b3
from Remark 1. ]
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Lemma4 Let C = ((f(x) [ 0), (I(x) | g(x) + ua) (x) + u?ar(x) + ua3(x))) be a Z,R-
eyclic code of length (r,s) and CL = <(f(x) | o) L) | 8 + wdy (x) + ulaa(x) +
u3&3(x))> be the dual code of C. Then, 9% (x*)gaf, 9% x*)gg*, 9% (x*)ga3, 9% x%ag*,
Om (xNaaf and O (x*)arg* are congruent to O modulo (x™ — 1).

Proof Consider
Om (x*)(x* = D(f, Ihb1b2)*a}

9% (x*)gal =

I
™ = 1)(f, lhb1b)*a5b3b;
= Frat
_ (x™ — 1)(fb3, lhb1b2b3)*aib;
7a;

=0 mod (x™ — 1)
from Lemma 3. The other part of the result can be proved with similar arguments. O

Theorem 18 Let C = ((f(x) | 0), (I(x) | g(x) + ua;(x) + u?ax(x) + ua3(x))) be a Z,R-
cyclic code of length (r,s) and C+ = <<f(x) | O) (I(x) | 8(x) + uay(x) + u?ar(x) +

w3az (x))> be the dual code of C. Let p = W Then
i =2 "1
x) = x),
f*x)
where
Ax) = -1 |:(f’ lhb]bZ)*xmfdeg(u3)+deg(l) + (f,lhby)* f xmfdeg(a2)+deg(l)+
f,D* (f thbiby)* (f, D*
(f’ lh)* f* xmfdeg(al)ereg(l) + f* xmfdeg(g)ereg(l)] mod ( f* )
(f,Ihb)* (f, D* (f. th)* (f, D*

Proof As(l | g+ua1 +u2dy +utaz) € Ctand (f 1 0) € C, wehavetp((f | 0), (l | ¢+
ua1+u ar+uadz)) = 0 mod (x™ —1). From Lemma 2, 1tfollowsthatlf* =0 mod (x" —1).
Then [ = "fjlk for some A € Zj[x]. Again, as (l | & + udy + uar + u3az) € C*+ and
(| g+uar+uar+uiaz) € Cy(( | g+udr+udr+u’as), (| g+uar+uar+u’az)) =
0 mod (x™ — 1). This implies that

u3lAl*0% (x"yxm—dee=1 4 (8 +uay + way + u3&3) (g +uay + ulay + u3a3)*
Om (x*)x™ 9@~ — 0 mod (x™ — 1). )
Rewriting (4), we have
W3l Om (x")xm—dee®=1 4 (g +udy + ular + u3&3)
<g* - uxdes(®)—deg(an gx 2, deg(g)—deg(ar) 2
2@ gy (x)x" DT = 0 mod (" — 1), )
Or
I Gm (x)x" 0D 4 G (i)
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m—deg(al)—lga;k + uzxm—deg(a)—lgaik

I:xm—deg(g)—lgg* + ux
m—deg(g)—lélg* + u2x

+u3xm—deg(a3)—1§a3k +ux m—deg(al)—lalaik + u3xm—deg(a2)—]&1a;
+u2xmfdeg(g)4&2g* + u3xm7deg(a1)7]a2aik + u3xm7deg(g)71&3g*:|

©)

=0Omod (x™ —1).
From Lemma 4, the summands in (6) containing other than 13 is 0 mod (x™ — 1). This in

turn gives
W0 (x")x" 0D g ()
I:u3xm—deg(a3)—1§a;< + udxmdeg@)=lg, gx 4y 3 m—deglan=lg, 4
+u3xm—deg(g)—1@3g*] =0 mod (x™ —1). @)

