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Abstract

This paper studies a new computational method for the approximate solution of the space
fractional advection—dispersion equation in sense of Caputo derivatives. In the first method,
a time discretization is accomplished via the compact finite difference, while the fourth kind
shifted Chebyshev polynomials are used to discretize the spatial derivative. The unconditional
stability and convergence order of the method are studied via the energy method. Three
examples are given for illustrating the effectiveness and accuracy of the new scheme when
compared with existing numerical methods reported in the literature.

Keywords Space fractional advection—dispersion equation - Compact finite difference -
Chebyshev collocation method - Error analysis

Mathematics Subject Classification 34K37 - 91G80 - 97N50

1 Introduction

Fractional calculus (FC) can be viewed as the generalization of classical calculus to non-
integer orders (Podlubny 1998; Oldham and Spanier 1974; Milici et al. 2018). In recent
years, FC has gained considerable popularity and importance in various fields of science

Communicated by Vasily E. Tarasov.

B Y. Esmaeelzade Aghdam
yonesesmaeelzade @ gmail.com

H. Mesgarani
hmesgarani @sru.ac.ir

J. Rashidinia
rashidinia@iust.ac.ir

0. Nikan
omid_nikan@mathdep.iust.ac.ir; omidnikan77 @yahoo.com

Department of Mathematics, Shahid Rajaee Teacher Training University, Tehran, Iran

School of Mathematics, Iran University of Science and Technology, Narmak, Tehran, Iran

@ Springer f DMAC


http://crossmark.crossref.org/dialog/?doi=10.1007/s40314-020-01410-5&domain=pdf
http://orcid.org/0000-0001-7002-5922
http://orcid.org/0000-0002-9177-900X
http://orcid.org/0000-0001-5109-1561
http://orcid.org/0000-0003-3041-8726

22 Page2of17 H. Mesgarani et al.

Table 1 The parameters for

advection—dispersion equation Parameter Description
R Retardation factor
Dy Longitudinal dispersion coefficient
D, Effective diffusion coefficient
o, Dynamic dispersivity

Average flow velocity

v
C Concentration of the tracer
& Space coordinate

T

Time coordinate

and engineering including economics, optimal control, materials, chemistry, physics, and
social science (Ortigueira and Machado 2020; Tenreiro Machado and Lopes 2019; Rigi and
Tajadodi 2019; Mahmoudi et al. 2019). In fact, due to the adequacy of fractional derivatives
for capturing memory effects, many physical systems can be well described by means of
fractional differential equations (Toubaei et al. 2019; Golbabai et al. 2019b, a; Nikan et al.
2020).

We consider the general advection—dispersion equation that is naturally utilized to explain
the transient transport of solutes as

RBC(S,I) _

92 9
¢ |:DL— _ v—:| CE D), M
T

Qg2 o0&
where Dy = D, + arv, D > 0, and v > 0. Table 1 lists the required parameters and
variables for the equation (1).

Fractional space derivatives are applied for modeling anomalous diffusion or dispersion,
where a particle spreads at a rate inconsistent with the classical Brownian motion model.
The model (1) is based on the Fick’s law, which describes the transport of passive tracers
carried through a fluid flow in a porous medium (Liu et al. 2004). The FADE is a fundamental
equation of motion that is used for modeling water flow movement (Hu et al. 2016), material
transport and diffusion (Hernandez et al. 1995). For convenience and without losing the
generality, let us introduce dimensionless space, time, and concentration variables by

& T C
X ==, t=—, u=—,
L L/v Co
respectively. Then the dimensionless advection—dispersion equation (ADE) can be rewritten
as
du(x, 1) 2u(x,1) du(x,1)

o T gx? ax
where the constants y and p are the dispersion coefficient and the average fluid veloc-
ity, respectively. In virtue of the non-local importance of fractional derivatives, we suggest
fractional order in Eq. (2) is used in the groundwater hydrology for modeling transport phe-
nomena. The space fractional advection—dispersion equation (SFADE) is obtained from the
classical equation by replacing the first-order and the second-order spatial derivatives by
fractional derivatives termed in Caputo sense of order o € (1, 2] and 8 € (0, 1], respectively.
The SFADE is presented as

w = D% (x. 1) — uDPulx, 1) + q(x. 1). G
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In addition, the advection—dispersion equation (ADE) of integer or fractional orders is
widely utilized in environmental engineering and aviation (Liu et al. 2016), as well as in the
marine (Farahani et al. 2015), chemical (Colla et al. 2015) and metallurgy (Zaib and Shafie
2014) areas. Therefore, the development of efficient numerical schemes for solving ADE is
important both from the theoretical and practical point of views.

