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Abstract

Let R = F4 + vlFy, v2 = v. A linear code over R is a double cyclic code of length (r, ), if
the set of its coordinates can be partitioned into two parts of sizes r and s, so that any cyclic
shift of coordinates of both parts leave the code invariant. In polynomial representation, these
codes can be viewed as R[x]-submodules of E[f]” X <)§[f]1>. In this paper, we determine
generator polynomials of R-double cyclic codes and their duals for arbitrary values of » and
s. We enumerate R-double cyclic codes of length (2¢1, 2¢?) by giving a mass formula, where
e1 and ey are positive integers. Some structural properties of double constacyclic codes over

R are also studied. These results are illustrated with some good examples.

Keywords Double cyclic codes - Dual codes - Mass formula - Double constacyclic codes

Mathematics Subject Classification 94B05 - 11T71

1 Introduction

Codes over rings were introduced in early seventies. These studies received a great attention
after a breakthrough paper by Hammons et al. (1994), where certain good non-linear binary
codes were obtained as images of some linear codes over Z4 under a map, called the Gray
map. Since then, several families of codes have been studied over various finite ring structures.
Most of these studies are concentrated over finite chain rings (Cao 2013; Dinh and Lépez-
permouth 2004). Recently, researchers also studied linear codes over finite non-chain rings.
Unlike chain rings, the algebraic structure of non-chain rings do not possess any common
pattern, and linear codes over these rings do not have any compact form. Zhu et al. (2010)
constructed some binary optimal codes as Gray images of cyclic codes over the non-chain ring
Fy + vFs, v? = v. Generalizing these results, Bayram and Siap (2014), have studied cyclic
and constacyclic codes over Z,[v]/ (v” — v). Some lower and upper bounds on the covering
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radius of repetition codes, simplex codes and MacDonald codes with Chinese Euclidean
distance over the finite non-chain ring I, + v, with v2 = v are determined in Gao et al.
(2018). Further, Wang and Gao (2019) have studied MacDonald codes over the finite non-
chain ring IF, + vIF), + v2F> and their applications in constructing secret sharing schemes
and associations schemes, where p is a prime and v> = v.

Many good quantum error correcting codes and DNA codes are constructed from cyclic
codes over finite non-chain rings (Ashraf and Mohammad 2016; Dinh et al. 2019, 2018; Shi
and Lu 2019).

More recently, linear codes are also studied over mixed alphabets. Borges et al. (2009)
have studied Z;Z4-additive codes. Wherein, the set of coordinates is partitioned into two
parts such that the projections of a Z,Z4-additive code on these coordinates are a binary code
and a quaternary code. These additive codes were later generalized to Z - Z s -additive codes
(Aydogdu and Siap 2014). In Borges and Fernandez-Cordoba (2017), Borges et al. have

studied the algebraic structure of Z;-double cyclic codes as Z;[x]-submodules of 5,29‘1]) X
(%EE‘E) . In this study, the authors have determined the generating polynomials of Z;-double

cyclic codes and their duals. Similarly, the structure of Z4-double cyclic codes and Z; +
uZs + u*Z,-double cyclic codes have been studied in Gao et al. (2016) and Yao et al.
(2015), respectively. Gao et al. (2016), determined the generator polynomials of duals of free
Z4-double cyclic codes, and obtained some optimal or suboptimal non-linear binary codes
from these family of codes. Diao et al. (2019) have studied the structure of Z,Z,[v]-additive
cyclic codes and constructed some good quantum codes as their Gray images. A double cyclic
code is in fact a generalized quasi-cyclic (GQC) code of index two. Siap and Kulhan (2005)
introduced GQC codes over finite fields, and the study has been extended to various finite rings
(Bhaintwal and Wasan 2009; Cao 2011; Esmaeili and Yari 2009). Generalizing these concepts
further, Aydin and Halilovi¢ (2017) have studied Multi-twisted codes, a generalization of
quasi-twisted codes. Gao et al. (2016), have studied the structural properties skew GQC
codes over finite fields by giving Chinese Reminder Theorem in the skew polynomial ring
Fy[x, o], which leads to a canonical decomposition of skew GQC codes. Similarly, by using
the Chinese Remainder Theorem, structural properties and decompositions of GQC codes
with arbitrary lengths over the ring F;, + ulF,, where u? = 0,9 = p", n a positive integer
and p a prime number, are investigated in Gao et al. (2014). Motivated by these studies, in
this paper we introduce and study the algebraic structure of double cyclic codes over the ring
R = F4 + vF4, v> = v. We determine the generating polynomials of R-double cyclic codes
and their duals. We also investigate some algebraic properties of double constacyclic codes
and their duals over R.

The paperis organized as follows. In Sect. 2, we give some basic definitions and recall some
structural properties of cyclic codes over R. In Sect. 3, we present the generator polynomials
of 4-double cyclic codes, and study R-double cyclic codes as direct sum of F4-double
cyclic codes. We determine the general form of the generator polynomials of R-double
cyclic codes and their duals. We give a mass formula to enumerate R-double cyclic codes of
length (2¢!, 2¢2), where e and e are positive integers. In Sect. 4, we determine the structural
properties of R-double constacyclic codes.

2 Preliminaries

Let F4 = {0,1, w, 1 4+ w} be the finite field with four elements, where w? =1+ w.
Throughout this paper, R denote the commutative ring Fs + vF4 = {a+vb | a, b € F4} with
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v? = v. R is a finite non-chain ring with sixteen elements and of characteristic two. The unit

elementsinR are {1, w, w+1, v+w, l+v+w, 1 +vw, l+v+vw, 1+ w+vw, v+w+vw},
while the non-units are {0, v, vw, 14+v, v+vw, w+vw, 1 +v+w+vw}. Further, R is a semi-
local Frobenius ring with two maximal ideals (v) and (1 + v). From the Chinese Remainder
Theorem, any element @ + vb in R can uniquely be expressed as a+vb = (14+v)a+v(a+D>b).
More information about the ring can be found in Bayram et al. (2016).

A linear code C of length n over R is an R-submodule of R". The dual code C* of C is
defined as C* = {y e R" | ¢-y = 0, Vc € C}, where ¢ - y is the standard Euclidean inner
product of ¢ and y in R”. A code C is self-orthogonal if C C CL, and self-dual if C = CL.

The Hamming weight wp (¢) of any ¢ € I} is the number of non-zero coordinates in c.
The Hamming distance between any two elements ¢; and ¢; in I is defined as dy (c1, ¢2) =
wg (c1 — ¢3). The minimum Hamming distance of a linear code C, denoted by dg (C), is the
minimum of the Hamming weights of non-zero codewords in C.

Now, recall the definition of the Gray map which was defined in Gursoy et al. (2014) as
follows:

¢:R — F?
¢(a+vb) =(a+b,a),

where a, b € F4. This map can be extended naturally to the case over R”.

