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Abstract

This paper is devoted to the investigation of a nonsmooth multiobjective bilevel program-
ming problem with equilibrium constraints ((MBPP) for short) in terms of convexificators
in finite-dimensional spaces. We present necessary optimality conditions for the local weak
efficient solution to such problem. Under the Mangasarian—Fromovitz and generalized stan-
dard Abadie type constraint qualification in the sense of convexificators, we establish as an
application the Wolfe and Mond-Weir type dual problem for the problem (MBPP). Besides,
we provide strong and weak duality theorems for the original problem and its Wolfe and
Mond-Weir type dual problem under suitable assumptions on the 3*-convexity and the upper
semi-regularity of objective and constraint functions. Illustrative examples are also proposed
to demonstrate the main results of the paper.
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1 Introduction

Multiobjective bilevel programming problem with equilibrium constraints is a generalization
from Multiobjective bilevel programming problems. They is known as a combination of two
multiobjective programming problems in which the feasible region of upper level problem
with equilibrium constraints, the so-called included set, can be formulated as the set of mini-
mal solutions of a multiobjective programming problem, see, for instance, Eichfelder (2010).
As far as we know, this problem belongs to the class of NP-hard multiobjective programming
problems even either only with inequality and set constraints or the objective and constraint
functions are linear, e.g., in Ben-Ayed and Blair (1990). On optimality for this artificial prob-
lem is formulated by moving them into a multiobjective single-level programming problem
where the nonsmooth Mangasarian—Fromovitz and generalized standard Abadie type con-
straint qualification may true at any feasible solution, e.g., in Dempe (2002), Colson et al.
(2007), Gadhi and Gadhi and Dempe (2013), Dempe et al. (2013), and the references therein.

Inrecent years, Dempe et al. (2013) obtained necessary optimality conditions for efficiency
in terms of the directional convexificators and as well as duality theorems for a multiobjective
bilevel programming problem with constraints and its Wolfe and Mond-Weir type dual prob-
lem. The authors in Dempe et al. (2013) used the tools in Gadhi and Dempe’ paper Gadhi and
Dempe (2013) and a special scalarization function in Hiriart-Urruty (1979); Hiriart-Urruty
and Lemaréchal (1993) for their investigation. Luu and Mai (2018) formulated a Wolfe and
Mond-Weir type dual problem for a vector equilibrium problem with constraints via the
directional convexificators, and then, they obtained weak and strong duality theorems for
the same. Pandey and Mishra (2016, 2018) formulated a Wolfe and Mond—Weir type dual
problem for a single-level nonsmooth multiobjective programming problem with equilibrium
constraints, and then, they established sufficient optimality conditions for the GA-stationary
solution of mathematical programming problem with equilibrium constraints. Most recently,
Su and Dinh (2020) constructed a Wolfe and Mond—Weir types dual problem, and then,
they provided results on duality theorems to the interval-valued pseudoconvex optimization
problem with equilibrium constraints in terms of contingent epiderivatives.

A fundamental question here is why we should study necessary optimality conditions
and duality theorems for a nonsmooth multiobjective bilevel programming problem with
equilibrium constraints and its Wolfe and Mond—Weir types dual problem via the directional
convexificators. We try to answer these question with a few words. Many papers have been
published in the last decade about bilevel programs, but there are only few of them dealing with
multiobjective bilevel programming problem with equilibrium constraints (see Babahadda
and Gadhi 2006; Chuong 2018; Dempe 1992, 2002; Dempe and Pilecka 2015; Dempe and
Zemkoho 2012; Eichfelder 2010; Gadhi and Dempe 2013; Suneja and Kohli 2011; Ye and Zhu
1995 and the references therein). Especially, the Wolfe and Mond—Weir type dual problems
are very popular in the area of applicable and this is a motivation for our present work.

Necessary optimality conditions for efficiency and as well as results on duality for con-
strained nonsmooth multiobjective single-level and two-level programming problems are an
active research area in the recent years (see, e.g., Babahadda and Gadhi 2006; Ben-Ayed and
Blair 1990; Clarke 1983; Chuong 2018; Dempe 1992, 2002; Dempe and Pilecka 2015; Dutta
and Chandra 2004; Ehrgott 2005; Jahn 2004; Gong 2010; Li and Zhang 2006; Luo et al. 1996;
Luc 1989; Luu 2014, 2016; Luu and Mai 2018; Luu and Hang 2015; Mangasarian 1969;
Mond and Weir 1981; Movahedian and Nabakhtian 2010; Pandey and Mishra 2016, 2018; Su
and Hang 2019; Su and Hien 2021; Su 2019, 2020; Ye 2005; Wolfe 1961 and the references
therein). For instance, Babahadda and Gadhi (2006) gave necessary optimality conditions via
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the Lagrange—Kuhn—Tucker multipliers in terms of the directional convexificators for a bilevel
programming problem; Dempe and Pilecka (2015) established primal and dual optimality
conditions by means of the directional convexificators for an optimistic bilevel programming
problem; Gadhi and Dempe (2013) obtained necessary optimality conditions via the Clarke
generalized Jacobians for a multiobjective bilevel programming problem; Dempe et al. (2013)
derived necessary optimality conditions in terms of Mordukhovich’s subdifferentials for a
semivectorial bilevel programming problem; Chuong (2018) formulated a relaxation mul-
tiobjective formulation for a nonsmooth multiobjective bilevel programming problem and
examine the relationships of solutions between them, and then, the author received Fritz John
and Karush—Kuhn—-Tucker necessary optimality conditions to problem such via its relaxation.
More recently, Dempe et al. (2020) provided necessary optimality conditions for a vectorial
bilevel programming problem in terms of the directional convexificators, using the optimal-
value reformulation and a scalarization technique. It should be mentioned that an application
of the obtained result for establishing the Wolfe and Mond—Weir type dual problem for a
nonsmooth multiobjective bilevel programming problem with equilibrium constraints is not
considered. This is the reason why we study optimality and duality for a nonsmooth multi-
objective bilevel programming problem with equilibrium constraints (MBPP) for short) via
the convexificators in the present paper.

Motivated by the preceding discussions, our aim in this paper is to study and develop
necessary optimality conditions for the local weak efficient solution of nonsmooth multiob-
jective bilevel programming problem with equilibrium constraints and construct the Wolfe
and Mond-Weir type dual problem for the original problem (MBPP). We, in addition, obtain
various duality theorems for the problem (MBPP) and its dual problem via the convexificators
under some suitable assumptions. The content of the paper is constructed as follows. In Sect.
2, we recall some preliminaries and concepts of directional convexificator with extended-
real-valued functions. Section 3 provides fundamental notations and necessary optimality
conditions for the local weak efficient solution of nonsmooth multiobjective bilevel program-
ming problem with equilibrium constraints via the convexificators. Some applications are also
presented in this section. Section 4 is devoted to constructing the Wolfe and Mond—Weir types
dual problem and establishing the weak and strong duality theorems for a nonsmooth mul-
tiobjective bilevel programming problem with equilibrium constraints and its dual problem.
Ilustrative examples are also provided in the literature.

2 Preliminaries and definitions

In this section, we recall some basic concepts and results, which will be needed in what
follows. As usual, one writes R, N, ]Ri and R” instead of the set of real numbers, the set of
natural numbers, the nonnegative orthant cone, and the nonpositive orthant cone, respectively.
The origin of any space R” is expressed as 0. We use the symbol B« to denote the closed unit
sphere of R" and [, := {1, 2, ..., n}. Given a nonempty subset C C R", bdC, intC, clIC,
convC, and coneC stand for the topological boundary of C, the topological interior of C, the
topological closure of C, the convex hull of C, and the cone generated by C, respectively,
where coneC := {tc : t > 0, ¢ € C}. We use the symbol C~ to denote the negative polar
cone of C,ie, C~ ={v e R": (v,x) <0 Vx € C}, and 1y — 07 to instead of the
positive real numbers sequence (#;) with limit 0. The contingent cone to the set C at the point
X € clC is given as:

TC,x) = [veR"lH[k—>0+, Jv;y — v suchthat X + v, € C Yk > 1}.
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If C is convex, then T (C, x) = cl cone(C —Xx), and so, T'(C, x) is a closed and convex cone.
In the sequel, in R”, consider the order given by a cone R} , that is:

x,yeR" x>y x—yeR:,
x,yeR" x>y<=x>yandnot y>ux, inthewords x € y + R \ {0},
x,yeR", x>»y<<=x—yeintR] U{0} andnot x —y € intR” U {0}.

