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Abstract

In this paper, an asymptotic numerical method based on a fitted finite difference scheme
and the fourth-order Runge—Kutta method with piecewise cubic Hermite interpolation on
Shishkin mesh is suggested to solve singularly perturbed boundary value problems for third-
order ordinary differential equations of convection diffusion type with a delay. An error
estimate is derived using the supremum norm and it is of almost first-order convergence.
A nonlinear problem is also solved using the Newton’s quasi linearization technique and
the present asymptotic numerical method. Numerical results are provided to illustrate the
theoretical results.

Keywords Third-order differential equations - Convection diffusion equation - Boundary
value problem - Singularly perturbed problem - Shishkin mesh - Delay differential
equations - Asymptotic numerical methods
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1 Introduction

Delay differential equations (DDEs) are differential equations in which the unknown function
not only evaluated at present but also evaluated at some past values of the independent
variable. DDEs arise in many fields of science and technology such as, mathematical physics,
control theory, neural network, medicine, biology, population dynamics model, etc. In the
recent past years, the problem of finding numerical solutions for higher order singularly
perturbed problems without delay are paid more attention, to cite a few (Cafiada et al. 2006;
Murray 2002; Kuang 1993).
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Nowadays, there has been growing interest for solving higher order singularly perturbed
delay differential equation, where the highest order derivative is multiplied by small positive
parameter ¢ (0 < & < 1) which contains at least one delay term, called singularly perturbed
delay differential equation (SPDDE). This type of differential equation plays a vital role
in mathematical modeling of various practical phenomena, such as variational problem in
control theory Glizer (2003), predator-prey model Gourley and Kuang (2004), description of
human pupil-light reflex Longtin and Milton (1988). It is well-known fact that the solution
of the singularly perturbed differential equations with or without delay, generally exhibits
boundary layer(s) and interior layer(s). Classical numerical methods for solving such type of
problems are known to be inadequate, due to the presence of boundary layer(s) and interior
layer(s) when the perturbation parameter tends to zero. It is quite important to adapt the non-
classical numerical method called g-uniform numerical method, in which the error bound is
independent of the perturbation parameter ¢.

In the literature, quite a good number of articles have been reported for singularly perturbed
higher order ordinary differential equations of convection diffusion and reaction diffusion
type without delay. In Chen and Wang (2016) presented numerical methods based on rational
spectral collocation in barycentric form with sinh transformation. The authors of (Vala-
narasu and Ramanujam 2007a,b), respectively, applied asymptotic numerical methods for
third-order ordinary differential equations of convection and reaction diffusion type problem
with discontinuous source term. Whereas Christy Roja and Tamilselvan (2016, 2018) have
constructed overlapping Schwarz method for third-order reaction and convection diffusion
problem and proved that the method is almost second order convergence. Few authors in the
literature have applied some numerical methods for singularly perturbed fourth-order dif-
ferential equations. To mention a few: Cen et al. (2017) applied higher a order hybrid finite
difference scheme on Shishkin mesh for fourth-order singularly perturbed problems (SPPs)
and proved that the scheme is almost fourth order. Lodhi and Mishra (2016) applied quintic
B-spline method for the system of differential equations and proved that the method is second-
order convergence. Chandru and Shanthi (2016) suggested fitted finite difference method on
a piecewise uniform Shishkin mesh for convection diffusion turning point problem.

Recently, the authors in Mahendran and Subburayan 2018; Subburayan and Mahendran
2018 applied fitted finite difference methods combined with linear interpolation techniques
for third order delay differential equations. As mentioned in the abstract, an asymptotic
numerical method combined with fourth-order Runge—Kutta method on Shishkin mesh is
suggested to solve the following problem (2)—(3).

The rest of the paper is organized as follows: Sect. 2 presents the statement and the
equivalent form of the problem with sufficiently differentiable coefficient functions. The
stability results are stated in Sect. 3. Some results pertaining to the given problem (2)—(3)
and its auxiliary problem are given in Sect. 4. Section 5 deals with fourth-order Runge—Kutta
method with piecewise cubic Hermite interpolation on Shishkin mesh for reduced problem
and fitted finite difference scheme for auxiliary problem. Section 6 deals with nonlinear
problem. Numerical examples are illustrated in Sect. 7 to validate the theoretical results. The
paper is concluded with concluding remarks.

The following notations are used in the rest of the article:

¢ is small parameter such that 0 < ¢ < 1.

The set (0, 2) is denoted as §2 and its closure is §2. Further 2* = 2~ U 271, where
2~ =(0,1)and 27 = (1, 2).

£V denotes the set of mesh points {xp, X1, ..., XN}

The norm || = || denotes the supremum norm || ¥ o= sup,, ¥ (x)].

@ Springer f bMA



Asymptotic numerical method for third order singularly perturbed convection. . . Page3of21 194

— Thesets ¥, Y*, Y1, Yf, Y2, and Y3, respectively, defined as ¥ = C'(£2) N C*(£2) N
C3(2), Y* =Cl(@2)NCHR2)NC3 ("), Y1 =C'(2)n 0,21, Y] = cO'(2)n
Cl(2*U{2), Y2 = CO(2) N C* (), and Y5 = CO(2) N C1(£2) N C2(2%).

