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Abstract

In this article, we study the dynamics of a new proposed age-structured population mathe-
matical model driven by a seasonal forcing function that takes into account the variability of
the climate. We introduce a generalized force of infection function to study different poten-
tial disease outcomes. Using nonlinear analysis tools and differential inequalities theorems,
we obtain sufficient conditions that guarantee the existence of a positive periodic solution.
Moreover, we provide sufficient conditions that assure the global attractivity of the positive
periodic solution. Numerical results corroborate the theoretical results in the sense that the
solutions are positive and the periodic solution is a global attractor. This type of models are
important, since they take into account the variability of the weather and the impact on some
epidemics such as the current COVID-19 pandemic.

Keywords Seasonal epidemic model - Age-structured - Mathematical modeling - Global
attraction - Positive periodic solution

Mathematics Subject Classification 34C25 - 34C60 - 37N25
1 Introduction
Mathematical modeling of dynamical systems is a useful tool to analyze a variety of infec-

tious diseases, to understand their dynamical behavior, to predict their impact on different
populations, and to study how different factors can impact the evolution of diseases. One
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preferred technique to model the behavior of communicable diseases in the population is
using systems of ordinary differential equations, where the state variables represent different
sub-populations. These systems could be autonomous or nonautonomous depending on the
nature of the parameters of the equations. For some infectious diseases and for some par-
ticular situations, it makes sense to consider parameters varying over the time, and then, a
nonautonomous system is obtained. For instance, there are many diseases that vary depending
on the environment conditions. Thus, if we take into account that in many regions around the
world, there are four seasons, it seems logical to include the variability of the environment
(Shobugawa et al. 2017; Vega et al. 2017; Paiva et al. 2012; Ferrero et al. 2016; Noyola and
Mandeville 2008; Traoré and Sangaré 2017; Corberan-Vallet et al. 2018). Moreover, several
researchers have remarked and studied the effects of climate change on diseases and ecology
(Donaldson 2006; Fagan et al. 2014; Sengupta and Das 2019; Sekerci and Petrovskii 2015;
Hurtado et al. 2014; Okuneye et al. 2018; Posny and Wang 2014; Codeco 2001). Then, one
approach to include the effect of the weather in the aforementioned mathematical models is to
allow time varying parameters. For instance, one disease that shows seasonal behavior is the
respiratory syncytial virus (RSV) (Shobugawa et al. 2017; Vega et al. 2017; Paiva et al. 2012;
Ferrero et al. 2016; Noyola and Mandeville 2008; Arenas et al. 2009; Jornet-Sanz et al. 2017).

In this paper, we study the dynamics of a developed age-structured population math-
ematical model driven by a seasonal forcing function to take into account the variability
of the climate. In particular, the proposed model is an SEIR (susceptible-exposed-infected-
recovered) type, which is suitable to model the dynamics of several diseases such as influenza,
cholera, dengue, RSV, and others (Brauer 2017; Hethcote and van den Driessche 1991). For
instance in Hogan et al. (2016b), the authors used an SEIRS model, to explore how the birth
rate, varying immunity and seasonality, influences the different dynamics of RSV. More-
over, some authors have pointed out the relation between weather and the current COVID-19
pandemic (Azuma et al. 2020; Bashir et al. 2020; Malki et al. 2020).

Another important aspect of using this type of mathematical models is that once time
the model is constructed, it is possible to fit the mathematical model to real data related
to infected individuals to estimate the values of the unknown parameters to study different
future outcomes or to study the impact of some health policies. It has been argued that
nonautonomous models are in some cases more suitable, since the coefficients of the system
are varying with the time; for example, the coefficients could be changed with the seasonal
factors (White et al. 2007; Arenas et al. 2009; Rogovchenko and Rogovchenko 2009; Rosa
and Torres 2018; Gonzalez-Parra et al. 2009; Bezruchko and Smirnov 2000).

After Kermack-McKendrick published a deterministic model to represent disease trans-
mission, many papers have been published in the direction of generalizing the rate of infection.
In Capasso and Serio (1978), a generalization of the Kermack model was proposed, introduc-
ing an interaction term in which the dependence on the number of infectious occurs through
a nonlinear bounded function that takes into account the saturation phenomena for a large
number of infectious. This approach is different than the classical mass action and standard
incidence functions where the function is not bounded. Using an interaction term that tends to
a saturation level is more realistic to model many diseases (Hethcote and van den Driessche
1991; Capasso and Serio 1978; Brauer 2017).

One way to see the interaction term is by means of the functional form Sg(/), where
the function g(7) is the force of infection. There are many functions that can be used for
the function g(7). For instance, g(/) = BI would give a mass action transmission, which
implies that the transmission rate increases with the size of the population, due to an increase
of contacts with crowding. However, for some cases like diseases related to sexual contact,
this assumption seems not realistic. Another situation that needs to be considered is that
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when there is a dangerous epidemic the people would react to reduce the number of contacts
or even go to a self-quarantine to decrease the probability of infection (Capasso and Serio
1978; Hethcote and van den Driessche 1991). Thus, in some cases, it makes sense to assume
a function g(7) with a saturate level or even a function that decreases for large number of
infectives due to an awareness in the population (Capasso and Serio 1978). Mathematical
models have been published using different types of infection force (Hethcote and van den
Driessche 1991)

In Guerrero-Flores et al. (2019), the authors present a family of epidemiological models
of the S/RS form, which model the transmission of a fatal disease, which has seasonal
variations and has a periodic contagion rate. In these models, the force of infection is given
by a function SB(¢) f (I) where I represents the number of infectious people. Using Leray—
Schauder degree theory, they showed that the solutions are periodic depending on the value
of the threshold parameter Ry. Other interesting works related to periodic solutions include
seasonally forced SR and SEIRS models with impact of media coverage are presented in
Zu and Wang (2015), Avila-Vales et al. (2017).

When an epidemic model includes an incidence function that is nonlinear, usually, it
presents complex structures which somehow reflect the effects of saturation. A typical func-
tional form is the one based on the Holling type (Safi and Garba 2012), which is given
by:

Iy iy nle ’
14+ a1, 14w,

Fi L) =B M
where B includes the product of the contact rate and the probability of transmission given a
contact. In addition, the parameter 7 represents the effect of reducing the transmission of the
disease by educated individuals compared to the class of the uneducated infectives. Thus, a
minimum value of = 0 means that educated individuals would not be able to spread the
disease, and a maximum value of 7 = 1 means that both types of infectives transmit the
disease with the same rate. Along these lines, a type of infection force has been defined as
g(S, I) = kS"1/(S" + «I") (Ren and Zhang 2017; Ponciano and Capistran 2011).

For many diseases, there is an incubation period after the individual has an effective contact
with an infected individual. That is, the action of the pathogen is not immediate, but after a
period of time has elapsed. The symptoms of the disease appear after the incubation period,
and then, latent individuals enter the infectious class.