Substituting the values I ,&,a1,a and az in (7), we get

M3 (xrf_* 1)1*)\‘9& (xr)xmfdeg(l),l + On ()CS) |:u3xm7deg(a3)7l ()c‘Y — 1);{,ihb1b2)* aék
r s a3
43y —deglar)—1 (' = D(f, lhb)* + 43 xm—deglan—1 (' = D(f, lh)*a*
(f.Ihbiby)*a; ° (f.lhbyy*a; !
s ,l *
4y ym—deg(e)-1 (xi(f lfi)(fa*) g*] =0mod (x™ —1). 8)
; 1
Rewriting (8), we get
3 @™ —=D(f,D*
f*
B a1 | L D10)" o aeqayr | (S IRBDT " egan1
(f.D* (f.D* (f,lhb1b)* (f, D)*
(;f} 2/;)) (ff’;)*xm_degm.)-l N (ffl ;)*xm-dew-l]
s 1 s 5
=0mod (x™ — 1). (O]

This is equivalent, over Z;, to
@ = D(f, D" [ eyt S IABDIDY)" yegiay) -1
I f. D* (f. D*
(f.Ihbp)* — f* m—deg(az)—1
(f thbibo)* (f, D*

(f, 1" f* om—deg(an-1 I xmfdeg(g)fl] — 0mod ™ — 1).
(f, Ihb)* (f, D* (f, lh)*
(10)

Since (ff—;)* divides x™ — 1, (10) is equivalent to
(f’ lhbl)* f* xm—deg(az)—l
(f,lhb1b2)* (f, D*

|: * )\xm—deg(l)—l + (f’ lhble)*xm—deg(ag)—l

(f. D* (f.D*
(fS I " des(an—1 n I xmfdeg(g)fli|
(f, Ihbp)* (f,D* (f,1h)*
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f*
. 1
7. l)*) (n

Also, since T ff ;)* and c f 1)* are relatively prime, T flj)* is invertible modulo (( f{ ;*).
Thus,

=0 mod

N

A= —1 |:(f’ lhble)*xm—deg(a3)+deg(l) (f’ lhbl)* f* xm—dcg(az)+deg(l)
(f,D* (f, thb1b)* (f, D*
(.fv lh)* f* xm—deg(a1)+deg(l) + f* xm—deg(g)+deg(l)i| mod < f* ) )
(f.Ihb)* (f, D* (f. lh)* (f.D*
O

Corollary4 Let C = ((f(x) | 0), (l(x) | g(x) + uai (x) + ulaz(x) + uaz(x))) be a ZoR-
cycllc code such that f(x)|l(x) Thenl(x) =0andCt+ = ((f(x) [10), (0] g(x)+ua;(x)+
ulay(x) + uaz(x))).

Proof If f divides [, from Theorem 18, we have
P pfl I:xmfdeg(a3)+deg(l) 4y —deg(ay)-+deg(l)
4 ym—deg(an)+deg(l) 4 xm—deg(g)+deg(1)] (mod 1)
=0.
Therefore, I=o. O

Corollary 5 LetC = (g(x) +uay(x) + uzaz(x) +ulas (x))beanR—cycliccode of odd length
n, wherea3(x)!az(x)|a1(x)|g(x)|(x" — 1) over Zy. Then, Ct = <x R e R RR 71) +

HO IR E) a(x
3x"—1
W >

Summarizing the results from Theorems 13 to 18, we have the following result.

Theorem 19 Let C = ((f(x) | 0), (I(x) | g(x) + uai(x) 4+ uar(x) + u’a3(x))) be a ZoR-
cyclic code of length (r,s) and C+ = <(f(x) | O) , (f(x) | §(x) + udi (x) + u?as(x)
+ulas (x)>> be dual code of C. Then,

L fe) = (f(X) l<x))*’

5 =D (f(x), l(Jf)h(X)bl(X)bz(X))*
2. 80 = f*(x)az(x)

~ _ =D @) L@)h )b (x)* .
3 a1(%) = F TRk b )