Hereafter we outline some preliminary concepts of fractional derivatives that are useful in
the subsequent discussion (Podlubny 1998; Oldham and Spanier 1974; Milici et al. 2018).

Definition 1 The fractional derivative of Caputo type can be defined as

ﬁfé‘ (x—‘c)”_ﬁ_l%dr, n—1<p<neN,
Dgu(x,z) =
a" ,
o B=n.

Remark 1 Some important properties of the Caputo derivative Df are as listed:

L Dfxe = [0 e 0<p<at 1 p> -1,
2. DLy fe,t) + nu(x, 0) = yDL f(x, 1) + yDlutx, 1),

3. DD u(x, 1) = DEMu(x, 1) # DD ux, 1).

In this article, we propose an numerical approach for computing the approximate solution of
the SFADE as follows:

du(x,1t) .

5 = vDiu, ) — uDlulx, 1) +4(x, 1), @)

with the initial condition
ux,0)=f(x), 0<x<L 5)

and boundary conditions
u,1) =uv(), u(L,t)=v1(), 0<t<T, (6)

inwhich0 < g <1, 1<a<2.

Several numerical algorithms have been proposed for solving the SFADE. Ervin and Roop
(2007) investigated an approach for FADE using the variational iteration method on bounded
domain. Su et al. (2010) used the weighted average finite difference method. Khader and
Sweilam (2014) adopted the Legendre collocation method. Saw and Kumar (2018, 2019)
applied the Chebyshev collocation methods to obtain the approximation solution of the
SFADE. Safdari et al. (2020a, b) adopted the spectral collocation method for solving SFADE.
Aghdam et al. (2020) formulated a spectral collocation method to approximate SFADE.

The rest of this paper has the following organization. Section 2 presents the operational
matrices of the fourth kind Chebyshev polynomials (FKCP) for fractional derivative. Sec-
tion 3 describes the approximation of the fractional operator D¥u(x, ) and implements the
Chebyshev collocation approach to solve (4). The fourth kind shifted Chebyshev polynomi-
als (FKSCP) and the compact finite difference are implemented to discretize the SFADE in
the spatial and temporal variable, respectively. Section 4 discusses error analysis and upper
bounds of time-discrete approach. Section 5 presents two numerical examples illustrating
effectiveness and accuracy of the new scheme. Finally, Sect. 6 includes the main conclu-
sions.
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2 Some properties of the FKSCP

The FKCP W, (x) defined in the domain [—1, 1] are orthogonal polynomials of degree i as
follows:

0

2

Nl—=

Wix) = 22.i P.(

2 i

()
where Pi(r’s) (x) is a Jacobi polynomial orthogonal corresponding to the weight function
o9 (x) = (1 — x)" (1 + x)* over [—1, 1], such that

(x),

b _ T +itD) 2‘: INLotstitmt) (x—1\"
¢ iIrr+s+i+1) m Fr+m+1) 2

m=0

Wi (x) can be organized

i—1 k
Wi) =0 )Y Rige x x5 xel-111, i=12,...,
k=0 =0

where

Ji

C@Hri+056G-1n (=D +k) (k>
- Qi —2)! Dk X (—k—DI(k+1.5)  \&)’

The polynomials W; (x) on [—1, 1] corresponding to the weight function are orthogonal with
the inner product as

] —
Wi (x), Wa (x)) =/ Pwm(x)wn(X)dx - {O’ m#n,
-1 +x %, m=n.

In the domain [0, 1], the SPCFK W} (x) = W; (2x — 1) can be defined as follows:
i—1 k
Wi =3 D> Rige x 28 x x5 w01l i=1.2,...
k=0 £=0

These polynomials are orthogonal in the domain [0, 1] with respect to 1%‘:

1 _
(W2 (), WEGo)) = / \/Ew,*;(xw:(x)dx - :?f "
0 X 5 m=n.

