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Abstract

In this paper, a new conservative fourth-order finite difference scheme is proposed for solving
the generalized Rosenau—KdV-RLW equation. The solvability, convergence, and conserva-
tion of the numerical solution are discussed by the discrete energy method. The scheme is
convergent of O (t? + h*) and unconditionally stable. Several numerical experiment results
show that the proposed scheme is efficient and reliable.
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Mathematics Subject Classification 65M12 - 65N06

1 Introduction

Nonlinear wave phenomena play an important role in engineering and sciences. In the past,
many scientists have studied about different mathematical models to explain the wave behav-
ior, such as the KdV equation (Korteweg and Vries 1895; Ozer and Kutluay 2005; Skogestad
and Kalisch 2009; Kim et al. 2012; Yan et al. 2016), the Rosenau equation (Rosenau 1986,
1988; Park 1992), the Rosenau—KdV equation (Zuo 2009; Esfahani 2011; Triki and Biswas
2013; Zheng and Zhou 2014), the Rosenau—RLW equation (Pan and Zhang 2012; Wongsaijai
et al. 2014, 2019), and many others (Lu and Chen 2015; Coclite and Ruvob 2017; Mohanty
and Kaur 2019; Kaur and Mohanty 2019).
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In this paper, we will consider the following initial-boundary value problem of the gener-
alized Rosenau—KdV-RLW equation (Razborova et al. 2015):

ur +avy +bWl)y — ctiyyr + ditgyy + tixyxee =0, x €la, B8], t€[0,T], (1.1)
with an initial condition
ux,0) =¢x), xe€la,pl, (1.2)
and boundary conditions
ulee,t) =u(B,t) =0, uy(a,t) =u(B,t)=0, tel0,T], (1.3)

where a, b, ¢ and d are non-negative real constants, p > 2 is a positive integer, ¢ (x) is a
given smooth function, u(x, t) is a real-valued function.

For Eq. (1.1), shock waves, solitary waves, and the asymptotic behavior with power law
nonlinearity have been theoretically studied in Razborova et al. (2014) and Sanchez et al.
(2015). Besides the theoretical analysis, Wongsaijai and Poochinapan (2014) proposed a
three-level average implicit finite difference scheme, and Wang and Dai (2018) developed
a linearly implicit finite difference scheme. However, both the schemes in Wongsaijai and
Poochinapan (2014) and Wang and Dai (2018) are only second-order accurate. As pointed
out in Ghiloufi and Omrani (2017), the conservative approximation properties of the scheme
have possibly even more impacts on numerical results. Thus, the motivation of this research
is to establish a fourth-order conservative finite difference scheme for Egs. (1.1)—(1.3).

Theorem 1.1 Suppose ¢(x) € Hoz[oz, Bl, then the problem in Egs. (1.1)—(1.3) satisfies the
following energy conservative property:

B
E(r)=/ [P0+ e + a0 ]de =l + el + e,
B
=/ [u2(x,0) + cu?(x, 0) +u§x(x,0)]dx
B
= / [(@C)? +c@ ()2 + @)L Jdr = E©, ¢=0, 1€[0.T]. (14)

Proof From Eq. (1.1), we have
Up — CUyxt + Uxxyxt = —AUx — b(up)x — dUyyy. (1.5)

Multiplying Eq. (1.5) by 2u and integrating on the interval [«, 8], we obtain

d r8 5 B B
7/. u-dx — 2C/ Ul yrdx + 2/ Ul yyxxrdx
dr « o o

B B B
= —2a/ uuydx — Zb/ u(uP)dx — Zd/ Ul dx. (1.6)
o o

o

Using the integration by parts and considering the boundary conditions in Eq. (1.3), we have

P 1
dx = —u?
/a uu,dx 2u
g 1
/a uuxxxdx = (uuxx _ Eu)z()
@ Springer f bMA
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p [N
u(l)dy = (w? = ——ur*h)|" =0, (1.9)
a p+1 a
B B B
/ Uy dx = / ud(uy) = (uux,>
o o o
/ﬂ d Ld pf 24 (1.10)
- Uy dy = ——— usdx, .
; xt 2ar ), "
B B B
/ Ulyyxxrdx = (””xxxr)‘ - / Uyyxrdu
o @ o
B[P 1d [?,
= _(ux“xxz) + Uyytllyydx = = — uy,dx. (1.11)
o o 2dr Jg