The Lee weight of any ¢ € R” is the Hamming weight of its Gray image, i.e., wy(c) =
wg (¢ (c)). The Lee distance between x, y in R is defined by dy,(x — y) = wp(x — y). The
minimum Lee distance between distinct pairs of codewords of a linear code C over R is
called the minimum distance of C and denoted by dy (C) or shortly dy . Further, it is easy
to check that ¢ is a linear isometry from (R", dr) to (IE‘ﬁ", dp). Therefore, if C is a linear
code of length n over R with 4% codewords and minimum Lee distance d, then ¢(C) is a
[2n, k, d]-linear code over F4 (Gursoy et al. 2014).

Recall that, for any two sets A and B, the operations & and ® are defined as A @ B =
fa+b | acA beB},AQ B={(a,b) | a € A, be B}. Also note that, for any linear
code C of length n over R the two sets C; = {x € I} | x + vy € C for some y € [;} and
Co={x+y el | x+vy e C}are linear codes of length n over 4.

Following these notations, the following theorem gives the structure of linear codes over
R and their Gray images. The results follows directly from Gursoy et al. (2014) for g = 2.

Theorem 1 Gursoy et al. (2014) Let C be a linear code of length n over the ring R. Then C
can be uniquely expressed as C = (1 + v)Cy @ vCy, where Cy = {x € Fj | x +vy €
Cforsomey e Fiyand Cy = {x +y € F} | x +vy € C}. Further, if Cy and C; are linear
codes over F4 with dimensions ki, ko and minimum Hamming distances dg (Cy), dg (Cp),
respectively, then ¢ (C) is a [2n, k1 + kp, min{dy (Cy), dyg (Ca)}]-linear code over F4. Also,
the dual code of C is C+ = (1 + v)C{ & vCy.

Theorem 2 Gursoy et al. (2014) Let C = (1 4+ v)Cy & vC; be a linear code over R, and
G1 and G, be the generator matrices of Fa-linear codes Cy and Cy, respectively. Then the
(1+v)G, )

generator matrix of C is (
vGay

Theorem 3 Let C = (14 v)C| @ vC; be alinear code of length n over R and G1, G, be the
generator matrices of Fy-linear codes Cy and Cy, respectively. Then, the generator matrix

of $(C) is (GOI G()2>.
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Proof The proof follows from the definition of the Gray map ¢ and Theorm 2. O

Leto be the cyclic shift operator on R” such that, o (co, ¢, - . ., cy—1) = (Cp—1, €Oy - - - s Cn—2)-
A linear code C of length n over R is called a cyclic code if 0 (C) = C. Let R, denote the
quotient ring R[x]/(x" — 1). Identifying each n-tuple (co, ci, ..., cp,—1) € R" with the poly-
nomial co+c1x+- - -+c,_1x"~! € R, wesee that Cisa cyclic code of length n over R if and
only if C is an ideal of R,,. Further, C is a A-constacyclic code if (Ac,,—1, cg, ..., cn—2) € C
whenever (co, c1, ..., cp—1) € C, where A is a unit in R. Also, C is a A-constacyclic code if
and only if C is an ideal of ﬁﬁk) (Gao et al. 2017).

Theorem 4 Gursoy et al. (2014) Let C = (1 4+ v)Cy & vC;y be a linear code of length n over
R. Then C is a cyclic code over R if and only if C1 and Cy are cyclic codes over 4. Further,
if C1 = (g1(x)) and Cy = (g2(x)), then C = ((1 + v)g1(x) + vg2(x)).

The following result characterizes the generator polynomials of a cyclic code over R:

Theorem 5 Let C be a cyclic code in R,.

1. If the least degree polynomial in C is monic, then C = (g(x)), where g(x) €
Fa[x]/ (x"* — 1) such that g(x)|(x" — 1).

2. If C has no monic polynomial of least degree, then C = (vf(x)) or C = ((1 +v) f1(x))
or C = (vf1(x), (1 +v) f2(x)), where fi(x), f2(x) € F4[x]/ (x" —1).

3. If C contain some monic polynomials and least degree polynomials that are non-monic,
then C = (g(x), vfi(x)) or C = (g(x), (1 + v) f2(x)) or C = (vfi(x), (1 + v) f2(x)),
where f1(x), fa(x) € F4[x]/ (x" — 1) and g(x) is the monic polynomial of least degree
in C.

In the examples given below, the parameters marked with ‘%’ denote an optimal code
according to Grassl (2020).

Example 1 Let C = (x + 1) be a cyclic code of length 3 over R. Clearly, C is a free cyclic
code with parameters [3, 2, 2]. Also, it is easy to see that C; = (x + 1) and C, = (x + 1).
As Cy and C; are cyclic codes over F4 with parameters [3, 2, 2]* and [3, 2, 2]*, respectively,
we have ¢ (C) a [6, 4, 2]*-quasi-cyclic code of index two over 4.

Example2 Letn = 4 and C = (1 + v)C; & vC; be a cyclic code of length n over R, where
Ci = {(x+1)and C; = (x + 1). As C; and C; are cyclic codes of length 4 over F4 with
parameters [4, 3, 2]* and [4, 3, 2]*, respectively, ¢ (C) is a [8, 6, 2]*-linear code over [Fy.

3 Double cyclic codes over R

In this section, we study some the structural properties of R-double cyclic codes and their
duals by determining their generator polynomials. Also, we give a complete classification of
R-double cyclic codes of length (2¢!, 2¢2). We enumerate such codes by giving mass formula.
It may be noted here that R-double cyclic codes are in fact generalized quasi-cyclic codes of
index two over R. Also, it is obvious to see that an R-double cyclic code of length (r, s) is a
cyclic code over R of length r or s whenever s = 0 or r = 0, respectively.

Let r and s be two non-negative integers and n = r + s. The n coordinates of each n-
tuple in R” can be partitioned into two sets of sizes r and s. Then, R” can be treated as an
R-submodule of R” x R*, and any linear code C of length n over R is an R-submodule of
R” x R,
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For any element ¢ = (c10, €11, ---,€C1 r—1 | €20, €21,...,C25—1) in R” x R*, we define
the double cyclic shift of ¢ as follows:

7(c) =(C1r-1,€105--->C1r—2 | C25-1,€20, ..., C25-2).

Definition 1 A linear code C of length n = r + s over R is called an R-double cyclic code
of length (r, s) if 7(c) € C whenever ¢ € C.

Now, we identify each (ci9, c11,.--,¢1 -1 | czo, 2Ly, C2 5_1) € R” x R* with a
pair of polynomials (c1g + c11x + -+ 41,1 X" 7' | ca0 +cnx + -+ 251 x5 in
R, s[x] = <§[f]l> X ()E[ ]] Clearly, this correspondence is one-to-one. Further, for any

flx) = Zfix" e R[x]and (c1(x) | c2(x)) € R, s[x], we define the product f(x) - (c1(x) |
c2(x)) = (f(x)e1(x) | f(x)cz(x)). We can see that R, [x] is an R[x]-module with respect
to this product. Also, the product x - (c1(x) | c2(x)) = (xc1(x) | xca(x)) represents the
double cyclic shift of (c1(x) | c2(x)) in R, 4[x].