The nonnegative scalar function A¢ : R” — Ry is defined as:

_]dG.O), if yeR"\C,

A =
=1 4RI\ C), if yec.

where the distance from the vector y to the set C is d(y, C) := inf.cc ||y — c]||.

‘We mention that the function A¢ was first introduced by Hiriart-Urruty (1979), used after
by Hiriart-Urruty and Lemaréchal (1993), Ehrgott (2005) and Dempe et al. (2020). In sense,
C # R"is a closed and convex cone with nonempty interior, and then, Ac¢ is 1-Lipschitzian,
positively homogeneous, convex, and decreasing on R”. Furthermore:

bdC ={y e R" : Ac(y) =0},
intC ={y eR" : Ac(y) <0},
R*'\C={yeR": Ac(y) > 0}.

From now on, if not otherwise specified, we always assume that the bifunctions F =
(F1,...,F)) : R XR®? — RY, g =(g1,...,8n) : R xR? — R" h = (hy,...,hy,):
R x R”? — R", G = (Gy,...,Gp) : R!" xR? — RP, H = (Hy,...,Hp) : R x
R% — RP k= (ky,..., k) : RN xR — R! and f : RY x R? — R, where F; (i € 1),
gj (j €ly), hy (k € I), Gyand H; (I € Ip), kyy (m € I), and f are locally Lipschitz
real-valued bifunctions on R9! x R%2,

We consider a nonsmooth multiobjective bilevel programming problem with equilibrium
constraints (in short, (MBPP)) of the following form:

Minimize F(x,y) = (F] (oY) Fylx, y)> (MBPP)
X,y
subjectto g(x,y) <0, h(x,y) =0,
G(x,y) >0, H(x,y) >0,
G,y H(x,y)=0,
y € S(x),

where 7 indicates the transpose and for any x € RY!, §(x) is the solution set of the following
parametric programming problem (or the lower level problem):

Minimize f(x,y) (MPPP-x)
y
subjectto k(x,y) <0.

The sets K and K, are said to be the feasible regions to the multiobjective bilevel program-
ming problem with equilibrium constraints (MBPP) and the lower level problem (MPPP-x),
respectively. In sense, the constraint functions 4, G, H are omitted, and then, the prob-
lem (MBPP) is said to be a multiobjective bilevel programming problem with constraints
(MBBP¥).

We also introduce next the notation for the efficiency of problem (MBPP).
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Definition 1 A pair (X, y) is said to be a local efficient (resp., local weak efficient) solution
of problem (MBPP) iff there exists a neighborhood V of (X, ), such that:

F(KNV)C F(x,y)+ (Rq1+qz \Rq_1+q2) U {0}

(resp., F(KNV)C F(X,y) + (Rqﬁ-qz \intR(iH'qz)),

where R917492 := R%1 x R% and R?' 7% .= R? x R%.
It should be mentioned that if (x, ¥) is a local weak efficient solution of problem (MBPP)
then one can find some neighborhoods Uy of X and V of y, such that:

F(x,y)— F(x,y) ¢ —inRY V¥ (x,y) € KN (Up x Vo).
This means that there exists no (xg, yo) € K N (Up x Vp) satisfying:
Fi(x0, yo) — Frx(x,y) <0 Vke 1.

Let X be a real Banach space, one denotes X™* the topological dual space of X and
R := R U {+00} U {—o0}. Given a mapping / : X — R, we use the symbols [ (¥; u) :=
liminf,_, o+ w and ld+ (X5 u) = limsup,_, o+ w to denote the lower and
upper Dini directional derivatives of / at X € X in the direction u € X, respectively. The

following concepts related to convexificators can be found in Jeyakumar and Luc (1999).

Definition 2 (Jeyakumar and Luc (1999)) An extended real-valued function / defined on X
is said to admit an upper (resp. lower) convexificator 8* f (x) at x iff 9* f(X) C X* (resp.
05 f (xX) C X™) is weakly* closed, and for every u € X,

lyGu) < sup (&, u)
£€0*1(X)

C@Ewz inf (g,

(resp g u) > Sel‘dgl(ﬂ (&, u)

A weakly* closed set 3* f (x) C X™ is said to be a convexificator of / at X iff it is both upper
and lower convexificators of / at x.

Definition 3 An extended real-valued function / defined on X is said to admit an upper
(lower) semi-regular convexificator 8* f(x) (resp. 9, f(X)) at x iff 9* f(x) C X™ (resp.
05 f(X) C X™*) is weakly* closed, and for every u € X :

l;(f; u) < sup (§,u) (2.1)
g0 l(®)
(resp., Tz nf <g,u>). (2.2)

If the equality in (2.1) (resp. (2.2)) holds then 9* f(X) (resp. 94 f (X)) is called an upper
(resp. lower) regular convexificator of / at x.

Definition 4 An extended real-valued function / defined on X that has an upper semi-regular
convexificator at x € X. Then, [ is said to be 9*— convex at x iff for all x € X,

I(x) > 1(X)+ (§,x —X), V& e€d*IX).

At the end of this section, we provide two propositions, which play an important role in
the literature.
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Proposition 1 (Gadhi and Dempe 2013) Let Q C R? be a nonempty, closed. and convex cone
with intQ # (. For every x € RY, we have 0 ¢ dc Ag(x), where the set dc f (x) designs the
subdifferential of convex analysis of f at x.

Proposition 2 (Jeyakumar and Luc 1999) Let x € R?, and for eachi € I, let f; : R? — R

be a continuous function and admits an upper convexificator 8* f; (x) at X. The function h

is defined by h(x) = max{ fi(x), fa(x)}. Then, 3*h(x) := U o* f;(x) is an
iefieh h(@)=f; (X))}

upper convexificator of h at x.

3 Optimality conditions

The goal of this section is to present necessary optimality conditions for the local weak effi-
cient solution of multiobjective bilevel programming problem with equilibrium constraints
(MBPP) via the directional convexificators.

To begin with, we provide some important notations: given a feasible pair (x,y) € K to
the problem (MBPP), the following index sets will be used:

Iy :=1,(x,y)=1{i € I, : gi(x,y) =0}
Ii=L&y={iel kX7 =0}
a=axy)={icl,:G(Xx,y) =0, H(x,y) >0}
B=p&xy):={icl,:Gi(x,y) =0, H(,y) =0}
yi=y@Xx,y):={iel,:Gi(x7y) >0, H(X7y) =0}
vii=aUB; v=pUy.

Oé;f:={ieazuic>0};

yi=liey:ul >0}

Bl =tliep:pf =0, u’ >0k

B ={iep:ul =0 u>oy
Ly=ay Uy UBTUB,.