2 ’

Let g(x) be a square-integrable function in [0, 1]. Then g(x) may be extended in terms of
Wi (x) as

N
glx) =) W), xelo,1], @)
i=0

where the coefficients ¢;,i =0, 1,..., N are defied by

1 _
G=2 f S eowr . ®)
T Jo X
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The fractional derivative of W} (x) is formulated based on the linearity of the Caputo defini-
tion
DYWi(x) =0, i=0,1,...,[o] -1, >0, )
where [w] denotes the ceiling part of . The closed formulation of D“ (W} (x)) can be written
as
i—[w] k
DUW) = Y Y NG )k et el v e0,1), i=0,1,....  (10)
k=0 £=0

and Nl.“_),;,rg’] is defined by
yofol _ 2% % (M x I'(i +0.5) y Fi+k+[w]+1)
L& T o x (i —k — [oD! x (k+ [o])! ~ T'(k+ [o] + 1.5)
£ <k+fa)1> 'k—§¢+Towl+1)
x (—1)° x X .
& I'k—§—-—o+[w]l+1)
Using the properties listed in Remark 1 and combining Egs. (7), (9) and (10), we have

N i—[w] k

D) = Y Y Y ax NG x b mEmetel e o, 1), (11)

i=[w] k=0 £=0

3 Numerical scheme

For discretizing (4), we consider the nodes t; = jét (j =0, 1, ..., M) in the time domain

[0, T'], where ¢, satisfies 0 = f) < t1 < --- < tyy = T with mesh length §t = T /M for
N+1—[v]

some positive integer M and define the collocation points {x,_1},_,

using the roots of

the SCPSK Ulj\ﬁl+l—rv] (x). Based on the Taylor formula of u(x, t) € C3(0, 1), we have
u(x,, tj) 8T 0%u(xr, t;) )
# :P(gru(x,,rj)jt?#JrO(ar ), (12)
ui—uﬁ._

1
where Pscu(x,,tj) = . Now, discretizing (4) in the grid points (x,, ;) and by

substituting (12), it yields

ot

Fuxe, t;))  Pulx,,t))

Pscu(xp, 1)) +Tj =y P +q(x, 1)), (13)
with 5
8t 3“u(xy, tj) )
= ——"77 4+ O
i = o2 +0@17)
and notice that
92ux,. 1)) 0%u(x,, 1)) P ulxr, 1)
T:)/PBIT_MPSTT+Pafq(x“tj). (14)

Substituting Eq. (14) in T; and as well as in Eq. (13), one obtains

0%u(xy, tj) 3ﬁu(xr,l‘j)

PSTM(Xr»tj) =y I - MK 91 B +q(x,,tj) s
st 0%u(x,, 1) P ux, 1))
- T(VP&T —MPBrT + PBICI(erj)) + -
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Let us define u(x,, t;) = Urj ,q (X, tj) = qrj . Then we get the semi-discrete scheme as

st ooud st oful iy st ocuiT' st Uit st

U/ or _ ot Gl +alH+RI (0873,
P e TR p 7 2V o T M To0p +5 @ +gr ) +RIX)T
(16)
where R/ (x) stands for a truncation term. It follows that, for fully discretizing (4), we need
U U

to approximate the Caputo derivative in =573 and =5 using the result of Eq. (11). In the
Chebyshev collocation scheme, the approximate solution u(x, t) can be represented as

N
un(x, 1) = ) w )W ). a7
i=0
In view of relations (11), (16) and (17), we have

N St N ) i—fal k
YW= 7 3ol x (y 3 PN ettt
i=0

i=[a] k=0 &=0
i—[B1 k -
b3 SN k)
k=0 £=0
N ST N i—[a] k (18)
j—1 j—1 , —E—
R RUCEE WAL I HE
=0 i=[a] k=0 £=0
i—[B1 k -
b Y NG )
k=0 £=0

ot
+ T(CI(X» t[) +Q(x» tj—l))a

where ulj represents the coefficients at the point #;. With the roots of the FKSCP, {x, }ivjll — s
we collocate Eq. (18) as follows:

Ly St N i—fo] k
w3 3l (v 3 N ate
i=0 i=[a] k=0 £=0
Vs B.181
, k—E—
Y Y Nipe xxE ﬂH’S])
k=0 &=0
al N i—la] k
j—1 ot i1 ’ o a9
=W = T Y Wk (v YN ot et
i=0 Ko =5
i—[B1 k .
, k—E—
Tu Z ZNi,k,s X Xy § ﬁ”"ﬂ)
k=0 £=0

0T
+ j(q(xr, tj) +qx,, tj_1)).

