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Abstract

Several efficient methods have been developed in the literature for approximating solutions
of fixed point and optimization problems. However, the S-iteration process has been shown to
outperform many of these existing methods. In this paper, we study the problem of finding the
common solution of split variational inclusion problem, equilibrium problem and common
fixed point of nonexpansive mappings. We introduce an improved S-iteration method, which
combines inertial and viscosity techniques with self-adaptive step size for approximating
the solution of the problem in the framework of Hilbert spaces. Moreover, under some
mild conditions we prove strong convergence theorem for the proposed algorithm without
the knowledge of the operator norm and we apply our result to study split minimization
problem, split feasibility problem and relaxed split feasibility problem. Finally, we present
some numerical experiments with graphical illustrations to demonstrate the implementability
and efficiency of our proposed method in comparison with some existing state of the art
methods in the literature.
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1 Introduction

Throughout this paper, let R denote the set of all real numbers and N denote the set of all
positive numbers. Let H be a real Hilbert space with inner product (-, -) and induced norm
[| -], and let C be a nonempty closed convex subset of H. Let S : C — C be a nonlinear
mapping. A point X € C is called a fixed point of S if SX = X. We denote by F(S), the set
of all fixed points of S, i.e.

F(S)={xeC:Sx=x}. (1.1)
A mapping S : C — C is called a nonexpansive mapping if
[1Sx = Syl < llx =yl Vx,yeC.

The study of fixed point theory for nonexpansive mappings has flourished in recent years
due to its vast applications in fields like economics, compressed sensing, and other applied
sciences. In particular, certain problems such as variational inequalities problems, convex
optimization problems, convex feasibility problems, monotone inclusion problems and image
restoration problems can be formulated as finding the fixed points of nonexpansive mapping
(see Bauschke and Borwein 1996; Chen et al. 2013). Several researchers have put considerable
efforts in the study and formulation of iterative methods to approximate the fixed points of
nonexpansive mappings (for example, see Halpern 1967; Moudafi 2000 and the reference
therein).

In 2007, Agarwal et al. (2007) introduced the following iterative method known as the S-
iteration. Let C be a convex subset of a linear space X and S a mapping of C into itself. The
sequence {x,} is generated as follows:

Algorithm 1.1

x1 €C,
yn = = B)xy + BuSxn,
Xpp1 = (L —ay)Sxy + 0y Sy, neN,

where {«,} and {8, } are sequences in (0, 1). The authors showed that the S-iteration process
has a better rate of convergence than Mann and Ishikawa iteration processes.

Some authors have used the S-iteration process and its modifications to find common fixed
points of two mappings; see for example (Bussaban and Kettapun 2018; Pandey et al. 2019)
and the references therein.

Let F : C x C — R be a bifunction. The equilibrium problem (EP) for the bifunction F on
C is formulated as finding a point * € C such that

F(,y)>0, VyecC. (1.2)

The solution set of EP (1.2) is denoted by E P(F). The EP covers a wide range of topics
that have emerged from the social sciences, economics, finance, image restoration, ecology,
transport, networking, elasticity and optimization problems (see Olona et al. 2021a; Patriks-
son 2015). The problem is a generalized concept that unifies several mathematical problems
as special cases, namely minimization problems, variational inequality problems, mathe-
matical programming problems, complementarity problems, saddle point problems, Nash
equilibrium problems in noncooperative games, minimax inequality problems, fixed point
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problems, scalar and vector minimization problems, and others; see (Alakoya et al. 2021;
Blum 1994) and the references therein. Recently, the EP and its various generalizations have
attracted considerable research efforts and various iterative methods have been proposed for
approximating their solutions (see Alakoya et al. 2021; Jolaoso et al. 2020; Ogwo et al. 2021;
Olona et al. 2021b; Oyewole et al. 2021; Taiwo et al. 2021a,b and the references therein).
In the recent time, the Split Inverse Problem (SIP) has attracted the attention of several
authors (see Alakoya et al. 2021; Oyewole et al. 2021; Taiwo et al. 2021 and the references
therein) due to its wide areas of applications, for example, in phase retrieval, image recovery,
signal processing, data compression, intensity-modulated radiation therapy, among others
(see Censor et al. 2006; Censor and Elfving 1994 and the references therein). The SIP model
is formulated as follows: Find a point

X € H; that solves IP; (1.3)
such that
y:= AX € Hy solvesIP;, (1.4)

where H| and H, are real Hilbert spaces, IP; denotes an inverse problem formulated in H
and IP; denotes an inverse problem formulated in H>, and A : H — H; is a bounded linear
operator.

Censor and Elfving (1994) introduced the first instance of the SIP called the split feasibility
problem (SFP) in 1994 for modelling inverse problems which arise from medical image
reconstruction. Since then, the SFP has been studied intensively by several authors due to its
wide areas of application such as in signal processing, control theory, approximation theory,
geophysics, biomedical engineering, communications, etc (Byrne 2002; Censor et al. 2006;
Godwin et al. 2020). Let C and Q be nonempty closed convex subsets of Hilbert spaces H;
and H,, respectively, and A : H| — H; be abounded linear operator. The SFP is formulated
as follows:

find a point X € C suchthat y = Ax € Q. (1.5)

Moudafi (2011) introduced another instance of the SIP known as the split monotone varia-
tional inclusion problem (SMVIP). Let H;, H> be real Hilbert spaces, f1 : Hl — Hj, f2 :
H, — H;, are inverse strongly monotone mappings, A : H; — Hj is a bounded linear
operator, By : H] — 21t By . Hy — 22 are multivalued maximal monotone mappings.
The SMVIP is formulated as follows:

find a point X € H| such that 0 € fj(X) + B;(X) (1.6)
and
$ = A% € Hysuch that0 € fr(3) + Ba($). (1.7)

If fi = 0 = f,, then the SMVIP (1.6)-(1.7) reduces to the following split variational
inclusion problem (SVIP):

find a point X € H| such that 0 € B;(X) (1.8)
and
y = Ax € Hy such that 0 € By(). (1.9)

The SVIP (1.8)-(1.9) constitutes a pair of variational inclusion problems which have to be
solved so that the image y = AX under a given bounded linear operator A of the solution
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of the SVIP (1.8) in H is the solution of the other SVIP (1.9) in another Hilbert space H,.
Moudafi (2011), showed that the SVIP (1.8)-(1.9) includes as a special case the SFP (1.11).
The SVIP is at the core of modelling many inverse problems arising from phase retrieval
and other real world problems, for instance, in sensor networks in computerized and data
compression (Byrne 2002; Combettes 1996). We denote the solution set of SVIP (1.8) by
SOLVIP(B;) while the solution set of SVIP (1.9) is denoted by SOLVIP(B,). Hence, the
solution set of the SVIP (1.8)—(1.9) is denoted by

F ={x* € H; : x* € SOLVIP(B;) and Ax* € SOLVIP(B,)}. (1.10)

To solve the SVIP for two maximal monotone operators By and B, in Hilbert spaces, Byrne
et al. (2012) proposed the following algorithm:

Algorithm 1.2

erHl,

(1.11)
X1 = @0 + (1= a)J7 (o + Y A* (I — DAxy),

for A > 0 and A* is the adjoint operator of the bounded linear operator A, y € (0, %), L =

[|A*A]l, J/\B1 =+ 1B~ L, J/\B2 := (I +1B>)~! are the resolvent operators of B; and B
respectively, and {«, } is a sequence in [0, 1] satisfying lim;,—, o0 &, = 0 and Zflil o, = 00.
The authors obtained a strong convergence result for the proposed algorithm under some
mild conditions.

In the recent time, the problems of finding common solutions of the set of fixed points of
nonlinear mappings and the set of solutions of optimization problems have been considered
by some authors (for instance, see Alakoya et al. 2021; Cholamjiak and Suantai 2013; Khan
et al. 2020 and the references therein). The importance and motivation for studying such
a common solution problem lies in its potential application to mathematical models whose
constraints can be expressed as fixed point problems and optimization problems. In this article
we will be studying the problems of finding common solutions of the set of fixed points of
nonlinear mappings and the set of solutions of certain optimization problems.