2 The continuous problem

The works of Valanarasu (2006), Shanthi and Ramanujam (2002) and Valarmathi and
Ramanujam (2002) motivate us to consider the following third order SPDDE:
Find u € Y such that

—eu” (x) +a(x)u” (x) + bx)u' (x) + cXu(x) +dx)u'(x — 1) = f(x), x € £2,
u(x) =¢(x),x €[-1,01,4'Q2)=¢, ¢ € C'[-1,0],
(H
where a(x) > o) > a+2>3,b(x) > o =0,0 <c(x) <y <0, 0 <d(x) <0,
200 4+ 24y9 4+ 510 > Oand a, b, c, d, f are sufficiently differentiable on £2.
The above BVP (1) can be written into the following equivalent problem:
Findu = (uy, u»), uy € Yy, up € Y, such that

Piu(x) = u’l (x) —ur(x) =0, x € (0,2], 2)

—eul(x) + a(x)uh(x) + b(x)uz(x) + c(x)ui(x)

Py =1 =f@-d0ga-D.xeQm, N
2 —euly(x) + a()uy(x) + b(x)ua(x) + c(x)uy (x)

+d@)uz(x — 1) = f(x),x € 27,

u1(0) = ¢(0), u2(0) = ¢'(0), ua(1-) = uz(1+), up(1-) = wy(1+), u2(2) = ¢, where
uy(1—) and u; (1+4) represent left and right limits of u, at x = 1, respectively.

3 Stability results

This section presents the maximum principle and stability result for the above problem (2)—
3).

Theorem 1 (Maximum Principle) Suppose that w = (wy, wp), w; € Cl(2),w €
C%2) N C2(2*) satisfies w1(0) > 0 and w(0) > 0, wa(2) > 0, Piw(x) > 0,
Vx € 2U {2}, hbw(x) = 0, Vx € 2% and wy(14+) — wy(1-) = [w](1) < 0. Then
wi(x)>0,Vxe 2, i=1,2.

Proof Refer [Mahendran and Subburayan (2018), Theorem 3.1]
An immediate consequence of the above theorem is the following stability result.

Corollary 1 Forany u = (u1, u2), uy € Y1, up € Y2, and fori = 1,2 we have

|lui (x)| = C max {|u1(0)|, luz(0)], lu2(2)],  sup |Piai(s1)l, sup |Paii(s2)ly, Vx € £2.
S1€2U{2} GrE*

Proof Refer [Mahendran and Subburayan (2018), Corollary 3.2]

Note: Using the above result, one can prove that, the solution of the above problem (2)—(3)
is unique, if it exists.
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4 Analytical results

In this section, we present some analytical results for the solution of the problem (2)—(3).
Consider the reduced problem, find g = (101, 102), Uo1, o2 € Y1 such that

gy (x) —up2(x) =0, x € (0,2], 4
a(x)ugy (x) + bx)uez(x) + c()uor (x) +d(Xupa(x — 1) = f(x), x € (0,21, (5)
uo1(0) = ¢(0), upa(x) = ¢'(x), x € [-1,0].
Assume that|u6’2(x)| < C, x € 2*.Thefollowing theorem gives the estimate of |uy —u |
fork =1, 2.

Theorem 2 Let it be the solution of the problem (2)—(3) and g be its reduced probéem solution
defined by (4)—(5). Then |uy(x) —uor(x)| < Ci1{e + g2k exp(@)}, xe k=1, 2.

Proof Refer [Mahendran and Subburayan (2018), Theorem 4.2].

4.1 Auxiliary problem

We now define an auxiliary problem as follows: Find &* = (u}, u}), u] € Y1, u3 € Y such
that

Pl (x) == ui (x) —u3(x) =0, x € (0,2], 6)
PFut(x) = —eud’ (x) + a(x)uy (x) + b(x)u3(x) + cx)ufx) = f*(x), x € 2, ()

f) —dx)¢'(x = 1), x € (0, 1),

where f*(x) = {f(x) —dXupx —1), x €[1,2).

Theo[em3 (Maximum Principle) Suppose that w = (w1, wi), w; € Cl(2),w €
CO(22) N C3(2*) satisfies w1(0) > 0 and wr(0) > 0, wy(2) > 0, Pfw(x) > 0,
Vx € 2 U {2}, Pw(x) > 0, Vx € £2* and wh(14+) — wy(1=) = [w5](1) < 0. Then
wi(x) >0, Vxe2,i=1,2.

Proof Refer [Valanarasu and Ramanujam (2007a), Theorem 2.2].

Theorem 4 Let it and i* be the solutions of the problem (2)—~(3) and (6)-(7), respectively.
Then |ug(x) —ui(x)| < Ce, x € 2, k=1, 2.

Proof Consider the barrier function ¢ (x) = (qﬁ, ¢§E), where
i (¥) = Cresi(x) & (up(x) — uf(x)), x € 2,k =1,2.

Now,

L) £ [Prax) — Pfa (0] > 0, x € (0,2].

I 1
PigpE(x) = o7 (x) — ¢ (x) = Cre(1 — <3

Letx € 27, then
P3oE(x) = —e¢3” (x) + a(x)dy (x) + b(x)¢5 (x) + c(x)pi (x)

a(x) 1 x e .
=Ci¢ |:— +b(x)(§ + 5) +c(x)(1 +x)i| E[Pu(x) — Pyu*(x)]

2
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4a1 + Bo + 169

ZC18|: 2

] +0=>0.
Similarly one can prove that P2*¢_>i(x) >0, x € 27.Letx = 1, then
-1
BE1(1) = ¢2(11) — 62/ (1-) = Cre (T) 10 <o0.

Then, by T_heorem 3, we have ¢ki(x) > 0,Vx € 2, k = 1,2. That is, |ug(x) — up(x)| <
Ce,Vx € £2.

