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Abstract

This article presents a computational method for solving a problem with parameter for a
system of Fredholm integro-differential equations. Some additional parameters are intro-
duced and the problem under consideration is reduced to solving a system of linear algebraic
equations. The coefficients and right-hand side of the system are calculated by solving the
Cauchy problems for ordinary differential equations. We establish a criterion for the unique
solvability of the problem under consideration. A numerical algorithm is offered for solving
the problem with parameter. The results are illustrated by numerical examples.
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1 Introduction

Control problems, also referred to as boundary value problems with parameters or as param-
eter identification problems, for ordinary differential and integro-differential equations have
been extensively studied by many authors Akhmetov et al. (2002); Alimhan et al. (2015);
Dauylbayev and Atakhan (2015); Dauylbaev and Mirzakulova (2017); Kiguradze (1987);
Luchka and Nesterenko (2008); Nesterenko (2014); Ronto and Samoilenko (2000). Various
methods have been applied to study these problems, such as methods of qualitative theory of
differential equations, the calculus of variations and optimization theory, the method of upper
and lower solutions, etc. However, there still remain open problems in obtaining effective
criteria for the unique solvability of such problems and in developing numerical algorithms
to find their optimal solutions.

Consider the following problem with a parameter for a system of Fredholm integro-
differential equations with degenerate kernels:

m T
i—sz(z)erZ / ok (OYk($)x(s)ds+Ao(O + f(1), x € R", we R, t€(,T),
k=1 0
1
Bop + Bx(0) + Cx(T) =d, de R"". )

Here the (n x n) matrices A(t), @k (1), Y (1), k = 1, m, the (n x [) matrix Ag(¢) and the
n vector f(t) are continuous on [0, T']; the ((n + [) x [) matrix By and the ((n + 1) x n)
matrices B and C are constant; ||x| = max |x;].

i=1l,n

By a solution to problem (1), (2) we mean a pair (x*(¢), u*), where u* € R" and x*(¢) is
a continuous on [0, 7] and continuously differentiable on (0, 7)) vector function satisfying
the system of integro-differential Eq. (1) and boundary condition (2) for u© = u*.

The aim of this paper was to establish a criterion for the unique solvability of problem with
parameters (1), (2) and propose an algorithm for finding its solutions including its numerical
implementation.

For this purpose, we use the parametrization method proposed by Dzhumabayev (1989).
This is a constructive method originally developed to investigate and solve boundary value
problems for ordinary differential equations. In Dzhumabayev (1989), coefficient crite-
ria were established for the unique solvability of linear boundary value problems. An
algorithm for finding their approximate solutions was developed. The method was later
extended to boundary value problems, both linear and nonlinear, for various classes of equa-
tions. In particular, the parametrization method has been applied to problems for Fredholm
integro-differential equations Dzhumabaev (2010, 2013); Dzhumabaev and Bakirova (2013);
Dzhumabaev (2015, 2016) and linear boundary value problems with a parameter for ordinary
differential equations Minglibayeva (2003); Minglibayeva and Dzhumabaev (2004).

The rest of this paper is organized as follows: Sect. 2 is devoted to the study of the unique
solvability of problem (1), (2). We make a partition A y of the interval [0, T'] into N parts and
take the values of a solution at the left-end points of the subintervals as additional parameters.
We then obtain a special Cauchy problem for a system of integro-differential equations with
parameters on the subintervals. The unique solvability of this problem is equivalent to the
invertibility of a matrix I — G (A ) composed of the fundamental matrix of the differential
part and the kernel matrices of the integral term. We call a partition A y regular if the matrix
I — G(Ap) has aninverse. Then, assuming A y to be regular, we construct a system of linear
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algebraic equations in parameters by using [/ — G(A 1L boundary condition (2), and the
continuity conditions of a solution at the interior partition points. It is established that the
unique solvability of problem (1), (2) is equivalent to the invertibility of the matrix of the
constructed system.

In Sect. 3, we develop an algorithm for finding a solution to problem (1), (2). For a chosen
partition Ay, the matrix G(Ay) is computed. If the matrix / — G(Ay) has an inverse, then
we construct the above-mentioned system of linear algebraic equations. The components of
G(Ap), the coefficients and right-hand sides of the system are determined by solving the
Cauchy problems for ordinary differential equations and by calculating definite integrals of
some known functions over the partition subintervals. Solving the system, we find the values
of solution at the left-end points of subintervals. Using them and the initial data, we construct
a function F*(¢). Solving the Cauchy problem for the ordinary differential equations with
the right-hand side F*(r), we find the values of the desired solution at the remaining points
of [0, T']. Section 3 also provides the numerical implementation of the algorithm. Note
that the elements of matrix G(Apy), the coefficients and right-hand side of the system of
algebraic equations in parameters can be evaluated by the parallel computing on the partition
subintervals. Section 4 presents numerical examples to demonstrate the effectiveness of the
proposed method.

2 The unique solvability of the problem with parameter

Let us take a partition Ay of the interval [0, T] by points fp =0 < #) < ... <ty =T.
We introduce the following notation:
C([0, T], R") is the space of continuous functions x : [0, T] — R" with the norm
[lx[l1 = max [[x(0)]];
t€(0,T]

C([0, T1, Ay, R™) is the space of function systems x[t] = (x1(¢), x2(¢), ..., xn(2)),
where x, : [t,—1, 1) = R",r = 1, N, are continuous functions having finite left-sided limits

lim x,(¢), with the norm [[x[-]|| = max_  sup [|x.(8)]].
=10 r=1,N te[t,_1,t)

Suppose that x(¢) is a solution to problem (1), (2) and denote by x,(¢) the restriction of
x(t) to the rth subinterval of the partition, i.e. x,(¢) = x(¢) fort € [t,_1,t,),r = 1, N.
We introduce additional parameters A, r = 1, N, as the values of a solution x(¢) at the
left endpoints of the partition subintervals: A, = x,(f,—1). We then compose the vector
A= (A1, A2, ..., AN, AN+1), Whose last component is the parameter p included in problem
(1), (2),i.e. An+1 = p.