Theorem 6 A code C is an R-double cyclic of length (r, s) if and only if C is an R[x]-
submodule of R, s[x].

Theorem 7 Let C be an R-double cyclic codes of length (r, s). Then
= (A +v)b1(x) + vba(x) [ 0), (1 + v)[1(x) + vl2(x) | (1 + v)ai(x) + vaz(x))),

where ay(x), ax(x), b1(x) and by(x) are monic polynomials such that ay(x)|(x* — 1),
a(X)|(x* — 1), b1 (0)|(x" — 1) and by(x)|(x" — 1).

Proof Consider the map m : C — R[x]/{x® — 1) such that w(c;(x) | c2(x)) = c2(x).
Since R[x]/(x* — 1) and C are R[x] submodules R, ;, the map ¢ is an R[x]-modular homo-

morphism with kernel kerc(n) ={(f(x) |0 € C| f(x) e R[x]/( 1)}. Define
aset K ={f(x) e R[x]| (f(x)|0) e C}. Clearly, K is an ideal of x, 1 . On the other
hand, the homomorphic image of C under 7 is an ideal of R[X Jl As cyclic codes over R

are principally generated (Bayram et al. 2016), we have K = ((l + v)b1(x) + vba(x)) and
7(C) = ((14+v)a;(x)+vaz(x)), where a; (x) and b; (x) are monic polynomials in F4[x] such
thata; (x)|(x*—1)and b; (x)|(x"—1),i = 1, 2. Thus, kerc () = {(((14+v)b1(x)+vby(x) | 0))
and C = (((1 + v)b1(x) + vba(x) | 0), (1 + v)]1(x) + vla(x) | (I + v)ai(x) + vaz(x)))
for some (1 + v)l1(x) + vlo(x) € R[x]. O

Let C be an R-double cyclic code of length (r, s). Define C; = {x e )y x F} | x +vy €
Cforsomey € ) x Fj}and Co = {x + y € I}, x F} | x + vy € C}. Then it is easy to
prove that C; and C, are F4-double cyclic codes of length (r, s). In Sect. 3.2, we see that an
R-double cyclic code is completely determined by the constituent F4-double cyclic codes.
Thus, we first present the structural properties of F4-double cyclic codes and then we use
these results further to describe the structure of R-double cyclic codes.

3.1 F4-double cyclic codes

A linear code C of length r 4 s over 4 is an F4-double cyclic code of length (r, s) if it is
closed with respect to the double cychc shift operator 7. An F4-double cyclic code of length
(r, s)is an [F4[x]-submodule of & x, 1) X (Ei‘ x]) We see that the structure of F4-double cyclic
codes is similar to that of Z;-double cyclic codes, defined in Borges and Fernandez-Cordoba
(2017). We omit the proofs of the results in the present setting as they are straightforward

generalization of the study on Z;-double cyclic codes Borges and Fernandez-Cordoba (2017).
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Theorem 8 Let C be an Fy-double cyclic code of length (r, s). Then C = {(b(x) | 0), (I(x) |
a(x))), where l(x) € Fyq[x], b(x)|(x" — 1) and a(x)|(x* — 1). Moreover,

1. deg(l(x)) < deg(b(x));
2. b(x) divides 1 (x)% (*)1 .
3. If deg(b(x)) = t; and deg(a(x)) = ta, then C is spanned by S1 U Sy, where S| =
r—t—1 s—tr—1
U x'x) |0 and S, = |J x'((x)]a(x)). Further, |C| = 4" +=11—12,
i=0 i=0

The following result provides the structure of dual code of an F4-double cyclic code. Note
that f*(x) is the reciprocal polynomial of f(x).

Theorem 9 Let C be an F4-double cyclic code. Then the dual code of C is also an F4-double
cyclic code.

Theorem 10 Let C be anFy-double cyclic code of length (r, s) and C+ = ((b(x) | 0), (l (x) |
a(x))) be the dual code of C. Then

A _ r—1
L b(x) = sammmr

2. G(r) = DRI

a* (05" (x) 1
3.0) = ), where A(x) = [M(b’(x%] m—deg(a(x)+deg(l(x))

b*(x) —
(mod gcd(b(x),l(x))*)’ m = lem{r, s}.

An F4-double cyclic code C of length (r,s) is separable if C = C, x Cy, where
C, and C; are the projections of C on r coordinates and s coordinates, respectively. A
separable [F4-double cyclic code is of the form, C = ((b(x) | 0), (0 | a(x))), where
b(x)|(x" — 1) and a(x)|(x* — 1). The dual code of a separable F4-double cyclic code C is

1 _ -1 r—1
¢t =((55|0). ] #3))

Theorem 11 An Fy4-double cyclic code of the form C = ((1 | 0), (I(x) | a(x))) is separable.

Proof The result follows as (0 | a(x)) = l(x)(l | 0) — (I(x) | a(x)) € C. ]

Example3 Letr =s = 5and C = ((b(x) | 0), ({(x) | a(x)), where b(x) = x* + x> +x2 +
x+1,1(x) =x%+x and a(x) = x + 1. Then C is an F4-double cyclic code of length (5, 5)
with parameters [10, 5, 4]*.

Example4 Letr = s = 6 and C = ((b(x) | 0), ((x) | a(x)), where b(x) = x* + x> + x +
1,1(x) =x+ land a(x) = x + 1. Then C is an F4-double cyclic code of length (6, 6) with
parameters [12, 7, 4]*.

Example5 Let r = 2 and s = 4 and C = ((b(x) | 0), (((x) | a(x)), where b(x) =
x2 4+ 1,1(x) = x + 1 and a(x) = x% + 1. Then C is an F4-double cyclic code of length

(2, 4) with parameters [6, 2, 4]*. Also, from Theorem 10, we have E(x) = m =

N 4_ 2 * A _
x+1ax) =Y (}:gicgg;lef;j” =x+1land/(x) = (x2+11)*x(x) = A(x) with A(x) =

—1
() (mod  E4-) = 1. Therefore, C4 = ((x + 1] 0), (1| x + 1)). Further,
C* is an [F4-double cyclic code with parameters [6, 4, 2]*.
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3.2 R-Double cyclic codes and their duals

In this subsection, we continue and study R-double cyclic codes and their duals as direct sum
of [F4-double cyclic codes. Let C be an R-double cyclic code and C;, C; be the correspond-
ing [F4-linear codes as defined in Sect. 2. The following result shows that C is determined
completely by the [F4-double cyclic codes C; and Cj:

Theorem 12 Let C = (1 + v)C; @ vCy be a linear code of length r + s over R. Then C is
an R-double cyclic code of length (r, s) if and only if C and Cy are F4-double cyclic codes
of length (r, s).