The set B is the degenerate set and if, in addition, the set § is empty,, then a pair (X, y) is
said to satisfy the strict complementarity condition. Furthermore, we put:

M = {(A’ ) = (Ag’ AK 3 Y 3G HH. Mh’ MG’ MH) € RMH+2n+2|J X 3)|+4p W;’ >0,
8
Moz0 2P z0Ge1@y). ce @y, M=o uh=0( el
2G>0, >0 uf >0, uff >0G €1y,

G_4yH _,G_ H _ : G _ H _
)\y_)"o[ _/'Ly_u“(x _05 Vleﬂ’ Mi —O, Mi —0}7

re,y = [Uconva*gi(f, i)]7 N [Uconva*hi(f, y) U convd™(—h;)(x, y)]7

iely, iel,

N [Uconva*Gi(Y, 3) Uconvd*(—G;)(x, Y)]7

iea
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N [Uconva*Hi (X, 3) U convd*(— H; ) (%, y)]_
iey
N [Uconva*(—ci)(f, ) U convd* (— H; ) (X, y)]
iep
We consider the set-valued mapping Y : R?" — R% is defined by Y (x) = K, for all
x € R9'. We fixed a feasible vector (x,y) € K, such that they become a local weakly

efficient solution of problem (MBPP), and a bounded neighborhood U (x, y) of (x, y). Until
now, taking Up and Vj are given as in Definition 1 and it is always assumed that U :=

[x e R? : 3y € R?2, suchthat (x,y) € U(x, i)}, the set-valued mapping Y is uniformly
bounded around X and the set | J Y (x) is bounded, which yields that the set | J Y (x) is

xeU xeUy
bounded too, where Us := Uy N U. Consequently, the set ¢/ | J Y (x) is compact. We set:
xeUsx
O = (cl U Y(x)) + Bpar.
xeUx

According to Gadhi and Dempe (2013), the set ® is nonempty compact that contains an open
neighborhood of ¢l |, Y (x). This allows us to define the real-valued function:

¥ R xR? > R
by
W(x,y) =max ¢ (x,y,2) V(x,y) RN xR®,
ze®
where the mapping v from R?! x R?2 x ® into R is given as:

Yy, = min | £ 9) = f(0602), —Ag (G2, k).
For simplicity, for each (x, y) € R?' x R92, we denote by:
Jx,y)=1{z€0 : ¥y(x,y,2) =¥(x,y)}

Consider the scalar functions v and ¥, defined on R?! x R%2 x ® are defined, respectively,
as:

1//1()@ Vs Z) = f(-x» )7) - f(xv Z)a
Vo(x,y,2) = —Ap (ki(x,2), ..., ki (x, 2)).

By the above definitions, it holds that:

¥ (x, y) = max min {(Vi(x.y.2), ¥, y. 2}
For this sense, we put:

I(x,y)=1{i €{1,2} : ¥i(x,y,2) =¥ (x,y,2)}
It is not difficult to check that if k; (x, z) < O forall i € I;, then

Yo (x, y,2) = d(k(x,2), RI\RL) > 0.
If, in addition, that y € S(x), we have the following equality:
v(x,y,2) =¢1(x, y, 2).
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The following propositions play a key role in the next section.

Proposition 3 (Gadhi and Dempe (2013)) If (x,Y) is a local weak efficient solution for the
problem (MBPP), then the solution set of the problem max,co ¥ (X, 7y, z) is given by S(X).

Proposition 4 Let (x, ) be a local weak efficient solution for the problem (MBPP). Assume
that for eachz € J(x,y) and i € I1(x,Y), ¥; is continuous and admits an upper convexifi-
cator 3*vy; (x,y,7) at (x,V,7), one gets:

conv*¥ (x,y) C conv( U conv( U Y (X, y, E))). (3.1)
ZeJ(X.5) iel®,y)
Proof Let us see that:
conv 9*W¥ (X,y) C conv U Y (x,y,72). (3.2)
ZeJ(X.5)

In fact, in view of Proposition 3, it follows that there exists z € S(x), such that:
U T) =min |§1 75,9, 17 5.9
By a similar argument as in the proof of Rule 4.4 Jeyakumar and Luc (1999), we deduce that
(3.2) holds. Again taking account of Proposition 2, we have:
Y.y, 5 =conv | ] 0"i(x, 7,2
i€l(x.,y)
This allows us to conclude that (3.1) holds, which proves the claim. ]

To derive necessary optimality conditions for the problem (MBPP), we introduce the
following two related problems:

Minimize F(x,y) := (Fl X, ¥)s ..., Fylx, y)) (MBPPI)
x,y

subjectto g(x,y) <0, h(x,y) =0,
Gx,y) =0, Hx,y) =0,
G, ) H(x, y) =0,
k(x,y) <0, ¥(x,y) <0,
x e R?", y e R%,

<>
and Minimize ¥ (x, y) := (F(x, v, k(x,y), ¥(x, y)) (MBPP2)
X,y
subjectto g(x,y) <0, h(x,y) =0,
G(x,y)>0, H(x,y) >0,
G,y H(x,y)=0,
x e R, y e R,

We also propose the following constraint qualification of the (CQ) and (GS-ACQ) types [(CQ)
and (GS-ACQ) are generalizations of the Mangasarian-Fromovitz constraint qualification and
the Abadie constraint qualification, respectively]:
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Definition 5 The following constraint qualification of the (CQ) type is considered:
(CQ): there exist vg € RY' x R? and the positive real numbers alg i € I;(x)), alk

(i € @), al (i €vy),a (i €n),a’@ (i € 1), 7eJ@)satisfying:
(i) (g8, vo) < —a (vgg €% gi(®), Viel (x))
(&K, vo) < —aF (vsk € 0%k (%), Vi € Ik(x))
(G, vo) < —af (vs,.G € 9*(—G)(@), Vi € v1>;
@) (87, v0) = —af! (Y&H € 0"(—H)@), Vi € );
(gl vo) =0 (V& € 97h; (D). V€ 1);
(1, v0) =0 (Y € (=)@, ¥ j € I,);
wib) (67D v0) = =0 @ (VgD e 97,9, Vie I, Ve I@®).
Definition 6 Let (x, ¥) be a feasible point of problem (MBPP), and assume that all of the
functions have an upper convexificator at (x, ). We say that the generalized standard Abadie

constraint qualification (GS-ACQ) holds at (x, ) if at least one of the dual sets used in the
definition of I" (X, y) is nonzero and I"(x,y) C T(K , (x, i)).

In what follows, a necessary optimality condition for the local weakly efficient solution
of problem (MBPP) will be derived.

Theorem 1 (Necessary optimality condition) Let (x,y) € K be a local weakly efficient
solution to the problem (MBPP). Suppose that:

() Fi (G €ly), g(i € l(X,9) ki (i € k(X,Y)), £hj (j € In) ¥1(.,..2) (z € O),
—G; (i € vi)and —H; (i € vy) admit bounded upper semi-regular convexificators and
are 3*— convex functions at (X, );

() F; (i € ly), ki (i € Irx(x,y)) and ¥ are locally Lipschitz near (X, y);

(iii) the constraint qualifications (CQ) and (GS-ACQ) at (x,y) hold;
(iv) L, =9.

Then, there exist s = (s,-)?:1 CRyand (A, p) = (kg, WA A AG A, Mh, ,uG, MH) €
M with Zielq si = 1 satisfying:

0e Zsiconv ' Fi(x,y) + Z Afconv 0*gi (X,y)

iel, iely(x.5)
+ Z )Lf-cconv *k; (x,y) + Z Z )LZP(Z)conv Y (X,,2)
el (x,7) 2€JX.3) i€l 7.7)
+ Z I:)»?conv *h(x,y) + /L?conv *(—h (X, y)]
J€ln

+ 3 [AiGconv 9* (=G (. 7) + A conv 8% (— Hy) (%, y)].

ielp
<>
Proof We consider the mapping ¥ : RY! x R% — R+ is defined by:

g(x7 y) = (F(X, y)a k(x7 )’), l[/(x’ y)), v(x, y) GRq] x R%2,
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Since (x,y) € K is a local weakly efficient solution of problem (MBPP), and it is also
a local weakly efficient solution of problem (MBPP1). According to Lemma 3.4 in Gadhi
and Dempe (2013), we shall be allowed to deduce that the vector (X, y) is a local weakly
efficient solution of problem (MBPP2). Let K’ be a feasible set of problem (MBPP2) and
set M := [ + 1. Consider a neighborhood V of (x, y), such that:

< < - - . q+M ’
Y(x,y) —¥([x,y) ¢ —intRYT™ (Y(x,y) e VNK'),

which yields that:
<> <>
A (¥ @) =¥ E D) 20 (V(x,0) € VK,
We set:
~ <> <> L
U,y =¥(x,y) —¥X,y),
which ensures that ¥ (x, y) = 0. By the definitions, we have:
<~ —_— — ~ —_— — —_— —
I (X, Y) ="W(x.y) Yi=1...q+ L& VI +1,
<> <> ~ ~
where ¥, is ith component of ¥ and ¥; is ith component of ¥. It is plain that:
At (VX)) =0,
which yields that X is a local weak minimum of the following scalar problem (MBPP3):

Minimize 4,00 <l;(x, y)) (MBPP3)
subjectto g(x,y) <0, h(x,y) =0,

G(x,y) >0, H(x,y) >0,

G(x,y) H(x,y) =0,

x € R", y e R,

It is well known that the real-valued function Aint]RqHIk(?)Hl is convex and locally Lips-

chitz, the subdifferential d¢ AiquH[k(;)m (0) is a bounded convexificator of Aiquwk(I-)m

at ¥ (x,y). On the other hand, by the initial assumptions, it follows that the mapping ¥
is locally Lipschitz near (x,y), which ensures that Aiquﬂlk(Y)HlO ¥ is locally Lipschitz
near (X, y) too. Taking account of Theorem 3.2 in Pandey and Mishra (2016), for any u €
Rt x R%2, there exist & € Conva*AimR‘f""G)‘“OW(u)’ Eig € convd*g;(u) (i € Iy(x,y)),
gj’f € convd*hj(u) (j € 1), n? € convd* (—h ;) () (j € I,), € € 3* (=G () (i € 1))
and £/1 € 9*(—H;)(u) (i € I,) satisfying ”Z(m > 0, x’; > 0, M’; >0 e Ip),
W20, M 20 4l =0 pll 206 e 1§ =1 =uf=pll =0vies,
/,LiG =0, MiH = 0 and:

E+ Y ME Y (e )+ (S +aflgf) =0 (33)

icl,(%,7) jel, iel,
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On one side, Luu and Mai’s Result Luu and Mai (2018) was pointed that the set-valued

mapping %A, _,+im+1 1S upper semicontinuous at ¥ (x, y). By the initial hypotheses,

intR
0" Fi(x,y) (i € I), 0"ki(x,y) (i € Ix(x,y)) and 3*¥ (x,y) are bounded upper con-
vexificators of F; (i € Iy), ki (i € Ix(x,y)) and ¥ at (x,y), respectively. On the other
side, the set-valued mappings 0*F; (i € 1), 9*k; (i € Ix(x,y)) and 0*¥ are upper
semicontinuous at (X, y). In view of the chain rule in Jeyakumar and Luc (1999), the set

dc AimRTrllk@,Tf)Hl (‘I’(Y, ?))I
(8*F1 @ F)s e 0 F (), 0%k (B9, - .. 0Ky (B ). 0 W (R, y))

is a bounded convexificator of AiquH/k(yj)\H oV at (x, V). Therefore, one can find a:

£e BcAimRziwka.ﬂm (W(f, Y))
such that
S = f;o (3*F1 (f, y), ey B*Fq(f, y), 8*k1 (Y, y)v ey a*k|[k(f,yj\(f7 y)a a*w(f5 Y))

Adapting the concept of the subdifferential of AiquJ,uka_pm at 0 in the sense of convex

analysis, for every v € RIFTI M+ the following inequality holds:
AimRZwk@&)m (v) = <g U>-
Consequently, for any v € —Rf”k (Y’WH, it holds that:
<g U> < A gornEn (V) = —d(v, RIFIEN]\ RIHIEDIH < o

which proves that:
£ o RITIEDI+I
£ eRY .

In other words, it follows from Proposition 1 that £ # 0 and moreover:
£ecé (8*F1 &), L0 F (X, ), 0k (X, ), ..., 3k (K, ), T (X, ?))-
We set
§ = ((Si)ielq» (ADiery kw)-

Making use of Proposition 4 to deduce that:

q
IS Zsiconv O Fi(x,y) + Z )Lf-‘conv 9%k (x,y)
i=1 il (x%,y)

—I—)\lpconV( U conv( U 3*1#,-(?,?,2))).

ZeJ(X,y) il (X,y)
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This yields the existence of S[F € convd*Fi(x,y) (i € I), Sik € convd*k;(x,y) (i €

L(X,7)), and VZ € J(X,7); there exist 2 © > 0, &9 ¢ 9*y;(%,7,2) (i € [T, 7))
satisfying:

q

V()Y (T

=Y sgl+ Y gk YT YT a9 (3.4)
i=l1 i€l (x,y) zeJ(x)y) iel(x,y)

Combining (3.3) with (3.4) yields that:

q
"4 v(z
Mkl + 3 e 3 oate B X A0
i=1 i€ly(X.y) ielk(x,y) zeJ(X,y) i€l (x,y) (3.5)
+ 3 (el + ulnl) + 3 (A0E0 + gl ) =
jel, ielp
wheres; > 0 (i € 1), x, &y =0 A,k(x 5= o,,\’} >0, u’}- >0(jelp,rf >0 1>

0, ul =0, pl 206G e, /920G el@y), €@, 25 =l =uf =
H ; G H
w =0, Viep, u’ =0, u;’ =0.
Finally, we need to point out that s = (s,')?:1 # 0. In fact, if this is fail, then s; = 0 for
every i € I,. It follows further from equality (3.5) that:

DINTERSD SIRTCES AL R

i€lg(x,y) iely(x,y) Jj€ly
EX () e Y D OO -
ielp zeJ(x,y) iel(x,y)

Let vg € R?' x R% be arbitrary. It is evident that:

ORI R DR T R gl (VR

i€ly(%.5) i€l (¥y) jel, a6
' '4 :
F Y (os0 g ) Y2 (OO w) 0.
ielp ZeJ(X.y) iel (X.5)

In other words, under the constraint qualiﬁcation of the (CQ) type, there exist vg e R?' x R?2
and positive real numbersa (i € I;(x,y)), a (i € Ir(x,y)), a @i € vy), a (i € ),

;‘D(Z) (i el(x,y), 7€ J(x,Y)), such that the conditions from (i) to (vii) in Theorem 1 are
fulfilled. In this sense, the left-hand side of (3.6) is smaller than or equal to:

(X Mafa Y Mak 4 (3Faf +alal)

iely(X,y) el (x,y) i€l
n Z ( PR4e W(~)+AW<z) w<z>)> <0,
zeJ(x,y)

which contradicting inequality (3.6). We thus have shown that s # 0, and without loss of
generality, we may assume that Z?:] s; = 1, which completes the proof. O

Theorem 1 is illustrated by the following example.
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Example 1 Consider the following problem in R? x R :

. 1 1
(MBPP) Minimize,, v, , F(x1,x2,y) := §|x1| + |x2] + Elyl

subject to g(x1, x2, y) 1= |x2| <0, h(xy,x2,y) := x1x2 =0,
G(x2,x2,y) :=x1 >0, H(x1,x2,y) =x2 >0,
G(x1,x2, y)H(x1,x2,y) =0, y € S(x),

where S(x) is the solution set the following lower level problem in R :

(MPPP —x) Minimize, f(x1,x2,y) :=x1 +x2
subject to k(x1, x2,y) := —|y —x; — 1| <0.