Substituting Eqgs. (1.7)—(1.11) into Eq. (1.6) gives

d rf
—/ [uz(x,t)—l—cu)z((x,t)—|—u%,x(x,t)]dx =0.
dr Ju -
Therefore, we obtain E(t) = E(0),t € [0, T]. O

Lemma 1.2 (Wang and Dai 2018) Suppose ¢(x) € Hoz[oz, Bl, then the solution of Egs.
(1.1)~(1.3) satisfies ullL, < C, luxllL, < C, lluxxllL, < C, and hence |lull.,, < C,
luclli, <C.

Theorem 1.3 Suppose ¢ (x) € Hg [a, B1, then the problem in Eqs. (1.1)—(1.3) is well posed.

Proof Assume that u; and uy are two solutions of Egs. (1.1)—(1.3) satisfying the initial
conditions ¢(1) and ¢(2), respectively. Let & = uj — u», then 6 satisfies

0 + abc + b[(u1)P 1 — b[(u2)P1x — cOrxt + dOrxix + Oxxxnt =0,
and the initial-boundary conditions:

0(x,0) =1 — 9@, xela, Bl
O, t) =0(B,t) =0, O(a,t) =60,(B,t) =0, t €[0,T].

Letting
B
E@) = / (0% + 0 +62,)dx, ¢ > 0,
o

we use a similar derivation as that in the proof of Theorem 1.1 and obtain

dE@t)
dr

B
2/ (06r + cOxOyr + OrxOxx)dx
o
B
=<2 [ o[t + bl = b)), + b Jax
o

=2b / ’ 012”1 = (@)1 Jax
- [a92 1 2d06,, — d(@x)z] ‘z
— 2bp /j 9[(u2)p_1(u2)x - (ul)P_l(ul)x]dx

9\ Springer JBIANC



237 Page4of19 X. Wang, W. Dai

B g P2
- —2bp/ 06, ()P~ 'dx —2bp/ 0 (u2)? ) (), 0dx. (1.12)
o o k=0

By Lemma 1.2, we obtain

s g
‘/ eex(uz)”—‘dx’ 5c/ |9|-|6’x|dx§C</
o o

o

g p2 B
/ 9Z(uzv*z*k(ul)k(ul)xedx(sc / 6%dx,
o k=0 o

s s
0%dx + / (Hx)zdx),
o

where C is a constant. Substituting the above two inequalities into Eq. (1.12), we obtain
4EW < CE(r),t €10,T]. This leads to E(r) < e€T E(0),0 < ¢ < T. Thus, if p) = ¢@),
we have 0 (x, 0) = Oand hence E (0) = 0, implying that £ (¢) = 0. By the Sobolev inequality,
we obtain [|0]|1,, = 0and u; = uy. Furthermore, if 6 (x, 0) < ¢,6,(x,0) < &,0y,(x,0) < &,
we obtain E(0) < ¢ and hence E(t) < ¢TEQ) < €T, 0 <+t < T, implying that the
solution is continuously dependent on the initial condition. We conclude that Egs. (1.1)—(1.3)
are well posed. O

The rest of this paper is arranged as follows: Sect. 2 gives the detailed description of the
fourth-order finite difference scheme and its discrete conservative property for Egs. (1.1)—
(1.3). Section 3 provides complete proofs on the solvability, convergence and stability of the
proposed scheme with the convergence order O (>4 h*). Section 4 presents some numerical
simulations to verify the theoretical analysis. Finally, concluding remarks are given in Sect. 5.