Proof Let x = (ay,az,...,ar | b1,ba,...,bs) € Ci. Then x + vy € C for some y =
(aj,ay,...,a, | by, b, ..., by) € Fy xF;. If Cis an R-double cyclic code, then 7 (x +vy) =
(ar +vay,a; +vaj,...,ar—1 +va,_, | by +vby, by +vbi, ..., by_1 +vb,_,) € C. This
implies that (a,, ay, ..., ar—1 | bs, b1, ..., bs—1) € C; and, therefore, C; is an F4-double
cyclic code. Similarly we can show that C; is an F4-double cyclic code. Conversely, assume
C; and C; are F4-double cyclic codes. Then for any x + vy € C, we have t(x) € C; and
7(x +y) € Cyp. This implies that (1 +v)t(x) +vr(x +y) = t(x +vy) € C, from the unique
representation of C. Therefore C is an R-double cyclic code. Hence the result. O

Remark 1 For any k(x) € R[x], there exist some r(x), r’(x) € F4[x] such that (1 +v)k(x) =
(1 4+ v)r(x) and vk(x) = vr'(x).

The following theorem gives the form of generators of an R-double cyclic code of length

(r,s):

Theorem 13 Ler Cy = ((bi(x) | 0), (1 (x) | a1(x))) and Cy = ((b2(x) | 0), (I2(x) | a2(x)))
be two F4-double cyclic codes of length (r, s) as defined in Theorem 8. IfC = (1+v)C1®vC,
is an R-double cyclic code of length (r, s), then C = (((1 + v)b1(x) | 0), (1 + v)1(x) |
(I +v)ai(x)), (Wba(x) | 0), (vl2(x) | vaz(x))).

Proof From the unique representation of C as C = (1 + v)Cj @ vC,, we have C C ((1 +
v)(b1(x) | 0), (1 +v)(1(x) | a1(x)), v(b2(x) | 0), v(l2(x) | az(x))). Conversely, let c(x) €
(A +v)bi(x) | 0), (A + v)li(x) | (1 4+ v)ai(x)), (vba(x) | 0), (vl2(x) | vaz(x))). Then
cx) = (1 4+ vkix)b1(x) | 0) + A+ vk (x)U1(x) | a1(x)) + vkz(x)(b2(x) | 0) +
vka(x)(lI2(x) | az(x)) for some ki(x), ka(x), k3(x) and k4(x) in R[x]. But from Remark
1, there exist ry(x), r2(x), r3(x) and r4(x) in F4[x] such that c(x) = (1 + v)[r1 (x)(b1(x) |
0)+r2(x) (L1 (x) | a1 ())]+vlr3(x)(b2(x) | 0)+ra(x)(2(x) | a2(x))] € c(x) € C.Therefore
(L +v)(b1(x) [ 0), (1 +v)li(x) | a1(x)), v(b2(x) | 0), v(l2(x) | a2(x))) € C. o

Theorem 14 Let C; = ((b1(x) | 0), (l1(x) | a1(x))) and Co = ((b2(x) | 0), (la(x) | a2(x)))
be two F4-double cyclic codes of length (r, s) as defined in Theorem 8. If C = (1+v)C; HvCs
is an R-double cyclic code of length (r, s), then C = (((1 + v)b1(x) + vba(x) | 0), ((1 +
V)l (x) +vla(x) | (1 +v)ai(x) + vaz(x))).

Proof From Theorem 13, we have C = ((1 +v)(b1(x) | 0), (1 +v)(1(x) | ai(x)), v(ba(x) |
0), v(la(x) | az(x))). Clearly (((1 + v)b1(x) + vba(x) | 0), (1 + V)1 (x) + v (x) | (1 +
v)ai (x) + vaz(x))) € C. On the other hand, let c(x) € ((1 + v)(b1(x) | 0), (1 + v)(1(x) |
ay(x)), v(ba(x) | 0),v(la(x) | ax(x))). Then, there exist ri(x), ra(x), r3(x) and r4(x) in
R[x] such that
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c(x) = ri(x)[(1 +v)bi1(x) | O]+ r2()[(1 + v)(1(x) | a1(x))]

+r3(x)[vb2(x) | 0)] + ra(x)[vl2(x) | a2(x))]

=r [ +v)((1 +v)bi(x) +vba(x) | 0)] + r2()[(1 + v)((1 + V)] (x)
+vh(x) | (1 +v)ai(x) + vaz(x))]
+r3()[v((1 4+ v)b1(x) + vb2(x) | 0)] + r4()[v((1 + V)1 (x)
+vh(x) | (1 +v)ai(x) + vazx(x))]

= (I + v)b1(x) + vha(x) [ O)[(1 4+ v)r1(x) + vr3(x)]
+ (1 + )1 (x) + vla(x) | (1 +v)aj(x) + vaz(x))

(1 +v)r2(x) 4 vra(x)].

Therefore c(x) € ((1+v)(b1(x) | 0), (1 +v)(1(x) | a1(x)), v(ba(x) | 0), v(l2(x) | a2(x))).
The result follows. O

Recall, the definitions of 7 (C), ker; (C) and K. In the following theorem we give the
form of generator polynomials of an R-double cyclic code when 7 (C) and K has no monic
polynomials of least degree.

Theorem 15 Let C be an R-double cyclic code of length (r, s) such that w(C) = (va(x))
and Ker(w)c = ((vb(x) | 0)), where a(x), b(x) € R[x]. Then C = {(vb(x) | 0), (vi(x) |
va(x))) for some I(x) € F4[x]. Similarly, when 7(C) = ((1 4+ v)a(x)) and Ker(w)c =
(1 +v)b(x) 1 0)), then C = (((1 + v)b(x) | 0), (1 + vV)I(x) | (1 4+ v)a(x))).

Proof Suppose C is an R-double cyclic code with 7 (C) = (va(x)) and Ker(r)c = ((vb(x) |
0)). Then C = {(vbh(x) | 0), ((1+v)!’ +vl(x) | va(x))). Clearly, (14 v)((1 4+ v)l’ +vi(x) |
va(x)) = ((1 +v)!' | 0) € C and hence (1 + v)I’ € K. As K contains no polynomial with
leading coefficient as (1 + v), we get I’ = 0. Therefore C = ((vbh(x) | 0), (vI(x) | va(x))).
Second part of the theorem can be proved similarly. O

Theorem 16 Let C be an R-double cyclic code of length (r, s). Then C is one of the following
form:

1. C=({((1 +v)bi(x) + vby(x) | 0)), where by (x)|(x" — 1) and by (x)|(x" — 1);

2. C=((Ux) | (1 + v)a (x) + vaz(x))), where by (x)|(x" —1), by (x)|(x" —1), and (x" —1)
divides Wl(x)

3. C = (A +v)bi(x) + vba(x) | 0), (1 + v)l1(x) + vla(x) | (1 +v)ai(x) + vax(x))),
where b; (x)\(x =1, a()|(x* = 1), i = 1,2, and ((1 + v)by (x) + vby(x)) divides

W((l + V)i (x) + vl (x)).