Substituting the boundary conditions given in Eq. (6) into (17), we obtain the [v] equations

N N
D =D = o), Y2+ D) = vi (). (20)

i=0 i=0
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Equation (19), together with [v] equations of the boundary conditions (20) lead N + 1 of
algebraic equations that can be obtained the unknowns u;,i =0, 1, ..., N.

4 Error analysis

This section examines the time-discrete scheme in terms of unconditional stability and con-
vergence issues. Assume that £2 represents an a bounded and open domain in R First, let
us introduce the functional spaces endowed with standard norms and inner product

(u(x), v(x)) = / u(x)v(x)dx, u,v € Lr(82),
Q

1
which induces the norm ||u(x)|, = (u (%), u(x)>7 and let us define

)

H'(2) = {u € Lo(2). T u @),

Now, relation (16) can be rearranged according to the expression

s
vt = = (raeU* - upfUt)
ST 8T
= Ukt 4 2( AUk uanU"’l)Jr—z @ +4,  k=12,....M.

2
We some lemmas that are introduced in the following (Ervin et al. 2007).
Lemma 1 Assume that 1 < o < 2. Then for any u, v € H? (£2) it holds that
DR, v) = ((Diu  Di vy, (Dfu, v) = (Dju, D v).
Lemma?2 Let o > 0 be given. Then it follows that
(DY, xDiu) = cos(@m) o DSull} (o) = cosam)lls Dyull7, q)-
Now, we need to prove the following lemma:

Lemma3 For 1 < o < 2 and the functions g(x), ,D{g(x) € H*(82), there exists a suffi-
ciently small 5t such that

st
lg(¥) + Z-aPrgl = g ()]
Proof By virtue of the nature of the inner product, one can arrive at

St St St
IIg(x)+ «D2g ()| <g(x)+ aDEg), g(x) + = D“g(x)>

5 2
=8>+ 87(a sz g(x),xDb g(x)) + %”ang(x)”2~

From Lemma 2 and knowing that 1 < o < 2, we obtain

(WD} g2, D; () = cos (57) D7 g0
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thus, by choosing a small enough §7 that guarantees

% % 8t o 2
(aDx 8(x), xDq g(x)) + ZIIaDXg(X)II <0.

Finally, we obtain

ST

lg(x) + 7,2>;':g(x)||2 < llg@)lI?,

which proves the theorem. O

Lemma 4 Ika e H! £2),k=1,2,...,M, and UO be the solution of the time-discretized
scheme (21) and the initial condition, respectively, then

8T
k 0 oT .k k—1
U < 1U7] +015nra§XN 2 (gl + gt .- (22)

Proof We will prove above result by principle of mathematical induction. First, when k = 1,
we have

Ul %(yan:Ul ~ D) = U0+%I<yaDﬁon—uquU0>+%t(ql +49. (23)
Taking the inner product of Eq. (23) by U, one can obtain
' - %’(y(aDzUl,UU — ulDfU UY)
= U+ %T(y(aDﬁUO, U') = wiDEU°, UY) (24)
+ 2" U + @0 U,

2
From Lemmas 1 and 2, it is clear that

WDRU U = DIV LD UY) = cos () DI TP <0, VI<a <2,
1 1 £ 1 £ 1 ﬂ £ 1,2
WDPUN UY) = (o DF UL Dy UY) = cos (S ) 1 DEU'IP 20, YO<p<1.

Regarding Lemma 3 and the Schwarz inequality, we have

5t

)
SV, U') = U0+ ZaDEUO U] < Ul U],

2
The aforesaid relation can be rewritten as

x4
(v°. U + S @pful, vl = (U0 +

WU < 1000+ max 2E g+ g0l
- 0<r<N 2 " e
Suppose that the theorem is true for all j
. st i i—1 .
1071 < 1U°1 + max —(llgill +llgi . j=1.2.....k—1.
0<r<N 2
Taking the inner product of Eq. (23) by UX, we have
ot
10A12 = S (v DUk UY) - nluDEU*, U
3
= (U UM + (7 DU U — o DEUR UY)

F (g U + gt U,
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From the Schwarz inequality and U¥ € H'(£2), we have the following inequality:
ot
ki < prk—1 OT ik k-1
IO = 100 + omax, - g+ gD
Therefore, Lemma 4 is proven by induction on k. O
Next theorem proves the stability of relation (16).
Theorem 1 The time semi-discretization (16) is unconditionally stable.

