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Abstract

The purpose of this paper is to study and analyze a new projection-type algorithm for solving
pseudomonotone variational inequality problems in real Hilbert spaces. The advantage of the
proposed algorithm is the strong convergence proved without assuming Lipschitz continuity
of the associated mapping. In addition, the proposed algorithm uses only two projections
onto the feasible set in each iteration. The numerical behaviors of the proposed algorithm on
a test problem are illustrated and compared with several previously known algorithms.

Keywords Projection-type method - Viscosity method - Variational inequality -
Pseudomonotone mapping
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1 Introduction

We consider the following variational inequality problem (VI) of finding a point x* € C such
that

(Ax*, x —x*) >0 Vx € C, (1)
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where C is a nonempty closed convex subset in a real Hilbert space H, A : H — H
is a single-valued mapping, and (-, -) and || - || are the inner product and the norm in H,
respectively.

Let us denote the solution set of VI (1) by VI(C, A). Variational inequality problems
are fundamental in a broad range of mathematical and applied sciences; the theoretical and
algorithmic foundations as well as the applications of variational inequality problems have
been extensively studied in the literature and continue to attract intensive research. For the
current state of the art in the finite dimensional setting, see for instance (Facchinei and Pang
2003; Konnov 2001) and the extensive list of references therein.

Many authors have proposed and analyzed several iterative methods for solving the varia-
tional inequality (1). The simplest one is the following projection method, which can be seen
as an extension of the projected gradient method for optimization problems:

Xpt1 = Pc(xp — TAXy), ()

for each n > 1, where Pc denotes the metric projection from H onto C. Convergence
results for this method require some monotonicity properties of A. This method converges
under quite strong hypotheses. If A is Lipschitz continuous with Lipschitz constant L and «-

strongly monotone, then the sequence generated by (2) converges to an element of VI(C, A),
2
if7 e (o, ).
L2
To deal with the weakness of the method defined by (2). Korpelevich 1976 (also inde-
pendently by Antipin (1976)) proposed the extragradient method in the finite dimensional

Euclidean space R™ for a monotone and L-Lipschitz continuous operator A : R — R™.
The algorithm is of the following form:

xp € C,
Yn = PC(xn - rnAxn)a (3)
Xn+1 = PC(xn - TnAyn),

1
where 7, € (O, ) The sequence {x,} generated by (3) converges to an element of

VI(C, A) provided that VI(C, A) is nonempty.

In recent years, the extragradient method was further extended to infinite-dimensional
spaces in various ways, see, e.g. (Censor et al. 2011a, b, c; Bello Cruz and Tusem 2009, 2010,
2012, 2015; Bello Cruz et al. 2019; Gibali et al. 2019; Kanzow and Shehu 2018; Konnov
1997, 1998; Maingé and Gobinddass 2016; Malitsky 2015; Thong and Hieu 2018, 2019;
Thong et al. 2019¢c; Thong and Vuong 2019; Thong and Gibali 2019a, b; Thong et al. 2019a, b;
Vuong 2018) and the references therein.

Note that, when A is not Lipschitz continuous or the constant L is very difficult to compute,
the method of Korpelevich is not applicable (or possible to use) because we cannot determine
the step-size 7,,. To overcome this obstacle, Iusem (1994) proposed an iterative algorithm in
the finite dimensional Euclidean space R™ for VI(C, A) as follows:

Algorithm 1.1

Initialization: Givenl € (0, 1), u € (0, 1), y > 0. Let x| € C be arbitrary

Iterative Steps: Given the current iterate x,, calculate x,1 as follows:
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Step 1. Compute
Yn = Pc(xp — ynAxy)

where y, = ylin with j, is the smallest non-negative integer j satisfying
YUl Axy = Ayall < pllxn = yall. (4)
Step 2. Compute
Xn+1 = Pc(xn — T Ayn),

(Ayn, Xu — Yn)

T

It is worth noting that this modification allows the author to prove convergence without
Lipschitz continuity of the operator A.

Algorithm 1.1 may require many iterations in the iterative procedure used to select the
stepsize y,, and each iterations uses a new projections. This may lead to a large computational
effort that should be avoided.