Now, we give a minimal spanning set of an R-double cyclic code C of length (r, s) in
R, s[x]asanR-module. Recall that the minimal spanning set of an IF4-double cyclic code C =

((b(x) | 0), (L(x) | a(x))) of length (r, 5)is S = SjUS», where S = U/_0#" " (5(x) | 0)

and §, = UZg*““P71(1(x) | a(x)) (Borges and Fernandez-Cordoba (2017), Proposition
3).
Theorem17 Let C = (T 4+ v)b1(x) + vba(x) | 0), (1 +v)1(x) + via(x) |
(1 4+ v)aj(x) + vay(x))) be an R-double cyclic code of length (r, s). Let
r—deg(b; (x)—1 s—deg(aj (x))—1
si=  J  @+ub®lo Sa= | @+ A+ var)
i1=0 Jj1=0
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r—deg(by(x))1 s—deg(ar(x))—1
Si= |J  wh o Sp= J 0Lt |va).
ir=0 j2=0

Then, S = S11 U S12 U S21 U S22 forms a minimal spanning set for C as an R-module.

Moreover,
IC| = 42r+2s—deg(a; (x))—deg (b1 (x)) —deg(a2 (x)) —deg (b2 (x))

Proof Clearly, span(S) € C.Letc = ((14+v) fi(x) +vfa(x) | (1+v)g1(x)+vga(x)) € C.
Then from the definitions of C; and Cp, we have (f1(x) | g1(x)) € Cy and (f2(x) | g2(x)) €
Ca. This implies ((1 4+ v) f1(x) | (1 + v)g1(x)) € span (S11 U S12) and (vf2(x) | vg2(x)) €
span (S21 U S22). Thus ¢ € span(S), and C C span(S). Therefore S is a minimal spanning
set of C. m}

In the following result, we show that the dual of an R-double cyclic codes is also an
R-double cyclic code.

Theorem 18 If C is an R-double cyclic code of length (r, s), then the dual C* of C is also
an R-double cyclic code of length (r, s).

Proof Let y = (y1.0,Y1.1,--->Y1r=1 |  Y2.0.¥21,...,¥25-1) € C and
X = (X1,0,X1,15 - -» X1,r—1 | X2,0,%2,1,...X25—1) € CL. Since C is invariant under t,
we have "~ !(y) € C, where m = lem(r, s). Therefore

0=x-0""1y) = Loy, + - + X2Vt +X1,-191,0) + (2.0¥2,1 + -+ + X25-1¥2,0)
= (X1,,—1Y1,0 + X1,0y1,1 + -+ X1 -2X1 1) + (X25-12,0 + - F X2 5-2Y2,5-1)
=7(x)-y.

As y is an arbitrary element of C, the result follows. O

Now, we give the generators of the dual code of an R-double cyclic code.

Theorem 19 Let C = (14+v)C +vC; be an R-double cyclic code of length (r, s), and Cl =
((b1(x) 1 0), (71(x) | @1(x))) and Cy = ((ba(x) | 0), (12(x) | G2(x))) be the dual codes of
Ci = ((bi(x) | 0), (I (x) | a1(x))) and C = ((ba(x) | 0), (a(x) | az(x))), respectively.
Then C* = (14 v)by (x) + vba(x) | 0), (1 +v)I1 (x) +vh2(x) | (1 +v)a) (x) + vz (x))).

Proof The result follows directly from the fact that ct=q+ v)Cf‘ + ij‘ and Theorem
14. O

Corollary 1 An R-double cyclic code C = (1 + v)Cy + vC; is self-dual if and only if C| and
C, are self-dual double cyclic codes over Fy.

The following result gives the cardinality of an R-double cyclic code and its dual code.

Theorem 20 Let C = (14 v)C| D vC; be an R-double cyclic code and as defined in Theorem
14. Then |C| = 42(r+s)—deg(a;)—deg(az)—deg(b1)—deg(ba) ;1,1 |CJ‘| — gdeg(an)+deg(az)+deg(b)+deg(b2)

Proof The proof follows as |C| = |Cy| - |C,| and |C*| = |C{ | - |C5 . o

The following theorem gives the structure of the Gray image of an R-double cyclic code.
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Theorem 21 Let C = (1 4+ v)Cy + vC; be an R-double cyclic code of length (r, s), where
C1 and C, are Fy-double cyclic codes of length (r, s) as defined in Theorem 8. Then the
Gray image of C under ¢ is a generalized quasi cyclic code of length (r, s, r,s) over F4. In
particular if r = s, then ¢ (C) is a 4-quasi cyclic code of length 4r over F4.

Proof The result follows as C; and C; are [F4-double cyclic codes (quasi cyclic codes of
index 2) and ¢ (C) = C; x C,. ]

An R-double cyclic code is separable if C = C, x Cs. It is easy to prove that C =
(1 4+ v)Cy + vC; is sparable R-double cyclic code if and only if C; and C, are separable
F4-double cyclic codes. Further, the dual of an R-separable code is also separable.

Theorem 22 Let CL be the dual code of a separable R-double cyclic code C = {(((1 +
VDI +0b2(0) [ 0), (0 | (H4+v)ar (1) +var()). ThenCh = (1 + 0352k +viz=t | 0).

(0] A +vEg +v2sh))

aj(x) a;(x)

Example6 Let C = ((14+v)(x* +x3+x24+1) | 0), (wx* +vxd +vx?+x | vxd +x + 1))
be an R-double cyclic code of length (7, 14). Then, C; = (4 x3+x24+110), (x|
x4+ D)yand C; = ((x* + x3 + x2 + x | x> + x + 1)). The F4-double cyclic codes C; and
C, are of length (7, 14) with parameters [21, 16, 3] and [21, 11, 6], respectively. Further,
from Theorem 8, we see Cf‘ = (3 x4+ | 2+ + 3+ 1)
and Cy = (0 +x% +x* + 3 +x2 +x+110), c* + 33+ 1] x5 +x2 +x + D).
Therefore Ct = (v + x> +x* +x3 + 224+ x4+ D 0), wx* + X+ A +v)x + 1 |
(I+v)x? + A+ )8+ A +0)x0 + 37+ (T +v)x* + (1 +v)xd +vx? +vx +1)). AsCf and
Cf‘ are [F4-double cyclic codes with parameters [21, 5, 10]* and [21, 10, 7]*, respectively,
we have ¢ (C*) a generalized quasi-cyclic code of index four with parameters [42, 15, 7]
over Fy.