5 The discrete problem

In this section, the fourth-order Runge—Kutta method with piecewise cubic Hermite interpo-
lation on Shishkin mesh is presented for the reduced problem (4)—(5). Further a fitted finite
difference scheme for the auxiliary problem for (6)—(7) is also presented.

5.1 Piecewise uniform mesh

The BVP (2)—(3) and the auxiliary problem (6)—(7) exhibit a strong boundary layer at x = 2
and weak interior layer atx = 1. Furthermore, x = 1is a primary discontinuous point [Bellen
and Zennaro (2003), Section 2.1.1] for the reduced problem (4)—(5). Therefore, we divide the
interval into four subintervals, namely [0, 1 — 7], [1 — 7, 1], [1,2—1], [2—7, 2]. where T =
min{0.5, 2%} Teth = 4N~ v and H = 4N~!(1—1). The mesh 2V = {x, x1, ..., xy}

is defined by xo = 0.0, x; = xo+iH, i=1,.... 5, x_ v =xy+ih i=1._..1
7 7
B . - N - . - N
xi+%—x%+lH,l—l,..., ) xi+3f’ —X3£v +ih,i=1,..., T

5.2 Runge-Kutta method with piecewise cubic Hermite interpolation

The fourth-order Runge-Kutta method with piecewise cubic Hermite interpolation [Bellen
and Zennaro (2003), Chapter 6] on Shishkin mesh £2* is applied to obtain numerical solution
for (4)—(5). In fact, the numerical solution is given by

Uo(x;) = (Uo1 (1), Una(x;)), i=0,....N, ()
where

Uoi(x0) = ¢(x0), Una(xo) = ¢ (x0), 9
1
Uoj(xi) = Upj(x;) + E[Kjl +2Kjpp+2Kj3+Kjal, i=1,....,N, j=1,2, (10)

K11 = hilUp2(xi)],

hi
) [f (xi) = b(xi)Una (xi) — ¢(xi)Uoi (x;) — d(xi)Ugp (xi)],

Ky =
a

K
K =h; [Uoz(xi) + %} ,
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Tl (e s) ) (e )
Kn=——"——|flxi+=)—blxi+ = )| Unnx)+—
” a(xi-l-ﬁ) 2 2 ” 2

2

hi Ku hi hi
—c(xi+—2’><Um(xi)+—2 )—d(x,-+—2‘>U52<xi+—2’>],

Kis = hi | U [+ 1) 4 K22
13 = g 02 i ) ) s

23 = — Xi ~ ) Xi ~ 02 (X A
a (xl' + %) 2 2 2
hi K> h; h;
—c (xi + é) (U()l(x,‘) + T) —d (x,' + é) UOIZ <xl~ + é)] ,

K4 = hilUp2(x; + hi) + K23],

hi
Koy = — [ f(xi + hi) — b(xi + hi) Una (x7) + k
24 a(x,»+hi)[f(xl+ ) = b(xi + hi)(Upa(x;) + k23)

—c(xi 4 hi)Uo1 (xi + K13) — d(xi + hi) Uy (xi + hi)],
/’li =X;i — Xji—1, i = 1,2,...,1\7.

¢'(x—1),x€lxixipli=0,....5 -1,
Ugy (x) = Up(xj)Aj(x —~1) + Up(xj11)Aj1(x — 1)+ Bj(x — ) f(x))
+Bj1(x = Df(xjp), x € xp,xipnli=5, ... N-1,j=i— %,
2(x — x.,->] (x —xj11)? [ 2(x — X./+1)] x = x))?
A; =|(1- , A =11- )
i [ xj—xjp1 ] (xj —xj41)? ) Xjp1— X ] (xjq1 —xj)?
(x —x)(x —xj41)? (xr —xjr)x —x;)?
B — . B; — ,
i) (xj —xj41)? 1) (xj41 = x))?
~ 1
fxj) = [f(xj) = b(x))Up2(xj) — c(xj)Upi(x;) —d(x;)¢'(xj — D]I.

a(x;)
The following theorem gives the error estimate for the above method (9)—(10).
Theorem 5 Let ig(x) be the solution of the problem (4)—(5). Further , let Uo(xi) =

(Uo1(xi), Uoa(x;)) be its numerical solution defined by (8). Then, || itg — Uy || gv < Ch*,
where h = max{h,-}fV:].

Proof Refer [Bellen and Zennaro (2003), Theorem 6.2.1].

5.3 Fitted finite difference scheme for the auxiliary problem (6)-(7)
On the mesh 2V, we define the following finite difference scheme.

If the exact solution of the reduced problem (4)—(5) is known, then one can use the
following scheme:

PINU*(x;) = DU (x;) — Uj (x;) = 0, x € (0,21 N 27,
PyNU*(xi) = —e82U3 (xi) + a(xi) D™ U5 (x;) + b(x)) U5 (x;) (11)
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+e(Uf () = F* (i), xi € 2\ o, xy. ),
Ut (o) = uf(0). U3 (x0) = u3(0), D™UF(xy) = DYUS(xy). U5 (an) = u3(2),

(12)
where
U3 2 + ok R
8°U5 (xj)) = ——————[DT U5 (x;) — D™ U5 (x))]
Xipl = Xi—1
D™ Uy (xi) = 2(x_;),_x<2(XI 1)’ DU (x;) = 2(xlA+1)_ '2(x,)
i i—1 Xit1 X
F*(xi) = fGi) —dGig' (i = 1), xj € 27 N2V (13)