We take ¥ = (0,0) and y = 0. It can be seen that I,, = I, = I, = I, = I; = {1},
L=} h=fa=y=0F={(hv=uw={)o =y =08 =i =
Lopfl =0, uf >0 B =fi=1:pff >0, uf =0, L, =0 K, ={yeR:
ki(x,y) <0} =Rand S(x) = R forall x = (x1,x2) € R2. Therefore, the feasible set of
problem (MBPP) is K = R x {0} x R, and so, T (K, (x,x)) = Ry x {0} x R. It is plain
that (x,y) is a local weakly efficient solution of problem (MBPP), and then, we may take
® =[—1,114[-1,1] = [-2, 2], and thus, ¥ : R? x R — R is defined by:

W(x,y) =maxy(x, y,2) (V(x,y) € R? x R),
e

where ¥ (x,y,2) = f(x,y) — f(x,z) = 0 for all (x,y) € R? x S(x). Consequently,
W(x,y)=0forallV(x,y) € R*? x R.
1 11

Directly calculating, we obtain that: convd™* Fy (x,y) = [—%, 51 x [=1,1] x [=53, 5],

convd*(xh)(x,y) = {(0,0,0)}, conva*g;(x,y) = {0} x[—1, 1] x {0}, convd*G (X, y) =
{(1,0,0)}, convo*yr(x,y,z) = {(0,0,0)} Vz € ® = [-2,2]), convd*(—G)(X,y) =
{(—1,0,0)}, convd*H(x,y) = {(0, 1,0)} and convd*(—H)(x,y) = {(0, —1, 0)}. In con-
sequence:

&5y = [conva*gl(f, y)]_ N [conva*hl(f, ) U convd* (—h) (X, y)]_
N [conv8*(—G)1 (X, 7) U convd* (— Hy) (%, y)]_ — R, x {0} x R.

By the definition 6, the generalized standard Abadie constraint qualification (GS-ACQ) holds
at (x,y). By virtue of Theorem 1, we conclude that there exist s = (s,')?: ; € Ry and

(A, ) = ()&’, MR WY NG A uh O, MH) € M satisfying:

0e ) siconvd*F(X.y)+ > Aconvd*g®@.y)+ » Afconvd*ki(x.7)
iel, il (x.y) i€l (x.y)

+ Z Z 2 @conv 9%y (. 7, 2)
zeJ(x,)y)iel(x,y)
+y [)J}conv 8%h; (%, 7) + liconv 8% (—h ) (x, y)]

J€l

+ 3 [AFeonv 9 (~G) . 7) + Al cony 0" (— H) . 9|

iely
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In fact, in this setting, we may take s = s; = 1 > 0, }L‘f =1>0, AZP(Z) =1 > 0, where
zeJ@Y=0and x5 ={1}L Al =pl=1>0,20 =2 =1 >0, we have:

0 € sjconvd*Fi(X,y) + )chonv *g1(x,y) + Z )LT(Z)conv 3*Y1(X,y,2)
ze®@

+ [Mhoony 871 (2, 3) + cony 8% (—h) . 9|
+ [A]Gconv 9* (=G 1) (¥, ¥) + A conv 8% (— Hy) (%, y)]

53 11
=[_150]X[_557]X[

2 _575],

as it was checked.

For the next result providing a necessary optimality condition for the local weak efficient
solution of problem (MBPP*).

Corollary 1 Let (x,y) € K be a local weak efficient solution to the multiobjective bilevel
programming problem with constraints (MBBP*). Assume that:

() the functions F; (i € 1), gi (i € I,(F, V), ki (i € (X, ) and Y1 (., .,2) (z € O)
admit bounded upper semi-regular convexificators and are 3*— convex functions at
x,y);

(ii) the functions F; (i € 1y), k; (i € Ix(X,y)) and ¥ are locally Lipschitz near (X, y);

(iii) the constraint qualifications (CQ) and (GS-ACQ) at (X,y) hold.

Then, there exist s = (si)?:1 C Ry and ) = (Ag,kk,kq’) e RMHAIEDN yigh

e, s =145 =0, 28 >0, 2@ >0, i€l ) and z € J(X,Y) satisfying:

0e Z siconv ¥ F;(X,y) + Z )Lfconv 0*gi(X,y)

iely ielg(x,y)

+ Z Afconv()*ki(f,@—i- Z Z A?(Z)conva*wi(f,y,z).
i€l (x.y) €] (®y) il X.y)

Proof 1t is a direct consequence of the Theorem 1, which completes the proof. O

Remark T We mention that in sense, the solution set of problem (MPPP-x) is R%2, and then,
the problem (MBPP) reduces to the optimization problem with equilibrium constraints, say
(P), in Pandey and Mishra (2016). Therefore, the preceding obtained result is fail in the case
the assumption (iv) in Theorem 1 is removed (see Theorem 3.1 Pandey and Mishra (2016)
or Theorem 4.1 Pandey and Mishra (2018), for instance).

Remark 2 The preceding obtained results are still true if the constraint and objective functions
are affine. Especially, if 1, is singleton (or |I;| = 1) and ¥ = 0, these results reduce to the
well-known result in single-level multiobjective programming problem with equilibrium
constraints, e.g., in Pandey and Mishra (2016, 2018).

4 Applications to duality for multiobjective bilevel programming
problem with equilibrium constraints

Our aim here is to construct Wolfe and Mond—Weir type dual problem for the nonsmooth
multiobjective bilevel programming problem with equilibrium constraints (MBPP), using
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the tool of convexificators with generalized 3*— convex objective and constraint functions.
Besides, we establish the weak and strong duality theorems for the same.

4.1 The Wolfe duality for (MBPP)

The Wolfe type dual problem for the nonsmooth multiobjective bilevel programming problem
(MBPP) is formulated as follows:

(WMBPP) : ma [ Yo siFiw + Y afai + 3wk + Gk — whiw

i€l ielg iely jel,
+ 3 3 WO = Y (4G + A Hw)|
zeJ(u)iel(u) iel,
subjectto 0 € Z s;conv 3% F; (u) + Z Afconv 0%gi(u) + Z Af-‘conv 0%k; (u)

i€l iely i€l

+ 3 [Fhconv h w) + hcony 8% (=)o |
jEIll

+ Y > A Peonvayi(u, )

zeJ(u)iel(u)
+ 3 [MFeonvo* (=G + A convo* (— Hy @),
icl,
ueRM xR2, 5 >0, icl,, Zsi =1, )Li >0, # >0,
i€l
WO =0, ielw, zeJw), M=0 pl>0 jel,
A >0, >0, ub >0, ulf >0, ici,,
wW=2l=ul=ul=0 viep pu’=0 ul =0,
where AJ = (Dicy, A =W Dicwr 1S =wDicy, 1l =W ica
v (¥@ _(yh ,,G H +2
a= )ze](u), rerwy H= Wl pT ) e RTTEP
and ()M M) — (S, Ag, )\k’ )\h! )\w, )\G, )\’H’ /’th MG’ :LLH) c Rq+m+l+2n+2|](u)\+4p'
We mention that the Wolfe type dual problem for the problem (MBPP*) is denoted
by (WMBPP*). Therefore, the problem (WMBPP*) is defined similarly to the problem
(WMBPP).

The forthcoming example will be provided to illustrate the Wolfe type dual problem for
the problem (MBPP).

Example 2 Consider the following problem in R x R :

(MBPP) Minimizey y F(x,y) = (F] (x,y), Fa(x, y)) = (x +y, x— y2)

—lxl=x
2

subject to g(x, y) := <0, h(x,y) =x>—y =0,

Gx,y):=—x+y*>0, Hx,y)=-y+x> >0,
Gx,y)H((x,y)=0, y e Sx),
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where S(x) is the solution set the following lower level problem in R :

(MPPP —x) Minimize, f(x,y):=x>+x>—x —1

1
subject to ky(x, y) 1= —x? — |y| <0, ka(x, y) = — 5kl = y? <0,

It can be easily seen that K, = R, S(x) =R and K = [(x, y)eR2:y2>x, x? = y].
Thus, the feasible set of problem (MBPP) is of the following form:

K:{(x,y)G]Rz:xSO or x >1, x2=y].

By directly calculating, for every (u1, uz) € RZ2, one obtains 9* F) (uy,up) = {(1, D},
0*Fa(uy, uz) = {(1, —2u2)}, 0% g1 (u1, uz) = {(=1,0), (0,0)}, 3%y (uy, uz) = {Quy, =},
0" (=hp)(uy,uz) = 0" (—=H)(ur,uz2) = {(—2u1, 1)}, 0*(=G)(ur,u2) = {(1, —2uz)},
Ok (ur, uz) = {(=2u1, =1), (=2u1, D}, 0*%k2(u1, u2) = {(—3, —2u2), (3, —2u2)} and
0*Yi(ur,uz,z) ={(0,0)} Yz e J(uy,uz), i€ luy,ur).