Example7 1etCy = (wx+1]0),(x+ 1] D)yandCr, = ((wx +1]0),(x+ 1] x4+ 1))
be two F4-double cyclic codes of length (6, 6). We see C; and C; are optimal [F4-codes with
parameters [12, 11, 2]* and [12, 10, 2]*, respectively. From Theorem 14, C = (1 + v)C; &
vCr = ((1+v)(wx+1)+v(x+1) | 0), (x+1 | I+vx)), an R-double cyclic code of length
(6, 6). The Gray image of C is a quasi-cyclic code of index 4 with parameters [24, 21, 2]*
over [Fy.

Example8 LetC = ((x +110), (0| x + 1)) be a separable R-double cyclic code of length
(10,10). Then C; = Co = ((x + 11 0), (0 | x 4+ 1)), a separable F4-double cyclic code with
parameters [20, 18, 2]}. The Gray image of C under ¢ is a quasi-cyclic code of index 4 and
length 40 with parameters [40, 36, 2]4. Also, ct = ((x9 R R R R R AL S
24x4+110), 0] +x8+x7+x0+x0 +xt+ 3+ 12+ x4+ 1)).

3.3 Enumeration of R-double cyclic codes

In this section, we give the complete classification of R-double cyclic codes of length
(241, 2¢2), where e and e; are non-negative integers. We give a mass formula that enumerate
these family of codes for given values of e; and e,. For that we first recall the structure of
cyclic codes over [F4 of length n = 2°.

Let R/, denote the quotient ring F4[x]/(x" — 1), where n = 2¢. As (x + 1) is a nilpotent
element of nilpotency 2¢ Dinh and Lépez-permouth (2004), each polynomial in R}, can be
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2n—1
written as Y a;(x + 1)}, a; € Fy4, and such an element is a unit in R}, if and only if
i=0
ag # 0. From this we see that R, is a finite chain ring and any ideal of R}, is of the form
((x + 1Y), 0 <i < n Dinh and Lépez-permouth (2004). Therefore, if C is an F4-double
cyclic code of length (2¢1,2¢?), then C = (((x + 1)t | 0), (x + D'h(x) | (x + D2)),
where h(x) is zero or unit in IF<‘4[x]/()c2g1 — 1). Summarizing this discussion, the following
theorem present the complete module structure of F4-double cyclic codes of length (2¢!, 2¢2).
Throughout this section we let r = 2°! and s = 2°2, where ¢, e, are non-negative integers.

Lemma 1 Let C be an F4-double cyclic code of length (r, s). Then C is one of the following:

Type 1: C = ((x + 1)1 [ 0)), 0 <iy <r;

Type 2: C = (((x + D'h(x) | (x + 1)2)), where 0 < i» < s — 1 and h(x) is either zero
or a unit in F4[x]/{(x" — 1) such that t + deg(h(x)) < r;

Type 3:C = ((x+ DI | 0), (x+D'h(x) | (x+1)72)), where0 < iy <r—1, 0<ip <
s — 1 and h(x) is either zero or a unit in F4[x]/(x" — 1) such that t 4+ deg(h(x)) < i.

Remark2 The F4-double cyclic codes of length (r, s) of Type 2 are in fact C = ((x" — 1 |
0), ((x + D'a(x) | (x + 1D™)),0 <ip <5 — 1.

Lemma2 Letr =2 and s = 2%, ey > 0, ey > 0. Then, the number of F4-double cyclic
codes of length (r, s) is

s4r—r4’+%4s—%r2+rs+%r—§ ifr <s.

N,_{r4s—s4s+§4s—%s2+rs+gs—§ ifr >s
3

Proof We enumerate [F4-double cyclic codes separately in each case as given in Lemmal.
Let NV; be the number of F4-double cyclic codes of Type i.

Type 1 : The number of [F4-double cyclic codes of Type (((x + DI 0)), 0<i <ris
Ni=r+1.

Type 2 : We enumerate the number of [F4-double cyclic codes of Type 2 in two cases. When
h(x) is zero, there are N1 = s number of cyclic codes of Type ((0 | (x + D)), 0<ip <
s — 1. When, h(x) # 0, the number of F4-double cyclic codes of type {((x + 1) h(x) |
(x + D)), 0 <ir <5 — 1is as follows:

s—1

> 3.4 ifr>s

N22= =0 r—1

(s—r+D[B3-471+> 3471 ifr <s.
=1

45 — 1 ifr>s

4" 4 354"V _3p4r—1 1 ifr < s,

Type 3 : Again, we enumerate the number of F4-double cyclic codes of Type 3 in two cases.
When h(x) = 0, the F4-double cyclic codes are of the form C = (((x + D! | 0), (0 |
(x + D)), where 0 < iy < r—1, 0 < iy < s — 1. Clearly, these are separable Fy-
double cyclic codes. Thus, the number of separable [F4-double cyclic codes of length (r,s) is
Nz =r-s.

Let £(x) # 0and C = (((x 4+ 1) | 0), ((x + D?A(x) | (x + 1)2)). Then it is easy to see
that (x 4+ 1) divides (x + 1)* 2 ((x + 1)’h(x)) (see Lemma 8). As /(x) a unit element in
F4[x]/{x" — 1), we thus have s — iy + ¢ > i;. So the number of F4-double cyclic codes of
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the form C = (((x + 1)1 | 0), (x + D'h(x) | x+ 1)), 0<ij<r—1,0<ip <s—1
is

(r—s)Z3 4I+SX:1|:(S—l)3 4i- 1+Z3 4!] ifr >s
N32= o i=1 t=0
Z[(s—m 4l‘+23 4f} ifr <s.
i=1 =0
B r45—s45+%45—12—r+1s—% ifr >
B s4r*1—r4r*l+%4r s+ r—lrz—% ifr <s.

Therefore, the total number of F4-double cyclic codes length (r, s) is

N = :F4S_S4S+§4s—és2+”+3s—2 ifr >

s4 —rd" 4345 — L2 4 s+ 3r — 3 ifr <.

[m}

Theorem 23 The number of R-double cyclic codes of length (r, s), where r = 2°!, s = 22,
is

2
(r4s—s45+§4s—ls2+rs+%s—%> ifr>s

2
(s4’—r4’—|—%45 Z4rs+ r—%) ifr <s.