Fx) —dxDup(x — 1), x; e 27NN,

If the numerical solution of the reduced problem is known, then one can use the following
scheme:

Pl*Nl:]*(x,-) =D U} (x)) — Uj(x;) =0,x € (0,21n 2",
PEVG (x) = —e8203 (xi) + a(x) D~ U5 (xi) + bx) U (x;) (14)
+e()Uf (i) = F*(xi), 2 € 2V \{xo, xy . ),
Ui (x0) = ui(0). U3 (x0) = u3(0), D™UF(xy) = D05 (xy). U3 (xn) = u3(2),
(15)
where

fx) —d@x)e' (xi — 1), x; € 2NV,

F*(x;) = Flxi) — d(Xi)UOZ(x,‘_%)v x; € TN N,

(16)

5.4 Discrete stability results

Theorem 6 (Discrete Maximum Principle) Let W(x)) = (W, (xi), Wa(x;)) be a mesh fl{l’lc-
tion satisfying W1(xo) = 0, Wa(xo) = 0, Wa(xy) = 0, PfNW(x;) = 0, x; € (0,2] N2V,
PANW (x;) > 0, x; € 2*N2N and [DIWa(xy 2) < 0. Then, Wi (x;) > 0 and Wa(x;) > 0,

Xi € §N.
Proof Refer [Mahendran and Subburayan (2018), Theorem 5.1].

A consequence of the above theorem is the following stability result.

Theorem 7 Let U*(x;) be a numerical solution of (6)—(7) defined by either (11)—(13) or
(14)~(16). Then

UF )| = € max | U} (o), [U3 Go)l, [0 Gl sup [PEVT (),
xj€(0,21n2N

sup |P;NU*(xj)|},Vx,» e k=12
x./EQ*ﬂQN
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5.5 Error estimates

Theorem 8 Let ™ be the solution of the auxiliary problem (6)—(7) and let U*(x;) be its
numerical solution defined by (1 D-(13). If e < CN~L, then

luf(xi) — Uf(xi))l <CN"'InN,x; € 2V, k=1,2.

Proof Refer [Valanarasu and Ramanujam (2007a), Theorem 5.2].

- ~ %k
Theorem 9 Let U*(x;) and U (x;) be two mesh functions defined by (11)—(13) and (14)—(16),
— =~k
respectively. Then |[U* —U |gv < Ch*, where h = max{h,-}fvzl.
— — ~ % — —
Proof Let Z(x;) = U*(x;) — U (x;). Then || Z(x0)|| =0, [|[Z(xn)] = O,

PN Z(x)) =0, x; € (0,21N 2V,
PyNZ(xi) = F*(x;) — F*(x)
0, x; e 2NV,

=F"(x;)) — F*(x;) — A u (i — 1) — Up(xi — D], xi € 2+ N2V,

Then by the Theorems 5 and 7, we have the desired result.

~ %k
Theorem 19 Let U (x;) be a numericql solution of (6)—(7) defined by (14)—(16). Then
luf(x) —UF(x)l <CN"'InN,x; € 2V, k=1,2.

Proof Note that,

(i) — UF ()| < luf (i) — U )| + 1UE () — OF ()l xi € 2V,
<CN 'InN+Ch* <CN '"InN, k=1,2,

where h = maX{hi}lNzy

Theorem 11 Let it be the solution of (2)—(3) and U* be its numerical_ solution defined by
(11)~(13). Ife < CN~!, then lug(x;) — U (x))| < CN"'InN, x; € 2V, k= 1,2.

Proof Let x; € 2. Then,

lur(xi) — UF ()| = lug (i) — ug (x;) + uj (x;) — UZ (x1)]
< g () — ug ()| + luf () — U ()|
<Ce+CN'mN<CN "N, k=1,2.

Which concludes the proof.
Similar to the above theorem, one can prove the following.

Theorem 12 Let u be the solution of (2)-(3) and l:] ' be its numerical solution defined by
(14)-(16). If e < CN~!, then lux(x;) — U} (x))| < CN"'InN, x; € 2V, k=1, 2.
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6 Nonlinear problem

Consider the nonlinear BVP
—eu”"(x)+ax)u”(x) — F(x,u),u'(x),d'(x)) =0, x e £, (17)
u(x) = ¢(x), u'(x) =¢'(x), x € [-1,0], u'(2) =¢ (18)
where &/ (x) = u/(x — 1), with
Fo,u,u' i’y < —B <0, Fyx,u,u’, iy > -y >0, Fy(x,u,u’,i') > —n>0.
Assume that the reduced problem
a(xX)ug(x) — F(x, ug(x), ug(x), iig(x)) =0, (19)
up(x) = ¢(x), x € [=1,0], ug(x) = ¢'(x), x € [-1,0], (20)

has a solution. Here, the Newton’s method of Linearization discussed in (Valanarasu 2006;
Doolan et al. 1980 is applied to linearize the problem. This method yields the sequence
{u[k“‘”}g‘;o of successive approximations with a proper choice of initial guess. For each

[k+1]
(u] s

fixed non-negative integer k, a**11(x) = w1 is the solution of the following

linear problem:

Pl[k]b_t[k+l] — /[k-H]( ) _ [k+1](x) — 0 x € (07 2],

Pz[k]b_l[k+1] [ ”[k+1](x)+ (x)u/[k+1]( )_i_bk(x)ugk‘f‘l](x) (21)
+F N ) + dfoaf T ) = GF(x), x € @2, (22)
where
br(x) = —Fuz(x,u[lk],uzk], ~[k) Ky = —Ful(x,u[lk], u[zk],ﬁgk]),

d*(x) = —F (v, ul), ul, a,

G*(x) = F(x, u[k Mgk] ilkly — bk(x)u ck(x)u[lk] — dk(x)ﬁ[;].
For convenience, respectively, we denote F (x, u1(x), us(x), ﬁg(x)) F(x, u[lk] (x), M[Zk] (x),
a5y (). Fuy G0y, uf @), a1 00), Fuy G a0, ulf ), a5 () and FE (e, ulf ),

[k] x), u[k] (x)) by F, Fk, FL’fl, FL{‘Z and FZ k' To prove the convergence of the successive

1terat10n the following theorem is estabhshed

Theorem 13 Suppose| Fu|u1 |7 | Fu2u2 |s | Fu1u2 |a | Fuzlb |’ | F[tzul |Lll’ld| Fﬁzﬁz |are
bounded above by M < 1. Let {IZ”‘J}So be the Newton sequence defined by (21)—(22). Then,
forall x € 2, we have

Ia% Mt —a < v a™ —a )

Proof 1t is easy to see that
Pf@* M —a) =0
and
k=[k+1 = _ ok _ lkJ k [k] -k ~[k] -k k k ~ ik
i@ —iy=F Fi —uy Fy, —iiy Fy — (F —ui Fyy, —usFy, — 2 Fy))

— P F 4 (uy — )m+w2u?ﬁ;+mrdmwﬁ
:Fk—th+m1—m)Eﬁ+ou—u?ﬂﬁ+wb iy F)

@ Springer f DMAC



194 Page 10 of 21 V. Subburayan, R. Mahendran

5[ = Fugy @)+ o~ oy @)+ (s — )2 o, )
+ 2001 — ul w2 = 1) Fuyuy 0) + 2002 — ubh @i — @51 Fiiy 0)
+2(i2 — i = ) Fapuy @]}

+ @y —ufHEE + i — uSHFE + i — a) P

where 6 = (x, 0, 6’, 6’ ) is such that (x, uy, us, iiz) > 6 > (x, u[k] u[zk], ~[k])

i i 1 _ _
PE@H — ) = —f{(ul —uN2F, 0 @) + (2 — w2 Fyy 0) + (g — d5)2 Fyyi, (6)
20y — Nz — ul Fups 0)
2 _ [k] ~[k] F. - 0_ 2(iir — ~[k] k] F- 9_
+ (MZ M2 )(M2 M2 ) uzuz( )+ (Hz M2 )(ul u] ) u2u1( ) .

Then, we have

PR =y 1= M Tl = P i P - P
ot =y )l — gl = g al -y |
+|agk]—a2||u[l"]—ul|}

<M ||a™ —a|?.

Then by the Corollary 1, we have the desired result.

To observe the asymptotic behavior of the solution of the linearized singularly perturbed third-

order delay differential equations, we consider the following constant coefficient problem:
—eu”(xX)+4u"(x) —u'(x —1) =0, x € 2, (23)
u(x)=x, x €[-1,0], ' (x) =1, x € [-1,0], u'(2) = 2. (24)

The reduced problem solution of the above problem (23)—(24) is

%2
uo(x) =x + 3 x €0, 1], (25)

W=xt B
Hot) =X g 96

, x €[1,2]. (26)

Furthermore, the solution of the problem (23)—(24) is

|: 4C*] *|: <4x> ] x2
ux) =11- x+C*lexp[— ) —1|+=, x €]0,1],
& e 8
—D € —4 2 E —4 2 47 &
e = ["‘Ze"p <?( ‘”)}* *”"p(?< "‘)) [ﬁ_ﬁ]
_ 2 _ _
+ﬂ|:8exp<—4>+a+g——xzexp<—4>—Eexp(i(Z—x)>:|
2 e 8 € 2 e
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where C* = eexp (52) Ly

_ _ 2 _ 3
Lo — 23?866"1’(74) %eXP(TA‘)"‘l(E)MeXP(%)"‘NE)M
Fexp(3°) =1+ gexp (3F) — gexp (1) + §exp (3°)
2 _ 2 _ 2
N g+ W - ] —ew () [+ e+ 40
texp () [5 - 4] —exp () [§ + 3]
E |12 4\ _ & -4 Llé 8y, —4
T T st P ) T s P e )| TR P ) TP

+82 —4 7 N\, _pli_e —4
—&+ —exp| — )| —zexp| — - ——exp|— ).
16 P g 2 P g ! 4 P £

It is observed that,

—4(1 — x)
u(x) ~ up(x) + O(e)exp (f) + O(e), x € [0, 1] and

—4Q2 —x)
u(x) ~ up(x) + O(e)exp (f) + 0(), x €[1,2].

In the above model problem (23)—(24), we considered third-order convection diffusion prob-
lem with constant coefficients and the solution exhibits interior layer at x = 1 and boundary
layer at x = 2. Figure 1 presents the exact solution and reduced problem solution to (23)—(24)
for fixed e =27 and N = 27.

From the above observation, one can see that the reduced problem solution is a reasonable
good approximate solution to the original problem when ¢ is small. Therefore, choose the

initial guess as the reduced problem solution, that is, % = (u[IO], u[zo]) and u[lo] = ug,
u[20] = uy.

