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Abstract

This paper concerns the construction of a general class of exponentially fitted two-step
implicit peer methods for the numerical integration of Ordinary Differential Equations
(ODEs) with oscillatory solution. Exponentially fitted methods are able to exploit a-priori
known information about the qualitative behaviour of the solution to efficiently furnish an
accurate solution. Moreover, peer methods are very suitable for a parallel implementation,
which may be necessary in the discretization of Partial Differential Equations (PDEs) when
the number of spatial points increases. Examples of methods with 2 and 3 stages are provided.
Numerical experiments are carried out in order to confirm theoretical expectations.
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1 Introduction

We are interested in the numerical solution of initial value problems for ODEs exhibiting oscil-
latory solution. Classical numerical integrators could require a very small stepsize to follow
the oscillations, expecially when the frequency increases. To develop efficient and accurate
numerical methods, we propose an adapted numerical integration based on exploiting a-priori
known information about the behavior of the exact solution, by means of exponential fitting
strategy (Ixaru and Vanden Berghe 2004). We combine this feature with the usage of peer
methods, which represent a highly structured subclass of General Linear Methods (Jackiewicz
2009) and are identified with several distinct stages, such as Runge—Kutta methods.

Peer methods have been introduced in linearly implicit form in Schmitt and Weiner (2004).
Explicit peer methods have been derived in Kulikov and Weiner (2010), Schmitt and Weiner
(2010), Schmitt et al. (2009) and Weiner et al. (2008), while implicit peer methods are
described in Beck et al. (2012), Podhaisky et al. (2005), Schmitt et al. (2013, 2005a,b) and
Soleimani and Weiner (2017). The attribute “peer” means that all s stages have the same
good accuracy properties and a linearly implicit implementation using only one Newton-step
is possible for implicit methods since accurate predictors are easily available (Schmitt and
Weiner 2004). Moreover, as the internal stages are also external variables, the stage order is
equal to the order. Therefore, implicit peer methods are quite efficient for stiff problems since
they do not show order reduction like one-step methods but still allow easy stepsize control
due to the two-step structure (Schmitt and Weiner 2017; Schmitt et al. 2005b; Soleimani and
Weiner 2017). Furthermore, they have good stability properties in comparison with other
multistep methods. In other words, peer methods combine the benefits of the Runge—Kutta
and multi-step approach, thus obtaining good stability characteristics without reducing orders
for very stiff systems (Schmitt et al. 2005a). Moreover, for suitable choice of the parameters,
these methods have an inherent parallelism across the method (Schmitt and Weiner 2004;
Schmitt et al. 2005b). This feature may be very useful in the discretization of PDEs when the
number of spatial points increases (see Gerisch et al. 2009 for applications of peer methods
to large-scale problems).

We combine peer methods with exponential fitting strategy (Ixaru and Vanden Berghe
2004), to obtain more convenient formulae for solving oscillatory problems. As a matter of
fact, classical peer methods are developed to be exact (within round-off error) on polyno-
mials up to a certain degree. We propose Exponentially Fitted (EF) peer methods, which
are constructed to be exact on functions other than polynomials. The basis functions are
normally supposed to belong to a finite-dimensional space 7y = {¢0 @), d1(1), ..., 94 (t)}
called fitting space and are selected according to the a-priori known information concerning
the behaviour of the exact solution. As a result, the coefficients of the corresponding methods
are no longer constant as in the classic case, but depend on parameters characterizing the
exact solution (i.e. the frequency of oscillation), whose values may be unknown. Hence, the
exponential fitting technique requires the choice of a suitable fitting space and the estimate
or the computation of the afore-mentioned parameters.