One step further beside the introduction of the force of infection functions with saturation
effect is the use of functions varying on time. For instance, in Mateus and Silva (2017), the
authors presented a force of infection given by a function of the form g(t)¢ (S, N, I). The
authors presented the existence and stability analysis of endemic periodic solutions for a
family of SEIRS models. Similar interesting models with some variants are also presented
in Derrick and Van den Driessche (1993), Gao et al. (2018).

The force of infection is an inherent characteristic of each model, it has been generalized
through different studies. In Luca et al. (2018), the authors proposed a force of infection for
a susceptible individual with an age i, and given by the following expression:

17(1)

k(i,p,o:ﬂZci,»(r)N’p—m, (@)
J

where j runs on age classes, / j’ (t) and N”(t) count the total number of infectious individuals
of age group j and the total population size of patch p at time 7, respectively. Other interesting
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works along these lines can be seen in Korobeinikov (2009), Valle et al. (2013), Blackwood
and Childs (2018) and Golgeli and Atay (2020).

In this paper, we generalize different mathematical models presented previously and
mentioned above. In particular, we study the existence and the analytical behavior of a
Si, Ei, I;, R; type model. This model is based on a deterministic ordinary differential equa-
tion system, where the force of infection is given by a function §; (t) f (11 (¢), I2(¢))), which
generalizes the models presented in Hogan et al. (2016b), White et al. (2005), White et al.
(2007), Weber et al. (2001), Hogan et al. (2016a) and Hogan et al. (2017). We employ some
interesting ideas used in related works in mathematical modeling in epidemiology (Luca
et al. 2018; Capasso and Serio 1978; Guerrero-Flores et al. 2019; Mateus and Silva 2017;
Valle et al. 2013; Blackwood and Childs 2018; Golgeli and Atay 2020; Safi and Garba 2012;
Jia and Zhang 2014). The generalized model that we propose is given by the following
nonautonomous system:

S1(t) = = B1®)S1() f (11 (1), (1)) + VR (1) — nSi (1),

Ei(t) = BiO)S1() f (11 (1), L(t)) — 8E1(t) — nE1 (1),

Li(t) = 8Ei(t) — y [ (1) — n11 (1),

Ri(t) = y1,(t) — vRi(t) — nR (1),

$H(t) = nS1(t) — Bo()S2(1) (11 (1), Lo (1)) + VR (1) — nSa(2),

Ex(t) = nE1 (1) + Bo()S2(t) f (11 (1), I(1)) — S Ea(t) — nEx (1),

L(t) = nli(t) + 8Ex(t) — y (1) — nh(0),

Ra(t) = nR1(t) + y (1) — vR2(t) — nRx (1), 3)

where N;(t) = Si(t) + Ei(t) + I;(t) + R;(¢t) for i = 1,2 and total population is given
by N(t) = Ni(t) + Na(t). Moreover, the parameter p is the birth rate, 7 is the aging rate,
B1(t), Ba(t) are T-periodic functions related to the transmission of the disease, 1/§ is the
mean value of the latent period, 1/y is the mean value of the infectious period, and 1/v is
the mean value of the immunity period. The seasonal force of infection is given in terms
of B1(t) f (11, D), B2(¢) f (11, Ir) where Bo(t) = af1(t) with 0 < @ < 1, and « is a scale
parameter for reduced susceptibility for the age class i = 2 (older class). This type of
infection force was presented in previous works (Blackwood and Childs 2018; Valle et al.
2013; Golgeli and Atay 2020).

One important problem related to population dynamics is the study of epidemiological
models in a seasonal environment. Thus, in this paper, we are interested in the analysis of the
existence and global stability of positive periodic solutions. These last characteristics play
a similar role as the globally stable equilibrium does in the autonomous models. Therefore,
it is of paramount importance to find out the necessary conditions under which the nonau-
tonomous system underlying the proposed mathematical model would present a positive
periodic solution and to show that this particular solution is globally asymptotically stable.

We will start with some preliminary steps that will help to find the aforementioned condi-
tions. First, since the model (3) is nonhomogeneous of degree one, and for the sake of clarity,
we make the following change of variable:

wi() = S51(1), wa(@®) = E1(1), w3() =11(1), wat) = R1(1),
ws(t) = S2(t), we() = E2(t), w7(t) = L(t), ws() = Ra(1),
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which that (3) can be written as:

wi (1) = p— fr@Owi () f (w3 (1), wy(1)) + vwa(r) — nwi (1),

w (1) = Br(Hwi (1) f(w3(1), wr(1)) — Swa(r) — nwa(r),

w3 (1) = dwa (1) — yws(r) — nws (1),

w4(1) = yws(t) — vwa(t) — nwa(?),

ws (1) = nwi(t) — Ba(Dws (1) f (w3 (1), wr(1)) + vws(r) — nws (1),

we (1) = nwa (1) + B2(Dws (1) f(w3 (1), wr(2)) — Swe(r) — nws (1),

w7(1) = nws(t) + dwe(t) — yw7 (1) — nw (1),

wg (1) = nwa(t) + ywr(t) — vws(r) — nws(r). ()
This paper is organized in the following form. In Sect. 2, we present some notation and
preliminary results for the sake of clarity. In the next Sect. 3, we prove the positivity and
boundedness of the solutions. Our main results are presented in the next Sect. 4; we prove the
existence of periodic solutions in terms of the related parameters of the model in a common
interval period. In Sect. 5, we provide sufficient conditions that assure the global attractivity

of the positive periodic solution. In Sect. 6, we conduct numerical simulations that support
the theoretical results obtained. Finally, in Sect. 7, we draw the conclusions.

2 Notation and preliminary results

In this section, we will define some mathematical concepts. In addition, we will show some
assumptions and establish some preliminary results. We define the following conventions:

_ 1 (T
h= —f h(t)dt, h* = max h(r), h' = min h(),
T Jo t€[0,T] t€[0,T]

where A (t) is a continuous 7 -periodic function. Next, the following hypotheses are assumed:

[Hi] The parameters: u, n, «, 8, y, v belong to (0, M7], where M7 > 0.

[Hp] Thereis T > 0, such that 81 (¢), B2(¢) are positive T -periodic continuous functions

in [0, T'] and there are positive numbers B, ,3{ with gf > Bi(r) = ﬂ{, and By >

Ba(t) = B3

[H3] f : [0,00) x [0,00) — [0, 0) is a differentiable function. f(0,0) = 0, and

Aaf(x,y) 9f(x,y)
ax ay

— f(x,y) <0, forall x,y > 0.

f(x,y) >0, forall x,y > 0.

[Hy] x 3féx, y) n y3f(x, y)
X ay

[Hs] There exists a ¢, > 0, such that for all x, y > 0, it holds that: 0 < f(x, y) < ¢2.

>0, forall x, y > 0.