From the Theorem 2, we have |u(x) — ugr(x)| < Ce, x € [0, 1], k = 1, 2. Therefore,
the above problem (21)-(22) has the following auxiliary problem.

PR — U Gy — 3 () = 0,5 € (0,21

3 T T T
Exact solution
— — — Reduced problem solution

25

2 = -
1.5+ il

1+ il
0.5 -

0 Il Il Il Il Il Il Il Il Il

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Fig.1 The exact solution and reduced problem solution of the problem (23)—(24)
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P;[k]b—t*[k+l] _ _Su;[k-ﬁ-l]”(x) +a(x)u;[k+l]/(x) _l_bk(x)u;[k-s-l](x) 27)
+ ™ @) = 6% (x), x € 2, (28)
where
br(x) = —Fy, (x, uT[k], ué[k], ﬁz[k]), F) = —Fy, (x, uT[k], u;[k], ﬁz[k]),
d*(x) = = Fay e, uf™ st a3,

Gy = Fle,uf™ udM iy — ok cous™ — kou™ — af colagh! — gyt

7 Numerical illustrations

In this section, we present three examples to illustrate the numerical methods presented
in this paper and also to estimate the error and the experiment rate of convergence of the
computed solution, we use the double mesh principle for the following test problems. For
this, we put Dé"’ = maxo<i<M | UiM — Uzzl.M |, where UiM and UzziM are the i'" components
of the numerical solutions on meshes of M and 2M points, respectively. We compute the
uniform error and rate of convergence as DM = max, DM and pM = log, (%). For

the following examples the numerical results are presented for the values of perturbation
parameter € € {2_4, 275 .., 2_23}.

Example 1 Consider the BVP

—eu” (x) +a(x)u” (x) + b(x)u'(x) + c(X)u(x) +dx)u'(x — 1) = f(x), x € £2,
u(x) =¢x), x € [-1,01,u'(2) = £, ¢(x) € C'([—1,0]),

where a(x) = 16, b(x) = 0, c(x) = —1,dx) = -1, f1 =0, /o =0; ¢ = 1 + x,
¢> = 1. Table 1 presents the values of D,f” and p,i” , k =1, 2 corresponding to the solution
components Uy, Us.

Example 2

—eu”(x) +2u"(x) = [u'(x — DI*, x € 2,
ux) =1, x € [-1,0], «'(x) =0, x € [-1,0], '(2) = 0.

Tables 2 and 3 present the iterative numerical solutions (Figs. 2, 3) for u# and u, for
the fixed value of N = 32 and ¢ = 279 and the Table 4 presents the values of D,i” and
p}c"l , k =1, 2 corresponding to the solution components Uy, U,.

8 Concluding remarks

Third-order singularly perturbed delay differential equations of convection diffusion type
are considered in this article. It is estimated that, |ug(x) — ugr(x)| < Ce, x € [0, 1].
Using this result, we obtained the auxiliary problem for the given problem. A fitted finite
difference method is applied for the auxiliary problem. Furthermore, it is proved that, the
present method is of almost first order convergence. In Subburayan and Mahendran (2018),
the authors have applied fitted finite difference scheme with piecewise linear interpolation for
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Table3 Forfixed N =32 and ¢ = 2_6, the iterations of uy of the Example 2

Xi M[ZO] u[zl] Mgz] M[23] Lt[24] u[zs] Mgﬁ] Lt[27] M[ZS] u[29]
0.1182 0 0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
02365 0 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
03547 0 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
04729 0 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
05912 0 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.7094 0 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.8276 0 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.9458 0 0.0001  0.0001  0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
0.9526 0 0.0001  0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
09594 0 0.0002  0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002
09662 0 0.0004  0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004
09729 0 0.0006  0.0006 0.0006 0.0006 0.0006 0.0006 0.0006 0.0006 0.0006
09797 0 0.0012  0.0012 0.0012 0.0012 0.0012 0.0012 0.0012 0.0012 0.0012
09865 0 0.0021  0.0021 0.0021 0.0021 0.0021 0.0021 0.0021 0.0021  0.0021
0.9932 0 0.0039  0.0040 0.0040 0.0040 0.0040 0.0040 0.0040 0.0040 0.0040
1.0000 0 0.0073  0.0074 0.0074 0.0074 0.0074 0.0074 0.0074 0.0074 0.0074
1.1182 0 0.0664 0.0668 0.0668 0.0668 0.0668 0.0668 0.0668 0.0668 0.0668
1.2365 0 0.1256  0.1269 0.1269  0.1269  0.1269 0.1269  0.1269  0.1269  0.1269
1.3547 0 0.1847 0.1881 0.1883 0.1883 0.1883 0.1883 0.1883 0.18383 0.1883
14729 0 0.2438 0.2509 0.2512 0.2513 0.2513 02513 0.2513 0.2513 0.2513
15912 0 03029 0.3156 03164 03165 0.3165 03165 0.3165 0.3165 0.3165
1.7094 0 0.3620 0.3826 0.3844 0.3845 0.3845 0.3845 0.3845 0.3845 0.3845
1.8276 0 0.4208 0.4520 0.4554 04558 0.4558 0.4558 0.4558 0.4558 0.4558
1.9458 0 04741 0.5180 0.5239 0.5246  0.5247 0.5247 0.5247 0.5247 0.5247
1.9526 0 0.4745 0.5188 0.5249 0.5256  0.5257 0.5257 0.5257 0.5257 0.5257
1.9594 0 0.4724 0.5168 0.5229 0.5237 0.5237 0.5237 0.5237 0.5237 0.5237
1.9662 0 0.4654 0.5095 0.5156 0.5163 0.5164 05164 0.5164 0.5164 0.5164
1.9729 0 0.4495 0.4923 0.4983 0.4990 0.4990 0.4991 0.4991 0.4991 0.4991
1.9797 0 04168 0.4567 04622 04629 04630 04630 04630 0.4630 0.4630
1.9865 0 0.3530 0.3867 0.3914 03920 0.3921 0.3921 0.3921 0.3921  0.3921
19932 0 02309 0.2529 0.2560 0.2563 0.2564 02564 0.2564 0.2564 0.2564
2.0000 0 0 0 0 0 0 0 0 0 0