Motivated by this idea, ITusem and Svaiter (1997) proposed a modified extragradient
method for solving monotone variational inequalities which requires only two projections
onto C at each iteration. Few years later, this method was improved by Solodov and Svaiter
(1999). They introduced an algorithm for solving (1) in finite-dimensional spaces. In fact,
the method in Solodov and Svaiter (1999) can solve a more general case where A is only
continuous and satisfies the following condition:

(Ax,x —x*) >0 Vx € Cand x* € VI(C, A). 5)

The property (5) holds if A is monotone or more generally pseudomonotone on C in the sense
of Karamardian (1976). Very recently, Vuong and Shehu (2019) modified result of Solodov
and Svaiter to obtain strong convergence in infinite dimensional real Hilbert spaces. They
constructed the algorithm based on Halpern method (Halpern 1967) and method of Solodov
and Svaiter. The algorithm is of the following form:

Algorithm 1.2

Initialization: Given {a,} C (0,1),1 € (0, 1), u € (0, 1). Let x1 € C be arbitrary

Iterative Steps: Given the current iterate x,, calculate x,11 as follows:

Step 1. Compute
zn = Pc(xp, — Axp)

and r(xp) 1= Xy, — zpn. If ¥ (x,,) = O then stop and x,, is a solution of VI(C, A). Otherwise
Step 2. Compute
Yn = Xp — Tnl (Xp),

where T, := " and j, is the smallest non-negative integer j satisfying
; w
(ACon = (), () = Zlr a1 ©)
Step 3. Compute

Xn+1 = OpX] + (1 - an)PCn (xn)’
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where
C,={xeC:h,(x) <0}

and

hp(x) = (Ayn, X — yn).

Setn :=n + 1 and go to Step 1.

They provedthatif A : H — H is apseudomonotone, uniformly continuous and sequentially
weakly continuous on bounded subsets of C and the sequence {«,,} satisfies the conditions
limy,_ 0 @, = 0 and ZZOZI o, = 00, then the sequence {x,} generated by Algorithm 1.2
converges strongly to p € VI(C, A), where p = Pcxj. Note that when «, = 0 Vn then
Algorithm 1.2 reduces to the algorithm of Solodov and Svaiter.

Motivated and inspired by the works in Moudafi (2000), Solodov and Svaiter (1999) and
Vuong and Shehu (2019), and by the ongoing research in these directions, in this paper
we introduce a modification of the algorithm proposed by Solodov and Svaiter for solving
variational inequalities with uniformly continuous pseudomonotone operator. The main mod-
ification is to use a different Armijo-type line search to obtain a hyperplane strictly separating
current iterate from the solutions of the variational inequalities.

The paper is organized as follows: We first recall some basic definitions and results in
Sect. 2. Our algorithm is presented and analyzed in Sect. 3. In Sect. 4 we present some
numerical experiments which demonstrate the proposed algorithm performances as well as
provide a preliminary computational overview by comparing it with some related algorithms.

2 Preliminaries

Let H be areal Hilbert space and C be a nonempty, closed and convex subset of H. The weak
convergence of {x,}°2, to x is denoted by x,—x as n — oo, while the strong convergence
of {x,};2 | to x is written as x, — x asn — o0o. For each x, y € H, we have

b+ 12 < el + 20y, 0+ y).

Definition 2.1 Let 7 : H — H be an operator. Then

1. The operator T is called L-Lipschitz continuous with L > 0 if
ITx —Tyll < Lllx -yl Vx,yeH.

if L = 1 then the operator T is called nonexpansive and if L € (0, 1), T is called
contraction.
2. T is called monotone if

(T'x =Ty, x—y)>=0 Vx,y€ H.
3. T is called pseudomonotone if
(Tx,y—x)>0=(Ty,y—x)>0 Vx,ye H.
4. T is called a-strongly monotone if there exists a constant & > 0 such that

(Tx —Ty,x —y) Zoc||)c—y||2 Vx,ye H.
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5. The operator T is called sequentially weakly continuous if for each
sequence {x,} we have: x, converges weakly to x implies Tx,, converges weakly to
Tx.

It is easy to see that every monotone operator is pseudomonotone but the converse is not true.
We next present an academic example of a variational inequality problem (VI) in infinite
dimensional Hilbert spaces where the cost function A is pseudomonotone, uniformly con-
tinuous and sequentially weakly continuous, but A fails to be Lipschitz continuous on H.

Example 1 Consider the Hilbert space
oo
H=1:= {u:(ul,uz,...,u,-,...) | Z|Mi|2 < +<>o>
i=1
equipped with the inner product and induced norm on H:
oo
(u,v) =Y u;v; and ||u] = v/(u, u)
i=1

forany u = (uy, uz, ..., uj,...),v= 1, v2,...,0,...) € H.
Consider the set and the mapping:

1 1
C={u=wy,uy,...,uj,...) € H:luj|<- Vi=1,2,...}, Au:<||u||+ >u.
i flull+1

With this C and A, itis easy to see that VI(C, A) # @ since 0 € VI(C, A) and moreover,
A is pseudomonotone, uniformly continuous and sequentially weakly continuous on C, but
A fails to be Lipschitz continuous on H.
Nowletu, v € Cbesuchthat (Au, v—u) > 0. Thisimplies that (u, v—u) > 0. Consequently,

(Av,v —u) = (IIuII + ||u||1—|— 1) (v, v —u)
> (nun + ”u“1+ 1) (0.0 — ) — (v — )

(n I+ — ) [ I>>0
= u v—ul|l” =
flull + 1

meaning that A is pseudomonotone. Now, since C is compact, the mapping A is uniformly
continuous on C and A is sequentially weakly continuous on C.