From system (3), it can be seen that the hypothesis [Hj], is biologically correct, since these
represent time lapses and contact rates. Moreover, the presumption for 81(¢) and B>(¢) in
[H,] is a natural way to introduce seasonality in these types of models (White et al. 2005;
Hogan et al. 2016a; Arenas et al. 2008). Now, from condition [H3], if there are no infectives,
then there is no contact between susceptible and infectives, which is biologically natural for
the this mathematical model (3).

After some calculations, it is verified that the class of functions f (w3, w7) that represent
the incidence rate, and that satisfy the above assumptions, are given by: f (w3, w7) = aws +
bw7y, (a, b > 0), which is considered in Mitchell and Kribs (2019), Blackwood and Childs
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(2018), Arenas et al. (2008), Hogan et al. (2016a), Hogan et al. (2017), Golgeli and Atay
(2020), and in the same way those presented in Eq. (1) and in Eq. (2). Indeed, for the case
equation (1), we have:

1. f(0,0)=0, f(I,,1,) >0, forall [, >0, I, >0,

9 P
2 L, 1)=—L—5 >0, S 1) = 57"2 >0, forall I, I, > 0,
al, (I +aily) al, (I'+azle)
I I I I
3. ub S+ ehn S - B LBn a1 s 0,
Otarl)?  Otwl)? (+aily  (+al)
I I
40 < fUp ty = — Pt Pnoale B BN ang, 1L > 0,

aj(I+aily) ox(l+al) o o

Another type of incidence functions less general than the bi-linear one that we use and present
in Eq. (1) are functions of the form f(w3) = Bws/(1 4+ kws). These particular forms have
been used to represent psychological or media effects for the infected population, and can
be seen in Safi and Garba (2012), Guerrero-Flores et al. (2019).

3 Positivity and boundedness of the solutions

The model (4) must be consistent with the characteristics of a system of differential equations
that represent a biologic population; in this case, the solution must be positive and bounded
for all time. The following result shows these two characteristics.

Lemma 1 Assume w(t) = (w1 (1), ..., wg(t)) is a solution of system (4), such that w; (0) > 0
foralli =1, ...,8, and [H|] — [H4] hold. Then, (wi(t), ..., ws(t)) is positive for allt > 0
and ultimately bounded.

Proof Using the fact that the solution of system (4) is continuous, we can define:
M(r) = min{w; (7), ..., ws(?)},
t>0
with 9t(0) > 0. Now, if there exists a t; > 0, such that 9t(z;) = 0, M(z) > Oforr € [0, 11),

and we suppose that M1(¢;) = w(#;) = 0 and wa(¢) > O for ¢ € [0, ;). From the first
equation of system (4), one gets:

wi (1) > —prOwi @) f (w3 (), wr(r)) — nwy (1),

fort € [0, t1]. Therefore, applying the Comparison Principle in ordinary differential equation
and using the continuity of wy():

131
0 =wi(ty) = wi(0)exp <—/0 (B1(s) f(w3(s), wi(s)) — n)d8> > 0,

which is a contradiction. Considering the cases for M(¢;) = wa(t)) = --- = wsg(ty),
respectively, similar contradictions are deduced (Caraballo and Han 2017; Calatayud and
Jornet 2020; Li et al. 2017). Thus, it follows that 9t(z) > 0 for all t > 0, i.e., x;(z) > 0 for
allt >0andi=1,...,8.

Next, to prove boundedness of system (4), first, we define:

4 8
1
Kii(0), .. w®) = Y Jwi) + 2D wio). )
i=1 i=5
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Then:
' 4 13
Fi(wi (), ..., wg(1)) = Z wi () + 5 Z“’i<f>~
i=1 i=5
Thus: ) 0
b — =N.
1< pn KN
Second, using the following function
4 13
awi (), ws(0) = Y wie) + 3 ) wil@), (6)
i=1 i=5
it follows that: )
Y2 > p— Y.

By the theorem of differential inequality (Garrett Birkhoff 1989), one gets that:

[ . 2
0 < B := — <liminf % (w(t)) < limsup 1 (w(t)) < — =: B, (7)
n 1—>00 t—>00 n
as t —> o00. Thus, all the solutions of system (4) are ultimately bounded. O

Remark 1 Moreover, from a biologically realistic point of view for sub-populations, for any
€ > 0, there is f. > 0, such that for ¢ > ¢, the set

9 = {(w1(t),...,w8(t))/0<%—e <wi(t) < %“Jre} CRY

is a positively invariant set for system (4).

4 Existence of a positive periodic solutions

The following results will be used to show the periodicity of the solutions of the mathematical
model (4).

Proposition 1 If [H;] — [Hs] hold, then the system of algebraic equations:
pe P —Brf(ePs, eP7) — =0, BiePr P f(eP3, eP7) 8 —n =0,
8P+ s —y =0, yePs P —v =0, nePrPs — By f(ePr,eP7) —n =0,
BaePsPE f(eP3,eP7) =8 —n =0, 8PP —y — =0, yeP7 P8 — vy =0
has a unique solution e®* > 0,¢eP2 > 0,...,eP8 > 0.
Proof It can be seen that the solutions are given by:

Ps — 8“ Pa — )/(SIL
3= —m——— >0, = >
@+wy+n G+my+n
ngepl yn56P1

e ————_ = >0
G+my +n G+my +m@+n)

For e+, the function g : [0, %] — R, given by:

)

ps psg

3

S ndt y—
E+wy+n S+ +n
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is continuous and satisfies:

g0)=pn=>0,

and

j S S du

8\ = =M‘ﬁl*f< ) )—M<O.
(n) n" \N@+mwy+n @+mly +mn

By Bolzano’s theorem, there is ¢ €]0, %[, such that g(¢) = 0. Moreover:

— S nét

g0 =—pf ( , )
G+mwy+n E+mly+n
I Ly ndt 1)
—ﬂlt—f( , ) ] —n <0,
dw7” \@+wly+m G+my+m/E+my +n)
for all ¢ €]0, %[. Thus, ¢ is unique. Consequently, eP1 exists and, therefore, satisfies the
— Pa
second equation that combining with the first equation yields that ePz = % >0
n
Thus:
P — nepl -0, pe _ nep@f(€p373p7) - 0.

Baf(ePs,eP7) +1 S +n) (B2f(eP3,eP7) + 1)

where ¢P¢ results from combining equations five and six. O

Lemma2 Let f be a function, such that f(x) > 0, integrable, and uniformly continuous on
[0, +o0], and then, limy_, » f(x) = 0, see Samanta et al. (2015), Gopalsamy (2013).

One of the topological tools used as an alternative for the demonstration of the exis-
tence of periodic solutions is the well-known continuation theorem of Mawhin or degree of
coincidence published by Jean Mawhin in the decade of the seventies.