Proof The proof follows from Lemma 2, and the fact that the size of an R-double cyclic code
C = (1+v)C; & vC, of length (r, s) is |C| = |Cy| x |C2|, where C; and C; are F4-double
cyclic codes of length (r, s). O

Example 9 Letr = s = 2 and N; be the number of F4-double cyclic codes of Type i. Then
the F4-double cyclic codes of length (2, 2) as follows:

Type codes N;
Type 1 (A 10)), ((x+1]0))and (0] 0) Ny =3
Type 2 when ((0 | x + 1)) and ((0 | 1)) Ny =2
h(x) =0
(k41 x+ 1), (wx+w|x+1), (wx+w? | x+1), (x+1]D),
Type2when ((x +w | 1)), ((x + w? | 1)), ((wx + 1| 1), ((wx+w | D), ((wx+w?|1), Ny =15
h) #0  ((lx + 1] D), {(wix+w | D), ((wix+w? [ D), (1] 1), ((w] ))and(w? | 1))
(10, O D), (x+110),0]D),
Type 3 wh N3 =4
o oo (10O x+ D) (G +110).0x+1) o

2
Type3when (11O (IDL (4110, @ D), ((x+110), | D)

k) £ 0 (4110, A 1x+D), (x+110), w|x+ D) ((x+1]0), w?|x+1) Nz =6

Therefore, the total number of F4-double cyclic codes of length (2, 2) is 3+2+15+4+6 = 30.
Further, from Theorem 20, the total number of R-double cyclic codes of length (2, 2) is 900.

Theorem24 Let C = (((x + Dt | 0), (x + D'A(x) | (x + 1)2)) be an R-double
cyclic code of length (r,s), where r = 2¢ 5 = 2% qnd h(x) is either zero or a unit
over Fy. Then Ct = ((x + D" | 0), ((x + 1))718 | (x + DST=172)) where
§ = [/’l] 1 M= in+t+deg(h) (mod (x+1)11 t)
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Table 1 Some good F4-double constacyclic codes

Generators [r,s] Parameters
(3 +wx? +w2x+110), w2 +w | w?) [4,4] [8,5,31*
(3 +wx? +wlx +10), (wi +w | wx + w?)) [4,4] (8,4, 4]*
(2 4+ w2 0), W2x+w]| 1) [4.4] [8,6,2]*
((wxZ+110), (w | w?)) [4, 6] [10, 8, 2
((x+w]0), (w]| D) [4, 6] [10,9,2]*
(wx + w2+ x +w | 0), (x + w? | x2 4+ w)) [4, 8] [12,7,4]*
(wxd +x% +x+w?0), (3 4+ wix? + wx | w?)) [8, 8] [16, 11, 4]*
(xS +x* +x+w? | 0), W3 +x +w | x +w?) [8, 14] [22, 16, 41*
(wx3 +x2 + w2x + w | 0), (wxZ +wx | 1)) [8, 18] [26, 23, 2]*
(& +wxt + w23 +wx? +wx +w | 0), (W +w | wix +w)) [20, 20] [40, 34, 41*

Example10 Let r = 4,5 = 8, and C = ((x + D* | 0), @2 + x | (x + 1)°)) be an
R-double cyclic code of length (4, 8). Following the notations in Theorem 24, we have
i1=4,ipb=5t=1and h(x) =x = (x + 1) + 1. Clearly, § = x2 + x + 1, and the dual
code CL of CisCH = ((x+ D31 0), &2 4+x+1]1).

4 R-Double constacyclic codes

Constacyclic codes constitutes an important generalization of cyclic codes. These codes are
important because of simplified algebraic structure and practical usage. In this section, we
define an R-double constacyclic code of length (r, s). We characterize these codes with their
Gray images. These codes are multi-twisted cyclic codes (generalization of quasi-twisted
cyclic codes) of index two over R. Recently, Aydin and Halilovi¢ (2017) introduced these
family of codes over finite fields and presented few construction methods. Recall, an («, f)-
double constacyclic code of length (r, s) over I, is an F4[x]-submodule of 5;‘1_’2) X <E§‘l_xé> ,
where «, § are units in 4 Aydin and Halilovi¢ (2017).

The following Tablel gives some examples of F4-double constacyclic codes, which have
the best known minimum distance.

Now, we extend the definition of double constacyclic codes over finite fields given in
Aydin and Halilovi¢ (2017) and define an R-double constacyclic codes.

Definition2 Let A; and A, be two unit elements in R and ¢ = (cg,c1,..., -1 |
4> €1y -+, Ci_y) € R” x R*. Then the double constacyclic shift 6y, of ¢ is defined by
03122 (€) = (A1Cr—1, €0, .oy Croa | A2Ch_ 1, C0s -\ Chn).

A linear code C of length r + s over R is called a (A1, X2)-double constacyclic code of length
(r, s) if it is invariant under the double constacyclic shift operator o;,3,. Under polynomial
representation, we can easily see that Cis a (11, A2)-double constacyclic code of length (r, s)
over R if and only if C is an R[x]-submodule of (XISE\EH X (XIEEY)L) . As a special case, if we
take A; = A» = 1, then C an R-double cyclic code. Note that, when A = A, = A, we call C
a A-double constacyclic code over R.

Letw; : F4 x F4 — 4 be a projection map such that 7r; (a; | a2) = a;,1 = 1, 2. Also let
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— Fy[x] Fy[x] Fylx Fy[x]
Ln = [(xf—m«z»(xlm <xf—m<¢<xz>>>] x [<xf—nz<¢m>)> T=m @02 ] where ¢ (A1)
and ¢ (A7) are Gray images of A1 and ;. Now, we extend the Gray map ¢ to @ as follows:

R[x] R[x]
[N X — Ly
(x"=xp) x¥—22)
such that

¢ (Xr:aixi
i=0

s
Zbixj) (Zm(¢<a))x an(¢(a,>>x Zm(d)(b ), an((p(b ))xf).
j=0

= j=0 j=0

. . . R[x] R[x] ~

Clearly, ¢ is a modular isomorphism, and, therefore, e TR ey =
Fylx] F4lx] Fylx] Fa[x] ; ;

[< TG <x5—m(¢(xz>>>] X [< @Gy < <xS—nz(¢>(xz>>>]' With this we have the

following result:

Theorem 25 Let C = (1 + v)Cy + vCy be a linear code of length r + s over R, and
A1, A2 be two unit elements in R. Then C is a (71, Ap)-constacyclic code of length (r,s)
over R if and only if Cy is a (m2(¢ (A1), m2(¢(X2)))-double constacyclic code and C; is a
(1 (d (A1), w1 (@ (A2)))-double constacyclic code of length (r, s) over Fy.