On each partition subinterval, we make the substitution u, (1) = x,(¢t) — A, t € [t,—1, t,),
r = 1, N. The problem (1), (2) is then transformed into the multipoint boundary value
problem with parameters

N om U
dd“t’ =AW + 1) + Z > / Ok (Y ()l (5)
J=lk=1;7,
+Ajlds + AoWAngr + (1), telt_1. 1), (3)
ur(t—1) =0, r=1,N, 4)
Boin4+1+ BAr + Can + Cz—1>i¥l—o un(t) =d, ©)
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hp+ lim up(t) —Api =0, p=1,N—1, (6)
t—>1p—0

where conditions (6) are imposed to ensure the continuity of a solution to (1), (2) at the interior
points of the partition A y. Note that conditions (6) in conjunction with integro-differential
equations (3) also ensure the continuity of the derivative of a solution at these points.

A solution to problem (3)—(6) is apair (u*[z], A*), where u*[¢] = (uf(t), us(t), ..., uj‘v(t))
e C([0, T], Ay, R™) with continuously differentiable on [#,_1, #-) components u () and

= (A1, A, Ay, }‘7V+1) € RN+ satisfying the system of integro-differential equa-
tions (3), initial conditions (4), and relations (5), (6).

The problems (1), (2) and (3)—(6) are equivalent. Indeed, if a pair (x*(7), u*) is a solution
to problem (1), (2), then the pair (1#*[¢], A*) composed of the components u(¢) = x*(¢) —
X*(tr=1), t € [tr—1,t), Af = x*(tr—1), r = 1, N, k’1§,+1 = ¥, is a solution to problem
(3)—(6). Conversely, if a pair (u[t], X) with elements #[t] € C([0, T], An, R™) and e
R™WAH s a solutlon to problem (3)—(6), then the pair (X(¢), i) deﬁned by the equahtles
X(@) =u,(t) +)»r, telt_1,t,), r=1,N,X(T) = l1m 0uN(t) +AN, and I = AN+1, is

a solution to the original problem (1), (2).

For fixed A,,r = 1, N 4+ 1, Egs. (3) and (4) form a special Cauchy problem for the system
of Fredholm integro-differential equations.

Consider the system of differential equations:

du,
dt

= A(ur + (1), (N
subject to the condition

up(tr—1) = u’(,), ®)

where g(t) is a continuous on [#,_1, ] function and u? is a constant vector.
By a fundamental matrix X, (¢) of

du,

pri A(t)uy 9
or

dXx,

- = A(DX, (10)

is meant a solution of (10) such that det X, (t) # O.
If X, (¢) is a solution of (10) and c is a constant vector, the principle of superposition states
that

ur(t) = X ()c an

is a solution of (9). Furthermore, if X, (¢) is a fundamental solution of (10), then every solution
of (9) subject to (8) is of the form (11) with ¢ = X,’l(tr,l)ur (t,_1) (see Hartman (1964,
p-47)), that is,

ur (1) = X, ()X, (G- D)ur (1), (12)

By Corollary 2.1 Hartman (1964, p.48), the solution to the initial-value problem (7), (8)
can be represented by the Cauchy formula

1
ur(t) = Xp(H)c + X, (1) / X, N (m)g(rydr.

tr—1
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Taking into account (12), we get that the initial-value problem (7), (8) is equivalent to the

system of integral equations

ur(t) = X, (OX; " (tr-)uld + X, (1) / X, (m)g(r)dr.

tr—1

N m 1j
Setting g(1) = A+ X > [ e Yr(s)[uj(s) + Aj1ds + Ao(t)An+1 + f (1) and
J=lk=1tj_;
u? = 0, we get that the special Cauchy problem (3), (4) is reduced to the equivalent system

of integral equations

1
ur(t) = X, () f X (D) A@dTA,

Ir—1

+X:(1) / —‘(mZZ / Pk (@ Yr($)[uj(s) + Aj1dsdT +

tr—1 J=lk=l7

t
FX,(0) / X1 (@) Ao(@)d T

tr—1
t
H00 [ X @r@dn el =T, (13)
N i
Letusset& = Y. f Y (s)u;(s)ds, k = 1, m, and rewrite system (13) in the following
J=1tj-1

form:

m !
ur(0) = Y X (0) / Ok dTE + X (1) / S @A +
k=1 o1 t_q
m N i
+Y a@ Y / V(s + Ao+ (@) |dr, 1 eltr.), r=TN.

k=1 =
(14)

Multiplying both sides of (14) by v,,(¢), integrating them over the interval [#,_1, t,], and
summing up with respect to r, we obtain the following system of linear algebraic equations

iné=(&,...,&,) € R"™:

N+1
gp—Zka(AN)gk"‘var(AN))h +gp(f Ayn), p=1,m, (15)
k=1 r=1

with the (n x n) matrices
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Gpi(An) = /Wp(f)Xr(r)/ X, ©)pr(s)dsdr, k=T,m, (16)

rltr]

Vy,r(AN) = f V(D X, (7) / X () A(s)dsdT +

fr—1 Ir—1

+ZZ f ¥p(0) X (7) f X (e)gr(r)dnide / Vi(s)ds, r=1N,
j=1lk= lt
(17)
the (n x [) matrices
Vynst (An) = / Yo (D)X, (D) [ X (5) Ao(s)dsdr, (18)

rlt,] "

and the vectors of dimension n

gp(f. An) = / V(DX (1) / X\ )f(s)dsdr,  p=Tom.  (19)

r= 1trl Ir—

Using the matrices G x(Ay) and V), (Ay), we construct the matrices G(Ay) =
(Gpi(AN)), p,k = 1,m, and V(Ay) = (Vp,(AN)), p = 1,m, r = 1, N + 1. Then
the system (15) becomes

[/ — G(AN)E = V(AN +5(f. An), (20)

where [ is the identity matrix of order nm and g(f, Ay) = (g1(f, AN), ..., gu(f, AN)) €
an'

Definition 2.1 A partition Ay is called regular if the matrix I — G(Ay) is invertible.

Definition 2.2 The special Cauchy problem (3), (4) is called uniquely solvable if it has a
unique solution for any A € RN+ and f(@) e C(0,T], R").

Thus, the special Cauchy problem (3), (4) is equivalent to the system of integral Eq. (13).
This system, due to the kernel degeneracy, is equivalent to the system of algebraic Eq. (15)
in& = (&,...,&,) € R". Therefore, the special Cauchy problem is uniquely solvable if
and only if the partition Ay, generating this problem, is regular.

Let o (m, [0, T]) denote the set of regular partitions Ay of [0, T] for the Eq. (1).