Then, the Wolfe type dual problem (WMBOP) for the multiobjective bilevel programming
problem (MBPP) is of the form:

}\g

(WMBPP) : max [s(ul +up)+ (1 —s)(u — u%) - 71(u1 + |u1]) — )»If(u% + [uz|)

1

- A§(§|u1| Fud) + O = My @? = un) + 25wy — ud) + 2y — u%)]
subjectto 0 € s(1,1) + (1 —s)(l,—2u2)+)»5fconv{(—1,0), 0,0)}
1 1
5,—2M2), (5’_2u2)}
+ A Quy, =1 4 pl (=21, 1) + 2§ (A, —2uz) + A (=2uy, D),
u=@u,u)eR?, 0<s=<1, >0 >0 >0,

M >0, uh>0, 29 >0, 2 >0

+ A]fconv{(—Zul, 1), (—2ui, D} + Aéconv{(—

For the sake of brevity, we set u = (11, u2) and X = (¥, X2), and then, a weak duality
theorem for the multiobjective bilevel programming problem with equilibrium constraints
(MBPP) and its Wolfe type dual problem (WMBPP) can be stated as follows.

Theorem 2 (Weak Duality). Let x and (u, s, A, ) be the feasible vectors to the primal
problem (MBPP) and the dual problem (WMBPP), respectively. Suppose that:

(ii) The functions F; (i € 1) gi (i € 1,(X)), ki (i € It(X)), £hj (j € 1,), =G; (i € vy),
and —H; (i € vy) admit bounded upper semi-regular convexificators and are 9™ —
convex functions at u.

(iii) The function Y1 (., ., z) .= f(., .)— f(., 2) (z € O) admits bounded upper semi-
regular convexificator and is 3*— convex function at u.

Then, for any x = (x1, x2) is feasible to the primal problem (MBBP), there exists k € 1,
such that:

Fe(o) £ B + )0 dgi + Y0 aki) + Y06 = whhjw)

ielg(X) iely(x) jel,
'4
+ 30 3 W% = Y (WG w) + A Hw)).
zeJ () iel(u) i€l

@ Springer f bMA



Optimality conditions and duality in terms of convexificators... Page 17 of 26 37

Proof Let x = (x1, x2) be a feasible vector to the problem (MBPP). We have

gi(x) <0 Viel(X), “4.1)
hi(x) =0 Vjel, 4.2)
(=Gi)(x) =0 Viely, 4.3)
(—H)(x) =0 Vi€, 4.4)
ki(x) <0 Vi € I (%), (4.5)
Yi1(x,2) <0 Vz e Ju). (4.6)

Since (u, s, A, ) is a feasible vector of problem (MBPP), there exist SIF € convd™* F; (u)
(i € I), £F € convd*g;(u) (i € I,(X)), &F € convd*k; (u) (i € [k(X)), gf € convd*hj(u)

(j € L), 0" € convd*(—hj)(w) (j € 1), &P € conv o i (u. 2) (i € T(w), z € J(w)),
£0 € 95 (—G)(w) (i € 1) and EH € 9*(—H;)(u) (i € I,), such that:

SosEl+ Y afef 4+ Y afgh+ > (e ulnl

iely i€l (%) i€l (X) jely 47
+ Z )LGsG +aHeH ) + Z Z )L‘I/(z)stll(z) “.7)
i€l zeJ(u)iel(u)
Adapting the initial assumptions along with the 3*— convexity of F; (Vi € 1) atu :
Fi) = Fia = (85 x —u), Viel, @38)

,,,,, N C [0, 1] with Y07, = 1 and
(Efp)pzl ,,,,, N C 0%F;(u) satisfy EiF = ZP ltpéF Since F; (Vi € 1) is 3*— convex
at u, it holds that F; (x) — F;(u) > <.§fp, — u>, V p € Iy. Consequently:

In fact, we take N > 0 and sequences (f),—1

pFi () = 1y Fi0) = (1,87, x —u), Vp ey,

This allows us to say that the following inequality holds true:

thF(X) thF(u) = <thgl T >

In consequence, inequality (4.8) holds. In view of the *— convexity of g; (Vi € I,(x)) at
u, it follows that:

gi(x) —gi(u) > (&5, x —u), Viel,®. (4.9)

Similarly, we also have:
ki (x) — ki (1) > (gik, x— u> Vie LX), 4.10)
h,-(x)—hj(u)z(;,’.’,x—u), Vjel, @.11)
(—hj)(x) + h () z<n§,x—u>, Vjel, (4.12)
(=G() +Giw) = (0.5 —u), Vj e, (4.13)
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(—H)() + Hi@) = (67 x =), Vi€, (4.14)
Yi(x,2) — Y1 (u,2) > <§;‘U(Z),x - u> Vze J). (4.15)

Since RL. < R is a closed and convex cone with nonempty interior and R. # R/, the
function ¥ (., z) is convex, positively homogeneous, 1-Lipschitzian, decreasing on R/ (see
Hiriart-Urruty (1979), for instance). Making use of Luu’s result Luu (2016), we deduce that:

Ya(x,2) = 2w, = (89 v —u) VzeJw. (4.16)

Because L, = @, by multiplying (4.8)-(4.16) by s; (i € 1), Ag > 0@ € I;(X)), A >0
(€ @)\ >0( €l puh =00 €h). 28 >0G ev).ll =06 e, A‘”(Z)
(i el(u), ze€J(u), respectlvely, and adding (4.8)—(4.16), it results in:

D FE@ —sFw)+ Y AMa — Y afa+ Y afki(x)

iel, i€l (%) i€l (%) i€l (@)

= D Mk + Y W00 = Y M) = Y whi 00+ Y )
i€l (X) JEly JEly JEly J€ln

=3 AGi) + Y AFGiw = Y A H o+ Y A Hiw)
i€l iely iely i€l

'4 '4

+ 3 S W - Y Y O
zeJ(u)iel(u) zeJ(u)iel(u)
<zs,g SO M Y M Y (el ), x—u>
iel ielg(X) ielp(x) Jjel,

+ <Z (WeC+afE )+ >0 WO u> -0

iely zeJ(u)iel(u)

Two cases can occur as follows:
Case 1: k(x1,2) ¢ RL | it entails that Yo (x, z) < 0, which combined with (4.1)—(4.6):

M) := Y g+ Y M)+ Y Ahje) =D phh)

iel, (¥ i€l (%) jel J€ly
=3 206w =Yl Hw+ Y Y APy <o.
i€l iely zeJ()iel(u)

Case2: k(x1,2) € R’ , which leads to that Y (x, z) = Ya(x, z) > 0, this is a contradiction
with the inequality ¥ (x, z) = ¥1(x, z) <O0.
In consequence:

DosiFil0) = ) siFiw) + M. @.17)
i€l i€l

We have to point out that there exists k € I; satisfies Fy(x) £ Fy(u) + M (u). In fact, if it
was not so, then for every k € I, Fy(x) < Fy(u) + M (u), which ensures that:

D sk < Y scFi) + Y sM (),

kel kel kel

@ Springer f bMA



Optimality conditions and duality in terms of convexificators... Page 190f26 37

or equivalently:

Y sFix) < Y scFi() + M(u),

kel kel

which conflicts with inequality (4.17). This completes the proof. O

Example 3 Consider problem (MBPP) in which the problem data are given as in Example 2.
We pick x = 0andy = 0. Then, (x,y) € K, where the feasible set of problem (MBPP) is
K ={(x,y) e R2:x<0orx>1, y= xz} (see Example 2, for instance). Let (u, s, A, (1)
be the feasible vector to the dual problem (WMBPP). Then, itis evident that I, = [; = {1, 2},
In =1, =1, ={1}, Iy = {1}, k = {1.2}, a =y =0, p = {1}, vi =1 = {1},
af =y =085 ={i=1:pff =0, uf >04L B ={i=1:puff >0 uf =0}
L,=0,Ky={yeR:ki(x,y) <0, i =1,2} =Rand S(x) = R for all x € R. We may
choose ® = [—1,1] + [—1, 1] = [=2, 2], and thus, ¥ : R? x R — R is defined by:

W(x,y) =max ¥ (x,y,2) (¥(x,y) € R* xR),
ZE@

where ¥ (x,y,2) = f(x,y) — f(x,z) = 0 for all (x,y) € R x S(x). Consequently,
V(x,y)=0forallV(x,y) e R xR.