Finally, we show that A is not Lipschitz continuous on H. Assume to the contrary that A
is Lipschitz continuous on H, i.e., there exists L > 0 such that

|Au — Av|| < L|ju —v|| Yu,v € H.

Letu =(L,0,...,0,...)andv = (0,0,...,0,...), then

1 1
Au — Av|| = ||Aul| = ( |Ju]| + u|l=(L+——) L.
i I =llAull <|I [ ”u”+1> fluell < L+1>

Thus, [|[Au — Av|| < L|lu — v]|| is equivalent to

L+ ! L<L?
L+1 -
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equivalently
1
— <
L+17~

this leads to a contradiction and thus A is not Lipschitz continuous on H.

0,

For every point x € H, there exists a unique nearest point in C, denoted by Pcx such that
lx — Pcx|| < |lx — y|| Vy € C. Pc is called the metric projection of H onto C. It is known
that Pc is nonexpansive.

Lemma 2.1 (Goebel and Reich 1984) Let C be a nonempty closed convex subset of a real
Hilbert space H. Givenx € Handz € C. Thenz = Pcx < (x —z,z—y) >0 Vy € C.
Lemma 2.2 (Goebel and Reich 1984) Let C be a closed and convex subset in a real Hilbert
space H, x € H. Then

(i) | Pcx — Pcyl* < (Pcx — Pcy, x —y) Vy € H;

(i) |Pcx = yII* < & = yI> = llx — Pex[* ¥y € C;
(iii) ((I = Pc)x — (I — Pc)y,x —y) = [l — Pe)x — (I — Po)y|* Vy € H.
For properties of the metric projection, the interested reader could be referred to Sect. 3 in

Goebel and Reich (1984) and Chapter 4 in Cegielski (2012).
The following Lemmas are useful for the convergence of our proposed method.

Lemma 2.3 (Iusem and Garciga 2001) Let H| and H; be two real Hilbert spaces. Suppose
A : Hy — Hj is uniformly continuous on bounded subsets of Hy and M is a bounded subset
of Hy. Then A(M) is bounded.

Lemma 2.4 (Cottle and Yao 1992, Lemma 2.1) Consider the problem VI(C, A) with C
being a nonempty, closed, convex subset of a real Hilbert space H and A : C — H being
pseudomonotone and continuous. Then, x* is a solution of VI(C, A) if and only if

(Ax,x —x*) >0 Vx e C.

Lemma 2.5 (He 2006) Let C be a nonempty closed and convex subset of a real Hilbert space
H. Let h be a real-valued function on H and define K = {x € C : h(x) < 0}. If K is
nonempty and h is Lipschitz continuous on C with modulus 6 > 0, then

dist(x, K) = 6~ max{h(x), 0} Vx € C,
where dist(x, K) denotes the distance function from x to K.

Lemma 2.6 (Maingé 2008) Let {a,} be a sequence of nonnegative real numbers such that
there exists a subsequence {an;} of {a,} such that a,, < an,41 for all i € N. Then there
exists a nondecreasing sequence {my} of N such that limy_, oo my = 0o and the following
properties are satisfied by all (sufficiently large) number k € N:

Ay < A1 and ax < Ay 41.
In fact, my, is the largest number n in the set {1, 2, ..., k} such that a, < ap41.
Lemma 2.7 (Xu 2002) Let {ay,} be a sequence of nonnegative real numbers such that:
ant1 = (1 — ap)an + anby,

where {a,} C (0, 1) and {b,} is a sequence such that
a) 3 opZo e = 00
b) limsup,_, ., b, <0.

Then limy,_, o a, = 0.
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3 Main results

In this section we introduce a new modified method of Solodov and Svaiter for solving (1),
and the following conditions are assumed for the convergence of the proposed method:

Condition 1 The feasible set C is a nonempty, closed, and convex subset of the real Hilbert
space H.

Condition 2 The VI (1) associated operator A : H — H is a pseudomonotone, uniformly
continuous and sequentially weakly continuous on bounded subsets of C.

Condition 3 The solution set of the VI (1) is nonempty, that is VI(C, A) # .