Since the special Cauchy problem is uniquely solvable for a partition with a sufficiently
small step size h > 0 (see Dzhumabaev (2010), p.1152), the set o (m, [0, T]) is not empty.

Take a partition Ay € o (m, [0, T]) and represent the matrix [/ — G(A )11 in the form

=G = (Mep(an),  kp=Tom,

where My ,(Ay) are square matrices of order n. Then, in view of (20), the elements of the
vector £ € R™ can be determined by the equalities

N+1 m m
=) (ZMk,p(AN)Vp,j(AN)>Aj + Y My (AN)E(f. AN). k=T,m. (21)
Jj=1 p=l p=l1

@ Springer f bMA



A computational method for solving a problem... Page7of23 248

By replacing & in (14) with the right-hand side of (21), we get the following representation
of the functions: u,(t) viad;, j =1, N +1:

N m 4 m 1
ur(t) = Z{Zxr(n f X;l(rm(r)dr[z My p(AN)Vp j (AN) + f wk(s>ds]}x,-+
j=1 p=1

k=1 r—1 Lji—1

t
+X, (1) / XM @A@dTa +

Ir—1

7 m m
+X (1) / X,‘l(r)[Zmr)ZMk,pmN)vp,NH(AN)+Ao(r)]drxzv+1+

" k=1 p=1

7 m m
20 [ X7 O 0@ Y Mep@ngp (. By)

| k=1 p=1

+f(r)]dr, telt_i ty), r=1N. (22)

We introduce the following notation:

m Ir m tj
Dy j(AN) = ) X, (1) / X:l(r)wk(r)dr[zMk,p<AN)vp,,-<AN)+ / wk(s)ds].
k=1 tr—1 p=1 L1
j#r. r.j=1N, (23)

tr

m Ir m
Drr(AN) = Y Xr(tr) / Xr_l("f)ﬁl’k(f)df[z My p (ANIVpr (AN) + / z/fk<s)ds]+

k=1 e p=1 te_q
m Ir

+3 X (1) / X\ A)dr, (24)
k=1

tr—1

m Ir m

Dy N41(AN) = Y X (tr) / X, @ Y My p(AN)Vp N1 (AN) +
k=1 1 p=I

r

X () / X7 () Ag(n)d, (25)
Ir—1

tr

Fr(AN) = Y Xp(tr) f X @ @dt Y My p(Ay)gp(f. Ay) +
k=1

f—q p=1
m Ir
+Y X (1) f XYty f(rydr, r=T1,N. (26)
k=1 r—1
Then from (22) we get
N+1
im ) = Zl Dy j(ANAj + Fr(Aw). @7
Jj=

If we substitute the right-hand side of (27) into the boundary condition (5) and the continu-
ity condition (6), we obtain the following system of linear algebraic equations in parameters
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Ayr=1,N+1:

N—-1
[B + CDy (AN + Y CDy j(AN)Aj + CLU + Dy N (AN)Ihy +
j=2
+[Bo + CDN N+1(AN)IAN+1 =d — CFN(Ap), (28)
[1+ Dp,p(AN)]Ap - - Dp,p+1(AN)])\p+l
N+1
+ Y Dpj(ANAj=—Fy(Ay), p=TLN-1 (29)
j#[’ljl#["*'l

Let Q. (Ay) denote the matrix corresponding to the left-hand side of this system. Then
we can represent (28), (29) as follows:

0.(AN)L = —Fu(Ay), A€ R™ T, (30)

where Fy(Ay) = (—d + CFy(AN), Fi(AN), . ... FN_I(AN)) e R™NH,

Lemma 2.1 For Ay € o(m, [0, T]) the following assertions hold:

(i) the vector A* = (AT, .. ")‘7\/+1) € R™WH composed of the values of a solution
x*(), /L*) to problem (1), (2) at the partition points )} = x*(t,—1), r = 1, N, and
)LNH = u* satisﬁesNthe system (30);

(ii) lf)» = (A, ..., AN+1) € RN+ s g solution to system (30) and the function system
ult] = (uy(t), ..., un()) is a solution to the special Cauchy problem (3), (4) with A, = A,
r = 1, N + 1, then the pair (X(t), L), where the function X(t) and the parameter i are
defined by the equalities:

Fo) =% 0@, telporn), r=TN, ID=iy+ lim Gy@). F=iy,
ST
is a solution to problem (1), (2).

The proof of Lemma 2.1 is similar to that of Lemma 1 in Dzhumabaev (2010, p. 1155).
Let us introduce the following notation:

max ||[A(?)]], a«p= max ||Ag(?)||, @ = max — 1,
max. IADI, «o max, | Ao(®)l (tr —tr—1),

=I,N

o

Pm) = max / ant)ndr V(T) = max / 19 () .

p—m

Theorem 2.1 Let Ay € o (m, [0, T1) and the matrix Q4 (Ay) : R"™+ — RN+ pe invert-
ible. Then problem (1), (2) has a unique solution (x*(t), u*) for any f(t) € C([0, T], R™),
d € R" | and the estimate

max ([lx*[|1, [|*[) < N(m, Ay) max(lld]l, | flID), 3D
holds, where
Nm, an) = e fgem[I = GANIT T (2 =142 - Fm) - (1) +

HU(T) + 0] + 1+ o |y (Aw) (1 + €l max {1, 5[ 1+ @ - Gom) -

@ Springer f bMA



A computational method for solving a problem... Page90f23 248

I = GAMIT D) | +e@a[g0m) - I = GanI™ 1§ (@) - e +1].
(32)
Definition 2.3 Problem (1), (2) is said to be well-posed if it has a unique solution (x(¢), 1)

for any pair (f(¢), d), with () € C([0, T], R")andd € R"H! and the following inequality
holds:

max([lxl1, [[pl]) = K max (|l f 1, 41D,

where K is a constant, independent of f(¢) and d.

Theorem 2.2 Problem (1), (2) is well-posed if and only if for any Ay € o (m, [0, T]) the
matrix Qx(Ay) : R"™VH — RN s invertible.

The proofs of Theorems 2.1 and 2.2 repeat with minor changes in the proofs of Theo-
rems 2.1 and 2.2 in Dzhumabaev (2016, pp. 347-349).