By following Ixaru and Vanden Berghe (2004), the exponential fitting strategy has led to
EF methods for a wide range of problems such as interpolation, numerical differentiation and
quadrature (Conte et al. 2010, 2014; Conte and Paternoster 2016; Conte et al. 2012; Ixaru
1997, Ixaru and Paternoster 2001; Kim et al. 2002, 2003; Van Daele et al. 2005), numerical
solution of integral equations (Cardone et al. 2010a,b, 2012, 2015), PDEs (D’ Ambrosio
et al. 2017a,b; D’ Ambrosio and Paternoster 2014b, 2016) and ODEs (Calvo et al. 1996;
D’ Ambrosio et al. 2009; D’ Ambrosio and Paternoster 2014a; Simos 1998, 2001; Vanden
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Berghe et al. 1999, 2001). In particular, two-step hybrid exponentially fitted methods are
proposed for the integration of second-order differential equations in D’ Ambrosio et al.
(2011a,b), while various estimates for the parameter characterizing the coefficients of the
methods are presented in D’ Ambrosio et al. (2012a,b, 2017a). Adapted Runge—Kutta meth-
ods are introduced in D’ Ambrosio et al. (2011¢c, 2012a, 2014), D’ Ambrosio and Paternoster
(2014b), Ixaru (2012), Ixaru and Vanden Berghe (2004), Ozawa (2001), Paternoster (1998)
and Simos (1998, 2001). In Ozawa (2001), it has been shown that for any fitting space 7
of smooth linearly independent real functions there exists a g-stage Runge—Kutta method
fitted to F,. However, the stage order of a Runge—Kutta method extremely influences the
highest dimension that can be achieved by the fitting space, especially in case of explicit
Runge—Kutta methods. For instance, in Vanden Berghe et al. (1999), an explicit four stage
RK method has been constructed on a fitting space having the maximum dimension equal
to 3. In contrast, linear multistep methods do not impose such a strong dimensional limit,
as shown in Gautschi (1961). Indeed, a k-step method can be fitted on a k + 1-dimensional
fitting space. EF peer methods, which can combine the advantages of Runge—Kutta and mul-
tistep methods, have been derived in Conte et al. (2019a, b), where explicit EF peer methods
having order equal to the number of stages has been developed. Other families of adapted
peer methods have been constructed in Calvo et al. (2015) and Montijano et al. (2014).

In this paper, we develop a general class of EF implicit peer method having order equal
to the number of stages and lower triangular coefficients matrix, by employing the six-step
procedure described in Ixaru and Vanden Berghe (2004).

The remainder of the paper is organized into five sections: In Sect. 2, we give a short
overview to classical implicit peer methods. Section 3 outlines the construction of implicit
EF peer methods adapted to a general fitting space. In Sect. 4, some examples of EF peer
methods with 2 and 3 stages are shown. Experimental results are presented in Sect. 5. Section 6
summarizes the results of this work and draws conclusions.

2 Classical implicit peer methods

Consider initial value problems for ODEs of the form

Y6 = f(t.y®), yt)=yo R, t€ln, Tl 2.1

where f : R x RY — RY is smooth enough to guarantee the existence and the uniqueness
of the solution. We suppose that for any stepsize & > 0 there exists a starting procedure to
approximate the solution in the internal grid points to; = fo+c; h, i = 1,...,s. An s-stage
two-step peer method with fixed stepsize & has the following expression:

K K i
Yy = Zbij Yoo1,;+h Zaij fao1,j, Ya—1,)) +h Zrij f(tnjs Yaj),

pt pt et 2.2)

i=1,...,s,
where
Yoi " y(twi), ti=ta+cih, i=1,...,5s.

No extraordinary numerical solution with different properties is computed: we assume that
¢s = 1, 50 Y, is the approximation of the solution at grid point #,,1. The other nodes are
chosen such thatc; < 1fori=1,...,5s — 1.
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2.1 Order conditions

For simplicity of notation, from now on, we assume that problem (2.1) is scalar and we
employ the following notation:

Yo = [Yni f;] F(Yy) = [f(tlﬂv Yni)]le ,
s s s
A= [aij]i,j:1 B = [bii]i,jzl R = [r"f]i,jzl ’

where A and B are full matrices and R is a lower triangular matrix. A compact representation
of the method (2.2) is as follows:

Yo=BYy_1+hAFY,_1)+hRF(Y,). (2.3)

The matrices of coefficients A, B and R are constructed in order to achieve high order
(uniformly for all components Y;,;) and good stability properties. We consider singly implicit
methods, i.e. the matrix R is lower triangular with r;; = y > 0 (when y = 0 we have an
explicit method). We recall that the method (2.2) has order of consistency p if A,; = O(h?)
fori = 1,...,s, where A,; is the residual obtained by inserting the exact solution in
the numerical scheme (2.2). Schmitt and Weiner (2004) have related this property to the
simplifying condition

K K i
AB(q) = ¢} =) bij (c;j =1 —m Y aij (c; — )" ' =m Y rij ' =0,
j=1 j=1 j=1 (2.4)
m=0,....,.g—1,i=1,...,s,
as follows:

Theorem 1 If AB(p + 1) is verified, the implicit s-stage peer method (2.2) has order of
consistency p.