Aoy D@D
4 0 (X) = FSFO IR Wb T

A =D)L
2 a3(X) = ST IR

6. I(x) =% (_x])k(x) where

and
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}\(x): —1 |:(f lhble) = deg(aa)+deg(l)+ (f lhbl)* f* xm—deg(az)+deg(l)+
f.D* (f Lhb1b2)* (f, D)*
(fv lh)* f* xmfdeg(a1)+deg(l) + f* xmfdeg(g)ereg(l) mod < f* > )
(f thby)* (f,D* (f, Ih)* f. D*

Example3 Let C = ((x* + x> + x>+ x4+ 1] 0), (x + 1 | x + 1)) be a ZyR-cyclic code
of length (5, 5). Then C is of type (5, 5; 1; 4,0, 0, 0), and the Gray image of C under ¢ is
an optimal binary code with parameters [25, 17, 4]. Let f(x) = 322 +x+1and
l(X) = g(X) =a1(x) = (x) = a3(x) =x + LIECH = ((f(x) | 0), (0| g(X)+ua1(X) +
u2ar(x) 4+ u3a3(x))) is the dual code of C, then from Theorem 19, we have gx)=aj(x) =
) =x*+x3+x2+x+1, a3(x) = 1and f(x) = x> — 1. Since p = Fn=x+1
and TfZ) =x*+x3+x2+x+ l,we‘get/o_1 =x34+x modx* +x3+x2+x+1),
A=x34+xmodx*+x3+x24+x+1) and [ = x* + 13 + x2 + x. Therefore, C+ =
(=110, x*+x3+x2+x| (1+u—|—u2)(x4+x3+x2+x—|—1)+u3)).Thetypeof
clis (5,5;0;1,0,0,4), and Gray image of Ct under ¢ is a binary [25, 8, 5]-linear code.

5 Separable Z;R-cyclic codes

A ZsR-cyclic code of block length (r, s) is called separable if C = C, x C;. Let C =
((f(x) 1 0),0 | gx) 4+ uar(x) + wlar(x) + u3a3(x))) be a separable ZQR cychc code
of block length (r, s), s odd. Also, let the dual code of C be ct = (f(x) | 0), (l(x) |

SO Fudy (x)+uay(x)+u? 3(x))) Then from Theorem 19 Wehavef = —,g = a* ,
3
ar ="z ay = 7t and ay = = =1, we have 1 = 0. This in

turn gives I=o.
The generator matrix of C is permutation equivalent to a matrix of the form

I, Au/0 0 0 0 0
0 O |Ixy, Aot Aoz Az  Aos
Gsg = 0 0|0 uly, uAip uAiz ulis |, (12)
0 00 0 ully, u>?Ax; u>Any
0O 0|0 O 0 M3Ik4 w3 Asg

The following theorem gives generator polynomials of a separable Z,R-cyclic code and
its dual.

Theorem 20 LerC = ((f(x) | 0), (0 | g(x) 4+ ua;(x) +u’ar(x) + u’a3(x))) be a separable
ZoR-cyclic code of length (r, s) and C be the dual code of C. Then,

1. Ct is also a separable ZyR-cyclic code of block length (r, s);

2. Ct = <(}'*le) |O> ( | x*(_xl) +ut *(X) +u2x*(_x1) +u? - (x))>and
3. d(C) = min{dy (C,), du (Cy)).

Remark 3 LetC = ((f(x) | 0), ({(x) | g(x)+ua1(x)+u2a2(x)+u3a3(x))) be a Z,R-cyclic
code. If f(x) |l(x), then C is separable.

Remark 4 1f C is a non-separable Z,R-cyclic code of block length (r, s), then dy,;,, (C) >
min{dy (C,), d (Cy)}.