3 An algorithm for solving problem (1), (2) and its numerical realization

An essential part of the proposed algorithm is solving auxiliary Cauchy problems for ordinary
differential equations on the partition subintervals:

d _
di::A(z)erP(t), x(t—1) =0, teltr_1.t,], r=1LN. 33)

Here P(¢) is either a square matrix of order n or a vector of dimension n, both continuous on
[t,—1, %], r = 1, N. Hence a solution to problem (33) is either a square matrix or a vector.
Let E« ,(A(-), P(-), t) denote such a solution. We then have

t
E*,r(A(')’P(')vt):Xr(t)/X_I(T)P(f)dfs t € [tr—1, 1], (34)
tr—1

-

where X, () is a fundamental matrix of a homogeneous differential equation corresponding
to (33) on the r-th subinterval.

An appropriate choice of a regular partition is another important part of the algorithm. We
can start with A, when the interval[0; T] is not partitioned.

Let us now formulate the Algorithm for solving problem (1), (2).

I. Choose a partition Ay, N =1,2,....

II. Solve the N - m auxiliary Cauchy problems for matrix ordinary differential equations

dx
i A)x + (),  x(t—1) =0, 1€ [tr—1, 1], (35)
to get the matrix functions
Eor(AC), k(). 1), tE€ltr—1, 8], T=1,N, k=1m. (36)

III. Multiply each (n x n) matrix (36) by the (n x n) matrix v, (t), p = 1, m, and integrate
the product over [t,_1, 7] :

f
Vpr(or) = / Yp(D) Exr (AC), @i (), D). (37)
fro1

-
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Summing up (37) with respect to », we obtain the (n x n) matrices

N
Gpr(AN) =) Vp,(p), p.k=Tm,

r=1

which follows from (18) and (34).

Compose the (nm x nm) matrix G(Ay) = (G (AN)), p, k = 1, m, and check whether
the matrix [ — G(Ay)] : R™ — R™ is invertible.

If so, find its inverse and represent it in the form [/ — G(AM] ! = (M) k(Ay)), where
M, x(An)) are square matrices of order n, p, k = 1, N. Then move on to the next step of
Algorithm.

If there is no inverse of [/ — G(Ay)], i.e. the partition A is not regular, then take a new
partition of interval [0, T'], and the algorithm starts over. A simple way for selecting a new
partition is to choose the partition Ay, where each interval of the partition Ay is divided
into two parts.

IV. By solving again the auxiliary Cauchy problem for ordinary differential equations

d

d—f = AOx + AW, x(ty—1) =0, 1€ [tr_1.1,],

dx

= AWx + A0, X)) =0, 1€ [t

dx

T = AWx+ [0, X)) =0 telinl r=TN.

find theirrespective solutions E, , (A(:), A(:), 1), Ex« - (A(:), Ao(-), t),and E - (A(), f(-), 1),
r=1,N.
V. Evaluate the integrals

t I
Vpr = / Vp)dt, Vpr(A) = / Vp(DEr(A(), A(), )dt,
tr—1 tr—1

t I
Vp.r(Ag) = / Vp(O) Evr (AC), Ao(), D)dt, Pp,(f) = / Vp(DEr(AC), f(), D)dt.
1,

r—1 Ir—1

By equalities (19), (20), and (34), determine the (n x n) matrices

N m
Vo r(AN) = Vp (A + Y D Uy (@) - Yk r=TN,
j=1k=1
the (n x [) matrices
N
Vons1(AN) =Y ¥, (A0), p=T,m,
r=1

and the n vectors

I
=

N
gp(f- AN =Y Upr(Ay), p=Tm, r
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VI. Form the system of linear algebraic equations in parameters
Q(AN)k = —Fi(Ay), »e RN (38)

The elements of the matrix Q,(Ay) : R*™¥N+1 — RN+l and the vector F.(Ay) = (—=d +
CFn(AN), FI(AN), ..., Fx_1(Ay)) € R"™W* are defined by the equalities (23), (24), (25),
and (26), where, in view of (34), we replace

t t
X, (1) / X (Dg(n)dr  and X, (1)) / X, (o) f(vdr
Ir—1 1,

r—1

with Ey , (A(), o (-), ) and Ey(A(), f(-), 1), respectively.

As it follows from Theorem 2.2, the invertibility of matrix Q.(Ay) is equivalent to the
weg-plosedness of problem (1), (2). By solving the system (38), find A* = (AT, ..., )‘*N+1) €
RN

VIL. Determine the components of £* = (&), ..., &) € R™ by the equalities
N+1 m m
6= (X Mep(AnVp i (An)A5 + D MipAmgp (£ Ay (39)
j=1 p=1 p=1

and construct the function

Iy

m N
F0 =Y aos+ Y [ wodsi]+awig 4o, 6o

k=1 r=1;",

Recall that A = x*(t,—1), r = 1, N, Myi1 = i*, where (x*(r), u*) is a solution to the
problem with parameter (1), (2). Therefore, the solution of system (38) provides us with
the values of the function x*(¢) at the left-end points of the partition subintervals and the
parameter j*.

The values of x*(¢) at the remaining points of the subinterval [z,_1, ¢,) determine by
solving the following Cauchy problem for the ordinary differential equation:

Z—): =A()x +F*(t), x(tr—1) =1, t€lt_1,t), r=1,N.
Thus, the offered algorithm consists of seven interconnected steps.

If the fundamental matrices X, (), r = 1, N, are known, then equalities (23), (24), (25),
and (26) allow us to construct the system (38). Using the solution A* to (38), by (39) and
(40), we construct the function F*(¢). Therefore, the solution to the problem with parameter
(1), (2) is defined by the equalities

t
() = X (OX o)A+ X (1) f X ' (O)F (vydr, telt_r.t), r=1N,

tr—1

(41)
T

x*(T) = XN(T)X;,] (thl))f;\, + XN (T) / X;,l(r)}'*(r)dr, (42)
IN—1

W= Ky 43)
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However, it is not always possible to construct a fundamental matrix for a system of
ordinary differential equations with variable coefficients. We, therefore, offer the numerical
implementation of Algorithm that involves numerical solution of auxiliary Cauchy problems
and numerical integration.

The numerical algorithm for solving problem (1), (2) performs as follows:

I. Take a partition Ay : 10 =0 < #; < ... < ty—1 < ty = T. Divide each subinterval
[t,—1, %], r =1, N, into N, parts with step size h, = (¢, — t,—1)/Ny.