2 Difference scheme and its discrete conservative law

The solution domain {(x,#)|la < x < B,0 < t < T} is covered by a uniform grid
{xj,t)lxj =a+jh, ty =nt, j=0,...,J,n=0,..., N},withspacingh = (B—a)/J,
v =T /N. Denote U;’ ~u(xj, ty), and let

Z)={U=WUpIU_=Uo=U=U;1 =U; =Us41 =0}, 2.1

where j = —1,0,1,...,J —1,J,J + 1. For convenience, the following notations will be
introduced:

1 1 1
(U7)i = E(U;I_H - UJr‘l)’ (U_;'l))? = E(U;l - Uv;l_1)’ (U7)£ = ﬂ(UJr‘l_H - U;‘l_])7

gn =1

_ 1 _
§=oWT U, W= Wit = UiTh, W= —wit - up,

1
T
J—1
UV =hY UV UM =0 U, U e = max U7,
’ = ivie ’ ’ RO ey MR
By setting

w = —auy — b(up)x + Clyyr — dUyyy — Uyxxxr, 2.2)

@ Springer f bMA
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Eq. (1.1) can be written as w = u,. Using the Taylor expansion in the variable x, we
obtain

h? h? h?
w) = —a[ W) = T @0} | = {1071 = T @) ] + e[ Wssi = T3 @Fa0]
n h2 n n h2 n
B d[(Uj )i~ Z(Bfu)_i] - [(Uj Dxirw g(f)fat”)_/] +o@h, (2.3)

where the fourth-order operator (U j”)Y is defined as follows (Wang and Dai 2018):
1 2 29

(U;l)\ = T 24n3 (U.;l+3 - U;l*3) + ﬁ(Uj’!JrZ - U.;LZ) YVE (U;IH - U;lfl)
h2
=u + Zuj” +ohY. (2.4)

From Eq. (2.2), we have
@20:1) = —a(@}u)y — b@7uPY} + c(@f0u)t — d(@uw) — (Fw)}. (2.5
Substituting Eq. (2.5) into Eq. (2.3) gives
w! = —a(U); = BIUN Tz + c(UMgzp — AUz — (UDszer
Chz h2 2
- E(ajja,u)’} - g(axw)’; + O (hh).
Using second-order accuracy for approximation, we obtain
Ul =07 +0@?, wi=@w)=Uh;+0),
@7w)t = Whzz + 0GP, @)t = (UN)szizr + O ().
Thus, the proposed difference scheme for Egs. (1.1)—(1.3) is written as
WM +a0); +bLANP; +d0); + AU zzzzr — BOU N =0, (2.6)

ch? h?
A(h)=l—ﬁ, B(h)=c—g, j=2,....J -2, n=2,...,N, 2.7
UY=¢(p, 0<j<1, (2.8)
Uiy =U}=0 0" =Uf=0U}_=U},,=0,n=1,...,N. (2.9)

Since the scheme in Egs. (2.6)—(2.9) is a three-level method, we need to give a two-level
method to compute U !, which is given by

Ui +aU); +bLUT)P L +dU ) + AU izzsi — BYU D) iz =0,
(2.10)

where

U =Wj+UN/2, j=2,....0 =2, n=0,...,N.

Lemma 2.1 (Hu et al. 2008; Ye et al. 2015) For any two mesh functions U,V € 79 we
obtain

(U, V) = =(U, Vz), (Uz, V) = =(U, V%), (2.11)
(Usz, V) = =(Uz, Vi), Uz, U) = Uz, (U, Ugizz) = Uz (2.12)

@ Springer f DMAC
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Lemma 2.2 (Shao et al. 2013) For any mesh function U € Zg, there exist two positive
constants C1 and Cy such that

10" oo < C1IU" ]| + C2AIUZ - (2.13)
Lemma 2.3 (Cai et al. 2015) For any discrete function U € Z°, we have
4
IUEI? < S5 0U"I1% 0<n<N. (2.14)
Lemma 2.4 (Wongsaijai and Poochinapan 2014; Wang and Dai 2018) For any mesh function

U e 22, we have

(U3, U) =0, (U, U)=0, (UL,U)=0, p=2. (2.15)

Theorem 2.5 Suppose ¢(x) € HOZ([a, Bl), then the finite difference scheme in Eqs. (2.6)—
(2.10) is conservative for discrete energy in sense:

Un+1 2+ u” 2

I ||2 " +B(h)[

Iz 1? + ||U;;||2]
2

== UIP+ BMIULI? + AWULIP = E°, n=0,...,N—1. (2.16)

+12 2
o2+ o ]
2

E" =

+ A(h)[

Proof Taking the inner product of Eq. (2.6) with 2U", we obtain
(Uth, 2U”)+A(h)(U;iﬁf, 2U”)—B(h)(U)’z’ﬁ, 20™M)
+a(U¢,20") +b(U™?E,20") +d(U},20") = 0. (2.17)

From Lemmas 2.1 and 2.4, we obtain

(07,20 =0, (@™M,20") =0, (U},20") =0,

Fny _ 2 Ty _ 2 Ty _ 2

(U220 = |U"|2, (UL, 20") = — UL |2, (U".....20") = UL |2

Thus, Eq. (2.17) can be rewritten as
2 2 2
1U™ 17 + AU IF + B UTIF = 0.

This is equivalent to

U2+ AWNUET? + BWIUTE R = 10" 2 + AW U + BM U2,
where n = 1, ..., N — 1. This further yields

1,2 n 2 n+1,2 n 2
U2 + Jun |12 122 + U2 U2 + U2
EnE B h[ X X :| A h[ XX XX :|
5 + B(h) 5 + A(h) 5
Un 2 Un—l 2 Uﬂ 2+ Uf:l—l 2 Uil_ 2+ Utl_—l 2
_ o+ [ +B(h)[|| e R (17| ]+A(h)[ll UL
2 2 2
=E"'=...=E% n=1,...,N—1. (2.18)

@ Springer f bMA
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Similarly, taking the inner product of Eq. (2.10) with 2%, we obtain
(U2, 2u%%) + a(U?), 2u°) + b(U L, 2u") + d (U, 2u")
0 0.5 0 0.5y _
+ AUz 2u ) = B(U 0, 2u™) = 0. (2.19)

From Lemmas 2.1 and 2.4, we obtain
(U, 2u°%) =0, (U7, 2°%) =0, (U, 2u°%) =0, (2.20)
(U2, 2u°%) = |U°)12, (U2 20%) = - U212, (U?

xxt’ Xxxxi’

0.5 0 2
20°%) = UL 2.

(2.21)
Substituting Egs. (2.20)—(2.21) into Eq. (2.19), we obtain
IU°17 + AU + B()|UP|? = 0.
This is equivalent to
IUM> + AU + BWULIP
= 101>+ AW UL + BWUY|P.
Thus, from the above equation and the definition of £ 0. we have

1%+ 1U°)?
— st

£0 _ IIU§||2+IIU§|I2]

o[

UL+ 1002
+A(h)[” el : U ]

= U1 + BWU2I* + A UL |I.
O

Theorem 2.6 Suppose ¢ (x) € Hz([a B), then the solution U" of Egs. (2.6)—(2.10) satisfies
10" < C UL < C, U < C, which yield

1U"loo =C, Ufllo =C, Ufllo =C, [Ufllc =C, 0=<n=N.

Proof We prove the theorem by the mathematical induction. From Eq. (2.8), we obtain
[U°] < C. We assume that

IU¥I <C, 10Ul <C, k=0,1,2,....n

From Lemma 2.3, we obtain

lans UrthiE ust? Uurth3,

_hg| _hﬂ

which yield
nU“ﬂF+BmwuﬁﬂF+Amwuﬁw2

> ||Un+l|| +C”Uﬂ+l” _"_ ||Uﬂ+l|| |Uﬂ+1”2

6 h2|
ch? 4
12 h2||

2¢
7||UVI+1 ”2 ||U;l+l ”2 + ”U;;»l ||2 > 0, c> O’ (222)

@ Springer f DMAC
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implying that E"*! > 0. From Eqs. (2.16) and (2.22), we obtain |U"+!|| < C, ||U;’+1 | <cC,
IIU,?_{,“ | < C.By Lemma 2.2, we further obtain

1 1 1 1
U o <€ U2 oo <€, UM loo =€, U oo < C.

which completes the proof. O

3 Solvability, convergence and stability

Theorem 3.1 The finite difference scheme in Egs. (2.6)—(2.10) is uniquely solvable.