It is easy to verify that the mappings satisfy the assumptions of the Theorem 2. According
to Theorem 2, we assert that for every (x, y) € K is feasible to the primal problem (MBBP),
there exists k € I, = {1, 2}, such that:

Fi(x,y) £ Fe@) + Y 2fgi)+ Y ki) + ) 04— k)

i€l (%) iel (%) jel,
Y(z
+ 3 Y WD = Y (WG + A Hw)),
zeJ(u)iel(u) iely

where:

w=(u,u) €R: AP >0Mzew),ielw), >0,
M>0, 28>0, At=0, ul>0 2¥>0 rf>o0.

For the next result providing strong duality theorems for the primal problem (MBPP) and
its Wolfe type dual problem (WMBPP).

Theorem 3 (Strong Duality) Let X € K be a local weakly efficient solution for the problem
(MBPP). Assume that:

(i) the functions F; (i € 1), gi (i € I;(X)), k; (i € [x(X)), x£h; (j € I), ¥1(., .,2) (z €
®), —G; (i € vi)and —H; (i € v2) admit bounded upper semi-regular convexificators
and are 0* — convex functions at x;
(ii) the functions F; (i € 1), k; (i € Ix(X)) and ¥ are locally Lipschitz near X;
(iii) the constraint qualifications (CQ) and (GS-ACQ) at X hold;
Giv) L, =49.

. _ - _ —¢ —k —h =¥ —G —H _j _q —
Then, there exist' s = (si)?:l C Rand (A, 0) = (Ag,k AL LA LA ,pLh,,LLG,[LH) €

RHAZAAIOAP - cych that (x,5, %, ) is a local weak efficient solution of the dual
(WMBPP) and the respective objective values are equal.

@ Springer f DMAC



37 Page 20 of 26 T.VanSuetal.

Proof Since x be a local weakly efficient solution for the problem (MBPP), thanks to
the obtained result of Theorem 1, one can find s = (si)?: 1 € Ry with Yic 1,5 =

and (h, ) = ()LgJLk, MW AG AH G MH) c RMHAH2AI®IH4P with )”i

—_

%

v

0, 4 20,29 >0 el®, 2€J@), M =0, uh>0( €, 1 >0

1
0, nf =0, uf 206G el 2= =nf=nf =0.Viep, nf =0 uf =
such that:

=]

s

0e ) siconvd*Fi(X)+ Y  Afconvd*e;(X)+ Y  Afconvdk;(¥)
iel, iely(¥) il (X)

+ Y > Peonv oy ®, 2)

zeJ(x)iel(x)
+ Z [k’}conv 9%hj(x) + u?conv 8*(—h(,-)(f)]
jeh
+ 3 [MEeonv ot (=G @ + 4 convo* (— @) .

iely

We sets = s, A = A and it = p. Taking account of the construction of the Wolfe type dual
problem (WMBPP), it implies that (X, s, A, 1t) is a feasible vector of problem (WMBPP).
According to Theorem 2, for 6’;’ = )»? — u’; (j € I), there exists kg € I, such that:

Fiy(®) # Fig) + Y 2fgi)+ Y ki) + ) 0%hjw)

ielg(x) iely(x) jel,
'4
+ 20 >0 W i) = Y (1 Giw) + A Hiw))
zeJ ) il (u) i€l

for all feasible solution (u, s, A, ) for the Wolfe type dual problem (WMBPP). It can be seen
thati € I4(X), gi(x) =0,i € [/(X), gx(x) =0, j€l,, hj(x) =0andi € v(, G;(x) =0,
i € vy, Hi(X) = 0. Moreover, by directly applying Lemma 3.3 Gadhi and Dempe (2013), we
conclude that v; (¥, z) = O foralli € 1(x) and z € S(x). Therefore, the following equality
is fulfilled:

Fo@ = Fo@+ Y Ha@+ Y. k@ + Y. 0k

iE[g@) iel(x) JE
(), -G, . =H,, _
+ Y YN E =) (5 Gi®) + ) Hi(X))
zeJ(x)iel(X) iely

Consequently:

Fo@+ Y Ra®@+ Y Mk@®+ Y 00

ielg(X) iely(x) Jjely
4 — —G _ —H —
+ 3 S HE =Y (W G@ + i H®)
2eJ(X) i€l (7) iel,
£ o+ Y Mg+ Y Ak + Y 0hw)
ielg(X) el (x) jel,
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+ 3 S O =Y (WG + A Hw)),

zeJ ) iel (u) iel,

which means that (X, 5, A, [x) is an optimal solution of problem (WMBPP) and the respective
objective values are equal, as it was shown. O

For the next result considering 7 = 0, G = 0 and H = 0, the following Corollary 2 can
be viewed as a directly consequence from Theorem 3 which its easy proof can be omitted.

Corollary2 Let x € K be a local weakly efficient solution to the multiobjective bilevel
programming problem with constraints (MBPP*). Suppose that:

(i) the functions F; (i € 1), gi (i € I;(X)), ki (i € I;(x)) and Y1 (., .,2) (z € O) admit
bounded upper semi-regular convexificators and are 3*— convex functions at X;
(ii) the functions F; (i € 1y), k; (i € Ix(X)) and ¥ are locally Lipschitz near X;
(iii) the conditions (i), (ii), and (vii) in the constraint qualification of the (CQ) type are valid
and the constraint qualification of the (GS-ACQ) type at X holds.

.- — - —8 —k TV — _ =
Then, there exists = (s,-)?:l CRandx = kg, AL A ) e RMHF2I®N sych that (x,5, 1)
is a local weak efficient solution of the dual (WMBPP*), and the respective objective values
are equal.

Remark 3 1In sense, all the constraint functions g; (i € I,(X)), k; (i € It(X)), h; (j € I,),
vi(., .,2) (z € ), —G; (i € vy), and —H; (i € vp) are affine, our preceding obtained
results are still true. Furthermore, it should be mentioned here that all of our results in Sect.
4 are generalizations of the existing one in the literature (see, e.g., Babahadda and Gadhi
2006; Bot and Grad 2010; Chuong 2018; Dempe 1992, 2002; Dempe and Zemkoho 2012;
Gadhi and Dempe 2013; Luu and Mai 2018; Pandey and Mishra 2016, 2018; Suneja and
Kohli 2011; Ye and Zhu 1995, and the references therein).

4.2 The Mond-Weir duality for (MVBPP)

Based on the fact that the Wolfe type dual problem was built in Section 4.1, a Mond—Weir
type dual problem for the primal problem (MBPP) is defined similarly as follows.

The Mond—Weir type dual problem for the multiobjective bilevel programming problem
with equilibrium constraints (MBPP) is of the form:

(MWMBPP): max [Zs,-F,-(u)] subject to
u,s, A
i€l
0e Z s;conv 0* F; (u) + Z }»‘igconv 0% gi(u) + Zkfconv 9%k; (u)

iely ielg i€l

+ Z [A?conv *hj(u) + u?conv 8*(—hj)(u)] + Z Z k:.p(Z)

JEln zeJ(u)iel(u)
conv 3 Y (. 2) + Y [AiGconv 0*(—Gi) () + 1M conv 8*(—H,-)(u)],
iely
gr,@W) >0, kpe@) >0, hy,(u) =0, Gy u) <0,
Hyy(u) <0, ¥i(u.2) >0, (z€J(w),iel@w), ueRN xR,

. g k
iz 0, iely yosi=1 A5 =0 Mg =0

i€l
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WD =0, ielw), zeJw), M=0, ui=0, jel,
28>0 28>0, ub>0 uf =0 icl,
o= =ul=ul =0, viep ni=0 u=0,

where 15 = ADiey. M = 0w 1 = WPiey. nl = wh)ica.
W= (A;I/(Z))ZEJW, ety M= W u e R

and O, ) = (5, 28, A, 00 A% AG WH il 16ty @ RIFmHH21421I (l+4p,

The forthcoming example will be provided to demonstrate the Mond-Weir type dual
problem for the primal problem (MBPP).