Recently, Wangkeeree et al. (2018) introduced the following general iterative scheme for
approximating a common solution of SVIP and FPP for a nonexpansive mapping in the
setting of real Hilbert spaces.

Algorithm 1.3

xo0 € Hy,
Uy = JP (o0 4+ y AR — D Axy),
Xn+l1 = anﬁf(xn) + (I — o, D)Su,,

where f : H; — Hj is a contraction with constant k € (0,1), S : Hl — Hj is a
nonexpansive mapping, D : Hy — Hj is a strongly positive bounded linear operator with
constant w and 0 < B < %, A>0,y € (0, %), where L is the spectral radius of the operator
A*A, {a,) C (0,1) and By : H — 271 B, : H, — 2% are two multi-valued maximal
monotone operators on H; and H, respectively. Under certain conditions, the sequence
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generated by the proposed Algorithm 1.3 was proved to converge strongly to a common
solution of split variational inclusion problem and fixed point problem for a nonexpansive

mapping.

Remark 1.4 Here, we remark that the step size y of Algorithms 1.2 and 1.3 above plays an
essential role in the convergence properties of the algorithms. Many of the existing iterative
methods for solving SVIP involve step size that depends on the norm of the bounded linear
operator A. Such algorithms are usually not easy to implement because they require compu-
tation of the operator norm which oftentimes is difficult to compute. In addition, the step size
defined by these methods are often very small and deteriorates the convergence rate of the
algorithm. A larger step size can often be used in practice to yield better numerical results.

Very recently, Tang (2020) proposed the following Halpern-type algorithm with self-adaptive
step size for solving SVIP in the framework of Hilbert spaces.

Algorithm 1.5
Choose a positive sequence {p,} satisfying 0 < p, < 4 and inf p,(4 — p,) > 0. Select

arbitrary starting point xo and set n = Q.
Iterative Step: Given the iterates x,(n > 0). Compute

_ Pn8(Xn)
G (x)|12 + [ H (x)] 2

Tn
and calculate the next iterate as
X1 = X0 + (1= @) I (I = 1, A (1 = 1) A)x,.

Stop Criterion: If x,+1 = Xx,, then stop. Otherwise, set n ‘= n + 1 and return to Iterative
Step,

where g(x) = L|(1—J)Ax|12, G(x) = A*(I — I Ax, H(x) = (I = J")x, and {a, } is
a sequence in (0, 1) satisfying lim,_, ~ @, = 0 and Zflozl o, = 00. Under mild conditions,
strong convergence result was obtained for the proposed algorithm.

Based on the heavy ball methods of a two-order time dynamical system, Polyak (1964) first
introduced an inertial extrapolation as an acceleration process to solve the smooth convex
minimization problem. The inertial algorithm is a two-step iteration where the next iterate
is defined by making use of the previous two iterates. In the recent time, there has been an
increasing interest in the study of inertial type algorithms and several authors have constructed
some fast iterative methods by employing the inertial technique (see, e.g., Alakoyaet al. 2021,
2020, 2021; Izuchukwu et al. 2020; Ogwo et al. 2021; Owolabi et al. 2021).

For approximating the zero point of a maximal monotone operator B, Alvarez and Attouch
(2001) introduced the following inertial proximal algorithm:

Algorithm 1.6

B
Xn41 = J)\"(xn +05n(xn —)Cnfl)), n>1.

The authors obtained a weak convergence result for the algorithm under the following con-
ditions:
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(B1) There exists A > 0 such that foralln € N, A, > X.
(B2) There exists @ € [0, 1) such that foralln € N, 0 < ), < c.
B3) Y5l anllxy — xao1? < oo.

Recently, authors have pointed out one of the drawbacks of the summability condition (B3)
of the Algorithm 1.6, that is, to satisfy the summability condition, it is necessary to first
calculate «;, at each step (see Moudafi and Oliny 2003).

Very recently, Shehu et al. (2021), Iyiola et al. (2018), Shehu et al. (2020), and Shehu and
Iyiola (2020) proposed some efficient inertial iterative methods with self-adaptive step size
for approximating solutions of certain classes of optimization problems and the authors were
able to establish convergence of the proposed methods under some mild conditions imposed
on the control parameters.

From the above review, the following natural question arises:

Question: Can we construct an inertial iterative method with self-adaptive step size for
approximating a common solution of split variational inclusion problem, equilibrium prob-
lem and fixed point problem in Hilbert spaces such that condition (B3) of Algorithm 1.6 is
dispensed with?

Our interest in this paper is to provide an affirmative answer to the above question.

Inspired by the above results and the ongoing research interest in this direction, in this paper,
we introduce a new inertial iterative scheme which employs the viscosity S-iteration technique
with self-adaptive step size for approximating a common element of the set of solutions of
split variational inclusion problem, equilibrium problem and common fixed point problem
for nonexpansive mappings in Hilbert spaces. Our motivation for studying such a common
solution problem lies in its potential application to mathematical models whose constraints
can be expressed as split variational inclusion problem, equilibrium problem and common
fixed point problem. This arises in practical problems such as signal processing, network
resource allocation, image recovery. A scenario is in network bandwidth allocation problem
for two services in a heterogeneous wireless access networks in which the bandwidth of
the services are mathematically related (see, for instance, liduka 2012; Luo et al. 2009
and the references therein). Unlike in Algorithms 1.2 and 1.3 and several other algorithms
in the literature, our algorithm is designed such that its implementation does not require
the knowledge of the norm of the bounded linear operator. Moreover, our work extend
the results in Agarwal et al. (2007), Wangkeeree et al. (2018), Tang (2020), Alvarez and
Attouch (2001) to the problem of finding a common solution of split variational inclusion
problem, equilibrium problem and common fixed point problem for nonexpansive mappings
and the inertial technique employed is more efficient than that used in Alvarez and Attouch
(2001). Under some mild conditions, we prove strong convergence theorem for the proposed
algorithm. Furthermore, we apply our result to study other optimization problems and we
provide some numerical experiments with graphical illustrations to demonstrate the efficiency
of the proposed algorithm in comparison with some existing state of the art algorithms in the
literature.

The outline of the paper is as follows: In Sect. 2, we recall some basic definitions and existing
results which are needed for the convergence analysis of the proposed algorithm. In Sect. 3,
we present the proposed algorithm and highlight some of its important features while in
Sect. 4 we discuss its convergence. In Sect. 5 we apply our results to study split minimization
problem and split feasibility problems. In Sect. 6, numerical examples and comparison with
some related algorithms are presented to demonstrate the performance of our new algorithm.
Finally, we give the concluding remarks in Sect. 7.
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2 Preliminaries

In this section, we recall some concepts and results which will be employed in the sequel.
Let H be a real Hilbert space, for a nonempty closed and convex subset C of H, the metric
projection Pc : H — C is defined, for each x € H, as the unique element Pcx € C such
that

||x — Pex|| = inf{||x — z|| : z € C}.
It is known that Pc is firmly nonexpansive, i.e.,
||Pex = Peyll? < (Pex — Py, x = y), .1
for all x, y € H. Moreover, for any x € H and z € C, z = Pcx if and only if (see [?])
(x—z,z—y)>0 VyeC. (2.2)

In what follows, we denote the weak and strong convergence of a sequence {x,} to a point
x € H by x,—x and x, — x, respectively and w,,(x,) denotes set of weak limits of {x,},
that is,

wy(xy):={xeH: Xp; =X for some subsequence {x,,j} of {x,}}.