Proof Using the mathematical induction, we can determine U uniquely by Eq. (2.8) and
choose Eq. (2.10) to compute U'. Assume that U and U2 are two solutions of Eq.
(2.10) and let U1 = g1 — 102 then U'®) satisfies the following equation:

1 a d 1 1
—U + S W+ 50 = —BOW; )iz + AU M)zzzz = 0. (B.D)
T 2 2/ T J T J

where j = 2,...,J — 2. By taking an inner product on both sides of Eq. (3.1) with U,
we have
WU N2 + B UV 1P+ AU |2 = 0. (3.2)

From Theorem 2.6, we get

U+ BIULY 1P + AmIUL 1P
> %uv“wn2 + 23—C||U;(” I+ 10712 > 0. (3.3)
Thus, from Egs. (3.2) and (3.3), we obtain
'O =0, UI”1F=0 U1 =0.

Therefore, Eq. (3.1) has the only one solution and U is uniquely solvable. Now, suppose
U°, U',...,U" tobe solved uniquely. By consider the homogeneous Eq. (2.6) for U"*!, we
have

1 1 1
—UT = —BWWUT D + — AW U D s

+aUIth; + UYL + U = 0. (3.4)
Computing an inner product of Eq. (3.4) with U"*!, we obtain
U2+ AWNUL 1 + B UET? = 0. (3.5)
This together with Eq. (2.22) gives
lot? =0, qurttiF=o, Ui =o. (3.6)
Therefore, Eq. (3.4) has the only one solution and U+ is uniquely solvable. O

@ Springer f bMA
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Theorem 3.2 Suppose ¢ (x) € HOZ([oz, B), then the solution U" converges to the solution u"
in the sense of || - ||co, and the convergence rate is Ot +hh).

Proof Let e’} = u;‘ -U j” then the truncation error can be obtained as follows:
R.'} = (8'}); - B(h)(e?)ﬁ; +a(5'})x + d(E?); + A(h)(en);;;;, + b[(ﬁs{)p - (Uf)p])?,
(3.7)

where R;? = O(z* + h*). By taking an inner product on both sides of Eq. (3.7) with ZE’},
we have

(e 2 = lle™ 5 + By (et 1> = llet =%
+AM I = et )
=27(R",2¢") — 2t(a(e"); +d("):,2e")
— 27 (bL(")? — (U")P1;. 22"). (3.8)

According to Lemmas 1.2, 2.1 and Theorem 2.6, we obtain

([@"? — (U™P;, 28") = —hJZ_:] {[(zz’})f’ - (U;’)P] -2(5’});}

- —hZ{Z[(u O @] - 2@
j=1

<CUe MR+ e TR+ e R+ et D). (3.9)

From Lemmas 2.1, 2.3 and 2.4, we obtain

(e, 28"y =0, (e},2¢")=0, (3.10)
1 1
L e e e e e L (3.11)
1
(R",28") < [R"I? + S (le" 12 + eI (3.12)
Substituting Egs. (3.9)—(3.12) into Eq. (3.8) gives
U™ 12 = 1M1 + B 12 = 12115 + A (e = lles %)
< 27||R"|I* + Cr(lleT )1 + e 12 +||e"+1|| + e 1P + lle" ). (3.13)
Setting

A" = "+ 1" P+ BMY I + e 1% + Al etz 1 + e ).
then we have from Eq. (2.22) that
AL > %(Ile”“llz +le" 1) + %(H PR 1P + eI + flef 1) = 0.
And, Eq. (3.13) can be rewritten as
A" — A" < 27||R"| + CT(A"T 4 AM).
Hence, we obtain

(1= Cr)(A™ — A"y < 27| R"||*> + 2CT A™.