Let 7 be a variable taking on the discrete values T =t i, tp_t +hpy oo tr_ + (N, —
1)h,, t, on the subinterval [z_1, t.]. We denote the set of such points by {t,_1, #,}.

II. Find the numerical solutions to Cauchy problems (33) by using one of numerical
methods for solving initial value Eroblems for ordinary differential equations. Determine the
values of the (n x n) matrices E,’. (A(-), or(),Dontheset {t,_(, 5}, r=1,N, k=1,m.

III. Using the values of (n x n) matrices v (s) and Effr (A(~), (p(~),7) on {t,_1, t,}, and
applying a numerical quadrature rule, calculate the (n x n) matrices

r

er,wk):/wp<r)E£5,<A<-),<pk<-),r)dr, pk=Tm r=TN.

tr—1

Summing up the matrices (’p\ﬁf r(Y) with respect to r, determine the (n x n) matrices

~ N ~
Gﬁ’k(AN) = @ﬁfr(wk), where h = (hy, ha, ..., hy) € R". Using them, compose the

r=1

nm X nm matrix GE(AN) = (GE,/((AN)), p.k=1,m.

_Check whether the matrix / — G"(Ay) is invertible. If so, calculate its inverse [/ —

Ghan !t = (M’;’k(AN)), p.k =1, m, and move on to the next step.

If the matrix is not invertible, take a new partition. In particular, each subinterval can be
divided into two parts. Then go back to Step I.

IV. Solve numerically the Cauchy problem (33), (35) and find the values of the
(n x n) matrix E,,(A(-), A(-),7), the (n x [) matrix Ey,(A(-), Ag(-), ), and the n vec-
tor E4,(A(), f(-),7) on the grid {t,_1, %}, r =1, N.

V. On the set {#,_1, .}, evaluate the definite integrals

tr tr
Yl = / Yp(S)ds. Pl (A) = / Yp(DEM (A(), AC), 1)dT,
tr—1 tr—1

T a0 = [ 0@ E (A0, A0, D
t—1

",

iy
T = [@EL @0, O, 0de r=TN, p=Tm
tr—1

Determine the (n x n) matrices V;’,r(A ~), the (n x ) matrices V"

b N4 (Ap), and the n

vectors gi( f, An) by the respective equalities

-~

N m
i o~ Ah X [
VE(AN) =Tl )+ Y 3 0 e O r=T.N,
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- N R - N .
VEva(AN) =Y Ui (A, gh(f ANy =D Ui (f), p=Tm.
r=1

r=1

VI. Construct the system of linear algebraic equations in parameters
of (A= —FHAy), xe RN, (44)
where the elements of the matrix QE(A ~) and the vector
FH(AN) = (=d + CFY(AN), F(AN). ... Fy_(AN))

are defined by the equalities

D} j(AN) = Y Bl (AC). k(). tr)[ S M LAV (AN
p=1

+05) i A ri=TN
D, (AN) = Y Bl (AQL @k, 10 3 ME AV A + 0
— p=1
+E (A, A(), 1), r=T1,N,

Dl i1 (Ay) = Z EM(AQ o0, 1) S ML (A VE o (Ay)
p=1
+EY,(AC), Ao(), 1), r=T,N,
Flan) = Y El (A, g, rr)ZMkp(Am,,(AN)

k=1 p=1
+EM (AG), fO). 1), r=1,N.

Using the constructed matrix QE(A 1\1), we can establish the well-posedness of prob-
lerp (1), (2). Suppose that the matrix QZ(AN) is invertible and the estimate ||Q«(Ay) —
QQ(~AN)|I < 8(?1) holds. By Theorem 4 Dzhumabaev (2015, p.212), if the inequality

||[Qh(AN)]’1 [l - s(ﬁ) < 1 holds, then Q,(Ay) is invertible. Thus it follows from The-
orem 2.2 that the problem (1), (2) is well-posed.

By solvmg system (44) find A e RN Ag noted above, the elements of A =
(Ah, co Ay +1) are the values of approximate solution to problem (1), (2) i.e. the approxi-
mate values of x(¢) at the left endpoints of the subintervals: xhr._y) = A r=1,N, and
the approximate value of the parameter u: ,uh’ = )J’

N+1°
VII. To define the values of an approximate solution at the remaining points of the set

{t,_1, t,}, we first find

- N+1 m - - m - -
g =3 (X M,V )i+ 3 M angh(s an, k=Tm,
j=1 p=1 p=1

and then numerically solve the Cauchy problems

dx W P
— = A(D)x + F (1), X([rfl):)\r, telt—1,4], r=1,N.

dt
Sprlnger f DMAC
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Here
N m N
=Y o0 (8 + DU + Ao + £,
k=1 j=1
Thus the algorithm offered provides us with the numerical solution to the problem (1),
2.
4 Numerical examples

Example 1 Consider the following problem with parameter for the system of integro-
differential equations:

T
d
di; = AD)x + (1) / Y ()x(t)dt + Ao+ f(), xeR: pweR', 45
0
Bou + Bx(0) 4+ Cx(T)=d, deR>, (46)
where
t 12 t+5
T=1Al)= <0t_4), Ao(t) = (t3_2>,

3
3t t t2-2 Sp4— 5 464 130 318t 45
= = = 7 7
v (‘“*2)’ o <t+4 3 ) 1@ ( 102 — 503 — 4 - 2670 4 85 7

o
2 2 -5 30 36

Bo=|7). B=|o0 6], c=|-125], a=| 9 |.
-5 -4 11 9 17 ~153

To implement the numerical algorithm for solving problem (45),(46), we use Simpson’s
rule for estimation of definite integrals and the fourth-order Runge-Kutta method. To do this,
we divide each interval [0, 0.5] and [0.5, 1] into N = 10 subintervals with the step 7 = 0.05.

1.6665474 —0.4153697 here 1 is th
—3.6533113 1.5407901 > ™I £ 15 1€
second-order identity matrix. The invertibility of this matrix implies the regularity of A».
We then construct the system of linear algebraic equations with respect to parameters

We compute the matrix I — GF‘(AZ) = (

O (Apr = —F(Ay), 1 eR, (47)
where

9.5083951 —7.0229286 16.5414502 —0.0873712 41.3179432
N —30.5783061 12.889927 —66.2339239 0.2548226 —151.3556546
QZ(AZ) = | 16.6731188 0.8451376 49.3927316 —0.5839651 109.2686315
1.6033622 —0.1482411 —0.2174947 —0.0605072 4.7172016

—0.5501459 —0.0171558 —0.6994877 —1.2253692 —1.908402

)

’

Fl(Ay) = ( —508.2954741, 1863.211432, —1321.586001, —51.2392, 19.6852962) .