In Mawhin (2005), it is shown how it was the origin of the degree of coincidence. The
strength and usefulness of this theorem for seasonal epidemiological models is based on
using the parameters of the model in a common periodical interval, which can be seen in
the following references (Zhang et al. 2012; Gaines and Mawhin 2006; Jédar et al. 2008;
Li et al. 2017; Wang 2015; Chen 2005; Li and Xiong 2010; Li and Qin 2018). On the other
hand, using a novel similar continuation theorem of coincidence degree theory, some authors
proved the existence of anti-periodic solutions (Li et al. 2019).

Consider 2" and 2 two normed and real spaces of infinite dimension. The linear operator
% Dom% C & —> % itis said of Fredholm of index zero if:

1. Dimension of Ker.# is finite, and
2. Im.Z is closed in Z and has a finite co-dimension:
3. Index. = dimKer.Z — codimIm.Z = 0.

This implies that there are continuous projectors & : & — 2 and 2 : & — Z with
Im?Z = Ker’, Im¥ = Ker2 = Im(¥ — 2). In addition, 2~ = Ker.Z & Ker<? and
Z = Im% & Im2. Thus, the mapping 0 = £ |pymy OKerz: (J — )2 —> ImZ
is invertible. Let €p the inverse of €. Let £20 C 2" an open and bounded, the mapping .4
is called .Z-compact on $2¢ if 2.47(£2¢) is bounded, and €p(1 — 2) A4 : 29 — 2 is
compact.

Now, the following Mawhin’s theorem will allow us to find sufficient conditions to prove
the existence of at least one periodic positive solution of the model (4).
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Theorem 1 Let 20 C 2 be an open-bounded set. Let &£ be a Fredholm mapping of index
zero and N be £-compact on §20. Then, the equation £X = A'X has at least one solution
in Dom.Z N 82 if it holds:

1. Zx #rNx,withk € (0,1), and x € 3§20 N Dom 7,
2. 24/x £0,x € 0829 N Ker.Z,
3. deg{ 7 2.4, 20 NKer.Z, 0} # 0.

One of the important results in this paper is the following:

Theorem 2 Suppose that [H|] — [Hs] hold, and then, there exists a positive T -periodic solu-
tion of model (4).

Proof Let us use the following change of variables:
wi(t) ="V i=1,...8.
Thus, (4) is equivalent to:

(1) = pe™ 0 = Bi(0) fe D, 7 1) fveta T —y,

(1) = Pr()e OO (50, 070y — 5 1,

(1) = 8et2 070 —y —y,

Uy (1) = yetsO7Ha®O _yy _p

s (1) = et 07O — B (1) f (e, €M7 1) 4 vets 07U O, ®)
ug(t) = neuz(t)—us(t) + ‘32(t)eu5(t)_UG(t)f(eug(t), eu7(t)) —§5—n,

U, (1) = nets D770 4 goue—uz (0 _ o _ 4

Ug(r) = neta =48 () ) pu;O—us® _,, _

Now, suppose that one solution (uy*(t), ..., ug*(l))T, of (8) is positive T-periodic, and then,
(wi@. ..., wg‘(t))T, is a positive T -periodic solution of the system (4). This implies that there
exists one solution of system (3). Therefore, it is sufficient to show that the system (8) has at
least one positive T-periodic solution. To verify the hypotheses of Theorem 1, we define the
following spaces:

Z = =) = @),....,us®)T € CR, R /(T + 1) = u(t)}

with norm

8
| = ngg%wm.
i=1 :

It is easy to verify that (.27, || - ||) is a Banach space, Ding and Zhao (2012), Rui et al. (2004).
We define . : Dom.# N 2 — 27, by Z(u()) = i(r) = 48 with:

Dom.Z = {u(t) € C'(R, R /w(T +1) =u(n)} € 2,
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46 Page 10 of 27 A.J. Arenas et al.

and A 1 2 —> 2 is:

_’ue*ul([) _ /31 (f)f(€u3(t), eu7(t)) + veu4(t)*ul(t) -7
Br()etrO=uw2() ppus®) iy _§5 _p
6euz(t)_u3(t) —y—n
yeus(t)_u4(l) —y—
neul(f)*us(t) _ ﬂz(t)f(eui(’), eu7(t)) + Ueus(f)*us(t) -7
net=M=u6) L By (r)ets D=u6 () feus (M) U7y _ 5 _p
netsO=uz (0 4 geue—uz () _ o _p

AHu(t) =

| neta@®—us() 4y eur-us) _, _p

Put the projectors & : 2" — 2 and 2 : % — % defined by:
1 T
Pu(t) = Qu(t) = —/ u(r)dr.
T Jo
It follows that Ker. = RS, and:
1 T
Im¥ =Ker2 =Im(s — 2) = {u € 5&’/?/ u(t)dr =0 }
0

is clearly closed in .2". In addition, Index. = 0, since dimKer.Z = codimlm.¥ = 8.
Accordingly, . is a Fredholm mapping of index zero.
Now, after some calculations, we can see that:

Op =L poms ke : (I — P)X — ImZ

is invertible, and its inverse (to Op), €p : Im.¥ — Dom.¥ N KerZ, is given by:

' T
Cpu) = / u(s)ds — i/ / u(s)dsdr, re[0,T].
0 T Jo Jo

Thus, 24 : & — 2 is:

T e O — Br() f(e43 D, et D) 4 petta @) _py 7
ﬂz(f)eul(z)_uZ(t)f(€u3(t), eu7(t)) — 5 — n
Seuz(f)*uj(f) -y —n

yetsO—ua® _y, _
netrO=us() _ g, (1) f(e3 D 47 ) 4 pets—us) _p
neuz(t)_UG(t) + ﬂz([)€u5(t)_ue(t)f(€u3(t), €u7(t)) — 5 — n
neuj (t)—u (1) + 86“6(,)7”17([) —y—n
neta=us() oy O—us®) _y, _p

24/u(t) =2

_% /0; e~ w10y — %IOT ,31(t)f(eu3(t)v eu7(t))dl + % /OT ela—ur gy _ n
LI e -] s a5y
L fy e 0dr —y —p
% fOT etsO—u gy — ) — n
2y et 085 Odr — L[ g1 £, e O)de 4 4 [ ets@=usOar —
% /OT et (M—ueqr 4 %fOT ﬁz(z)eu5(t)_u6(t)f(€u5(t), euy(t))dt —5—n
% fOT et O—uz g 4 %IOT ete(O—uz gy — y—

L % fOT gu4(l)_u8(f)dt + %IOT eu7(t)—ug(t)dt S —
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The mapping ¢p (S — 2).4 : £ —> Z has the form:

t 1 T t t 1 T
Cp( I — 2)Nu(t) = / A u(s)ds — —/ / A u(s)ds dr — (— — 7) / A u(s)ds.
0 T 0 0 T 2 0

Moreover, this mapping 2.4 and €p (¥ — 2).4" are continuous by the Lebesgue’s conver-
gence theorem, Chen (2005). If £29 C £ is a open-bounded set by Arzela—Ascoli’s theorem,
Ep (S — D)./ (£20) are relatively compact. Moreover, 2.4 (£2g) is bounded. Thus, .4 is
% —compact under 2 with any open-bounded set 29 C 2". The isomorphism J from
Im2 under Ker.# can be the identity mapping, since that In.2 = Ker.%.