the given differential equation, whereas in this article, the interpolation function is applied
to calculate the reduced problem solution. The present method can be easily extended to
nonlinear problems. Numerical examples are given to illustrate the theoretical results see
Tables 1, 2, 3 and 4.
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Fig.2 Iterative solutions of u of the Example 2
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Fig.3 Iterative solutions of u; of the Example 2

@ Springer f bMA



194

Page 19 of 21

Asymptotic numerical method for third order singularly perturbed convection. . .

1—98SEY'6 1 —96€ES°6 0+3%%00°1 0+9LL00T 1—20C18'6 [—9T€ey'8 ETN
¥—2020¢"9 €—9ICITT €—90LYEC €—9C80LY £€—90L9Y"°6 T—26898°[ C—380S¢°¢ N\,WQ
Y—oyCe8’S €—9I891'1 €OLTYET €—9C80LY £€—90L9t°6 T—96898'[ C—3698C°¢ cz—C
Y=oy’ €—9I891"1 €OLTYET €—9C80LY £€—90L9t°6 T—96898'[ T—9698C°¢ 91-C
P—o1Te8’S €—9I891'1 €—99TrEC €—9C80LY £€—°999t°'6 T—938898°[ C—30L8C'E c1-¢C
Y—oL1E8'S £€—90891"1 €—I6TrET €—98L0LY £€—9¢99t°6 T—98898'[ CT—oIL8TE y1-C
P—o11¢8°¢ €—96L91°1 €—ILTYEC €—9VLOLY £€—9969t'6 CT—3L898'T C—9CL8TE c1-C
7—986¢8°S €—9OLLIT'T €—9611¢'C €—9990LY €—9TYIr’'6 T—96898'L T—99L8T'E —¢
Y—oILT8'S €—9CLIT'T €—301veC £€—20S0LY £—o¢I9t'6 T—9C898'1 T—9C88C'E 1-<
¥—20TC8'S €—9C991'1 £€9L6¢E’C €—98I0LY €—9LSSY'6 T—36L98'T C—9668C'¢ 0r—¢
¥—230CI8'S E—Po11 £€7968€€°C £€—96569'Y E—Vi'6 T—21998°1 7—20T6C'¢ 6—C
Y—29€6L°S £€—96091°1 €—9E6CEC €—oEER9Y €—oICCYr'6 T—o¢€98'L T—9696C°¢ g—C
Y—3679L°S £—96VS1'1 €—9GLIET £€—90099t €—9V8LE6 T—YLSY'T T—3090¢°¢ 1—C
Y—30LCL'S €3OVl £€—9986C°C £€—96619V £€—°9996C°6 T—TSP8'T C—aGICee 9—C
P—oTE9L’S €—9ESyI'l €—9978CC €—96C9¢CY €—966S1°6 201281 T—96TPe'E ¢
¥—2020¢9 €—9ICIT T €—90LYET €—9618SV £€—9YLC0'6 T—3VI8L'T C—380S¢°¢ y—C

1 yuouodwo)

201 s 9¢6¢ 8¢C1 9 [43 91 13

(syurod ysow jo roquunN) N

7 ordwrexy oy) J0J SInsaI [eoIownN  a|qel

JBINAC

pringer

&Hs



V. Subburayan, R. Mahendran

194 Page 20 of 21

- 1—98L06'L 1—92098'9 1—9€6L8'9 1—20€TE Y 1—98905°€ 1—9082C't ol
€—9884T'T €—24068'€ €—9065T°9 T—9€800'T T—9909¢'T T—0SEL'T T—986TET ~a
€—9884T'T €—24068'€ €—9065T9 T—9€800'T T—9909¢'T T—0SEL'T T—986TET ¢
€—988Y7°C £—9v068'€ £-9065C'9 T—o€800'T T—2909¢'T T—0SEL'T T—986TET g1-C
€—988YCT €—9p068'€ €-9065C'9 T—9€800'1 T—9909¢' TO6KEL'T TALSTET 11-¢
€—988YCC €—97068'€ €-2065C'9 T—9€800'1 T—2909€¢' TO6YEL'T T—99GTET 91-C
€—988Y7°C €—97068'€ £-2065C'9 T—o€800'T T—o509€¢'T TO8KEL'T T—OESTET ¢1-¢C
€—3L8YTT €—9€068'€ €-9685C'9 T—9€800'1 T—o509€° TOLYEL'T T—I6HTET p1-C
€—9L8ITT €—97068'€ €—9L85T9 T—C800'T T—o€09€'T TOMPEL'T T—6ETET ¢1-¢C
£—998Y7°C €-20068'€ €—9185T9 T—21800'T T—2109€'T TILEEL'T T—o1TTET 1-¢
€—3p8YTT €—99688'€ €—9LLST'9 T—36L00° T—9965€°1 T—IGTEL'] T—IE8IET 11-¢
€—208YC'C €—96888'€ €—24957'9 T—99L00'T 7585 T—200€L'T T—601€'C 01-¢
€—9TLVTT €—9€L88'E €—98€5T9 T—98900'T T—9595€'T 6L’ T—20967°C 6C
€—9G5YTT €—96£88°€ €—218YT9 T—9T800'T T—oETSET T6VIL'T T—9€9927°C g—C
€—38I¥CC €—989.8'¢ €—20LET'9 T—oI200' TRIVKE'T T—90569'1 T—9EL0TT 1T
€—-9TEETT £—-98098¢ €-9TTIT'9 £-98556'6 T—oGLTET T—oLSSY'T 7—98060'C 9-C
€—2121T¢T €—9LTT8'E €—1SST9 €—21918'6 T—30v6T'1 T—398L8'T T—96798'1 ¢
€—9LSST'T €—9TSTLE €-98510'9 €-96£05°6 T—oKSTTT 66Tt 88yl p—C