Definition 2.1 Let H be a real Hilbert space, C C H be a subsetof H and & : C — H be
an operator from C onto H. The operator 4 is said to be

(1) firmly nonexpansive if
(h() = h(y),x = y) = [Ih(x) =hWII*, Va.y € C;
(2) L-Lipschitz continuous, where L > 0, if
[lhx —hyll < Lllx —yll, V x,y€C;

if L € [0, 1), then T is called a contraction mapping;

(3) nonexpansive if T is 1—Lipschitz continuous;
(4) hemicontinuous if it is continuous along each line segment in C.

Lemma 2.2 (Zhaoetal.2018) (Demiclosedness Principle). Let T be a nonexpansive mapping
on a closed convex subset C of a real Hilbert space H. Then I — T is demiclosed at any
pointy € H, that is, if x,—x and x, — Tx, — y € H, thenx —Tx = y.

Definition 2.3 Let H be a real Hilbert space. A function f : H — R U {400} is said to be
weakly lower semicontinuous (w-Isc) at x € H, if

f(x) <liminf f(x,)
n—oo
holds for an arbitrary sequence {x,};°, in H satisfying x,—x.

Definition 2.4 Let H be a real Hilbert space and A > 0. The operator B : H — 2/ is said
to be

e monotone if

(u —v,x —y)>0forallu € B(x),v € B(y).
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e maximal monotone mapping if the graph G(B) of B,
G(B) :={(x,u) € H x Hlu € B(x)},

is not properly contained in the graph of any other monotone mapping.
e The resolvent of B with parameter A > 0 denoted by J/\B is given by

JB=a+ip7t,
where [ is the identity operator.

Remark 2.5 For . > 0, the following results hold (Tang 2020):

(1) B is maximal monotone if and only if JAB is single-valued, firmly nonexpansive and
dom(JB) = H, where dom(B) := {x € H|B(x) # #}.

(2) The point x* € B~1(0) if and only if x* = JBx*.

(3) The solution set F of the SVIP (1.8)-(1.9) is equivalent to the following:

Find x* € H; with x* = J”'x* such that y* = Ax* € Hy and y* = J?y* (2.3)

Assumption 2.6 For solving the EP, we assume that the bifunction F' : C x C — R satisfies
the following conditions:

(Al) F(x,x)=0forallx € C;

(A2) F is monotone, thatis, F(x,y) + F(y,x) <Oforallx,y € C;

(A3) F is upper hemicontinuous, that is, for all x, y, z € C, lim; o F(tz + (1 — 1)x, y) <
F(x,y);

(A4) foreachx € C, y — F(x,y) is convex and lower semicontinuous.

Lemma 2.7 Ma et al. (2015) Let C be a nonempty closed convex subset of a Hilbert space
H and F : C x C — R be a bifunction satisfying Assumption 2.6. Forr > 0 and x € H,
define a mapping TrF : H — C as follows:

T,F(x)Z{ZEC:F(z,y)—i-%(y—z,z—x) >0, VyeC}. 2.4)

Then TrF is well defined and the following hold:

(1) foreachx € H, TF (x) # &;
) TrF is single-valued;
3) TrF is firmly nonexpansive, that is, for any x,y € H,

||T‘rF')C - TrFy||2 S <TrFx - TrFys X — }7)7
(4) F(TF) = EP(F);
(5) EP(F) is closed and convex.

Lemma 2.8 Chuang (2013), Ogwo et al. (2021) Let H be a real Hilbert space. Then the
Sollowing results hold for all x,y € H and § € R :

A x4yl < lx]? + 20, x +y);

() [lx + yI1> = [Ix]1> 4+ 2(x, ) + [yl

(iii) [Ix — yl12 = []x]> = 2{x, y) + [Iy]I%.

(iv) 118x + (1 = 8)yl|* = 8[x]> + (1 = )[Iy|I> — 8(1 — §)||x — y[|>.
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Lemma 2.9 Maingé (2007) Let {a,}, {c,} C R4, {on} C (0, 1) and {b,} C R be sequences
such that

an+1 < (1 —op)a, + by + ¢, foralln > 0.
Assume ZEO:O len| < 0o. Then the following results hold:

(1) Ifb, < Bo, for some B > 0, then {a,} is a bounded sequence.
(2) Ifwe have

> b
Zan =00 and limsup—” <0,

n—oo Op
n=0
then llm,,_,oo a, = 0.

Lemma 2.10 Saejung and Yotkaew (2012) Let {a, } be a sequence of non-negative real num-
bers, {oy} be asequencein (0, 1) with Zzozl o = oo and {b,} be a sequence of real numbers.
Assume that

any1 < (1 —ap)ay, + ayby, forall n>1,

if im supy_, o by, < O for every subsequence {ay,} of {an} satisfying liminfy_ oo (@n;,, —
an,) = 0, then lim, o a, = 0.

3 Proposed method
In this section, we present the proposed algorithm. First, we define the following functions:
1 1
8() = S = IEAXIP. k) = 11T = il

and

B

G(x) = A" - J)Ax,  H@) = - J )

From Aubin (1993), it can easily be verified that g and h are weak lower semi-continuous
and convex differentiable. Moreover, G and H are Lipschitz continuous (see Tang 2020).
In what follows, we assume that C and Q are nonempty closed convex subsets of real Hilbert
spaces H| and H;, respectively, By : H — 281 and B, : Hy — 22 are maximal monotone
mappings, F : C x C — R is a bifunction satisfying Assumption 2.6, and A : H] — H> is
a bounded linear operator with A* being its adjoint operator (A* = A7 in finite dimensional
spaces). Let S, T : Hy — H| be nonexpansive mappings and f : H; — H; be a contraction
with coefficientk € (0, 1). We denote the solutionsetby Q = F(S)NF(T)NFNEP(F) # .
We establish the convergence of the algorithm under the following conditions on the control
parameters:

(C1) Let {ay} C (0, 1) such that lim, oo 0, = 0 and y_,° y o = 00;

(C2) Let {B,}, {on}, {6n}, &4} C la, b],a, b € (0, 1) and such that oo, + 6, + &, = 1;

(C3) Let® > 0, {1t} be a positive sequence such that lim;—, ’Of—;’ =0;

(C4) 0<a<p, <b<4,{r,) C(0,oc0)suchthatliminf, ,ocr, >0,and X; >0, i =
1,2.
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Now, our main algorithm is presented as follows:

Algorithm 3.1

Step 0. Let xo, x1 € H be two arbitrary initial points and set n = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 0, such that 0 < 6, < 6, with 6,

defined by
én _ min {9, m}, ifxn 7+—~xn717 (31)
0, otherwise.
Step 2. Compute
Wy = Xp + 0, (Xy — Xp—1).
Step 3. Find u,, € C such that
1
F(un,y)+7(y—un,un—wn) > 0. (3.2)

n

Step 4. Compute
Un = Pnwn + (1 — Bp)uy.
Step 5. Compute
=T = yu A = T2 Ay,
where

- TGanre e i G + I H@)II? #0,
" s otherwise.

Step 6. Compute
zn = (1 — op)v, + 0, 5t,.
Step 7. Compute
Xn1 = dn f(Xn) + 0n Sty + 5:T 20

Setn :=n + 1 and return to Step 1.

Remark 3.2 By conditions (C1) and (C3), one can easily verify from (3.1) that
0
lim 6,)x, — Xn—1]l =0 and lim —||x, — xp—1]] = 0.
n—00 1—>00 (o

Remark 3.3 Observe that the step size of our proposed Algorithm (3.1) is constructed such
that its implementation does not require knowledge of the operator norm. Moreover, the
implementation of the inertial term does not require the very stringent summability condition
(B3) of Algorithm 1.6 (Alvarez and Attouch 2001). These important features make our
proposed method easily implementable.
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Remark 3.4 We remark that since the split variational inclusion problem generalizes the split
feasibility problem and variational inequality problem, our proposed method could be viewed
as an extension of the methods proposed in Shehu and Ogbuisi (2015), Cai et al. (2018), Gibali
and Shehu (2019).