By solving (47) we find )ﬁ = ()ﬁ, Ag, Ag) € R’ with

- 6.0000271 - 4.7812568
1'710.0000055) %~ \ —-3.3750023
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Pomercal solbtiome o problem %0 20 X @ 30
(45), (46) 0 6.0000271  0.0000055 6 0
005  5.987525 —0.349872 59875003  —0.349875
0.1 59500324  —0.6989988  5.95001 ~0.699
0.15 58875962  —1.0466252  5.8875759  —1.046625
02 58003381  —1.3920012  5.80032 ~1392
025 56884926  —1.7343768  5.6884766  —1.734375
0.3 55524441 20730023  5.55243 —2.073
035 53927644  —24071275 53927522  —2.407125
04 52102503  —2.7360025  5.21024 ~2.736
045 50059613  —3.0588775  5.0059528  —3.058875
0.5 47812568  —3.3750023  4.78125 ~3.375
055 45378336 —3.6836271  4.5378284  —3.683625
0.6 42777636 —3.9840018  4.27776 ~3.984
0.65 40035313  —4.2753765  4.0035291  —4.275375
0.7 37180709  —4.5570011  3.71807 —4.557
075 34248045  —4.8281257  3.4248047  —4.828125
0.8 31276788 —5.0880003  3.12768 ~5.088
085 28312034  —53358749  2.8312053  —5.335875
0.9 25404876 —5.5709995  2.54049 ~5.571
095 22612783  —57926241 22612809  —5.792625
1 19999975 —5.9999987 2 -6
7l = 8.9999902 =9

To define the values of an approximate solution at the remaining points of set {#,_1, -},

— > 1.8759368
— h _ .
r=1,2, we first find £" = <—8.9001442> , and then solve the Cauchy problems:
- 0.5 1
ax o~ W P i i
i AMX +o@)E" + @) [ Y(T)dTr] + @) | Y(v)dTA; + Ao()Ay + (1),
0 0.5

Xt)=A teltit), r=12

The exact solution to problem with parameter (45), (46) is the pair (x*(¢), u*) with

P —52+6
X*(t)=< t3—7t >9/’L*=9

Table 1 provides the values of the exact solution and the numerical solution (X(z), /t). The
calculations were carried out in the MathCad software package.
The error estimates obtained by using the Runge—Kutta method are as follows:

ln™ — |l < 0.00001, max_|lx*(z;) —X(z;)|l < 0.00003.
j=0,20
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Example 2 Consider the problem with parameter for system of integro-differential equations

1
fl’: = A(t)x + ¢(t) / Y(D)x(D)dT + Ao + f(1), x€eR* pueR> (48)
0
Boiw + Bx(0) + Cx(T) =d, d e R*, (49)

t 2 2
where A() = <f3 cosl(z))’ Aot) = (si:(t) to)’ o) = (6:13)’ v =

Pr=2
0 e )°

£y = B2 44 - 28 —1Pe+ef(d—60° — 1%
T \57 = 3e — Tsin(t) — t2cos(t) — te + 413 — 6:° —t7 +tcos(t) + 8)°
45 17 19 122
23 30 0 -8 59
Bo=1o5 B=|_s2" € =lwal| 9=|2
12 9 3 9 7 36

We use the numerical implementation of algorithm. The accuracy of the solution depends
on that of solving the Cauchy problems on the subintervals. We provide the results of the
numerical implementation of algorithm based on the Bulirsch—Stoer method Atkinson et al.
(2009), Butcher (2000), Stoer and Bulirsch (2002) by partitioning the subintervals [0, 0.5],
[0.5, 1] with step size h = 0.05.

The exact solution to problem with parameter (48), (49) is the pair (x*(¢), u*) with

oo (16 —4\ . (7
x(z)—< 12—t o =\19)-

In Table 2, the values of the exact solution and numerical solution (x*(#;), u*) and (X (¢), 1),
k =0, 20, are shown.

Example 3 Consider the following problem with parameter for the system of integro-
differential equations:

P 1
‘;—f = A()x + Z/wka)wk(r)x(r)dr + Ao+ f(1), xeR pek,
k=1 0
(50)
Bop + Bx(0) + Cx(T) =d, deR, (51)
where

A(n) = <Si?2(t) (l)> » A = <t2 t— 7 21t t-gZ) . JO= <£Eg> ’

0 1 t 22
p1(1) = <2§3 / _3>, pa(t) = <t3 t-it-5>’ = <tt2 :t)’ V20 = (’ £t>

1
fit) = —6—(16371 — 672 cos(mt) + 67 sin(z)t + 67 sin(t) sin(wt)
T
+ 671 + 307t> — 567t 4 121 + 144met + 24),
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Table 2 Comparison of exact and numerical solutions to problem (48), (49)

t %1() X0 KF) -5 B0 X3() X3 (0) — T2 (0)]