¢/ yeuodwo)
201 TS 96T 8zl 9 43 91 13

(syurod ysow jo roquunN) N

panunuod 3jqeL

@ Springer f bMA



Asymptotic numerical method for third order singularly perturbed convection. . . Page210f21 194

References

Bellen A, Zennaro M (2003) Numerical methods for delay differential equations. Clarendon press, Oxford

Cafiada A, Drabek P, Fonda A (eds) (2006) Handbook of differential equations: ordinary differential equations,
1st edn. Elsevier Science, Amsterdam

Cen Z, Aimin X, Le A (2017) A high-order finite difference scheme for a singularly perturbed fourth-order
ordinary differential equation. Int ] Comput Math. https://doi.org/10.1080/00207160.2017.1339869

Chandru M, Shanthi V (2016) An asymptotic numerical method for singularly perturbed fourth order ODE of
convection-diffusion type turning point problem. Neural Parallel Sci Comput 24:473-488

Chen S, Wang Y (2016) A rational spectral collocation method for third-order singularly perturbed problems.
J Comput Appl Math 307:93-105

Christy Roja J, Tamilselvan A (2016) Overlapping domain decomposition method for singularly perturbed
third order reaction-diffusion problems. Ain Shams Eng J. https://doi.org/10.1016/j.asej.2016.09.018

Christy Roja J, Tamilselvan A (2018) An overlapping schwarz method for singularly perturbed third order
convection-diffusion problems. J Appl Math Inform 36:135-154

Doolan EP, Miller JJH, Schilders WHA (1980) Uniform numerical methods for problems with initial and
boundary layers. Boole Press, Dublin

Glizer VY (2003) Asymptotic analysis and solution of a finite-horizon Hso control problem for singularly-
perturbed linear systems with small state delay. J Optim Theory Appl 117:295-325

Gourley SA, Kuang Y (2004) A stage structured predator-prey model and its dependence on maturation delay
and death rate. J] Math Biol 49:188-200

Kuang Y (1993) Delay differential equations with applications in population dynamics. Academic Press, New
York

Lodhi RK, Mishra HK (2016) Solution of a class of fourth order singular singularly perturbed boundary value
problems by quintic B-spline method. J Niger Math Soc 35:257-265

Longtin A, Milton J (1988) Complex oscillations in the human pupil light reflex with mixed and delayed
feedback. Math Biosci 90:183-199

Mahendran R, Subburayan V (2018) Fitted finite difference method for singularly perturbed delay differential
equations of convection diffusion type. Int J Comput Methods 15:1840007-1-1840007-17

Murray JD (2002) Mathematical biology I. An introduction, 3rd edn. Springer, Berlin

Shanthi V, Ramanujam N (2002) Asymptotic numerical methods for singularly perturbed fourth order ordinary
differential equations of convection—diffusion type. Appl Math Comput 133:559-579

Subburayan V, Mahendran R (2018) An e— uniform numerical method for third order singularly perturbed
delay differential equations with discontinuous convection coefficient and source term. Appl Math Com-
put 331:404-415

Valanarasu T (2006) An asymptotic numerical initial-value method for a class of singularly perturbed boundary
value problems for differential equations. Dissertation, Bharathidasan University

Valanarasu T, Ramanujam N (2007a) An asymptotic numerical method for singularly perturbed third-order
ordinary differential equations with a weak interior layer. Int J Comput Math 84:333-346

Valanarasu T, Ramanujam N (2007b) Asymptotic numerical method for singularly perturbed third order
ordinary differential equations with a discontinuous source term. Novi Sad J Math 37:41-57

Valarmathi S, Ramanujam N (2002) An asymptotic numerical method for singularly perturbed third-order
ordinary differential equations of convection-diffusion type. Comput Math Appl 44:693-710

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer f DMAC


https://doi.org/10.1080/00207160.2017.1339869
https://doi.org/10.1016/j.asej.2016.09.018

	Asymptotic numerical method for third-order singularly perturbed convection diffusion delay differential equations
	Abstract
	1 Introduction
	2 The continuous problem
	3 Stability results
	4 Analytical results
	4.1 Auxiliary problem

	5 The discrete problem
	5.1 Piecewise uniform mesh
	5.2 Runge–Kutta method with piecewise cubic Hermite interpolation
	5.3 Fitted finite difference scheme for the auxiliary problem (6)–(7)
	5.4 Discrete stability results
	5.5 Error estimates

	6 Nonlinear problem
	7 Numerical illustrations
	8 Concluding remarks
	References