Remark 3.5 Observe that according to Lemma 2.7, the operator defined in (2.4) is single-
valued. To compute u,, in (3.2) is equivalent to evaluating Trf (wy,). In doing this, we find an
element u,, € C such that inequality (3.2) holds. By applying the given definition of F (u,, y)
and simplifying the resulting inequality, we will obtain a quadratic function in variable y.
Since the operator Trf is single-valued, then the quadratic function will have at most one
solution in R. Hence, the value of u,, for which the discriminant of the quadratic function is
zero is determined and this gives the value of the operator Trf at wy,.

4 Convergence analysis

Next, we state the strong convergence theorem for the proposed algorithm as follows.

Theorem 4.1 Let Hy and H, be real Hilbert spaces, and A : Hy — Hj be a bounded
linear operator with adjoint A*. Suppose S, T : Hy — H) are nonexpansive mappings,
and f : Hy — Hj is a contraction with coefficient k € (0, 1). Let {x,} be the sequence
generated by Algorithm 3.1 such that conditions (Al)-(A4) and (C1)-(C4) are satisfied. Then
{xn} converges strongly to a point x € Q, where X = Pg o f(X).

We divide the proof of the strong convergence theorem into the following lemmas.

Lemma 4.2 Suppose that {x,} is the sequence generated by Algorithm 3.1. Then {x,} is
bounded.

Proof Observe that by (3.2), u, = Trf w,. Also, we note that the mapping Pg o f is a
contraction. Then by the Banach Contraction Principle, there exists p € H; such that p =
Pgqo f(p)andinparticular p € Q. Thus, itfollowsthatSp = p =Tp, T,, p = p, J/\Bllp =p

and sz 2(Ap) = Ap. Since T,f is nonexpansive, then we have
lun = pll = 1T,F wa = pll < |lwa — plI. (4.1
Applying (4.1), we get
llve — pll = l|Bpwn + (1 = Bu)un — pll
< Bullwp — pll + (1 = B)llun — pll
< Bullwn — pll + (1 = B)llwn — pl
= |lwn — pll. (4.2)
Next, by the definition of G (x) and the firmly nonexpansivity of [ — Jﬁz, we have
(Gn), v — p) = (A*(I = J2) Avy, vy — )
= ((I = J2) Avy, Av, — Ap)

= (I = J2) Avy — (I — ) Ap. Av, — Ap)
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> [|(1 = J22) Avy||?
= 2g(va). 43)

Then by Lemma 2.8(iii) and applying (4.3) together with the nonexpansivity of J. Bl !, itfollows
that

lltw = pII = 1110 U = yu A* (1 = I A)v, — plI?
< lvn — yuA* (I = 1) Av, — p|I?
= [lvn — p — vaGWa)II”
= [lvn — pII* + VNG @I = 21 (G (Wn), vu — P)
< lvw =PI + 1P 1GW)I* = 4708 (vn)
p28%(vy)
(G @I + [1H ()|
(4 — pn) png?(vn)

4pngz(vn)
1G> + [|H (va) ]

= [lvp — pII* +

2)2||G<vn)||2 -

<llou —pll* - : (4.4)
" G W) I? + [|H (vp)][?
By the condition on p,, we have that
2w — pll < llvw — plI- “4.5)

Applying (4.5), we obtain

llzo = pll = 11 = on)vp + 03 Sty — pll
= (I =ow)llvn = pll + onllSty — pl
= (I =ollvn = pll + onllta — pll
= (I =owllvn = pll + onllve — pl|
= llvn — pll- (4.6)

Next, applying the triangle inequality, we get

lwp, — pll = lxn + 0, (xn — x—1) — pl
< lxn = pll + Onllxn — xn—1ll

0
= [l = pll + an—xy = xu—1ll. 4.7)
qp
By Remark 3.2, lim;,—, » % [1x, — x,—1|| = 0. Then, it follows that there exists a constant

M > 0 such that 2—’:’||x,, — xy—1|| < M for all n > 1. Hence, from (4.7) we obtain
[lwn = pll < |lxn — pll + n M. (4.8)
Applying (4.2), (4.5), (4.6) and (4.8), we have
[1Xn+1 — pll = llan f (xn) + 80 Sty + ExTzn — pl

= |len (f (xn) = [P) + an(f(P) — P) + 6 (Stn — p) + (T 7w — P)II

< apkllxy = pll + aull f(p) = pll + 8ulltn — Pl + &nllzn — Pl

< apkllxn — pll + ol f(p) = pll + 8n(llxn — pll + 0 M1)

+ & (lxp — pll + anMy)
= (ank + (1 —ap)llxn — pll +anll f(p) — pll + (1 — @), My
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(P)_PH (1_0511)M1}

=(1_a,,(1—k))||xn—p||+an<1—k>{”f1_k 1—k

<@ —ap( =k)llxn — pll + (1 = k)M™,

where M* = supneN[”f({)_);p” + (17102111M1 }. Setting a, = ||x, — pll; by = ay(l —
kYM*; ¢, :== 0, and 0,, := a, (1 —k). By invoking Lemma 2.9 together with the assumptions
on the control parameters, we have that {||x, — p||} is bounded and this implies that {x,} is
bounded. Consequently, {w,}, {u,}, {v,}, {t,} and {z,} are all bounded. ]

Lemma4.3 Let {x,} be the sequence generated by Algorithm 3.1 and p € Q2. Then, under
conditions (C1)-(C4) and for all n € N, we have
20, (1 — k)) 2
T —ah) X, — pII” +

3Mo(1 — ap)? 6,
Waﬂxn — xp—1l|
1
1=k
(4 — pn)onpng*(Vn)
G ua)lI? + [ H (va)|[?

+ 0 (1 = o)llun = Stal 2.

20, (1 — k){ o, M3

2
— 1
a1 = I <( d—ab 120-0

n 1 - n
) = ptin = )] = S 1= Bl — P

+

Proof Let p € Q. Then, applying Lemma 2.8(iv) and (4.1), we get
llow = pII> = [1Bawn + (1 = Bu)un — plI®
= Bullwn — pII* + (1 = B)llun — pII* = Bu(l = Bu)llwy — unl|?
< Bullwn = pII> + (1= B)llwn — pII* = Bu(l = Bu)llwy — unl?
< llwn = pI* = Ba(1 = B)l[wn — unl*. (4.9)
Again, by invoking Lemma 2.8(ii) and applying Cauchy-Schwartz inequality we have
llwn = pII* = [1xn + 00 (e — xu—1) — plI?
= lxw = P+ 0211x0 — Xp—11* + 204Xy — P, Xn — Xn—1)
< lxn =PI + 67 11xn — X111 + 26| 1xn — Xu—11]l1x0 — P
= [1xn = PI* + Onll%n — X011 On X0 — Xn—11] + 2[1x0 — pID
< lxn = pII* + 3M204||xn — xn—1l|

[7)
= ||xy — pII* + 3Maaty,—||xn — Xp—1ll, (4.10)

n

where My := sup,enillxn — plls Onllxn — xn—1ll} > 0.
Next, applying Lemma 2.8(iv), (4.4), (4.9) and (4.10), we obtain

llzn — plI* = (1 = 03) vy + 0, Sty — plI?
= (1 —op)llvn — pII* + 0ulISty — plI* — 0 (1 = o) ||V, — Styl[?

< (1= ollvg — pI* + oullta — plI* — (1 = o)y — Stul[?