0 —4.00000058 —4 0.00000058 —0.00000066 0 0.00000066
0.05 —3.99924493 —3.99924375 0.00000118 —0.04750057 —0.0475  0.00000057
0.1 —3.99390172 —3.9939 0.00000172 —0.09000049 —0.09 0.00000049
0.15 —3.97924596 —3.97924375 0.00000221 —0.12750041 —0.1275  0.00000041
0.2 —3.95040265 —3.9504 0.00000265 —0.16000032 —0.16 0.00000032
0.25 —3.90234679 —3.90234375 0.00000304 —0.18750024 —0.1875  0.00000024
0.3 —3.82990337 —3.8299 0.00000337 —0.21000017 —0.21 0.00000017
0.35 —3.72774739 —3.72774375 0.00000364 —0.22750009 —0.2275 0.00000009
0.4 —3.59040386 —3.5904 0.00000386 —0.24000002 —0.24 0.00000002
0.45 —3.41224776 —3.41224375  0.00000401 —0.24749996 —0.2475  0.00000004
0.5 —3.18750409 —3.1875 0.00000409 —0.2499999 —0.25 0.00000010
0.55 —2.91024786 —2.91024375 0.00000411 —0.24749986 —0.2475  0.00000014
0.6 —2.57440405 —2.5744 0.00000405 —0.23999983 —0.24 0.00000017
0.65 —2.17374767 —2.17374375 0.00000392 —0.22749981 —0.2275 0.00000019
0.7 —1.70190369 —1.7019 0.00000369 —0.2099998 —0.21 0.00000020
0.75 —1.15234711 —1.15234375  0.00000336 —0.1874998 —0.1875  0.00000020
0.8 —0.51840292 —0.5184 0.00000292 —0.15999982 —0.16 0.00000018
0.85  0.2067539 0.20675625 0.00000235 —0.12749984 —0.1275  0.00000016
0.9 1.03009837 1.0301 0.00000163 —0.08999986 —0.09 0.00000014
0.95 1.95875552 1.95875625 0.00000073 —0.04749986 —0.0475 0.00000014
1 3.00000038 3 0.00000038 0.00000017 0 0.00000017
fy ui lu] — 1l %) u5 I3 — fal
6.99999721 7 0.00000279 19.0000029 19 0.0000029
frlt) = — ! (2407312 — 397731 — 11507313 + 607342 sin(r 1)

6073
+3607213 + 1440731’ +
+1207%¢ — 240t — 674973 + 12072 + 720 + 72073 te + 36007°¢),

125 45 -89 216
301 12 52 83
Bh=1421]|, B=]|56], C= 51, d=1]164
121 4 2 -5 15 6 176
20-5 0 13 60

The exact solution to problem with parameter (50), (51) is the pair (x*(r), u*) with

. 7
s [ t+sin(we) |
x(t)_<t3+5t2+9 = 94

Case 1.Let N = 1. We introduce the additional parameters A, Ay € R? setting 11 = x(0)
1
and Ay = u. Let & = fl//k(s)u(s)ds, k = 1,2, where u(s) = x(s) — A1. Then for the

0
function u(¢) we have the equality
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Table 3 Comparison of numerical solutions to problem (50, 51). Case 1

t Adams method Runge-Kutta method Bulirsch-Stoer method

x1(0) Eol0) @ ES10) X0 Eol0)
0 0.0482514 8.980579 0.025551 8.9897177 0.02405 8.9903231
0.1 0.4499408 9.0389214 0.4306937 9.0446196 0.4294176 9.0449953
0.2 0.8224944 9.2021676 0.8061773 9.2049413 0.8050918 9.2051211
0.3 1.1383968 9.4763998 1.1245971 9.4767265 1.1236752 9.4767416
0.4 1.3758101 9.8677329 1.364198 9.8660358 1.3634185 9.8659143
0.5 1.5206706 10.38232 1.5109927 10.3789505 1.5103394 10.3787158

0.6 1.5680604 11.0263565 1.5601231 11.0215746 1.5595835 11.021244
0.7 1.5226728 11.8060815 1.5163294 11.8000353 1.5158938 11.7996189
0.8 1.3983499 12.7277792 1.3934832 12.7204846 1.3931437 12.719983
0.9 1.2167217 13.7977804 1.2132287 13.7890996 1.2129778 13.7885031

1 1.0051 15.0224688 1.0028668 15.012085 1.0026965 15.0113717
1 = 6.9771984 W1 = 6.9879316 1 = 6.9886448
1y = —4.0832155 Ly = —4.0440641 ) = —4.0414742
3 = 8.9862406 3 = 8.9927147 13 = 8.9931433
] 16,
}‘,(t) =t +sin(mt) /
14
7
q 12 /
S/ 3 s e
—— Ex solution BE)=t3+5t2+9
% — A::nsmﬂhod ! ///
P - Runge-Kutta method e
— - Bulirsch-Stoer method

0 05 1 %o 05 1

Fig. 1 Comparison of the exact solutions and numerical solutions to problem (50, 51) (N = 2)

u(t) = ELY(AG). AQ. DAy
FEL (A0, 400, D + EXL G FO.D + ELL (A, 010, DEr +

1
FEM (A0, 20,8 + EML (A6, 0100, D fo 1 (s)dshy
1
+EM (A0 020D /O a(s)dshy. (52)

Multiplying both sides of (52) by ¥, (¢), p = 1,2, and then integrating them over the
interval [0, 1], we get the system of linear algebraic equations in £ = (£, &) € R*. By
solving this system we determine & and substitute the corresponding expression into the
right-hand side of (52). We then obtain the representation of function u(¢) through 1| and A;.

To implement the numerical algorithm for solving problem (50),(51), we use Simpson’s
rule for estimation of definite integrals and the fourth-order Runge—Kutta method, the Adams
method, and the Bulirsch—Stoer method to solve auxiliary Cauchy problems for ordinary
differential equations. The calculations were carried out in the MathCad software package.

For the chosen step size & = 0.1, the algorithm was performed three times, by separately
using the Adams method, the fourth-order Runge—Kutta method, and the Bulirsch—Stoer
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method. Table 3 and Fig. 1 provide the comparative results obtained for the numerical solu-
tion (X(¢), i) to problem (50),(51).

The error estimates obtained by using the three methods are as follows:

Adams method: ||u* — || < 0.0832155, max |lx*(z;) — X(z;)|| < 0.0482514;

j=0,10
Runge—Kutta method: ||u* — 7Z]| < 0.0440641, max |x*(z;) — X(¢;)| < 0.0255510;
j=0,10
Bulirsch—Stoer method: ||u* — || < 0.0414742, max |lx*(z;) — X(z;)|l < 0.0240500.
j=0,10

Case 2. Let N = 2. We perform the numerical algorithm by the partitioning the interval
[0, 1] with step size & = 0.5 and the subintervals [0, 0.5], [0.5, 1] with step size h; = 0.05.
The results are presented in Table 4.

Case 3. Let us take N = 4 and perform the numerical algorithm for solving problem
(50),(51). The four partition subintervals [0, 0.25], [0.25, 0.5], [0.5, 0.75], [0.75, 1] are in
turn divided with step size h; = 0.025.

Again, we implement the algorithm three times using different methods for solving aux-
iliary Cauchy problems.

The results are presented in Table 5 and Fig. 2.