Proof Let us consider that (7,] ,Jj =1,2,..., M, is an approximate solution of (16), with
the initial condition U° = u(x, 0). Then the error e/ = U/ — U/ satisfies

. oT , , , ST . ,
gl — j(y‘,DﬁaJ — 1aDPel) = /71 4 j(yaDi‘sf_l — g DI,

Using the aforesaid equation and Lemma 4, it follows that
e/l < 1%l j=12,.... M.
This shows that the scheme (16) is unconditionally stable. ]

Theorem 2 Lere/ = u(x, tj)—Uj, j=1,2,..., M, bethe errors associated with Eq. (16).
Then we obtain that '

led || < Cy872,
where Cy > 0 is depends on x.

Proof First, we obtain the following weak form using Eq. (16) as

st
2
(oDl &) + 873 (RI (x), &7).

. ST . . . ) . ,
||sf||2—7(y<a1>f:sf,s-f>—u<a1>ﬁ?s-',s-'>)=<el Lely+ —(yD¥el™! &)

forj=1,2,..., M.
Based on the Lemmas 1, 2 ,3 and Cauchy—Schwarz inequality, we conclude that

led 112 < e/~ e | + (5T IR (o lllle? |-
So, one can get
el — e/~ < GO IR ), = llel ) — e/ 71 < € (87) . (25)

Summing for j from 1 to M, we obtain

M

M
> (71— e ) = - ey’
j=1

j=1
From the above relation, we can conclude
e = 11°] < cM(sT)?,

since ||e°]| = 0 and 67 = we have

T
M?
e < C 872,

where C, = CT. The proof of Theorem 2 is completed. O
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Table2 The maximum norm error L, obtained with the proposed method and those in Khader and Sweilam
(2014); Saw and Kumar (2018, 2019) withe =2, 8 =1, N =3 and M = 400 at T = 1 for Example 1

X Khader and Sweilam (2014)  Saw and Kumar (2018)  Saw and Kumar (2019)  Proposed method

0  4.48378 x 1073 2.19788 x 107> 2.19788 x 1075 1.30104 x 10718
0.1 4.47966 x 1073 2.41687 x 1075 2.41687 x 1075 2.22286 x 1079
0.2 420132 x 1073 2.60334 x 107 2.60333 x 107 435339 x 107°
0.3 3.69517 x 1073 275122 x 1073 275122 x 1073 6.24096 x 1079
0.4 3.00756 x 1073 2.85448 x 1075 2.85448 x 1075 7.73497 x 1079
0.5 2.18488 x 1073 2.90705 x 107 2.90705 x 1075 8.68481 x 10~
0.6 127351 x 1073 2.90289 x 107> 2.90289 x 1073 8.93986 x 10~
0.7 0.31983 x 1073 2.83595 x 1075 2.83594 x 1075 8.34952 x 10~
0.8 0.62979 x 1073 2.70016 x 107> 2.70016 x 107 6.76317 x 1079
0.9 1.52897 x 103 2.48949 x 1075 2.48949 x 1075 4.03020 x 1072
1.0 233134 x 1073 2.19787 x 1075 2.19788 x 1075 0

5 Numerical examples

In this section, we present the numerical results of the proposed method on three test problems.
Moreover, we will test the accuracy of proposed method for different values of N, M at final
times 7. In addition, the computational order (denoted by Cs.) is computed by the formula

where E| and E; are the errors corresponding to grids with time steps 671 and 877, respec-
tively.

Example 1 Consider the following SFADE

dux,t) 3w,y Put) | o s 4 ’ e+  .p
TR T v R R R oy -7

! X
IF'a—B+1)
with boundary and initial conditions
u(x,0) = x% — x#,

u(0,1) =u(l,t) =0.
The analytical solution of this problem is u(x, t) = e 2 (x® — xP).