(4 — pn)png*(vn) }
[1G ()12 + [1H (vy)] 12
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— (1 — )|, — Stal*

P G- Pn)0nPng” (V)
G ()12 + || H () |2
— 0n(1 — )|, — Stal*

= |lvn —

(4 — pn)onpng? (vy)
G ()12 + || H () |2
— 0y (1 = o)||vy — Stull?. 411

< lwn — pII* = Bu(l = B)l|wn — unl* —

Now, invoking Lemma 2.8 and applying (4.2), (4.5) and (4.11) we have

[Xns1 — Pl = llotn f () + 84Sty + EaTzn — plI?
< 182(Sta = P) + & (Tzn — P> + 20 (f (¥n) = P, Xns1 — P)
< 87118ty — plI* + 11T 20 — pII* + 284&1Sts — pIIIT 20 — plI
+ 200 (f (xn) — P> Xnt1 — P)
< 87118t — P> + 111 Tzn — pII* + 8un(11Sts — pI* + IT 20 — pII*)
+ 200 (f (Xn) — Py Xnt1 — P)
= 828 + E)I1Sta — PII> + EnEn + 8211 T2n — plI®
+ 20, (f (Xn) — Py Xnt1 — P)
<81 —an)llty — pII* + & (1 — a)llza — plI?
+ 200 (f (xn) — f(P)s Xnt1 — P) + 200 (f(P) — P, Xn41 — P)
< 801 = a)llwy = pIP + a1 = )| llws = pII?
(4 — )0 png?(vy)
G (wa) |12+ [1H (a2
— (1 — 0n)l|vn — Srn||2} + 2,k [x0 = plllxag1 — pll

— Bu(1 = B)l|wy — un||* —

+ 20, (f(P) = P, Xnt1 — P)
< (1 —ap)?|lw, — plI* — &0 —an>{ﬂn(1 — B)llwn — unll?

(4 — pn)onpng? (vy)
IG ()12 + || H (vn) |2

+ ol = apllvn = Stal P} + k(11 = pI> + las1 = pIP)

+

+ 20, (f(p) — P> Xny1 — D)

6,
< (1= (lln = pII® + 3Man 5w — x011])
n

= &1 = )| Bull = Bl — ]
(4 = P)onPng” (V)

1G )I12 + [1H @a)I12
+ak(lben = pIP + 11 = pII?)
+ 20, (f(P) — P Xnt1 — P)

= ((1 = a)? + ank)llxn = pII* + ankl|xns1 — plI?
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0,
+3M>(1 — an)zani”xn — Xn—1ll
an
(4 = pn)onpng” (vn)
|G (a)|I? + [|H (v,)]?

= &a(1 = ) [ B = o)l — wn] 2+

+ (1 = 0)l[vn = Stal ]

+201n<f(17) — DPsXn+1 — p>

From this, we obtain

(1 = 2a, + a2 + ayk)

o 0,
X1 — plI* < ||xn—p||2+7”{3M2(1—an>2—"||xn

(1 — ayk) (1 — ayk) oy,
— %l +20£(P) = Pt = )]
En(1 —ay) s (4= p)owpng®(vy)
- T < n 1 - Pn n ~— Yn +
(1 — apk) [’3( Pulliwn =t G )2 + [1H ()2
+ (1 = o)l [v0 — Stal 2}
=20 tak) ol .
= i an PP G el

+a7n{3M(1—a)29—n||x — ol
(1—Olnk) 2 n an n n—1

En(l —ay) 2
F2S W) = Pt = P = s B = Bl —
4 - )On)anlongz(vn)
1G @I+ [1H () P
+ (1 = )l |vn — Stal 2}
2an(1 — k) o 20,k enMs
= (1- (l—a,,k))”x" Ty {2(l—k)
3M;(1 _an)z On
ol = x|
=0 a
1 En(l —ay) 2
P = Pt = P = S B = Bl — wall

(4 — pp)owpng® (vy)
[1G ()12 + [1H (v)]2

+ (1 = a)lln = Stal 2},

where M3 := sup{||||x, — p||2 : n € N}. This completes the proof. O

Lemma 4.4 Let {x,} be a sequence generated by Algorithm 3.1 such that conditions (CI)-
(C4) hold. Then, the following inequality holds for all p € Q andn € N :
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X1 — pI* <(1 = a)llxn — plI* + anll f () — plI?

0, 2
+3M>(1 — Oln)an;”xn — Xn—1ll = Snllty — vpll

n

+ 2Mub||A* (I = J22) Avyl| — 8uknlISty — Tzl
Proof Let p € Q. From (4.4), observe that
llvn = yu A*(I = I Avy — plI* < |lvn — plI*.
Applying Lemma 2.8 and the firmly nonexpansivity of J lf ', we have
ltw — I = 1J5 (T = yu AT = J2) A)v, — plI?
< (tn = p.vw — yuA*(I = 122 Av, — )
= %(”tn = pIP+ 1vn = vaA*U = J2) Avy = plI* = [lta — va
+ AR = I Av, |?)
< 5 (1t = I + 1 = pIP = 1l = v+ 70 A* (L = J12) Auy )

1 B
= 5 (11t = pIP +1lvn = I = (lltn = vl + 7 IATT = T2 Aval?

= 2Yn{vp — tn, A*(I — ]fz)AUn»)

2
1 B
= S (1 =PI+ 1o = pII* = Nl = vall® = 77 AU = T2 AvgI?

+ 2ynllvn — talll|A*(T — inz)Avnll)

1
=5 (Il =PI+ 1lvn = pIP = Ity — vall* + 2yl lvn — tall]|A*
x (I = 1% Avy)).

Consequently, we have that

B
e =PI < 1w = PIP = 1t = vall* + 2¥ullvn — talIIA*(T = J02) Avy |
< lvn = pIP = [t — val[* + 2M4l|A*(1 — J2) Av, |
< lwn = plI* = 1t — val® + 2Ma||A*(I = J22) Auy |, (4.12)

where My := sup{y,|lv, — t,]| : n € N}.
Next, by invoking Lemma 2.8(iv) and applying (4.2), (4.6), (4.10) and (4.12) we obtain

[Xnt1 =PI = lotm £ (n) + 84Sty + EaT 20 — plI
= ol | £ () = PII* + 8ulISta — PIP + &l T2n — pII* — 8n&nllStn — T2l
< ol fGn) =PI+ 8ulltn — PI* + &nllzn — I — 8unllSta — Tzal?
< o1 f Gen) =PI+ 8n(lwn — pII> = lltn — vall
+2Ma|| AT — T2 Avgll) + Eallwy — plI?
— Snénl|Sty — Tzall?
= ol f () = pII* + (1= a)|lwn = pII* = 8nlltn — vall?
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+ 2Madl AT — 1, 7) Avy|
— 8u&n ISty — Tzall?

[7)
< el f o) = pIP + (1 = ) (Il = pII? 4+ 3M20 [y — 101 1)
n
— 8ullty — vall?
+ 2Muba||A* (I = J22) Avy|| = 8u&nl|Sty — Tzl
= (1 —allxy — plI* + anll £ (xa) — plI?

0, 5
+ 3M>(1 _an)an;||xn — Xp—1ll = Sulltn — vpll

n
+ 2Madal|A* (L = J2) Avy || — 8,8411St — Tzl

which is the required inequality. O

Lemma 4.5 Let {x,} be the sequence generated by Algorithm 3.1 such that conditions (Al )-
(A4) and (C1)-(C4) are satisfied. Then {x,} converges strongly to a point X € 2, where
X = Pgo f(X).

Proof Let X = Pg o f(x). It then follows from Lemma 4.3 that

s — 2112 < (1 - M)|| a4 2l _k){ ot Ms

(I — apk) (I —ayk) L2(1 —k)
3Ma(1 — ap)? 6,
27*” n— Xp—1l]

( oy
(1 f( ) — X, Xpp1 —£>}. (4.13)

Now, we claim that the sequence {||x,, — X||} converges to zero. To do this, by Lemma 2.10 it
suffices to show thatlim supy,_, o ( f (X) =X, xp, +1—X) < Oforevery subsequence {||x,, —x||}
of {||x, — X||} satisfying

lim inf (|2, +1 — X[| = [|xn, — X[) = 0.
k— 00

Now, suppose that {||x,, — X||} is a subsequence of {||x, — X||} such that

liminf(||xn, 11 — £ — [lxn, — X[[) = 0. (4.14)
k—00

From Lemma 4.3 we have

Ene (1 — )
=iy Pl = Badllwn, = |17
ng
20, (1 = k) 5 5 20, (1= k) [ anM;
< (12wl T e — — 1%, _ k k
= ( (l—oc,,kk))ka PI = [merr = pIE+ (l—oz,,kk)[Z(l—k)
3M>(1 — ank) gnk

20— k) ank” ng — Xng— 1||+(

By (4.14) together with the fact that limy_, o @, = 0, we obtain

gnk(l - 0‘nk)
(I — o k)

5@ = P = p)}.