Corollary 1 The peer method (2.2) has order p > s if

B1=1, (2.5a)
AViD =CVy— B (C —T)V; — RV,D, (2.5b)

where1=1[1,1,..., 117, C = diag(cy, ..., cs), D =diag(1, ..., s) and

lep...e! L(cr—1) ... (c1 = 1)~}
Vo= s = : :
leg ...t 1(cs—1) ... (cg — 157!

3 EF implicit peer methods

The procedure for the construction of EF implicit peer method follows the lines down by
paper (Conte et al. 2019a) in the case of explicit methods. In this section, we underline the
relevant steps of the procedure and present a new formulation of the order conditions. We
first of all consider the fitting space as follows:

F= {1, o I e e e S zPei’”] , (3.1
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where 1 is a parameter characterizing the exact solution and it is real or imaginary, if the exact
solution belongs to the space spanned by hyperbolic functions or trigonometric functions,
respectively. Additionally, assume that K = —1 if there are no classical components and
P = —1, if there are not exponential fitting ones.

The linear operator as the residual obtained by inserting the exact solution in the method
(2.2) as follows:

Lilh, Wl y(@) =y(t +¢; ) = Y bij y(t + (cj — 1) )
j=1

s 1
—hY aij ¥+ (cj—Dh)—hY rijyt+cih),i=1,...s,
j=1 j=1

(3.2)
where w contains the coefficients of the method. The method (2.2) is adapted to the fitting
space F if the difference operator (3.2) annihilates on these basis functions. This procedure,
for fixed nodes c, leads to a linear system having the coefficients of the method as unknowns,
because of the dependence of the difference operator on such coefficients.

To derive the order conditions, we now present some steps of the six-step procedure
introduced in Ixaru and Vanden Berghe (2004). Indeed, authors in Conte et al. (2019a) have
used the same procedure for the derivation of EF explicit peer methods, but in this paper, we
consider a lower triangular matrix R with ;; = y > 0 (when y = 0 we have an explicit
method). For more details, reader is referred to Conte et al. (2019a).

By performing the first five steps of the six-step procedure, and following the same steps
used in Conte et al. (2019a), we obtain that K +1 = s — 1 —2 P, where K and P characterize
the fitting space (3.1) and s is the number of stages of the peer method. Moreover, the
coefficients of implicit EF peer methods satisfy the conditions below.

s
e If s is even, we take P = 5~ 1 and K = 0, with corresponding fitting space (3.1)

Fe{lesm e 2ot P et (3.3)

and the coefficients of the method satisfy:
ohow) =0, i=1,...,s, (3.4a)
GF"(Z,w)=0, i=1,....5, m=0,...,P. (3.4b)

-1
e Ifsisodd, we take P = > and K = —1, with corresponding fitting space (3.1)

F= { Rty Enl (2 Er P ilu} (3.5)
and the coefficients of the method satisfy:
GF"(z,w)=0, i=1,....5, m=0,...,P. (3.6)

The L, (h, w) and Gﬂm)(Z w) = 0 functions in above conditions are derived similarly
to Conte et al. (2019a) and their expression is displayed in the following theorem.

Theorem 2 The dimensionless classical moments defined as:

(R, W) = —L [h,wlt" =0, i=1,...,s, 3.7

@ Springer f DMAC



174 Page60f19 D.Conte et al.

we have the form:
s K i
tm(h w) = C Zb,’j (C/' - " — mZaij (Cj - 1)m71 — er[./’ C;-n_], (3.8)
— — iz .

fori=1,....s, m=0,1,...,M—1.