Tables 26 list the results for Example 1, with various values of M and N at different values
of T. Tables 2 and 3 make a comparison between the obtained results with the techniques
described in (Khader and Sweilam 2014; Saw and Kumar 2018, 2019)at 7 = 1 and T = 2.
We verify that the proposed method achieves superior accuracy than the techniques described
in (Khader and Sweilam 2014; Saw and Kumar 2019, 2018). Table 4 includes the maximum
norm error L, yielded by the proposed method for N = 5 and various valuesof M, at T = 1.
Table 5 reports that the computational order of the method in the time variable is approxi-
mately O(872) which is in accordance with the theoretical results. Table 6 demonstrates the
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Table 3 The maximum norm error Lo, with the proposed method and those in Khader and Sweilam (2014);
Saw and Kumar (2018, 2019) witha =2, 8 =1, M =400 and N = 5 at T = 2 for Example 1

X

Khader and Sweilam (2014)

Saw and Kumar (2018)

Saw and Kumar (2019)  Proposed method

0 2.72649 x 107 2.19788 x 1073 2.19788 x 1073 1.37146 x 10718
0.1 3.45589 x 10~ 2.41644 x 1075 2.41644 x 1073 2.59266 x 1079
0.2 3.80967 x 107 2.60588 x 1075 2.60588 x 107> 5.12222 x 1072
0.3 3.80910 x 107 2.75808 x 1073 2.75808 x 1073 7.30415 x 1072
0.4 3.51428 x 1075 2.86516 x 1075 2.86516 x 1073 8.89583 x 10~
0.5 3.00926 x 107 2.91965 x 1075 2.91965 x 107> 9.70550 x 10~
0.6 2.38712 x 107 2.91470 x 1073 2.91470 x 1073 9.60120 x 1072
0.7 1.73512 x 1075 2.84434 x 1075 2.84434 x 1073 8.51976 x 1072
0.8 1.11982 x 1073 2.70362 x 107> 2.70362 x 107> 6.47569 x 10~
0.9 057215 x 107 2.48887 x 1079 2.48887 x 107 3.57017 x 1072
1.0 0.07256 x 1075 2.19788 x 1075 2.19788 x 1073 1.11172 x 10718

Table4 The maximum norm error L, obtained with the proposed method with N = 5at T = 1 of Example 1

x  M=100 M =200 M = 400 M = 800 M = 1600
0 0.92807 x 10718 1.24162 x 10717 952764 x 10718 1.12178 x 10717  8.27644 x 10~18
0.1 7.66048 x 1078 1.91519 x 1078 4.78800 x 10~  1.19700 x 102 2.99251 x 10~10
0.2 151345x 1077 3.78375 x 1078 9.45946 x 10~  2.36487 x 102 591218 x 10~10
0.3 215813 x 1077 539551 x 1078 1.34889 x 1073 3.37223 x 1072 8.43058 x 10~10
04 2.62841 x 1077 657124 x 1078 1.64282 x 1078 4.10707 x 102 1.02677 x 10~

0.5 2.86762 x 1077 7.16930 x 1078 1.79234 x 10~ 4.48056 x 102 1.12022 x 10~

0.6 2.83680 x 1077 7.09224 x 1078 1.77307 x 1073 4.43270 x 102 1.10817 x 10~

0.7 251726 x 1077 6.29338 x 1078 1.57336 x 1073 3.93340 x 1072  9.83351 x 10710
0.8 191332 x 1077 478345 x 1078 1.19587 x 10~ 2.98969 x 102  7.47423 x 10~10
0.9 1.05485x 1077  2.63721 x 1078 6.59308 x 1079 1.64827 x 1072 4.12069 x 10~10
1.0 1.29780 x 10717 4.51945 x 10719 2.70462 x 10717 1.12495 x 10~18  4.24973 x 10~17

computational order at the final times 7 € {2, 10}. Figure 1 illustrates the numerical solution
and the maximum norm error Ly, with N = 7 and M = 400 at T = 1. Figure 2 draws the
behaviour of the maximum norm errors Ly, when adopting N = 3 and N = 7 for various
values of M at T = 2. Figure 3a includes the behaviour of the maximum norm error L,
and L,-norm when choosing M = 400, and various values N at T = 1. Figure 3b plots the
maximum norm error L, for N = 5 and various values M at 7 = 1. Figure 4 represents
the behaviour of the maximum norm errors L, for different values of {«, 8}, at T = 1.