ﬁnk(l - ﬁnk)”wnk - ”nk”z —- 0, k— oo
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Consequently, we have

W, — tnll — 0, k — oo. (4.15)
Following similar argument, from Lemma 4.3 we obtain

[lvg, — Stn,| = 0, k — o0, (4.16)
and

4 - Pny )Unk Pny gz(vnk)

— 0, k— oo.
11G (a7 + [|H (va)|?

Since G and H are Lipschitz continuous, then by the condition on p,, it follows that
gz(vnk) — 0, k— oo.
From this, we obtain
lim g(v,) = lim L - J22) Av 1P = 0. (4.17)
k—o0 k—o0 2 2

Consequently, we have

(I = 1) Avy || > 0. k — oo. (4.18)

From this, we get
WAL = 352) Avy || < AU = 322 Av || = AU = I2) Avy, || = 0, &k — .
(4.19)

Also, from Lemma 4.4 we have
Sug e — V|12 <1 = )13, — PIP = [Xng1 =PI + et [1f () — pII?

an * B
+3M>(1 — (xnk)ankainxnk - xnk—]” + 2M45nk||A - sz )Avnk”-

Nk

By (4.14),and by applying (4.19) together with Remark 3.2 and the fact that limy_, o o, = 0,
we obtain

[ltn, — Unill = 0, k — oo. (4.20)
Similarly, from Lemma 4.4 we get
1Sty — Tzpll = 0, k — oo. 4.21)
By Remark 3.2, we obtain
Hwn, = Xng [l = Ong [1Xn, — %=1l = 0, k — oo. (4.22)
Applying (4.15) and (4.22), we get
X, —tn,ll = 0, k — oc; vn, — X1l = 0, k — o0. (4.23)
On the other hand, by applying (4.16), (4.20), (4.21) and (4.23) we obtain

||xnk_tnk||_>07 k_>OO; ||xnk—Stnk||—>0, k_>00; ||Xnk—TZm{||—>0,
k — oo. (4.24)
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Also, by applying (4.23)—(4.25) we get

||an_-xnk||_>o» k—)OO, ||tnk_Stnk||_>Oa k-)OO, ||an_Tan||_)0,
k — oo. (4.25)

Now, by using (4.24) together with the fact that limy_, o ¢, = 0, we have

g1 = Xng || < g [1f () = X || 4 8 1Sty = Xmg [ 4 Enie 1T 20y — X || = 0,
k — oo. (4.26)

To complete the proof, we need to show that w,(x,) C 2. First, we claim that w,, (x,) C
EP(F). Since {x,} is bounded, then w,,(x,) is nonempty. Let x* € w,(x,) be an arbitrary
element. Then there exists a subsequence {x,,} of {x,} such that x,, ~x* as k — oco. By
(4.23), it follows that u,, —x* as k — oo. By the definition of Trfk Wy, , we have that

1
F(”nk»y) + f(y — Upy, Up, — wnk> >0, VyeC.

ng
It follows from the monotonicity of F' that

1
rf(y — Upys Upy — Wy ) = F(y,up), VyeC.
ng

By (4.15), liminfy_, oo 74, > 0, and condition (A4), we have that
F(y,x*) <0, VyeC. 4.27)

Lety, =ty + (1 —t)x*, Vt € (0,1]and y € C. This implies that y; € C, and it follows
from (4.27) that F(y;, x*) < 0. So, by applying conditions (A1)-(A4), we have

0=FQr y)
<tF(y,y)+ 1 —=1)F(y,x¥)
<tF(y, y).

Hence, we have

F(y,,y)>0, VyeC.
Letting ¢t — 0, by condition (A3), we get

F(x*,y)>0, VyecC.

This implies that x* € EP(F).
Next, we show that x* € F. By the lower semicontinuity of g, it follows from (4.17) that

0<g(x™) < lim g(v,) = lim g(v,) =0,
k—o00 n—o00
which implies that
1
(") = Sl = I A =0
Thus, by Remark 2.5 we have that
Ax* € By'(0) or 0e By(Ax™). (4.28)
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Since t,, = J,\Bll (Uny — Y, A1 — szz)Avnk) can be rewritten as

Uny — VnkA*(I - -])iz)AUnk €ty + )LlBl(tnk)

or, equivalently

(Vng = tn) — Y A* (I — J) Avy,
Al

€ Bi(tn,)- (4.29)

By passing to limit as k — oo in (4.29), applying (4.19), (4.20) and (4.24), and taking into
consideration the fact that the graph of a maximal monotone operator is weakly-strongly
closed, we obtain 0 € By (x*). This together with (4.28) implies that x* € T".

Next, we show that x* € F(S) N F(T). By (4.24) and (4.25), we have f,, —~x* and z,,, =~ x*
as k — oo. Since S and T are nonexpansive, by the demiclosedness principle, it follows
from (4.25) that x* € F(S) N F(T). Consequently, we have that w,,(x,) C .

Moreover, from (4.24) and (4.25) it follows that wy{t,} = we{x,} = we{z,}. By the
boundedness of {x,, }, there exists a subsequence {xnkj } of {x,,} such that x, & —~x" and

Lm (f (%) — X, xp,, — X) = limsup(f(X) — X, x,, — X) = limsup(f(X) — X, t,, — X).
J—>00 J k— 00 k—o00

Since * = Pq o f(x), then it follows that
lim sup(f(X) — %, x,, —X) = lim (f(X) — X, x4, — X) = (f(X) —#xt—%<o.
k—00 Jj—>00 J
(4.30)
Now, from (4.26) and (4.30), we obtain
limsup(f (£) — £, Xy 11 — &) = limsup(f (&) — £, x,, — £) = (f(}) — %, x" —%) <0.

k—o00 k—o00

4.31)
Applying Lemma 2.10 to (4.13), and using (4.31) together with the fact that lim,,_, o, 2—2 [|Xp —
Xn—1]] = 0 and lim,,_, oo o, = 0, we deduce that lim,,_, o ||x, — X|| = 0 as desired. O
5 Applications

In this section we apply our results to study some related optimization problems.

5.1 Split minimization problem

Let Hy and H> be real Hilbert spaces, A : Hi — H» be a bounded linear operator. Given
some proper, lower semicontinuous and convex functions f; : Hi — R U {+o00} and
f2 i Hy = RU {400}, the Split Minimization Problem (SMP) is defined as

Find x € H; suchthat x € arg min fj(x) and Ax € arg min f,(y). 5.1
xeH; YEH)

We denote the set of solution of the SMP (5.1) by I'spsp. The SMP was first introduced by
Moudafi and Thakur (2014). It has attracted lots of attention in recent years and has been
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applied in the study of many applied science problems such as multi-resolution sparse reg-
ularization, Fourier regularization, hard-constrained inconsistent feasibility and alternating
projection signal synthesis problems (see (Abbas et al. 2018) and the references therein).
In a real Hilbert space H, the proximal operator of f is defined by

. 1
prox;, r(x) 1= aI'gIZIéIII{l{f(Z)-F allx —z||2} VxeH, A>0.