To verify the hypothesis of Theorem 1, an open-bounded subset £2p must be constructed
in the Banach 2" space. Thus, for the operator equation, .Zu = A4 u with A € (0, 1), we
have:

W (0) =2 (e O — B0 f(5 0,470 4 vets OO ),
Uy () =2 (m<r>eul<’)‘“z<’)f(e“f<’), ety —5 - '7) 7
U (1) = A (5euz(’>—“5<’> -y - n) ,

Uy (1) = A(yets W70 —y — ),

U:S(l) — A(neul(t)—us(l) _ ,Bz(l‘)f(eus(t), eu7(t)) + 1)eug(f)—uS(t) _ 77)»

wg(t) = A(neuz(l)*us(l) + '320)6“5(1)*116(!)]6(@115(l)’ eu7(1)) —§5— n)’

Ll.7(t) — )\‘(neus([)*u7(f) + 86u6(l)7u7(r) —y — n)’

ug(1) = A(neta @7V 4y etr TS —y ), ©)

Suppose that u(t) = (u,(¢),...,ug T e 2 is any solution of system (9) for a certain
A € (0, 1). Integrating (9) over the interval [0, 7'] leads to:

T T T
u/ e_“l(')dt+v/ etamua gy =/ Brt) f(e*3 D et 7Dyt +nT.  (10)
0 0 0

T
/ Bi()etr D120 s O ou7 Oy — (§ 4 )T (1D
0
T
S etz M—usq; — (y +mT. (12)
0
T
V/ et 0dr = (v 4+ T (13)
0
T T T
n/ et (—us® +v/ et (=15 gy =/ Ba(t) f ("3, "7 Dydr + 0T, (14)
0 0 0
T T
nf etz (-6 () gy +/ ﬁz(t)eu5(’)_uG(t)f(eM(l), eu7(’))dt =@ +nT. (15)
0 0
T T
nf s (O—u gy 4 8/ et —uz (g, — (y+mT (16)
0 0
T T
77/ eta(—ug gy 4 )// et (M—us gy — (y 4 7). 17)
0 0
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It follows from (10)—(17) that:

T T T
f iy (1)|dr < k(u / e Wdr + / Br(t) f(e*3 D et 7 Dydr
0 0 0
T
—l—U/ eu4(f)—u1(t)dt+nT>,
0

T
=2 </ Bi(0) f(es V), e7Mydr + "T>
0

<2(e2TB1 +nT) == k. (18)
T T
f i (1)]dr < A ( / Bi()et+ 740 f (et v D)dr 4 (8 + n)T)
0 0
<206+ T := k. (19)
T T
/ 15 (1)]dr < A (5/ et O71sOgr 4 (y 4 n)T)
0 0
<2(y +mT :=ks. (20)
T T
/ 1, (1)|dr < k(y/ et 071 Ogr 4 (y +n)T)
0 0
<200+ T = ky. (1)

IA

T T
)»(77[ et O—usMgy 4 f ,BZ(I)f(eui(’)’ €u7(t))dt
0 0

T
—I—v/ eug(’)_u‘3(’)dt+nT>
0

T
/ i (1)[d
0

T
<2 ( / Ba(t) f ("3, &7 Dydr + nT)
0
<2 ({2TE+ nT) = ks. (22)

T T
/ Iuig (1)|ds < A( / Ba(n)ets e (s ¢t7ydr 4+ (5 4+ )T
0 0
T
+ n/ e“z“)—“s(’)dt) <28+ T = ke. (23)
0

T T T
/ i (1)]ds < A(n/ ets 747 (g 4 5/ ete 7 Odr 4 (y + n)T)
0 0 0

<2y + T = k. 24

T T T
/ [ug(r)|dr < k(n/ eta—usWqy 4 y/ M7 O=usWgr 4 (y 4 n)T)
0 0 0

<24+ nT = kg. (25)

We are considering the solution u(¢) € 2" in the interval [0, T']. Then, there exist &;, ; €
[0, T]fori =1,...,8, such that:

wi (&) = min u(?), ui(n;) = max u;(¢).
i(¢) 1e[0.T] i(?) i(mi) (2101 i(1)
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To obtain upper and lower bounds of u,(f), ..., ug(r), we multiply by e%i") the ith

equation of system (9) (fori = 1, ..., 8) and integrate over [0, T']. Thus:
T T T
uT + v/ etadr +/ Bi()et+ D fets® 7 0ydr = n/ ey,
0 0 0
T T
/ Br()e+® f s, 7 Dydr = (5 + 1) f et dr,
0 0
T T
5/ e"=0dr = (y + n)/ etsOar,
0 0
T T
yf e Wdr = (v +n>/ etadr,
0 0
T T T
n/ e"1Odr 4 v/ e'8dr = / Ba(t)ets D fets D, 47 D)dr
0 0 0
T
+ 17/ etsDdr,
0
T T T
77/ etz gy +f ﬂz(t)eHS(I)f(eu3(t), eu7(t))dt =@+ n)f eue(t)dt,
0 0 0
T T T
n/ e*sOdr + 8/ et Ddr = (y + n)/ et7Odr,
0 0 0

T T T
n/ etadr 4 y/ 7 Ddr = (v + n)/ PRCIORTS
0 0 0

Then, from Eq. (26a), we have that:

T
T < (n+ u)f M0 < O (4 T
0

Therefore:

eram o M = By.
n+n

Now, from Eq. (26b), there is 91* € [0, T], such that:

T
TM :=TBe"+ @D f(ets @) 470D = %/ Bi()er @ f(ets @, 7 Dyds
0

T
=@ +n) / e*2Ddr < (54 n+ M)et=T,
0

Thus:

M .
S+n+M’
From (26c¢), there exists 65 € [0, T'], such that:

euz(nl) > — BZ~

T
§Tet20) :8/ et2(gy
0

T
- n)/ et 0dr < (25 4y et T
0

(262)

(26b)

(26¢)

(26d)

(26e)

(26f)

(262)

(26h)

27

(28)
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In this way:

u, (63)
et3(m) o de™ > = Bj.

8ev20) 4y 4 q
Next, there exists a «95" € [0, T'] in the Eq. (26d), such that:

29

T T
Tye's @) = y/ e VDdr = (v + 17)/ e 0dr < (v + 1+ peta@D)etata T
0 0

Then:

eu4(7]4) > yeu5(63)

V4 yeta@)
Now, from Eq. (26e), there exists 67 € [0, T'], such that:

= By.

T
Tne's @) < / (ﬂsz(e“s(”, et W) + n)e“5<’>dr
0

< T[Q;‘TB +n+ ne“l(‘)f)]e“s(ﬂs).