Example 2 Consider the following SFADE

ur,n) _ alSux, 1) 0 N
dt axlS 0x

3 4/xtt —1)
— =
(26)
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Table 5 The maximum norm error L, computational orders and CPU time with N = 7 at T = 1 for

Example 1
M N=7

Loo Cst Ly Cst CPU time
100 2.86772 x 1077 6.46683 x 10~ 7.34264
200 7.16954 x 10~8 1.99995 1.61676 x 1077 1.99995 9.53502
400 1.79240 x 10~8 1.99999 4.04194 x 1078 1.99999 11.05831
800 4.48101 x 1079 2.00000 1.01049 x 1078 2.00000 14.80701
1600 1.12025 x 1072 2.00000 252622 x 1072 2.00000 17.07253

Table 6 The maximum norm error L~ and computational orders with N = 3 at the final times 7' € {2, 10}

for Example 1

M N=7 CPU time
Loo Cse Ly Cst

T=2 100 1.43012 x 1077 3.23805 x 1077 2.15304
200 3.57582 x 1078 1.99979 8.09629 x 1078 1.99979 3.04520
400 8.93986 x 1079 1.99995 2.02415 x 1078 1.99995 4.60738
800 2.23499 x 1079 1.99870 5.06041 x 1079 1.99999 7.50869
1600 5.58748 x 10710 1.99999 1.26511 x 1072 2.00000 10.8204

T=10 100 4.00498 x 1013 9.06805 x 10~ 13 2.57012
200 1.00485 x 10713 1.99481 227517 x 10713 1.99482 3.15760
400 2.51440 x 10714 1.99870 5.69305 x 1014 1.99870 4.90863
800 6.28741 x 10713 1.99967 1.42358 x 10714 1.99968 7.91053
1600 1.57194 x 1015 1.99992 3.55916 x 10~13 1.99992 11.3501

-0.005

-0.010

-0.015

u(x,1)

-0.020

-0.025

-0.030

-0.035

Approximate Solution

0.0 0.2

0.4 0.6
x

1.0

16_1B

19—12

Error

~——&—— Absolute Error

0.4 0.6

Fig. 1 The approximate solution (left panel) and the maximum norm error Lo (right panel) with M = 400
and N =7 at T = 1 for Example 1
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Absolute Error with N=7

—e— M-200 a,
=g k- |
e =A== Ma400 \
H %
7 M=800

Absolute Error with N=3
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1.x10710} s M=800 1.x10710
—--0=-+ M1600
~23
5.x10 5. x10-11
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Fig. 2 The maximum error norms Lo With {& = 1.9, 8 = 1} and different values of N and M at T = 2 for
Example 1
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5 e.100
2
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X e.e50
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0.010
0.005
° 500 1000 1500 2000 2500 3000

M

(a) The maximum norm errors Loo with {a =
1.9,8=0.9} and N =3 at T =1 for Example 1.

1

with boundary and initial conditions

u(x,0) =0,

At A,
P A'*A

=0~
o0 -o-0 ~Oepg__
o

—-=0=-- M=1600

0.4 0.6

x
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\
|
| \
10 { \|
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5 |
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5 10712 |
g / |
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1
—— N3 |
16 1
10 —— A= NS
b
4 R
—O—e- Neo
10718
0.0 0.2 0.4 0.6

0.8 1.0
x

(b) The maximum norm error Lo with {a =

1.9,8 = 0.9}, and M = 400 and N € {3,5,7,9}
at T =1 for Example 1.

u@,t) =u(l,t) =0, t >0,

such that the analytical solution is u(x, ) = xt(x — 1)(t — 1).

Fig.3 a The maximum norm errors Lo with {& = 1.9, 8 =0.9}and N =3 at T = | for Example 1. b The
maximum norm error Lo with {&¢ = 1.9, 8 =0.9}, and M =400and N € {3,5,7,9}at T = 1 for Example

27)

Table 7 makes the comparison between the numerical and the analytical solutions for various
values of T € {0.3, 06, 0.9}, showing that the method rapidly converges to the analytical

{o, By at T = 10.

solution. Figure 5 plots the behaviour of the maximum norm error for different values of
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0.000 0.000 B=05 ————— =06 8=0.7

——n—ee p=08 ——— p=09 ——"u

-0.005 -0.005

-0.010 -0.010

-0.015 -0.015

u(x,1)
u(x,1)