It is well known that
prox,.p(x) = (I +20£)" () = 57 (), (5.2)
where 0 f is the subdifferential of f defined by

0fx)={zeH:fx)—fy) =(z,x—y),VyeH},

for each x € H. From [?], 9 f is a maximal monotone operator and prox;, s is firmly
nonexpansive.

By setting By = 9 f; and By = 9 f> in Theorem 4.1, we obtain the following result for
approximating a common solution of split minimization problem, equilibrium problem and
and common fixed point of nonexpansive mappings in Hilbert spaces.

Theorem 5.1 Let Hy and H» be real Hilbert spaces, and A : Hy — Hj be a bounded
linear operator with adjoint A*. Let fi : Hl — R U {400} and f; : Hp — R U {+o0}
be proper; lower semicontinuous and convex functions, S, T : Hl — H| be nonexpansive
mappings, and f : Hy — Hj be a contraction with coefficient k € (0, 1). Suppose that
Q=FOS)NF{T)NTsyp NEP(F) # @, and conditions (Al)-(A4) and (CI1)-(C4) are
satisfied. Then the sequence {x,} generated by the following algorithm converges strongly to
a point x € Q, where X = Pg o f(X).

Algorithm 5.2

Step 0. Let xo, x1 € H be two arbitrary initial points and setn = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6, such that 0 < 6, < 6, with 6,

defined by
1 Mn ;.
§, — |min [9’ [ } i xn # Xn1, (5.3)
0, otherwise.
Step 2. Compute
Wy = X + Op (X — Xp—1).
Step 3. Compute
1
F(’/‘ru)’)"‘?()’_”naun_wn) > 0. (5.4)

n

Step 4. Compute

vy = Bawy + (1 = Bouy,.

@ Springer f DMAC



39 Page 22 of 31 T. 0. Alakoya, O. T. Mewomo

Step 5. Compute
tn = proxy,, (I — yaA*(I = prox;,, ) A)vn,
where
- {lG(;jliﬂ},()l if G+ I1H@n)> #0,
s otherwise.
Step 6. Compute
zn = (1 — op)v, + 0, 5t,.
Step 7. Compute
Xn1 = 0 f(Xp) + 8, Sty + EnT2n.

Setn :=n + 1 and return to Step 1,

where

1 1
g() = It = proxs, MAXI?, h(x) = I = prox,, g )x|)?
and

G(x) = A*(I — prox;,, p,)Ax, H(x) = (I — proxy, f)x.

5.2 Split feasibility problem

Let H; and H; be two real Hilbert spaces and let C and Q be nonempty closed convex subsets
of Hy and H;, respectively. The Split Feasibility Problem (SFP) is defined as follows:

Find x* € C such that Ax™ € Q, (5.5)

where A : Hi — H> is a bounded linear operator. Let the solution set of SFP (5.5) be
denoted by I'sp. In 1994, the SFP was introduced by Censor and Elfving (1994) in finite
dimensional Hilbert spaces for modelling inverse problems which arise from phase retrievals
and in medical image reconstruction (Byrne 2004). Furthermore, the problem (5.5) is also
useful in various disciplines such as computer tomography, image restoration, and radiation
therapy treatment planning (Censor et al. 2006, 2005). The problem has been studied by
numerous researchers, (see Byrne 2004; Censor et al. 2006, 2005 and the references therein).
Let C be a nonempty closed convex subset of a real Hilbert space H and i, be the indicator
function on C, that is

. 0 if xeC;
ie(x) = .
oo if x ¢ C.
Moreover, we define the normal cone Ncu of C at u € C as follows:
Ncu={z€ H:(z,v—u) <0,Yv e C}.

It is known that i¢ is a proper, lower semicontinuous and convex function on H. Hence, the

subdifferential di¢ of i¢ is a maximal monotone operator. Therefore, we define the resolvent
J€ of dic, Vr > 0 as follows:

JYCx = (I 4+ rdic)~'x,Vx € H.
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Moreover, for each x € C, we have

dicx ={z€ H :icx+(z,u—x) <icu,Yu € H}
={ze€eH:{z,u—x)=<0,YueC}
=ch.

Hence, for all @ > 0, we derive

u=JY% & x eu+roicu
& X —u €rdicu
S x—u,z—uy<0VvVzeC
< u = Pcx.

Now, by applying Theorem 4.1 we obtain the following result for approximating a com-
mon solution of split feasibility problem, equilibrium problem and common fixed point of
nonexpansive mappings in Hilbert spaces.

Theorem 5.3 Let C and Q be nonempty closed convex subsets of real Hilbert spaces Hj
and Hy, respectively, A : Hi — Hjy be a bounded linear operator with adjoint A*. Let
S, T : H — H| be nonexpansive mappings, and f : Hy — Hj be a contraction with
coefficientk € (0, 1). Suppose that 2 = F(S)NF(T)NTsppNEP(F) # @, and conditions
(Al)-(A4) and (C1)-(C4) are satisfied. Then the sequence {x,} generated by the following
algorithm converges strongly to a point X € Q, where X = Pg o f(X).

Algorithm 5.4

Step 0. Let xo, x1 € H be two arbitrary initial points and setn = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6, such that 0 < 6, < 6, with 6,

defined by
1 Mn ;
én _ min [9, T —xa—tll [ if Xp # Xn—1, (5.6)
0, otherwise.
Step 2. Compute
Wy = Xp + 0, (Xy — Xp—1).
Step 3. Compute
1
F(”m}’)"‘r()’_unaun_wn) > 0. (5.7

n

Step 4. Compute
Un = Pnwn + (1 — Bp)un.
Step 5. Compute
th = Pc(I — yaA*(I — Pg)A)vp,
where

- TGanre e i G + I H @)l #0,
" 0, otherwise.
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Step 6. Compute
zn = (1 — op)v, + 0, 5t,.
Step 7. Compute
Xn1 = dn f(Xn) + 0n Sty + 5:T 20

Setn :=n + 1 and return to Step 1,

where
1 2 1 2
glx) = EII(I — Po)Ax|7,  h(x) = EII(I — Po)x||
and

G(x) = A*(I — Pg)Ax, H(x)=( — Pc)x.

5.3 Relaxed split feasibility problem

Next, we study the Relaxed Split Feasibility Problem (RSFP) which is a special case of the
split feasibility problem when the sets C and Q are defined as follows:

C:={ueH :c(u) <0} and Q :={ve Hy:q(v) <0}, (5.8)

where ¢ : H — R and g : H, — R are convex and lower semicontinuous functions such
that dc and dg are bounded on bounded sets. We denote the solution set of the RSFP by
I'rsrp. Now, by applying Theorem 4.1 we obtain the following result for approximating
a common solution of relaxed split feasibility problem, equilibrium problem and common
fixed point of nonexpansive mappings in Hilbert spaces.

Theorem 5.5 Let H| and H; be real Hilbert spaces Hy and H,, and let A : Hl — H»
be a bounded linear operator with adjoint A*. Let S, T : Hy — H) be nonexpansive
mappings, and f : Hy — Hj be a contraction with coefficient k € (0, 1). Suppose that
Q=FS)NF(T)NTrsrp N EP(F) # @, and conditions (Al)-(A4) and (C1)-(C4) are
satisfied. Then the sequence {x,} generated by the following algorithm converges strongly to
a point x € Q, where X = Pg o f(X).

Algorithm 5.6

Step 0. Let xo, x1 € H be two arbitrary initial points and set n = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 0, such that 0 < 6, < 6, with 6,
defined by

n —

; Mn :
é {mln {97 m], if Xy # Xp—1, (5.9)

0, otherwise.
Step 2. Compute

Wy = Xp + 0 (X — Xp—1).
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Step 3. Compute

1
F(up, y) + —{y — un, up —wy) > 0. (5.10)
14

.
Step 4. Compute
Un = Buwn + (1= By
Step 5. Compute
tn = Pc,(I — yaA*(I — Pg,)A)vy,
where
-~ if 11GII? + [1H@wo)I? # 0,

= [1G ()| P+I1H (wa)| 2
0, otherwise.