Therefore, one gets:

ul(ef)

eMss) o ne 1=
B +n + netr O
In Eq. (26f), there exists 65 € [0, T'], such that:

Bs.

T T
Tnet=®) = n/ D < S+ 0+ neul(e;))/ ete gy
0 0

< (5 + n + neuz(gf))eHG(ﬂ())T.

It follows that:

203
ete(me) ne* @2

———— = Be.
8+ 1+ net=®) °

From Eq. (26g), one gets:

T
nTebs 0 = ,7/ o3 g
0

T
S(V+WA 7 0dr < (B 4y 4 et T

It deduces that:

us (6)
et7 ) o _omeri By.

ne®s @) 4y 4
And finally from Eq. (26h), there exists 6; < [0, T'], such that:

T
nTeu4(01) = ;7/ eta gy
0

T
<+ n)/ e"80dr < (e 4 v 4 p)estOT,
0
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It follows that:

neta @

etslms) = Bg. (34)

neta @) +7v T :
Now, from (26a)—(26d), it can been seen:

T T T T
n/ et Odr + n/ et Odr + n/ et Ddy +/ et dr = uT, (35)
0 0 0 0

and from (26e) to (26f), it follows that:

T T T T
n/ e*sDdr + n/ ey + 77/ 7 Ddr 4 / e*8dr = uT. (36)
0 0 0 0

Adding (35) and (36), it follows that:

8

T
Zf eti0gy = 2T
i=170 "
Thus, we can derive:
2
i) < gori—1, 8. 37)

n
Therefore, for ¢ € [0, T], from (18) to (25),(27) to (34), and (37), one gets:

T

T
ui(?) < ui(§1) +/ [y ()]de < uy (&) +/ [ ()|t < 111(27“) + ki = Hj,
&1 0

T
ui () > ui(n) —/ [ii(t)|dt > In(B;) —k; =L, i =1,...,8. (38)
0
From (38), it deduces that:
max |ui(t)| < max {|Hj|, |[Li|} := %;, wherei =1,...,8. 39)
€[0,T]

Clearly, each #; (i =1, ..., 8) does not depend on A. Let 0 < o < 1, and the algebraic
equations:

pe M — Brf(ets, e7) 4 povets T —n =0, (40a)
Bre*r7z fe's, ey =8 —n =0, (40b)
de'27M —y —n =0, (40c)
ye's ™" —y —n =0, (40d)
net'sTts — By f(ets, e"7) 4+ poves s — =0, (40e)
pone =746 4 ByetsTHe f (et M) — 8 — 1 =0, (4of)
pone'3TH7 4 geteTr —y —n =0, (40g)
ponetaTH 8 4 yet7 TS —y — =0, (40h)
where (uy, ..., ug)” in R®. Now, from (40a) to (40h), we can deduce:
WA+ vets > (8 + etz (41a)
Se'> = (y + n)e"s, (41b)
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ye's = (v+n)ets, (41c)
ne't + netz + vetd > (§ + n)es, (41d)
ne's +8e"e = (y +ne7, (41e)
ne's +ye'7 > (v +n)e*s. (41f)

Thus, summing from (41a) to (41c), one gets that:

éeui < % (42)
Moreover, from Eq. (40a), it follows that:
A+ vets > (Brf(ehs, e's) + ) et > petr,
and using (42), we obtain:

uw+n)
—s > € .

(43)
,72
Choosing,
u+mn)
C = 5 (44)
n
we can see that:
4
Yot <=M (45)
—1 n
l
Now, from (41d) to (41f), one gets that:
8
> et < My. (46)
i=6
Using Egs. (40e) and (43), we obtain that:
M,
PUEN Iu(v + 77)2'1- vnMo = CZ- (47)
n
Therefore, i < 2My + Cp := My, fori =1, ..., 8. Next, Eq. (40a) implies that:
w < Bretr f(e"s, e"s) + nets, thus e > .k =mq, (48)
n+Bi1+np
and using (48), we derive that:
WA vets > w4 povets > net + Brett f(e'3, e"3) > ne't > _m
n+Bis+u
Thus:
U+ vets > S L — (49)
n+Bis+n
Choosing
O | S —— (50)

vy +vBis +vp
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we can see that (49) is holds. Now, from (41¢) and (41b), it follows that:

gu3>m:
14

= m3, (28]

and

e Y Emms

5 (52)

Next, from (40e) and (40f):

nmy < nett < nett + povetd = (n+ Bof(ehs, e"3))e"s;

that is:
s s ML, (53)
nmi + P2la+1n
and
nmy < (8 + n)ete + ne's. (54)
We can see that e¥6 > (am_:_n ) := mg, holds with (54). Finally, from (40g) and (40h), one
n
gets that:
Sete $
7 28 o me := m7, and (55)
y+n Yy +n+dmg
uz
ets > ve > yms = mg. (56)
v+n v+n+ym;
If we select #Z = ?llaxg} {|In(Mpp)|, | In(m;)|}, then:
ie{l,...,
8
> luil < 8% = . (57)
i=1
8
Thus, with Zr = Y % + %o, we define:
i=0
20 ={u@) e Z :|ull <Zr}. (58)

Therefore, Zu #= AAu, with A € (0,1), and u € 9§29 N Dom.Z, and thus, §2p holds
condition (1) of Theorem 1.
Foru = (ug,...,ug)’ € 8820 N KerZ = 982y NR8, u is a constant vector in R® with
lull = %Z7r. If 24w = 0, then (u, ..., us)T is a constant solution of system (40a—40h)
with uo = 1. From (57), we have that ||u|| < %y which is contradictory to |u|| = Zr. It
follows that for each u € 029 NKer.Z, 2.4 u # 0. This shows that condition (2) of Theorem
1 is satisfied.
To verify the condition (3) of the Continuation Theorem, we define

¢ : DomZ NKerZ x [0, 1] — 2 by:
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(e = Brf(ets, et7) — vetta T
et U2 B f(e¥s, eh7) — 8 — 0
det2"M —y —p 0
yets Tt —yp —p 0

(U, ...,us, po) = nelr s —Ef(€u3,€u7) + Ko petsUs 4 |

Eeus—ue f(eu3 , eu7) -5 — n neu17u6
Set6™U7r —y —p nets ¥z
yel7 48 —y—p neta—us

where po € [0, 11. Ifu = (uy, ..., ug)! € 3820 NKer.Z = 9£2p N RS, then u is constant,
such that u € R8, ||u|| = %7 and ¢ (u,, ..., ug, o) # 0. Therefore:

deg (7 24 (s, .., u)), 082 NKer.Z, (0,0.0,0,0,0,0,0)" )
— deg (¢(u1, - ug, 1), 20 NKer?, (0,0,0,0,0,0,0, O)T)

= deg <¢(ul, ..., ug,0), 20 NKer.Z, (0,0,0,0,0,0,0, O)T)

deg{(“e_ul — Bif(e"s,e"7) —n, e"rTH2 By f(eM3, ")

_8_77,5@“17% /D

yeu37u4 —v—-r, neul7u5 - Ef(euia eu7)5 Eeu57u6f(eu3 s eus) -8 — n,

T
deteN7 —y —p,yet7THE —p — 17) , £20 NKer.Z, (0,0,0,0,0,0,0, O)T}.