Condition 4 We assume that f : C — C is a contractive mapping with a coefficient p €
[0, 1), and we add the following condition

Condition 5 Let {a,} be a real sequences in (0, 1) such that

o0
lim «, =0, E oy = 00.
n—o0

n=1

Algorithm 3.3

1
Initialization: Givenl € (0, 1), u > 0, A € (0, —). Let x| € C be arbitrary
n

Iterative Steps: Given the current iterate xp, calculate x,11 as follows:

Step 1. Compute
Zn = Pc(xy, — LAxy)

and ry (xp) 1= Xy — Zn- If ri(xn) = O then stop and x,, is a solution of VI(C, A). Otherwise

Step 2. Compute
Yn = Xp — Tnla(Xn),

where T, := 1" and j, is the smallest non-negative integer j satisfying
(Axy — ACxy — U ry.(x)). raGen)) < sl Gea) 12 (7
Step 3. Compute
Xnt1 = o f (xn) + (1 — an) Pc, (xn),

where
C,={xeC:h,(x) <0}

and

hp(x) = (Ayn, X — Yu). ®)

Setn :=n + 1 and go to Step 1.
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Now let us compare the above algorithm with Algorithm 1.2. In the step of the Armijo-type
linesearch, the above algorithm uses a different procedure which replaces the one described
in (6) as follows:

(Axy — Aty — U ra(x0)), 12.(x)) < sl (e 117,

1
where @ > 0 and A € | 0, — ). Unlike (6), which requires © € (0, 1) and A = 1. Such
I

choices are crucial for the convergence analysis in Solodov and Svaiter (1999) and Vuong
and Shehu (2019), while the parameter p in our algorithm can take any positive scalar. In
addition, we use viscosity techniques to solve this problem, which increases the speed of the
proposed algorithm (see our numerical experiments). So our algorithm can be applied more
conveniently in practice.

Remark 3.1 1t is easy to see that x,,, y,, z, in Algorithm 3.3 belong to C.
We start the analysis of the algorithm’s convergence by proving some Lemmas.

Lemma 3.8 Assume that Conditions 1-2 hold. The Armijo-line search rule (7) is well defined.

Proof Since ! € (0, 1) and A is continuous on C hence (Ax, — A(x, — /r;.(xn)), ra(xn))
converges to zero as j tends to infinite. On the other hand, as a consequence of Step 1,
I7 (xn) || > O (otherwise, the procedure stops). Therefore, there exists a non-negative integer
Jn satisfying (7). O

Lemma 3.9 Assume that {x,} is generated by Algorithm 3.3; then we have
(Axn, 13.(xa)) = 27 [Ir Con) 1.

Proof By the projection property we have ||x — Pcy||?> < (x — y,x — Pcy) forall x € C
andy € H.Lety = x,, — AAx,, x = x,; then

I — Pe(tn = 2Axa) 1 < A{Axn, 2y — P (in — AAx));
thus
(Axn, 1)) = 27 I Con) 1.
O
Lemma 3.10 Assume that Conditions 1-3 hold. Let x* be a solution of problem (1) and the
Sfunction hy, be defined by (8). Then h,(x*) < 0 and h,(x,) > T, (% — [L) lr a2 In
particular, if ry (x,) # 0 then h,(x,) > 0.

Proof Since x* is a solution of problem (1), by Lemma 2.4 we have h, (x*) = (Ay,, x* —
vn) < 0. The first claim of Lemma 3.10 is proved. Now, we prove the second claim. We
have

hn(xn) = (Ayn, Xn = Yn) = (Ayn, Tal2(Xn)) = Ta(Ayn, 13.(Xn)). (C))
On the other hand, from (7) we have
{Ax — Ayn, 12(x)) < plira ()%,
thus

(Ayn, 13.(xn)) = (Axy, 12(x0)) — pllrs () |12
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Using Lemma 3.9 we get

1
(Ayn, 13.(xn)) = (X - M) 7 Gen) I (10)

Combining (9) and (10) we get

1 2
hn(xn) =Ty X — M ”r)n(xn)” .

Remark 3.2 From Lemma 3.10 we have C,, # .

Lemma 3.11 Assume that Conditions 1-3 hold. Let {x,} be a sequence generated by Algo-
rithm 3.3. If there exists a subsequence {x,,} of {x,} such that {x,,} converges weakly to
z € Candlimg_o0 ||Xy, — 25, |l =0thenz € VI(C, A).

Proof We have z,, = Pc(x,, — Axy,) thus,
(Xng — AXpy — 2y X — 2py) <0 Vx € C.
or equivalently
(X, — Zngs X — Znp) < (Axp, x —2p,) Yx € C.
This implies that
(Xng = Zngs X = Zng ) + (A%, Ty — X)) < (AXpy, X — xpy) Vx € C. an
Taking k — oo in (11) since ||x,, — 24, | — 0 and {Ax,, } is bounded, we get

liminf(Ax,,,x — x,,) > 0. (12)

k—o00

Let us choose a sequence {¢; }x of positive numbers decreasing and tending to 0. For each
€, we denote by Nj the smallest positive integer such that

(Axn;,x —xn;) + e =0 Vj =N, (13)

where the existence of Ny follows from (12). Since {€} is decreasing, it is clear that the
sequence {N;} is increasing. Furthermore, for each k, Axy, # 0 and, setting

Axp,
M A 2
we have <Ax Nys U Nk> = 1 for each k. Now we can deduce from (13) that for each k
(Axn,. x + vy, —xn,) = 0,
and, since A is pseudomonotone on H, that