@ Springer f DMAC
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Table 1 Comparison of errors with t = h at T = 20

Norm Scheme h=02 h=0.1 h=0.05 h=0.025

Ly Hu et al. (2013) — 3.045414E—-03 7.631169E—04 1.905450E—04
Present 7.829724E—03 1.946370E—03 4.860569E—04 1.215484E—04

Loo Hu et al. (2013) - 1.131442E—03 2.835874E—04 7.097948E—05
Present 3.034254E—03 7.533525E—04 1.880891E—04 4.701348E—05

If 7 is sufficiently small, which satisfies 1 — Ct > 0, then we obtain

A AT < Cr|RM|? + CT A"

Summarizing Eq. (3.14) from 1 to n, we get

n
A <Al 4Ty RN
k=1

+Ct Xn:Ak.
k=1

Since ¢ = 0 and Eq. (2.10) is used to compute U ', we obtain

=0 A'=0@2+hh

and notice that

n
k2 k2 2 42
v IR < ne max IRMP < T -0 +hh)2,

k=1

we have

n
AT <o+ + ey AR

k=1

(3.14)

From discrete Gronwall’s inequality Wang et al. (2019), we obtain A" < O(r2 + h4)2,

implying

P < 0@ + 0%, Nl < 0% + i

Furthermore, it follows from Egs. (3.11), (3.15) and Lemma 2.2 that

e < 0@ +hY), e oo < O + 1.

This completes the proof.

(3.15)

(3.16)

[m}

Theorem 3.3 Under the conditions of Theorem 3.2, the solution U™ of Egs. (2.6)—(2.10) is

unconditionally stable in norm || - || -

@ Springer f bMA
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Table 2 Comparison of errors at 7 = 40 with t = 0.1, 7 = 0.25

Norm Scheme p=2 p=4 p=2_8 p=16

Ly Pan and Zhang (2012) 7.87770E—03 1.73066E—02 1.80583E—02 1.37857E—02
Wongsaijai and Poochinapan (2014) 2.36080E—03 4.72540E—03 4.67130E—03 3.84380E—02
Present 1.99758E—03 3.92115E—03 3.54784E—03 4.20535E—03

Loo  Pan and Zhang (2012) 2.88972E—03 6.47969E—03 6.66740E—03 5.05919E—03
Wongsaijai and Poochinapan (2014) 8.86700E—04 1.81252E—03 1.75739E—03 1.30630E—03
Present 7.61239E—04 1.53212E—03 1.37125E—03 9.37760E—04

4 Numerical experiments

In this section, we choose numerical experiments to verify the correctness of our theoretical
analysis results. The L, and L, error norms of the solution obtained from Eqgs. (2.6)—(2.10)
are defined as

J—1 1
212
La=le"lz=[n Y 1elP]", Loo=lle"loo = max el
= I<j=<J-1
]:

Example 1 Consider the Rosenau—KdV equation in the case ofa = 1,b =0.5,¢c =0,d = 1
and p = 2 as follows (Wongsaijai and Poochinapan 2014):
ur + uy + 05(142)'( Flyxx Flxpxnr =0, a<x< ,Ba te[0,T], 4.1)

subject to the initial condition

u(x,0) =¢x) = 35(% — ;—4) sech* [i\/ —26 + 2@)6], o <x <8,

and the boundary conditions
ule, 1) =u(B, 1) =0, ux(e, 1) =ux(p, 1) =0.

The analytical solution is

u(x, 1) = 35(% _ %) sech {% 26 +2«/ﬁ[x - %(1 n ‘/133T3)z]}. 42)