Example 4 Consider problem (MBPP) in which the data are given as in Example 2. Then,
the Mond-Weir type dual problem (MWMBPP) for the original problem (MBPP) is of the
following form:

(WMBPP) : {‘nsa)x( [s(bu +ur)+ (1 —s)(u; — u%)]
subjectto 0 € s(1,1) + (1 —s)(1, —2uz) + A‘fconv{(—l, 0), (0,0)}
+ rkconv{(—2u1, —1), (=2uy, 1)} + A’gconv{(—%, —2u5), (%, —2us)}
+ M Quy, = 1) + p (=2up, 1) 4+ 27 (1, =2u2) + 28 (=2u1, 1),
w20, W34l <0, Sl +3 <0, 6} —ur =0,
ul—u%zo, uz—u%zo, u:(ul,uz)eRz, 0<s<l,
A >0, 28>0, A5>0, A>0 ui>o0 27>0 >0

Hereafter, we state a weak duality theorem for the Mond—Weir type dual problem
(MWMBPP) and the original problem (MBPP).

Theorem 4 (Weak Duality) Let X and (u, s, A, ) be the feasible vectors to the original
problem (MBPP) and the Mond-Weir type dual problem (MWMBPP), respectively. Suppose
that:

() L/L = 0;

(it) The functions F; (i € 1), gi (i € I¢(X)), ki (i € [r (X)), £hj (j € Iy), ¥1(., ., 2) ==
f(C.,.)—f(.,2) (z € ®), —G; (i € vi)and —H; (i € vy) admit bounded upper
semi-regular convexificators and are 9*— convex functions at u.

Then, for any x = (x1, x2) is feasible to the problem (MBPP), there exists k € I, such that:
Fr(x) £ Fi(u).
Proof Arguing similarly as for proving Theorem 2 with observing that:

oM+ Y ki) + Y O — k)

iely(¥) i€l (%) jely
17
+ 30 3 W% =Y (WG + A Hiw) = 0,
zeJ(u)iel(u) iely
we arrive at the desired conclusion. O
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In what follows, we give a strong duality theorem for the original primal (MBPP) and the
Mond-Weir type dual problem (MWMBPP).

Theorem 5 (Strong Duality) Let x € K be a local weak efficient solution to the original
problem (MBPP). Suppose that:

(i) the functions F; (i € 1), gi (i € Iq(X)), ki (i € It(X)), £hj(j e L), (., .,2)(z €
®), —G; (i € v1)and —H; (i € vy)admit bounded upper semi-regular convexificators
and are 3*— convex functions at X;
(ii) the functions F; (i € 1), ki (i € Ix(X)) and ¥ are locally Lipschitz near x;
(iii) the constraint qualifications (CQ) and (GS-ACQ) at X hold;
(iv) L, =49.
Then, there exists = (Ei)?zl c Rand (L, n) = (Xg,Xk,Xh,X‘”,XG,XH,ﬁh, HG,EH) €
RAHFFAION4 gych that (X,5, &, ) is a local weak efficient solution of the Mond—Weir
type dual (MWMBPP) and the respective objective values are equal.

Proof Arguing similarly as for proving Theorem 3 with observing Theorem 4, which termi-
nates the proof. O

In sense, the real-valued objective and constraint functions are affine, the following corol-
lary is inspired from Theorem 5 and Remark 3, which its easy proof can be omitted.

Corollary3 Let x € K be a local weak efficient solution to the original problem (MBPP).
Suppose that the functions F; (i € 1), g (i € Ig(X)), ki (i € Ix(X)), xh; (j € I),
Yi(., .,2) (z € ©), =G; (i € vi), and —H; (i € vy) are daffine. If L, = ¥ and the
constraint qualifications (CQ) and (GS-ACQ) at X are fulfilled, then there exists = (E,')?zl C

R and (X, 70) = (Xg’ Xk, Xh, XW, XG, XH, ﬁh’ EG’ EH> e RMHF22I®N+4D g oh that
(X,5, A, ) is a local weak efficient solution of the Mond-Weir type dual (MWMBPP) and
the respective objective values are equal.

An example is provided as follows.
Example 5 Consider the following problemin R x R :

(MBPP) Minimize, y F(x,y) = (Fl(x, y), Fa(x, y)) = (x +y, |x|+ |y|>
subjectto g(x,y) :=—y <0, h(x,y) =x—y =0,
Gx,y):==—x+2y>0, H(x,y)=—-y+2x >0,
Gx,y)H(x,y) =0, y € S(x),

where S(x) is the solution set the following lower level problem in R :
(MPPP —x) Minimizey f(x,y):=x+ yAg2 (0,0)
subject to ky(x, y) := —x <0, ka(x,y) =xy <0.

Then, it is evident that X = (0,0) is a local weak efficient solution of problem
(MBPP). By an easy computation, we obtain /(X) = {1}, ® = [-2,2], [((X) =
B = {1}, ) = (1,2}, « = y = ¥, L, = ¥, and moreover, 3*F;(0,0) =
{(,D}, 9"F00,00 = {(1, D, (1, =1, (=1, 1), (=1, =D}, 9*g1(0,0) = {(0, 1)},
0%(£h1)(0,0) = {(£1,FD}, 9*(=G1)(0,0) ={(1, =2)}, 9*(—=H1)(0,0) = {(=2, D},
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*9i(0,0,2) = {(0, Ag2 (0,0)} Yz € J(X), i € I(X), 9"k1(0,0) = {(—1,0)},
8*k2(0,0) = {(0, 0)).

It is not difficult to verify that the functions satisfy the assumptions of the Theorem 5,
and moreover, the constraint qualifications (CQ) and (GS — ACQ) at x = (0, 0) hold.
Taking into account Theorem 5, there exist (5, 1 —5) € [0, 1] x [0, 1] and a pair (A, ) =
(Xg, PR R A Wl 7 T8 ﬁH> € R¥2™I such that the vector (X, 5, 1 —5, A, 1t)
is alocal weak efficient solution of the Mond—Weir type dual (MWMBPP) and the respective
objective values are equal.

In fact, in this setting, the Mond—Weir type problem (MWMBPP) for the original problem
MBPP is of the form:

(MWMBPP): max [s(u1 +uz) + (1 —s)(ui| + qul)]

st.0e(l—s)(1,1) +[—s,s] x [—s,s]+ Af(O, —-1) + A'f(—l, 0)
+ AL =D+ (=1, D)+ 280, =2 + 1 (=2, 1)
+ Y > A Pconv o i, ),
zeJ(w)iel (u)
u=(ui,u2) € {(0,0)}, 0<s<1,2§ >0, 25 >0, 25 >0,
M=0, w020 >0 M >0 2/9 >0, ielw), zeJw.

Since u = (0, 0), which proves that the conclusion of Theorem 5, as it was checked.

5 Conclusion

There have not been results on necessary optimality conditions for the local weak effi-
cient solution of multiobjective bilevel programming problem with equilibrium constraints
(MBPP) in terms of convexificators. In this paper, we have established necessary optimality
conditions for efficiency to such problem. An application of the obtained results for the Wolfe
and Mond—Weir types dual problem is also presented. The strong and weak duality theorems
for the primal problem (MBPP) and its Wolfe and Mond—Weir types dual problem via the
convexificators are derived. Our results here are new and more general than those obtained
by Dempe (1992), Babahadda and Gadhi (2006), Suneja and Kohli (2011), and some other
related authors.
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