(A(x + exvny), x + exvn, — xn,) = 0. (14)

On the other hand, we have that {xnk} converges weakly to z when k — oo. By the fact
that A is sequentially weakly continuous on C, we have that {Axnk} converges weakly to
Az. We assume that Az # 0 (otherwise, z is a solution). By the sequentially weakly lower
semicontinuity of norm, we get

0 < [|Az| <lim inf [|Ax,,].
k—00
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Since {xy, } C {xn, } and ex — 0 as k — oo, we obtain

. . €k
0 < lim sup |lxvy, || = lim sup ( )
k—o00 k— 00 ”Axnk ”

lim supy_, o, €k - 0

)

= liminfy oo | Ay | ~ Az
which implies that lim_,  [l€xvy, | = 0. Hence, taking the limit as k — oo in (14), we
obtain
(Ax,x —z) > 0.
By Lemma 2.4 we obtain z € VI(C, A). O

Theorem 3.1 Assume that Conditions 1-5 hold. Then any sequence {x, } generated by Algo-
rithm 3.3 converges strongly to p € VI(C, A), where p = Pyrc,ayo f(p).

Proof Claim 1. The sequence {x,} is bounded. Indeed, let w, = Pc,x,. Since p € C, we
have

lw, — plI* = II1Pc,xn — pI* < lxa — pI* = | Pc,xn — xall?
= [lxn — plI* = dist* (xy, Cn). (15)
This implies that
lwa = pll < llxa = pI- (16)
Using (16) we have
Xn41 — Pl = llatn f (en) + (1 = at)wy — pl|
=l (f (xa) — p) + (1 — ) (wy, — p)
< ol f(xn) = pll + (1 = an)llwy — pll
<ol f ) = DI+l £(p) = pll + (1 = an)w, — pl
< anplixn — pll+anll £(p) = pll + (1 — an)llxa — pll

< 1= (1 = )l = pll a1 = pp P
< max{ly, — Il 20N,

-p
=

---smaX{IIm—pll

Il f(p) — pll
I » .
Thus, the sequence {x,} is bounded. Consequently, the sequences {y,}, { f(x,)}, {Ay,} are
bounded.

Claim 2.
lwn = xull* < xa = PII* = IXns1 — P + 20 (f () = P. Xut1 — P).
We have
Ixns1 = Pl = llon (f Gen) — p) + (1 = at) (wy, — p)|I*
< (I —an)lwy — plI* + 20, (f (xn) = P, Xnt1 — P)
< lwn = pI* + 20 (f (6n) — P Xns1 — ). (17)
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On the other hand, we have
lwa = pI* = 1 Pc,xn — PI? < llxn — PI* = lwn — Xl (18)
Substituting (18) into (17) we get
1201 = PIZ < llxn — pI* = Iwy — XulI* + 20 f (¥a) — P, Xus1 — P).
This implies that
lwn = Xl < 1xa = PI* = %041 — PI* + 200 (f (¥n) = P, Xns1 — P).
Claim 3.

1 1 2
(1 —ay) [Zrn (K —~ u) ||m<xn)||2] < 1 — pI* = 1xns1 — I + anll £ (x0) — pII*.

We first prove that

2 2 1 1 2 g
lw, — plI” < llxn — pII© — ZTn X_M [l Cen) 1l . (19)

Since {Ay,} is bounded, there exists L > 0 such that ||Ay,|| < L for all n. Using this fact,
we have for all u, v € C,, that

70 () = hn )| = [[{Ayn, u = v)[| < |Aynllllu — vl < Llju —v].
This implies that &, (-) is L-Lipschitz continuous on C,. By Lemma 2.5 we obtain
1
dist(x,, Cp) > zhn(xn)v

which, together with Lemma 3.10 we get

. 1 1
dist(x,, Cy) > 7 <X - u) 75 Cen) 1% (20)

Combining (15) and (20) we obtain

2
lhwn = pI* < llxw = pII* - Er (% - u) ||rx(xn)||2} :
Now, we prove Claim 3. From the definition of the sequence {x,} and (19) we obtain
Ixn41 = 21 = Nl (f (xn) — p) + (1 — at) (wn — p)|I?
= anll £ () = pI* + (1 — ) llwn — pI* = otn (1 — ata)[| f () — wy?
< anll f ) = pI* + (1 = o) |w, — pl?
<ol f ) = pIP + (1= an)lxa — pl?

| 1 (1 T
— (I —oay) Tl H 72 Cen)

1 1 2
< anll fxn) = pI*+ 20 — plI* = (1 — ) [zrn (X -~ u) ||m(xn)||2] :

This implies that
1 1 2 ? 2 2 2
A=) | 7| 7 — o) I G)l” | < llxn — pI” = Xn1 =PI + el f ) — pII~

L A
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Claim 4.
2
L—p

i1 = plI* < (1= (1 = pa) I, = plI> + (1 = p)a, (f(p) = p. Xn41 = p).