First, using different 4, x € [—70, 100],T = 20and r = A, the comparison of error results
was listed in Table 1. As seen, the results from the present scheme are more accurate than
that obtained by the scheme in Hu et al. (2013). Then the spatial and temporal convergence
orders for U" at T = 10 with different space and time steps were drawn in Fig. 1, where
h = 0.5, 0.25, 0.125, 0.0625, © = h? in Fig. la, and ¢ = 0.2, 0.1, 0.05, 0.025, 0.0125,
h = /7 in Fig. 1b. From Fig. 1, the convergence rate O (2 + h*) is verified. Furthermore,
the solution profiles were plotted in Fig. 2 using 7 = 0.25, 7 = h2, o = —40, B = 60,
150. The solitons at + = 30 and 60 are in excellent agreement with the solitons at t = 0.
Finally, Fig. 3 shows absolute errors at T = 30 with # = 1/2, 1/4 and T = h?. From Fig. 3,
we can see that the maximum errors are around orders of 1073 and 10~*, respectively. The
above results indicate that our scheme in Eqs. (2.6)—(2.10) can be applied to simulate solitary
propagations.
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Table 3 Comparison of rates of convergence and CPU time at T = 40 with p =4, h =0.5and t = n2

Norm Scheme T, h /4, h/2 t/16,h/4

Ly Pan and Zhang (2012) 6.41825E—02 1.85385E—02 4.79643E—03
Rate - 1.79165 1.95050

Loo Pan and Zhang (2012) 2.38960E—02 6.96030E—03 1.80409E—03
Rate - 1.77955 1.94788
CPU time 1.252 13.534 157.561

Ly Present 3.20547E—-02 1.97080E—03 1.23081E—04
Rate — 4.02369 4.00110

Loo Present 1.22483E—-02 7.52289E—04 4.69771E—05
Rate - 4.02515 4.00126
CPU time 0.125 2277 51.854

Table 4 Comparison of rates of convergence and CPU time at T = 40 with p =8, h =0.5and t = n2

Norm Scheme T, h /4, h/2 7/16, h/4
Ly Pan and Zhang (2012) 6.44908E—02 1.99919E—-02 5.25426E—03
Rate . 1.68968 1.92785
Loo Pan and Zhang (2012) 2.35870E—02 7.39615E—03 1.94938E—03
Rate — 1.67314 1.92376
CPU time 1.371416 14.862871 175.068007
Ly Present 3.18079E—02 1.94289E—03 1.22300E—04
Rate - 4.03311 3.98971
Loo Present 1.19512E—02 7.27869E—04 4.54605E—05
Rate - 4.03734 4.00099
CPU time 0.156 2.621 54.522
5.734 p=4 p=8
5.7338 9.4688
5.7336 9.4686
5.7334 9.4684
5.7332 9.4682
Ty 573 Ty 04
57328 9.4678
5.7326 9.4676
5.7324 9.4674
5.7322 9.4672
° 7320 10 20 30 40 50 60 9'4670 10 20 30 40 50 60

Fig.4 Discrete energy by the present scheme with 7 = 0.25, t = W2, p =4 (left) and p = 8 (right)
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T=0
‘‘‘‘‘ T=20
0.6 = = =T=40

—_—T=0
c== 0 T=30
06| = = =T=60

0.5

0.4

u(x,t)
u(x,t)

0.3

-60 -40 -20 40 60 80 100 120 -60 -40 -20 40 60 80 100 120

Fig.5 Numerical solutions of the Rosenau—RLW equation with p =4, 7 = hz, o =—-60,8=120,h =0.25
(left) h = 0.125 (right)

Example 2 Consider the generalized Rosenau—RLW equation in the case of a = 1, b = 1,
¢c=1,d =0and p > 2 as follows

U 4y + )y =ty + Upzene =0, —60 < x <120, 1 €[0,40], 4.3)
subject to the initial condition

N (p+1DBp+D(p+3)
1 2(p*+3)(p2+4p+T7)

1 4
u(x,0) = ¢p(x) = exp [p — ] sech 7T (k1 x),

and the boundary conditions
u(—60, 1) =u(120,1) =0, wu,(—60,1) = u,(120,7) = 0.