Using Proposition (1), we obtain that:

deg (/,,@/V((ul, -ug)T), 9520 NKer.Z, (0,0,0,0,0,0,0, O)T)

* af eu’g — 0f eu}‘

—pe M1 0 —Es 0 0 0 —B1 —— 0
w3 Jwy
% — % — — k.
Bretrf Bret'rf Bretr of IR S 0 0 Bretr Bf R
U3 —et3 M3 w3 U3 dwy
*_ ok * ok
0 seM2TH3 etz 0 0 0 0 0
*
Kok o3
0 0 pe'3 U2 YE 0 0 0 0
—eta
— o neui — 0f u* u¥ —uk — 0f u*
= s1gn < 0 —Br——e 3 0 —pel 75 0 —Br——e 7 0
M5 ATIEY w7y
— u* . u* . u* _ u*
0 Poe’5 Of R Bre’5 p _pe’s 7 Bre’5 Of Mo
* * * *
M6 w3 M6 s M6 wy
* *
sete set6
0 0 0 0 = = 0
etz —e'7
* %
Vfu7 7/eu7
0 0 0 0 0 - .
M8 —eM8
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=sign(my262e8“?{e lf[nﬂl%e B 0T g +uﬁz—fe“7}

w7y
0f w  0f w
‘“”[aw M f]})?“’-

Consequently, by Theorem 1, the system (4) has at least one periodic solution in Dom.ZN 2.
O

* * * *
o whu® af . df("3.eM7) af . af(e"3.e"7) u*
Remark2 f := f(e"3,e"7) and s = BT B = I , and e"i are

the solutions of system given in Proposition 1.

5 Global attractivity

Next, we analyze the conditions for which the solution of system (4) is globally attractive.

Definition 1 System (4) is said to be globally attractive if there exists a positive T-periodic
solution (wp (), ..., wg(t)), such that for any (y;(¢), ..., yg(t)) arbitrary positive solution
of system (4), it holds:

hm Z |w; () — yi (1) =0,

i=1

and the solution (wq(¢), ..., wg(?)) is called globally attractive, see (Guo and Chen 2011;
Yan and Sugie 2020; Zhu and Wang 2011).

Without loss of generality, we will use the following space:
= {w® = @©, ... ws)" € CRRY)/w(T +1) = win))

with norm

8
ool = 32 208

i=1 L
From now on, we use the notation:

d dy dy dy ] |:d4 dg :| |:d2 dg ] |:d3 dy ]
—p=n|—+—+—+—|+v + +4é + + + -,
u 77[ 5 dy ds dy dp v dy dg "

" 1 ds
g =piK||(l+a+ —+« o (d3+dy) |,
6

with K = max
1€[0,T]

p+./p*—4a;
2q

p—P* =4
2q

{ 0 f(ws, w7) 0f(ws, wr)

, , and we also assume that:
Jws dw7

[Hel 11 = >0,

[Hy] I = , where p? — 4q% > 0.
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Theorem 3 [f conditions [Hi] — [H7] hold, then there exists a positive constant B € [I, I1],
such that for all w(t) solution of (4), it holds:

lw@)|| < B forall t > 0. (59)
Proof 1f (59) is not true, then there exists 7y > 0, such that:
llw(to)[| =B and [[w(@®)|| < B, t € [0, 19). (60)
Now, for 0 <t < 1y and from (4), we have that:

lw (o)l < [w(0)le~"™

o d %
+/0 e~ Nt0—s) {dﬁl + UK B> 1 }ds
1
+ o~ 6+ (t0—s) {ﬁ?%@%} ds + / ’ e~ (rmlo=s) {Bdgldz%} ds
2 0

[ ety dsar s ) ds

+

+
o\_‘o\_‘o\_‘o\:c\_‘o\“

' d d.
e~ N(to—s) a1 vas B+ By aKB?2 (d3 + d7)
d5 d5

d
e~ CFmto=s) [ T2 + UK B (ds + d7) 7} ds
0 d 8d,
~Amo—s) | (193 4 096 ) ul 4
‘ {< dq - d7> } ’

0 d d
~tmo—s) | (194 V)l g
‘ {< ds " ds ) >

u K 9R2 d ds
B = [[w(t)]] < Be ™ + ﬂlT [(1 ratd +ot—) (s +d7)]

B dy dr ds dy dy dg dr dg
nd R R 5
+n[ [d +d6+d7+d8:|+ [dl+ds]+ [d3+d7]

ds  dp a1 —nto K
+y [d4+d}+/31 Cz]( —e )+nd1' (61)

+

+

Thus:

Therefore:

BY K B> di
0< 1+a+—+cxf (d3 + d7)
n dp d1

B dy d dy dy dy dg dr dg dy dy
— — 4+ — 8 — 4+ —| [
+ﬁ[[d+d+d7+d]+ [d1+d]+ [d+d7]+y[d4+d8“

Accordingly:

2
di dy d3 d dy dg dy dg dy dp 4pq
2.5 s S -o Al ey
{[ds+d6+d7+dg}+”[dl+ds]+ [d3+d7]+y[d4+d8” -

which contradicts H7. Thus, the proof is completed. O
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Now, let (wy(?), ..., ws(?)) and (y1 (), ..., ys(t)) be two positive T -periodic solutions of
system (4), and define:

zi (1) = (w; (1) — yi (1));
then, system (4) is written as:

1) + (0 + B1(0) f (w3 (), w7(1))) 21 (1) = —B1 @) y1 (1) £ (w3(t), w7(1))
+ B1@Oy1@) f(y3(@), y7()) + vza (),

2(t) + @+ mz2(t) = Br(O)z1 (1) f (w3 (1), wr(t))
+ B1@Oy1(@) f (w3 @), wi(r)) — Br(O)y1(2) f (y3(1), y7(1)),

(1) + (v + mz3t) = 522(2),

24() + v +nza®) = yz300),

Z5(t) + (0 + Ba(0) f (w3 (1), w7 (1)) z5(t) = —Pa(t)ys(t) f (w3 (t), w7(t))
+ B2 (®)ys (@) f (y3(0), y7()) + vzg () + nz1 (1),

Z6(1) + (8 +mze(t) = Pa (@) ys (1) f (w3(t), wr(1))
= Ba(D)ys@) f(y3(2), y7(1)) + nza(?),

Z7(0) + (v + mz7(t) = nz3(1) + 8z6(1),

78(t) + (v + n)zg(t) = nz4(t) + yz7(t). (62)

Thus, the solution (wq(t), ..., wg(t)) is globally attractive to the system (4) if and only if
the zero solution of system (62) is globally attractive.