We have

Xn41 — PI* = llom £ o) + (1 — an)zn — plI?
= llotn (f (en) — F(P)) + (1 — ) (@n — ) + e (f(p) — P)I?
< ot (f (n) = £(P) + (1 = ) @n — P> + 20 (f(P) = P. Xns1 — D)
<ol f ) = F(PIP + (1= a)llze — pI* + 22 (£ (P) = P. Xut1 — )

< anplxn — pI* + (1 — a)llxy — plI* + 20 {f(p) — p, Xns1 — P)
2

l—p

(f(p) — p, Xnt1 — p).
21

= (1= (1= p)a)lxy — pl* + (1 = p)awn

Claim 5. The sequence {||x, — p||?} converges to zero by considering two possible cases on
the sequence {||x, — pl}.

Case 1: There exists an N € N such that ||x,1; — pl|?> < l|lx, — pl? forall n > N. This
implies that lim,,—, oo ||X, — p||2 exists. It implies from Claim 2 that

lim ||x, — wy,]|| = 0.
n—00

Since the sequence {x,} is bounded, it implies that there exists a subsequence {x,,} of {x,}
that converges weakly to some z € C such that

limsup(f(p) — p, xn — p) = klilgo<f(p) =P X, — p)={f(p)—p,z— p).

n—oo

Now, according to Claim 3

. 1 1 7
klgrolo(l — dp,) [Zrnk (X - u) 72 (X } =0.
This follows that
im 7, (|7 (en ) 1? = im Ty, [xn, — 2, > = 0. (22)
k— 00 k—o00
Now, we prove that
lim ||x,, — 24l = 0. (23)
k—o00

We first consider the case lim inf;_, o 7,, > 0. In this case, there is a constant 7 > 0 such
that 7,, > v > 0 forall k € N. We have

2 1 2 1 2
X0, — Znell” = T e — g 17 < =Ty 1 %m — 2 17 24
Ty T

Combining (22) and (24) we obtain

lim ||x,, — 24l = 0.
k—00
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Second, we consider the case lim inf;_, 7,, = 0. In this case, we take a subsequence {nkj}
of {ny} if necessary, we assume without loss of generality that

lim 7,, =0, (25)
k—o00
and
lim ||x,, — 2zl =a > 0. (26)
k—00

1 1
Let yx = ankznk + (1 — jfnk) Xp, - Using (25), we have

. o1
Lim [lyx — xp |l = m —7 [|Xn, — zu | = 0. 27
k—o0 k—o0 [
From the step size rule (6) and the definition of y; we have
(Axn, — Ay, X, — Tn) > llxn, — 2, |17 (28)

Since A is uniformly continuous on bounded subsets of C and using (27) it implies that

lim [|Axp, — Aykll = 0. (29)
k— 00

Combining (28) and (29) we obtain
lim ||x,, — 24 | = 0.
k—00

This is a contraction to (26). Therefore, the limit (23) is proved.
Since x,, —z and (23), Lemma 3.11 shows that z € VI(C, A).
On the other hand,

[Xn41 — wall = anll f(xn) — wpll - Oasn — oco.
Thus
[Xn+1 = Xnll = llxp41 — wall + lxn — wall - Oasn — oo.
Since p = Pyy(c,a) f(p) and x,,—z € VI(C, A) we get

limsup(f(p) — p,xp — p) = {(f(p) = p,z2—p) 0.

n—o0

This implies that

limsup(f(p) = p. Xpt1 — p) <limsup(f(p) — p, Xpy1—Xn)+limsup(f(p) —p, x, — p)

n—oo n—oo n—oo
={f(p)—p,z—p) <0,
which, together with Claim 4, implies from Lemma 2.7 that
Xy, —> pasn — oo.

Case 2: There exists a subsequence {||x,,j — p||2} of {||x, — p||2} such that [|x,; — p||2 <

%041 — p||2 for all j € N. In this case, it follows from Lemma 2.6 that there exists a
nondecreasing sequence {my } of N such that limy_, .o m; = oo and the following inequalities
hold for all k € N:

12m, = PI? < X1 — plI? and llxk — plI* < xme+1 — pII*. (30)
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According to Claim 2 we have

Wi, = Xmg 12 < g — PN = 1mgs1 — P+ 20, (f () = Py Xong1 — D).
= Oy, <f(xmk) — D Xmyp+1 — p)

< Olmk”f(xmk) - P|||xmk+1 - p” — Oask — oo.