-0.020 -0.020

-0.025

-0.025

-0.030 -0.030

-0.035 -0.035
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Fig. 4 The behavior of the approximate solutions for @ € {1.5,1.6,1.7,1.8,1.9}, B = 1 (left panel) and
B €{0.5,0.6,0.7,0.8, 0.9}, « = 1.5 (right panel) for Example 1

Table 7 The analytical and approximate solutions with &« = 1.5 and 8 = 1 at various values of T €
{0.3, 0.6, 0.9} of Example 2

X ue(x,0.3) un(x,0.3) ue(x,0.6) un(x,0.6) ue(x,0.9) un(x,0.9)
0 0 0 0 0 0 0

0.1 0.0189 0.0189 0.0216 0.0216 0.0081 0.0081
0.2 0.0336 0.0336 0.0384 0.0384 0.0144 0.0144
0.3 0.0441 0.0441 0.0504 0.0504 0.0189 0.0189
0.4 0.0504 0.0504 0.0576 0.0576 0.0216 0.0216
0.5 0.0525 0.0525 0.0600 0.0600 0.0225 0.0225
0.6 0.0504 0.0504 0.0576 0.0576 0.0216 0.0216
0.7 0.0441 0.0441 0.0504 0.0504 0.0189 0.0189
0.8 0.0336 0.0336 0.0384 0.0384 0.0144 0.0144
0.9 0.0189 0.0189 0.0216 0.0216 0.0081 0.0081
1.0 0 0 0 0 0 0

Example 3 Consider the following SFADE

du(x, 1) P L TE D) 02 3%%u(x, 1) 5
T:F(IS)X XW_F(ZS)X XW_(X — X )Sln(t)
re.s ra.s
— 6x> cos(t)( @28 _ A )),
ra.8) 1.8
(28)
with boundary and initial conditions
u(x,0)=x>=x> u©,1)=u(l,t)=0, >0, (29)

which the analytical solution is u(x, 1) = (x> — x3) cos(¢).

Table 8 demonstrates the computational order at the final times 7 € {1, 2} which is in
accordance with the theoretical results.
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u(x,10)

P05 === p=06

R p=08 ——— p=09 —--—-

-15 A\\
N . s/
AN
AN / /
\.\\\ - /
-20 ‘\. - /"
N .
o’

1.0

u(x,10)

a=1.3

1.0

Fig. 5 The approximate solutions of Example 2 for 8 € {0.5,0.6,0.7,.8,0.9}, « = 1 (left panel) and
o e {l.1,1.2,1.3, 1.4}, B = 1 (right panel) at final time 7 = 10

Table 8 The maximum norm error L, and computational orders with N = 5 the final times 7' € {1, 2} for

Example 3

M N=5 CPU time
Loo Cst Ly Cse

T=1 10 2.59787 x 107> 5.30970 x 1073 1.57071
20 6.49462 x 10~° 2.00001 1.32746 x 1073 1.99996 2.02579
40 1.62365 x 107°© 2.00000 3.31866 x 1070 1.99999 3.01237
80 4.05912 x 107 2.00000 8.29667 x 10~/ 2.00000 4.50421
160 1.01478 x 1077 2.00000 2.07417 x 1077 2.00000 6.96402
320 2.53695 x 10~8 2.00000 5.18542 x 10~8 2.00000 8.02486

T=2 10 1.63619 x 104 3.39673 x 10~4 1.62140
20 4.08041 x 107> 2.00355 8.46956 x 107 2.00379 2.29706
40 1.01948 x 107> 2.00089 2.11600 x 107> 2.00095 3.40972
80 2.54830 x 10~° 2.00022 5.28913 x 10~° 2.00024 4.80439
160 6.37050 x 10~/ 2.00006 1.32223 x 10° 2.00006 6.20796
320 1.59261 x 1077 2.00001 3.30554 x 1077 2.00001 8.59014

6 Conclusion

This paper proposed a new method for solving the SFADE. The numerical algorithm involves
two steps. First, the compact finite difference is applied to discretize the time derivative.
Second, the FKSCP is implemented to approximate the space fractional derivatives. The error
analysis of the proposed method was investigated in L? space. To illustrate the applicability
and validity of the new scheme, illustrative examples were provided. The numerical results
verify well the theoretical analysis.
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