Cp = {veH :co)+{cn,v—1v,) <0}, ¢, € dc(vy),
Qn = {w € Hy: CI(AUn) + ((In, w — AUn) = 0}, dn € 8q(Avn)-

Yn

Step 6. Compute
Zn = (1 —op)v, + 0, 5t,.
Step 7. Compute
Xn1 = 0 f(Xn) + 8, Sty + EnT2n.

Setn :=n + 1 and return to Step 1,

where
1 2 1 2
gx) = EII(I — Pg,)Ax|",  hx)= §||(1 — Pc,)x|
and

G(x) = A*(I — Pp,)Ax, H(x)= (I — Pc,)x.

6 Numerical examples

In this section, we present some numerical experiments to illustrate the performance of our
method, Algorithm 3.1 in comparison with Algorithms 1.2, Algorithm 1.3, Algorithm 1.5 and
Algorithm 7.2 in the literature. All numerical computations were carried out using Matlab
version R2019(b).

In our computations, we choose p, = 3 — Tl«rl’ Bn = n%’ oy, = z;lﬁ’ oy = Tl«m’ Sy =
& = %,un = m,rn = n”?,k =X = Ay =0.5,0 = 0.8 foreach n € N. It can
easily be checked that all the conditions of Theorem 4.1 are satisfied. We take y = 0.0001
in Algorithms 1.2, 1.3 and 7.2, and Dx = %x, B = 0.5 in Algorithm 1.3.

Example6.1 Let H, = R3> = H, and C = {x = (x1,x2,x3) € R3|(a,x) > b}. For
r>0,TFx = Pcx = b=lax) ;1 x. Here we take a = (8, —3,1),b = —1 and define

llall3
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}Tiizﬁglel\éf{“erica‘ results for Alg. 12 Alg. 13 Alg. 15 Alg.72  Alg 3.1
No. of Iter. 12 7 30 7 8
No. of Iter. 11 6 30 6 7
No. of Iter. 11 7 30 7 7
No. of Iter. 12 7 30 7 7

S, T : H — H; by Sx = %x, Tx = %x for all x € Hj. Define the operators A, B; and B>
as follows:

6 3 1 X1 6 0 O X1 7 0 0 X1
Ax=|8 7 5 x|, Bix=|0 4 0 x|, Bx=1]0 5 0 X2
3 6 2 X3 0 0 3 X3 0o 0 2 X3

where x = (x1,x2, x3) € R3? and set fx) = %x. We choose different initial values as

follows:

Casel: xo = (=3,2,5T , x; = (2,1, -DT;

Case II: xo = (7,2.1,3.57,x1 = (5, 1,2)7T;

Case III: xo = (2.3,4.7, =3.5)" , x; = (3, 1,0)T;

Case IV- xg = (8,2,57,x1 = (=5,1, =T,

Using MATLAB 2019(b), we compare the performance of Algorithm 3.1 with Algorithm 1.2,
Algorithm 1.3, Algorithm 1.5 and Algorithm 7.2. The stopping criterion used for our compu-
tation is ||x,41 — xa|| < 1073, We plot the graphs of errors against the number of iterations
in each case. The numerical results are reported in Fig. 1 and Table 1.

Example6.2 Let H; = (b (R), ||-]l2) = Hz, where b(R) := {x = (x1,x2,...,X,,...),Xj €
R Y%, Ix2 < ooh lIxll2 = (252, |xj|2)% for all x € L(R). We set f(x) = 3x
and define S, T : Hl — H; by Sx = %x,Tx = %x, A : Hy — H; be defined by
Ax = % forall x € Hj, then A*y = % forall y € H,. Define By : Hi — H; by
Bix = %x, and By : Hy — H; by Box = %x. Then B; and B; are maximal monotone
operators. Define the bifunction F' by F(x, y) = x(y — x). It can be verified that

T x = for all x € H;.

r

+r

We choose different initial values as follows:

Casel: xg =(0,-3,7,...), x1 =(—1,2,3,...),

Case II: xg = (5, —1, % ...),x1 =(3,03,0.03,...),

Case III: xo = (0,3, -7,...), x1 =(1,-2,3,...),

Case IV:xg = (7, =3, =1, ...), x = (4,0.4,0.04, ...).

Using MATLAB 2019(b), we compare the performance of Algorithm 3.1 with Algorithm 1.2,
Algorithm 1.3, Algorithm 1.5 and Algorithm 7.2. The stopping criterion used for our compu-
tation is ||x,+1 — x,|| < 1073, We plot the graphs of errors against the number of iterations
in each case. The numerical results are reported in Fig. 2 and Table 2.

Remark 6.3 By using different starting points and plotting the graphs of errors against the
number of iterations in each example (Examples 6.1-6.2), we obtain the numerical results
displayed in Tables 1 and 2 and Figs. 1 and 2. We compared our proposed Algorithm 3.1
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——Algorithm 1.2
—“—Algorithm 1.3
——Algorithm 1.5
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Algorithm 6.2
——Algorithm 3.1
g 10°
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102
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Table 2 Numerical results for

Example 6.2

——Algorithm 1.2
—Algorithm 1.3|
——Algorithm 1.5[3

Algorithm 6.2
——Algorithm 3.1]]

10 15 20 25 30
Iteration number (n)

——Algorithm 1.2
—Algorithm 1.3]
——Algorithm 1.5[3

Algorithm 6.2
——Algorithm 3.1]]

e

10 15 20 25 30
Iteration number (n)

g.1 Top left: Case I; Top right: Case II; Bottom left: Case III; Bottom right: Case IV

Alg. 1.2 Alg. 1.3 Alg. 1.5 Alg.7.2 Alg. 3.1
No. of Iter. 13 7 37 7 6
No. of Iter. 13 7 37 7 6
No. of Tter. 13 7 37 7 6
No. of Iter. 13 7 37 7 6

with Algorithm 1.2, Algorithm 1.3, Algorithm 1.5 and Algorithm 7.2. Furthermore, we note
the following from our numerical experiments:

e We observe that the different choices of the starting point and key parameters does not
have a significant effects on the output of our method with respect to the performance of
the proposed algorithm.

e In all the examples, we can see from the tables and figures that the number of iterations

for our proposed method remain consistent (well-behaved).

e From the Table 2 and Fig. 2, we can see clearly that in terms of number of iterations, our
proposed Algorithm 3.1 outperforms the other four existing methods. Table 1 and Fig. 1
also show that our method performs favourable well compared with the four existing
methods.
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10" : .
——Algorithm 1.2
——Algorithm 1.3
ol ——Algorithm 1.5
10 Algorithm 6.2

——Algorithm 3.1
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Fig.2 Top left: Case I; Top right: Case II; Bottom left: Case III; Bottom right: Case IV

7 Conclusion

In this paper, we studied the problem of finding the common solution of split variational inclu-
sion problem, equilibrium problem and common fixed point of nonexpansive mappings. We
introduced a new inertial viscosity S-iteration method for approximating the solution of the
problem and we proved strong convergence theorem for the proposed algorithm without the
knowledge of the operator norm. Finally, we applied our results to study other optimization
problems and provided some numerical experiments with graphical illustrations to demon-
strate the efficiency of our method in comparison with some existing methods in the current
literature.

Appendix 7.1 (Algorithm 3.1 in Kazmi and Rizvi 2014)

Algorithm 7.2

X0 € Hy,
= I (o + Y A* (2 = DAX,),
Xpp1 = f(xp) + (1 — ) Suy,

where f : H; — H; is a contraction with constant k € (0,1), § : Hi — Hj is a
nonexpansive mapping, y € (0, %), where L is the spectral radius of the operator A*A,
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and A* is the adjoint of A, {&,} C (0,1) and By : Hy — 21 By : H, — 2% are two
multi-valued maximal monotone operators on H; and H, respectively.
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