According to Claim 3 we have

X 1 1 T
(I - Q) |:mek (X - Nv) ”rk(xmk)” ]

< N2 — I = 1xmge1 = PI 4 g | f o) — P2

2
< am |l f my) — plI” — Oask — oo.
Using the same arguments as in the proof of Case 1, we obtain
lim [lxy, — 25 [l = 0, lm {lxp 41 — X, | = 0
k— 00 k—o00
and

lim sup(f(p) — p, Xm+1 — p) < 0.

k—o00

Since (21) we get
gt = pI? < (1= o, (1= )15, — PI? + 20 {f () = P g1 — D)
< (1= et (1 = o)1 = PI? + 20, (f (D) = P X1 = P)
which, together with (30), implies that

lxk = pI* < [Xmet1 — PI? < 2(f(P) = Py Xmgt1 — D).

Therefore, lim sup;_, o, lxx — pll <0, thatis x; — p. The proof is completed. O

4 Numerical illustrations

In this section, we discuss the numerical behavior of our proposed Algorithm 3.3 using
different test examples and compare our method with method (1.2). In all the examples, we
take o, = 1/(n + 1) and some choices of p, A and [.

Example 2 We take a classical example (see, e.g., Maingé and Gobinddass 2016) for which
the usual gradient method does not converge to a solution of the variational inequality. Here,
the feasible set is C := R™ (for some positive even integer m) and A := (a;;)1<i, j<m is the
square matrix m x m whose terms are given by

—1, if j=m+1—i and j>i
aij=1 1, if j=m+4+1—i and j<i
0 otherwise

It is clear that the zero vector z = (0, ..., 0) is the solution of this test example. Let x| be the
initial point whose element is randomly chosen in the closed interval [—1, 1]. We terminate
the iterations if ||x, — z,|l>» < & with ¢ = 10™*. The results are listed in Table 1 below. We
consider different values of m.

We next consider some model in infinite dimensional Hilbert spaces in the following example:
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Table 1 Proposed Alg. 3.3 vs Vuong and Shehu Alg. 1.2 with (i, A, /) = (0.1, 9,0.5)

m Proposed Alg. 3.3 Vuong and Shehu Alg. 1.2

No. of iter. CPU (time) No. of iter. CPU (time)
50 11 1.4461 x 1072 367,520 1730.9830
100 11 6.8007 x 1072 530,075 3933.2485
150 11 1.4527 x 107! 565,727 7068.8152
200 11 2.8712 x 107! 738,056 30484.1555
500 12 1.4298 - -
1000 12 5.9000 - -
2000 12 23.3217 - -
3000 12 53.9247 - -
5000 12 165.1993 - -
10000 13 719.1500 - -

Example 3 ConsiderC := {x € H : ||x|| <2}.Letg : C — Rbedefinedby g(u) := Wlullz

Observe that g is Lg-Lipschitz continuous with L, = %—g and% < g(u) <1, Yu € C.Define
the Volterra integral operator F : L2([0,1]) — L%([0, 1)) by F(u)(t) := fO’ u(s)ds, Vu e
L2([0, 1]), t € [0, 1]. Then F is bounded linear monotone (see Exercise 20.12 of Bauschke
and Combettes 2011) and || F|| = % Now, define A : C — L2([0, 1]) by A(u)(t) =
gw)F(u)(t), Yu e C,t € [0, 1]. Suppose (Au,v —u) >0, Yu,v € C; then we have that
(Fu,v —u) > 0 (noting that g(u) > £ > 0). Hence,

(Av,v = u) = gW)F (), v =)
> g[(F ), v = u) = (Fa, v —u)]
= gW)(F(W) = Fw), v —u) = 0.

Therefore, A is pseudomonotone. Observe that A is not monotone since (Av — Au, v —u) =

—21—0 < 0 with v = 1 and u = 2. Furthermore, for all u, v € C, we have

[Au — Av| = llg() F(u) — g)F ()|l
= llg@)F(u) — g)F(v) + gu)F(v) — g)F ()|
< lg@)F(u) = g) F)|l + [lg) F(v) — g) F ()]
= g F@w) = F)|[ + | F)|lg) — g)]
< lg@IIFlllu = vl + I FvIILgllu — vl
(g@IIFI+ NENvILg)llu = vl

—lu—vl|.
T

Hence, A is L 4-Lipschitz-continuous with L4 = %2 Therefore, A is uniformly continuous.
Observe that VI(C, A) # § since 0 € VI(C, A). We take L2sl—nl2 - < ¢ a5 stopping

max{1, [[x, 2}
criterion, with € = 10™2. We consider different initial points x; = 1, x; = 1 + 2,x =¢
and x| = sin(t) in the following cases:
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14
«+ 4+ Proposed Alg. 3.3
& =©= Vuong and Shehu Alg. 1.2
12
10F
ol
8 8-
|
—
L 6er
2
8

10° 10" 102 103 10*

10° 10°
Number of iterations

Fig. 1 Comparison with m = 50

18
«+ 4+ Proposed Alg. 3.3
16 | == Vuong and Shehu Alg. 1.2
145
12
=
8
|
i
P
8

10° 10° 102 10°
Number of iterations

10* 10° 10°

Fig.2 Comparison with m = 100

Casel: (u,A) =(0.3,3.2)

CaseIl: (u,r) = (3.0,0.3)
We report the numerical behaviour of this example in Figs. 11, 12, 13 and 14 and Table 2.