Proof Let Ay = Aq1 + vAi2 and Ay = Az1 + VA be two unit elements in R. Let ¢ =
(co, ¢ty . et | sy, ... i )) € C, wherec; = (l—i—v)xi—l-v)’i,c/,» = (1+v)x3.+vy/,.
forO0<i<r—1and0 < j <s — 1. Then we have ' '

Oan(0) = ()Llc,.,l,co ..... Cr_2 ‘ sz;71,66 ..... 6;72)
= ([A11 + Al + v)x—1 +vyr—1], (1 +v)xo + vyo, .- -,
(1 + 032 + 032 | Dt + vA2]I(1 + )]y + vy,
(1 +v)xg + x5, - (1 V)X + vy )
= ([(1 + o)A + v+ A) A+ v)x—1 +vye—1l, (1 +v)xo +vyo, ..., (1 +V)x—2 + vyr— ’
[(1 4+ v)A21 + v(har + 2221+ v)xi_; + vyi_y 1, (14 v)xg +vyp, - - - A+ v)x;_,+ vyé’,fz)

! ! ’
=(1+4v) (Allxr—lq X05 - s Xr—2 ) MAX [ X e e s xs,2>

+v ((?»21 +A22)Yr—1, Y0, - - - Yr—2
= (14 0) (T2 @)Xt Sor 3 | 2@ DXy 3 Xig) +

0 (T @G Y1 30, 32 | TGN s 0 ¥ia)

Suppose C; is a (m(¢(r1)), m2(¢(X2)))-double constacyclic code and Cp; is a
(1 (¢ (1)), m1(¢p(A2)))-double constacyclic code of length (r,s) over F4. Then for any

c=1(co,Clh-.sCr—1 | €y )y ooy ci_y) € C,where ¢; = (14 v)x; + vy;, c;. = x} + vy}
for0 <r—1land0 < j <s—1,wehavex = (xo, x1,...,%—1 | X, x{,...,x,_;) € C and
y = (y[), Vi, s Yr—1 | y(/), yi, ey y;_l) € C2. This implies an2(¢(,\1)),n2(¢(,\2))(x) [S C1

and Uﬂ1(¢(l|)),ﬂl(¢(lz))(y) € C,. This further implies that (1 + v)am(q;(;”)),n2(¢(,12))(x) +
VO, (b (1), 11 (3(2)) (V) = Oaaa(c) € C. As x and y are arbitrary elements in C; and C,,
respectively, Cis a (11, A2)-constacyclic code of length (r, s) over R. Similarly we can prove
the sufficient part of the theorem. O
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Table 2 The relation between a (A1, A2)- double constacyclic code C and the codes C; and Cy

R-Double constacyclic code C

Cy

C

(o + v, a)-double constacyclic

1+ av,a+ a2v)—d0uble constacyclic
R-Double cyclic

(o, az)—double constacyclic

(1 4+ av, 1 + av)-double constacyclic
(oz2 + v, az)—double constacyclic

(oz2 + v, o? + av)-double constacyclic

(¢ + v, a? + «v)-double constacyclic

(o, av)-double constacyclic
(1, @)-double constacyclic
F4-Double cyclic

(o, az)—double constacyclic
F4-Double cyclic

((xz, az)—double constacyclic
(aQ, az)—double constacyclic

(e, az)-double constacyclic

(az, «)-double constacyclic
(ozz, 1)-double constacyclic
F4-Double cyclic
(a, az)—double constacyclic
(a, az)—double constacyclic
(a, az)—double constacyclic
F4-Double cyclic
F4-Double cyclic

The Table 2 below lists the relation between a (A1, A2)- double constacyclic code C over
R and the F4-double constacyclic codes C; and C;.
The following result characterizes the dual of a double constacyclic code over Fy:

Lemma 3 Let «, B be two unit elements in F4 and C be an («, f)-double constacyclic code

of length (r, s) over F4. Then Clisan (e !

, B~Y-double constacyclic code of length (r, s)

over Fy.
Proof Letm = lcm{r s} We note that for any a = (ar1,a12,...,a1r | az1, a2, ...,a2y),
we have o, Ya) = (@5ain,...,a5ai,, a5 ay | Bran,...,Brars, B7 'az).
Also, as multiplicative order of each non-zero element in Fy4 is 3, we have 0(3”73 (a) = a.
Let a (a11,a12,...,a1, | ag1,a2,...,a25) € Cand b = (b11,b12,...,b1, |
b1, b2, ..., bys) € Ct. Then
gm Ya)-b= <a12b11 +oootar by o1 + @5 anby r)
+ (azzbzl o darshy g1 + B3 lanba - 1)
= <a12b11 +oeotar by ot + @5 aa  an by r)
+ (azzbzl ot ar by g1 + BB a2ty s—l)
= (apbi + - +ay by -1 + [a anb )
+ (aba1 + -+ az sby 51 + B Naz1br 5—1)
= (anla™ by 1+ anbi + - +ay by 1 +ax by s-1])
+ (anbyi + -+ az by s—1)
=a-0y-1g-1 D).
Since 03’” 1(a) e C, o ﬂ (a) b = 0. This implies that a - 0,1 B 1(b) = 0. Therefore,

Og-1,g-1 (b) € C+. Asbisan arbitrary element in CL, we have Ct an (a , B~ 1) double

constacyclic code over Fy.

[m}

Theorem 26 Let A1 = (1 +v)A11 + vA12, Ao = (1 + v)A2 + VA be two unit elements in
RandC = (14 v)C; @ vC; be a (A1, Ap)-double constacyclic code of length (r, s) over R.
Then Ctisa (1 + v))»il + v)»le, 1+ v)k;ll + vkgzl)-double constacyclic code of length
(r,s) over R.
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Table 3 Some good R-double constacyclic codes

Constacyclic code C [r,s] Parameters of ¢ (C)
(wxZ +w?x +11]0), (wx +1]1)) 3,11 [8,4,3]

(wx? +wixZ +x +w | 0), W2x2 +x | x + w)) [4,4]  [16,8,4]

(W2 +wlx +110), (x | wx + 1)) [5,5] [20,14,3]

(3 +wx2+110), (wx? | wx +1)) (7,71  [28,20,3]

(S +wx* + wix +w | 0), (3 + wi? + wx | w)) [8,8] [32,22,4]

((x5 +wixt +wi 4w | 0), (w2x3 +w?x? 4w | x + w2)> [8, 14] [44,32,4]

((1 |x14+wx“+x10+wx9+x8+x7+wx6+x5+x4+w2x3+w)) [18, 18] [72, 36, 12]

Proof The result follows from Lemma 3 and Theorem 25. O

It is easy to see that the Gray image of an R-double constacyclic code of length (r, s) is
a generalized quasi-twisted code of length (r, s, r, s) over 4. The following Table3 gives
some examples of R-double constacyclic codes whose Gray images are optimal F4-codes:

5 Conclusion

In this paper, we have studied generalized quasi-cyclic codes over R of index 2 as R-double
cyclic codes of length (r, s5). We determined the generators of R-double cyclic codes and their
duals for arbitrary values of  and s. A mass formula to enumerate R-double cyclic codes of
length (2°1, 2¢2), e1, ep > 0is presented. Some structural properties of R-double constacyclic
codes, and R-skew double cyclic codes are also studied. Finding generator polynomials of
double constacycilc codes, skew double constacyclic codes, and their dual codes over R are
a future interesting problems.
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