@ Springer f DMAC



B. Srinivasulu, P. Seneviratne

Page 18 of 20

172

«[¥ 'S *69]
«l¥ LT sl
«¥ 61 °LT]
«[¥ L1 76Tl
«ST T et
«[c1 ‘T 61l
<11 T LTl
01T 911
«[¥ ‘8 STl
«[8 ‘T ell
«P STl
«[¥ v 01l

«[¥ ‘€ ‘6l

«¥ T L]

¥ T9]

L€ Tgl

[s1 5]
(L1
[cL]
[c ¢l
[+ L]
gLl
[€ “s]
[¢ ¥l
[€ ‘¢l
[z<cl
(1Ll
[czl
[c1]
[1 €l
(1l
(11l

~+memJ+kHNa;+kH§;+mRHMJ+Nk+mxHN;+k+Nk+mk+kak

=0 +x=W +x=W [ +x=8 X+ x=1T+ ¥+ X+ x=[
ﬁHmuJ.TRHNuJ.TRH€J+RHM,N%+mRHN,H+Nk+mx+wxﬂk
~Hm3,_+RHNQJ+RH:q,_._.RHmZR.TNRHNr_+»\+mk+m»\+vkﬂk
~+k+mk+mkﬂmm,~+k+mk+mkﬂm§4+wkﬂ:QJ.__.Y«H%;+x+Nk+mx+vk+mx+okHN;+>ka.
TT&.TNRHmar_+k+mkﬂmw,_+mkﬂ:f_+mkH%,R+Nk+m%+vk+ma+oxﬂﬁ_+>ka
~+R+NRHmaJ.__.R.TNRHNBJ.Tm%H :QJ.TmRHm;+R+mk+ma+wRHNJ+mRH&
~+R+NRHmu.~+k+mkﬂmcg+mkﬂ _m,~+mxﬂw,~+k+mk+mkHN;+¢kH%
I=W'y+x=Ww'1+x= _cé.__.kH%J.TRHNJ.TmRH&
_+RHm3,~+»~HN3J+NRHQ,_.TNR %,R+Nk+m»\+vkﬂﬁ_+mk”k

I[=‘ =W l+x= _GJITRH%,R.TNRHN,H+Nk+mk+wkﬂk
_Hmsh_l‘.»\HN:J.TRH§,~+».H%J+RHN,~+NRHk
ﬁﬂma;._.RHN%J.TRHAQJITNRHM;HNJ.TRH&.

[=' =W +x= _E,~+RHMJ+RHN,_+mRH&
—HmuJHNBJ.__.RH§,~+RH%J+RHN,~+NRHA\

[=% ‘9= J4+x=y+x=8‘1=]‘1T4+x=/

J3ew Areurg

[s1]

SIojeIouan)

SOP09 JI[9K2-Y T77 Jo soSew Ae1n) | 3|qe]

@ Springer f bMA



7y 7o [u*]-cyclic... Page 190f20 172

Example4 Let C = ((x + 1 | 0), (0 | x> + x + 1)) be a separable Z,R-cyclic code of
block length (3, 3). Then, from Theorem 20, the dual code of C is Ct=(x24+x+1|
0), (0 | x+1)). Clearly, C and CL are of the types (3,3;2;1,0,0,0)and (3, 3; 1; 2,0, 0, 0),
respectively. Also, the Gray image of C under ¢ is a binary linear code with parameters
[15,9,2].

Table 1 presents some good binary codes obtained as Gray images of Z,R-cyclic codes.
Note that the parameters marked with ‘x’ denotes the optimal binary codes according to the
online database (Grassl 2022).

6 Conclusions

This paper is devoted to study Z;R-cyclic codes of length (r, s), where R = Zy + uZ, +
u?Zo + uZs with u* = 0. We first determined generator polynomials of Z,R-cyclic codes,
and presented a minimal spanning set. Furthermore, we gave the relationship between Z,R-
cyclic codes and their duals for odd integral values of s. Binary optimal codes obtained as
Gray images of Z,R-cyclic codes are listed. Generalizing these results and determining the
structure of dual codes of Z»Z,[u*]-cyclic codes is a future interesting problem.
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