Remark 4.3 1. From the numerical results of Examples 2-3, we observe that our proposed

Algorithm 3.3 is efficient and easy to implement. See Figs. 1,2, 3,4,5,6,7,8,9,10, 11,12,
13 and 14 and Tables 1 and 2.
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201

* -+ 4+ - Proposed Alg. 3.3
18 F =©=Vuong and Shehu Alg. 1.2

16 1

-
B
T

12+

||£L'”+1 - l'”| |2

10° 10’ 10° 10° 10* 10° 108
Number of iterations
Fig.3 Comparison with m = 150

25

«+ 4+ Proposed Alg. 3.3
== Vuong and Shehu Alg. 1.2

20

||£E”+1 - mn’ |2

0
10° 10" 10? 103 10* 10° 10°
Number of iterations
Fig.4 Comparison with m = 200

2. In Example 2, there is no significant change in the number of iterations required as we
increase the dimension m. This is a significant improvement since the iteration number
required to terminate the proposed Algorithm 3.3 does not depend on the size of the
problem. See Figs. 1,2,3,4,5,6,7, 8,9 and 10 and Table 1.

3. In Example 3, we observe also that both the choice of initial points and the parameters
w and A do not have significant effect on the number of iterations and the CPU time. See
Figs. 11, 12, 13 and 14 and Table 2.
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4071

i+« Proposed Alg. 3.3
&

35
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30 %
25
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101

| S PP f
10° 10" 102

Number of iterations

Fig.5 Proposed Alg. 3.3 with m = 500

60
507

4

30

||wn+1 - :En‘ ‘2

L
ob— . eppsese |
10° 10’ 102
Number of iterations

Fig.6 Proposed Alg. 3.3 with m = 1000

4. Clearly from the numerical Examples presented above, our proposed Algorithm 3.3
outperformed Algorithm 1.2 proposed by Vuong & Shehu. See Table 1 and Figs. 1 2, 3
and 4. We have omitted some of the comparison results (part in Example 2 and all in

Example 3) due to large amount of time required by Vuong and Shehu Algorithm 1.2 to
terminate.
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80
*k. «+ffi=» Proposed Alg. 3.3
05

60 :
50 -

40

l|Znt1 — Tnll2
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20

101

0 "i...* e |
100 10° 102
Number of iterations

Fig.7 Proposed Alg. 3.3 with m = 2000
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||$n+1 - $n||2

30r >
20t
10

0 "'ﬁ..* a3 ool ile |
10° 10" 102
Number of iterations

Fig.8 Proposed Alg. 3.3 with m = 3000

Our preliminary examples in this section play a role in illustrating the rationality in study-
ing pseudomonotone variational inequality. In future works, we shall give more interesting
examples from applications.
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Fig.9 Proposed Alg. 3.3 with m = 5000
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Fig. 10 Proposed Alg. 3.3 with m = 10000
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T
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Number of iterations

Fig. 11 Proposed Alg. 3.3 withx; =1

251

|‘1'n+1 - anZ

0 2 4 6 8 10 12 14
Number of iterations

Fig. 12 Proposed Alg. 3.3 with x; = 1 + 12

5 Conclusions

ase I

...*.
== Case 11

12 14

16 18 20

In this paper we proposed a new algorithm for solving variational inequalities in real
Hilbert spaces. The proposed algorithm shows the strongly convergence property under pseu-
domonotonicity and non-Lipschitz continuity of the mapping A. The algorithm requires the
calculation of only two projections onto the feasible set C per iteration. These two properties
pseudomonotonicity and non-Lipschitz continuity of the mapping A emphasize the applica-
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l[Zns1 = @nll2

Fig. 13 Proposed Alg. 3.3 with x| = ¢’

251

Hmnqtl - anQ

8 10
Number of iterations

12 14

ssffens Case I
== Case 11

16 18

20

0 5 10 15 20 25
Number of iterations

Fig. 14 Proposed Alg. 3.3 with x| = sin(z)

Ta.ble 2 Proposed algorithm 3.3 X Case 1 Case 11

withl = 0.2

No. of iter. CPU (time) No. of iter.  CPU (time)

1 13 15213 x 1073 8 7.2533 x 1074
1+2 16 27737 x 1073 19 25132 x 1073
e! 18 25230 x 1073 23 22292 x 1073
sint) 19 2.5944 x 1073 23 1.9536 x 1073
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bility and advantages over several existing results in the literature. Numerical experiments
in finite and infinite dimensional spaces illustrate the performance of the new scheme.
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