The exact solitary wave solution is

1 DGBp+ D(p+3 o
u(, 0 =exp[——1In ChDIC hbll A )]sechp—l[kl(x—kzr)],
p—1 2(p°+3)(p=+4p+7)
where
p—1 _ p*+4pP +14p* +20p +25

k= —on, = ) =
! /4p? ¥ 8p + 20 2T Y 4pd 4 10p2 + 12p + 21 p

First, we made a comparison between our scheme and the scheme in Pan and Zhang
(2012); Wongsaijai and Poochinapan (2014). The results in term of errors at T = 40, and
different p were listed in Tables 2, 3 and 4. One may see that the computational efficiency of
the present scheme is clearly better than the ones obtained by the schemes in Pan and Zhang
(2012); Wongsaijai and Poochinapan (2014). Then the conservative invariant E” at different
times ¢ € [0, 60] was listed in Table 5, where p = 4,8, h = 025 and t = h?. We also
showed the conservative law of discrete energy E” in Fig. 4. The obtained results in Table 5
and Fig. 4 testify that the present scheme is conservative for energy, which coincides with
the theory. Finally, we simulated the wave graph of the numerical solution of Eq. (4.3). The
wave graph comparison of numerical solutions obtained using 4 = 0.25, 0.125, T = h? at
various times are given in Figs. 5 and 6 for p = 4 and p = 8, respectively. From Figs. 5 and
6, we can see that the heights of the wave graph at different times are almost identical, which
implies that the energy computed by the scheme is conservative.

@ Springer f bMA




A new conservative finite difference scheme for the generalized...

Page 150f 19 237

Table 5 Discrete energy E” of the scheme with p = 4, 8, h = 0.25, t = h2

T p=4 p=28 T p=4 p=28

0 5.73299163669502 9.46798776268510 40 5.73298452807903 9.46798312378886
10 5.73298584179234 9.46798468168063 50 5.73298429973518 9.46798257522380
20 5.73298526560656 9.46798415838727 60 5.73298412584239 9.46798199389881
30 5.73298483514227 9.46798364683599

60 80 100 120

Fig.6 Numerical solutions of the Rosenau—RLW equation with p = 8,7 = h%, o = —60, B =120, =0.25

(left) h = 0.125 (right)

Example 3 Consider the Rosenau—KdV-RLW equation in the case of a = 1,6 = 0.5,¢c = 1,

d = 1and p = 2 as follows:

Up+uy + O-S(MZ)X —Uyyr +Upxx FUyxes =0, a <x<B, te

subject to the initial condition

[0, T], 4.4)

u(x,0) = ¢(x) = —i<25 - 13¢457> sech?(k3x), « <x <§B,

456
and boundary conditions
u(a,t) =u(B, t) =0,
The exact solitary wave solution is
5

ux(ee, 1) = ux(B, 1) =0.

u(x, t) = ——(25 _ 13¢457) sech® (k320 [k3 (x — kat)],

456
where

. _(—13+«/457)1/2 ) 241 413457
3 288 P 266 '

First, we compared the errors at T = 30 and different 4, using « = —40 and 8 = 100
as reported in Table 6. It is clear that the errors obtained by the present scheme are slightly
smaller than the ones obtained by the method in Wongsaijai and Poochinapan (2014). Then

we drew the absolute errors distributions with # = 0.25, t = h%, o =

—40, B = 160 at

T = 30, 60 in Fig. 7. We found that the maximum error obtained by the present scheme
takes place around the peak amplitude of solitary waves. At last, the curves of the numerical
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Fig. 7 Absolute error distribution at 7 = 30 (left) and T = 60 (right) with 7 = 0.25, 7 = 112, a = —40,
B =160
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—T=0 . ) T=0
fm =i T=20 Yo L R T=30
25 = = =T=40 o 25 n :'. = = =T=60
LA LN
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Fig.8 Numerical solutions of the Rosenau—KdV-RLW equation with 7 = 0.25, t = hz, o = —40, 8 =100
(left) and B = 200 (right)

solutions computed by the present scheme in with 7 = 0.25, t = h2, a = —40, B = 100,
200 are given in Fig. 8, and we can see that the waves at T = 20 ~ 60 agree with the
corresponding waves at T = 0 quite well.

5 Conclusion

A new conservative finite difference scheme for the generalized Rosenau—KdV-RLW equa-
tion is introduced and analyzed. The scheme is unconditionally stable and convergent with
order of O (7% + h*). Numerical experiments confirm well the theoretical analysis and show
that the present scheme is efficient and reliable.
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