To compare the results, we obtain the following error estimates:

Adams method: lw* — x|l < 0.0309316, max_[|x*(¢;) —X(t;)|| < 0.01793120;

j=0,40
Runge—Kutta method:  ||u* — x| < 0.0001708, max_|lx*(z;) —X(z;)|| < 0.000099;
j=0,40
Bulirsch—Stoer method: lw* — |l < 0.0001604, max_|lx*(z;) — X))l <
j=0,40
0.000093.
Conclusion

The proposed computational method for solving problems with parameters for integro-
differential equations is based on the parametrization method with the choice of a regular
partition. The algorithm includes two auxiliary problems: the Cauchy problems for ordinary
differential equations and the evaluation of definite integrals. The numerical solutions to
the Cauchy problems were obtained by the Adams method, the fourth-order Runge—Kutta
method, and the Bulirsch—Stoer method; the integrals were evaluated by Simpson’s rule. If
we use other numerical or approximate methods, we obtain a new numerical or approximate
implementation of the algorithm. By choosing various regular partitions, we obtain a family
of algorithms.

The proposed method can be extended to problems for impulsive integro-differential
equations, integro-differential equations of mixed type, and fractional integro-differential
equations. One of the possible options for the further development of the proposed com-
putational method is its combination with computational methods for fractional dynamical
systems Burgos et al. (2019), Harrat et al. (2018), Kim et al. (2020), Liu et al. (2018),
Manimaran et al. (2019).
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Table 5 Comparison of numerical solutions to problem (50),(51). Case 3

t Adams method Runge—Kutta method Bulirsch—Stoer method
¥1(0) ¥ (1) x1(0) () X1(0) X (1)

0 0.0179312 8.9927756 0.000099 8.9999601 0.000093 8.9999626
0.025 0.1206645 8.9966377 0.1035541 9.0031048 0.1035484 9.0031069
0.05 0.2229442 9.006817 0.2065257 9.012593 0.2065201 9.0125949
0.075 0.3242882 9.0234076 0.3085329 9.0285186 0.3085276 9.0285203
0.1 0.4242201 9.0465036 0.409101 9.0509753 0.4090959 9.0509768
0.125 0.5222723 9.076199 0.5077641 9.0800568 0.5077592 9.0800581
0.15 0.6179893 9.1125881 0.6040679 9.115857 0.6040632 9.1158581
0.175 0.7109304 9.1557651 0.6975728 9.1584695 0.6975683 9.1584704
0.2 0.8006721 9.2058242 0.7878565 9.2079881 0.7878522 9.2079889
0.225 0.8868103 9.2628597 0.8745165 9.2645067 0.8745123 9.2645072
0.25 0.9689639 9.3269659 0.9571724 9.3281188 0.9571684 9.3281192
0.275 1.0468294 9.3983148 1.0354689 9.3989183 1.0354651 9.3989185
0.3 1.1199735 9.4768458 1.1090774 9.4769989 1.1090737 9.476999
0.325 1.1881462 9.5627308 1.1776981 9.5624545 1.1776945 9.5624544
0.35 1.2510769 9.6560644 1.241062 9.6553786 1.2410586 9.6553784
0.375 1.3085282 9.7569412 1.2989327 9.7558652 1.2989295 9.7558648
0.4 1.3602965 9.8654559 1.3511075 9.8640079 1.3511043 9.8640074
0.425 1.4062146 9.9817032 1.3974187 9.9799005 1.3974157 9.9798999
0.45 1.4461494 10.105778 1.437735 10.1036368 1.4377321 10.103636
0.475 1.4800058 10.2377749 1.4719619 10.2353105 1.4719592 10.2353096
0.5 1.5077261 10.377789 1.5000426 10.3750153 1.50004 10.3750144
0.525 1.5293173 10.5259487 1.521958 10.5228451 1.5219555 10.5228441
0.55 1.5447462 10.6822821 1.5377271 10.6788936 1.5377247 10.6788924
0.575 1.5540941 10.846918 1.5474069 10.8432545 1.5474046 10.8432533
0.6 1.5574546 11.0199514 1.5510917 11.0160216 1.5510895 11.0160203
0.625 1.5549583 11.2014775 1.5489129 11.1972887 1.5489109 11.1972873
0.65 1.5467723 11.3915916 1.5410382 11.3871495 1.5410362 11.387148
0.675 1.5331006 11.5903893 1.5276702 11.5856978 1.5276683 11.5856962
0.7 1.5141784 11.7979659 1.5090453 11.7930273 1.5090436 11.7930256
0.725 1.4902741 12.0144167 1.4854327 12.0092318 1.4854311 12.00923
0.75 1.4616872 12.2398374 1.4571319 12.234405 1.4571304 12.2344032
0.775 1.4287557 12.4743399 1.4244717 12.4686408 1.4244702 12.4686389
0.8 1.3918163 12.7179873 1.3878073 12.7120329 1.387806 12.7120309
0.825 1.3512595 12.970892 1.3475192 12.964675 1.3475179 12.9646729
0.85 1.3074863 13.2331496 1.3040096 13.2266609 1.3040085 13.2266587
0.875 1.2609193 13.5048559 1.2577011 13.4980844 1.2577001 13.4980821
0.9 1.2119984 13.7861072 1.2090333 13.7790391 1.2090323 13.7790368
0.925 1.1611788 14.0769998 1.1584603 14.069619 1.1584594 14.0696165
0.95 1.1089262 14.3776294 1.1064481 14.3699178 1.1064473 14.3699152

0.975 1.0557158 14.6880923 1.0534715 14.6800291 1.0534707 14.6800264
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Table 5 continued

t

Adams method

Runge—Kutta method

Bulirsch—Stoer method

X1 () X (1) X1 () X (1) X1 () X (1)
1 1.0020287 15.0084851 1.0000111 15.0000468 1.0000104 15.000044
fi] = 6.9915036 [i] = 6.9999532 fi] = 6.9999561

Ty = —4.0309316
T3 = 8.9948835

Tip = —4.0001708
T3 = 8.9999718

Tip = —4.0001604
T3 = 8.9999735

b 16,
x,(t) = t + sin(nt) o7
L5] JeTT e 'V'uﬁc,% 14 r
o © Se o o
L} %4 o
o %0 »°
H o° © 121 >
) 5
o x(t) =t +5t2+9
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o 000°
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Fig. 2 The exact solution (light blue solid line) and the numerical solution values obtained by the Bulirsch—
Stoer method (’0”)
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