Theorem 4 [f [H|] — [Hy] hold, then the solution (01(t), ..., 0g(1)) to the system (62) is
global attractive.

Proof From Theorem 3, we can see that there exists a non-negative constant p, such that:
lim sup |[z(6)|| = p. (63)
—>00

Thus, for € > 0 small enough, there is a ¢; > 0, such that:
z®Il = A +e)p, fort > 1. (64)
From system (62), when ¢ > 1, one gets:

1) + (4 B1 (@) f (w3 (1), wr(1))) z1(t) < By y1(D]z3(D)IK + By y1(D]z7() | K
+vlza@®)l,

20 + @+ nz2() < Bllz152 + B yi®)|z3DIK + B y1(Dz7(DIK,

(1) + (v + mz3(0) < 8lz2(D)],

Z4(t) + (v +mza@®) < vlzz @)l

Z5(t) + (4 B2 () f (w3 (1), wr(2))) z5(t) < By ys(D)]z3()|K + By ys(D)]z7(2)| K
+ iz + nlz1(@)|,

Z6(t) + (8 +mze(t) < B3 ys(OK|z3(H)| + B3 ys() K |z7(H)] + nlz2(t)],

77(0) + (v + mz7 (@) < nlz3@)] + Slze(1)1,

78(t) + (v +mzs(®) < nlza@®)| + ylz7 (@)l (65)
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Solving the system (65), one obtains that:

1
ﬂds

In) d
llz®II < l1z(0)[|e™™ +/ e {q% + (?7 + ﬂi’jé‘z - P)}
0 2 n

d 1+
= O™ + {q% " (n B — p)} CLO (1),

When t —> oo and € — 0, it follows that:

d
p < {q%+(n+ﬂi‘dfl§z—p>l£-
b ]
Now, if p # 0, then:
d
n< {q%+<n+ﬂi’df§2—p>},

which means that:

d
0 < ¢B2 + (ﬂ{‘d—];z - p> B. (66)
2
On the other hand, from Theorem 3 for all + > 0, we have that:
B2 B d
120 < Be™ + =g + = (—p +n+ ﬂi‘—lfz) (1—e) + L
n n d» ndi
B2 B d
<%e—"’+—q+—(—p+n+ﬁi‘—lqz)+i<%. 67)
n n d» ndi
Thus:
d
B2 +B(—p+ o)+ 2 <o (68)
d dy
Therefore, p = 0. This implies that limsup,__, . ||z(¢)|| = 0. Then, lim,_,  |w; (t) —
yi(t)| =0, fori = 1,...,8. This completes the proof of Theorem 4, which implies that
system (4) is globally attractive. O

6 Numerical simulations

To exemplify the behavior of the analytical solution of system (4) and corroborate the previous
theoretical results, we perform numerical simulations using the Matlab routine ode45 for
solving systems of differential equations. We use a particular set of biologically feasible
parameter values for the RSV transmission for children. These values are given in Table 1,
and were taken from Hogan et al. (2016b). Parameters 1, bo, b1, ¢ correspond, respectively,
to the birth (death) rate, average of the transmission rate, and amplitude of the seasonal
fluctuation, and 0 < ¢ < 1 is the phase angle normalized. The parameters y and v are the
rates of immunity lost and recover of the transmission of virus RSV, respectively.

We use a canonical periodic positive solution [see Coleman et al. (1979)] to compare with
solutions of the system (3), and thus corroborate the previous theoretical results obtained in
the previous sections. We use two different initial conditions to generate two solutions that
approach to the aforementioned canonical periodic solution. The initial conditions for the
canonical and the other two solutions are presented in Table 2.
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Table 1 The values ., 3. Y are

. Country n v y bo by ¢ «a n
expressed in rates per days

Australia  0.0135 1/230 1/4 3215 0522 0 0228 1

The phase angle in years is denoted by ¢

Table 2 The initial conditions for

the numerical simulations Canonical solution Positive solution Positive solution
0.000614 0.00065 0.00055
0.010419222 0.0106 0.0108
0.002345668 0.002345 0.0023465
0.000121341 0.00012152 0.00012154
0.000155855 0.000144 0.000149
0.00894556 0.00901 0.00902
0.004126885 0.0041432 0.0041433
0.00026976345 0.000269764 0.00026975

InFig. 1,itcan be observed three numerical solutions of the system (4), where the canonical
periodic positive solution is the reference to compare the attractive behavior that it produces on
the two other positive solutions with different initial conditions. Moreover, all the numerical
solutions are positive and have a periodic behavior (using Definition 1). This numerical
result has a good agreement with our previous theoretical results. Furthermore, in Fig. 1,
it can be observed the numerical solution of the proportion of susceptible children group 1
(S1), exposed children group 1 (E7), infected children group 1 (/1), recovered children group
1 (Ry), susceptible children group 2 (S>), exposed children group 2 (E»), infected children
group 2 (1), and recovered children group 2 (R»), for the system (4) using parameter values
corresponding to Australia. As it can be seen, all the numerical solutions are positive and
have a periodic behavior, and these results have a good agreement with our theoretical results.
From a biological point of view, the two age groups can be applied to different diseases, where
the individuals in each age group have different characteristics in regard to the disease.

7 Conclusions

In this article, we studied the dynamics of a proposed age-structured population mathematical
model driven by a seasonal forcing function. We proposed a generalized force of infection
function to study different potential epidemic outcomes. We established sufficient criteria for
the existence of positive periodic solutions in an age-structured ordinary differential equation
SEIR model with a force of infection S;(t) f(11(t), I>(t)). We defined a convenient norm
function, to provide sufficient conditions that assure the global attractivity of the positive
periodic solution.

The proposed model includes two age groups that can be used for different diseases. We
included two age groups, since there are many diseases that can be described using two age
groups. This situation happens due to different conditions in each age group that would be
unrealistic to average them to use only one age group. For instance, critical infections are
usually presented in children, but not in adults. Thus, the infection outcomes are different for
these two age groups.
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Fig. 1 Globally attractive behaviors of numerical solutions of system (4), using parameter values related to
RSV in Australia. The canonical solution (blue) and two different solutions (red and black) corresponding to

two initial conditions (color figure online)
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We presented numerical simulations to illustrate and corroborate the theoretical results
obtained in this research work. In particular, we used as an example for the generalized
force of infection the following form f(I1(t), Io(¢)) = B(t) (I1(t) + I2(t)), where B(¢) is
a continuous 7T -periodic function. In regard to specific parameter values, we used reported
RSV data from Australia, and performed numerical simulations where it can be seen the
periodic behavior of the solution. Future directions of research include the introduction of
noise in the harmonic seasonal forcing function to take into account uncertainty. In addition,
modeling control policies such as treatment or vaccines are interesting topics and much more
under climate variability. This type of studies can provide efficient public policies to reduce
the prevalence of different diseases around the globe.
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