The G-functions and their derivatives assume the following expressions fori =1, ..., s:
N
G (Z. wy=n_1(c Zmnlwpnz —Z) aij (cj— 1) no ((c; — 1)*Z)
j=1 j=1
i
— ZZI‘,'J' Cj 1o (C‘JZ) 5
j=1

G;(Z,w) =c; no (¢} Z) me Do ((cj = D*Z) = aij n-1 (¢ = 1)*Z)
=1

—me&%) (3.9)
j=1

2m _ 1)2m

C
Gz, wy = L ( Z

m A Nm— 1((61_1) Z)

)2m—1

S _1
—Z%[ﬂ%ﬁf—wuw—wa
=1

(C' _ 1)2m+1
L Z (¢ - 1)22)]
i m c2m—1 2m+1
J 2 2
_'Z;rij |:2ml7']m_] (CJZ> 2 (C/Z> s
J:
m=1,..., P,
_m) 2m+1 1)2m+l
G, "z w) =" Z}r—ﬁf—M@~Na
_ 1)2m
_Zalj Nm— 1((61_1)2 )
C2m
_Zr,] o —— N 1<c Z), m=1,. (3.10)
]_
Proof The proof follows the lines of the proof of Theorems 2.2, 2.3 in Conte et al. (2019a).

[m}

We recast such systems to drive the coefficients of exponentially fitted peer methods.

Theorem 3 Assume s is even. The peer method (2.2) has order p = s and is adapted to the

fitting space
s
F = [1, P T L L ﬂ_lei’“] ,
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if the coefficient matrices A, B and R satisfy

B1=1, (3.11a)
AD3 = D; — B Dy — RDy, (3.11b)

where1=1[1,1,..., 117, and

B 1 : 1 5
2 2 2i+1 2
. ?cll ni—1 (Cl Z) 561 n; (c] Z)
D) = : : ,
L oo 2\ L ittt (2
| ics ni—1 (crY Z) ?cs n; (cs Z)
R (@ 2) 1 ooipr (@ 2)
g i (G 2) e mi (G Z) -
D, = , (3.12)
1 20 . A2Z 1 A2i+1 . AZZ
?CS Ni—1 (CS ) ?CS ni (C.Y )
B [T R 1 9 R | R T
o C%l Unic (012 Z) + o 612l+1 Zn; (c% Z) 5012’ ni_1 (c]2 Z)
D3 = : ,
[T R 1 5 R 1 ., ~
o & i (03 Z) +o &z (Cf Z) ?csz’ ni-1 (Cs2 Z)
r i o 1 1 -
by c%l Uiz <c% Z) + 7 C%H—l Zn; (c% Z) ?c%’ ni—1 (c% Z)
D4y = ,
i i 1 ; 1 5
i iy <03 Z) to 't Zn; (C% Z) 5%’ ni—1 (03 Z)

(3.13)
withi:O,l,...,PandP:%—1.M0reoverc}=1—cj, j=0,1,...,s.

Proof Annihilating the dimensionless classic moments of order m = 0 in (3.4a) is equivalent
to solving the system

5
oWy =1=%"bj; =0, i=1,....s,
j=1

which can be recasted in a matrix form as follows
1-B1=0, 0=(0,0,...,07.

Therefore, (3.11a) holds.
System (3.4b) for Gi+ can be written in a compact form

6_1.c—BO_1,c.1—ZA(Chc_1)—ZR(Chy ) =0, (3.14)
where C = diag(cy, ..., c), ¢ = diag(c; — 1, ..., ¢g — 1) and the vector 6, , associated to
a vector v of dimension s, is defined as follows

b0 = [0 (0] 2)..... 00 (v 2)]. (3.15)

On the other hand, system (3.4b) for G, can be recasted in

Clo.c—B(COyc1)—AbO_1 .1 —RO_1.=0. (3.16)
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In a similar way, systems (3.4b) for G;L(m) and Gl._(m) withm =1, ..., P are, respectively,
equivalent to

1 1 A
(27 sz 9m71,0> - B (27 2m 6’”71,(371)

m  an. Z -
—A (2m71 C2m ! QWl—l,C—l + 27mC2m+19m,c—1>
m Z
—R <2m_1 C 10, 1o+ 2—mc2’"+lzem,c) =0, (3.17a)

zim ((C2m+19m,c) —B (ézm+19m,c—1> —A (ézmgm—l,c—l) —R (szem—],c)) =0.
(3.17b)
We next construct the matrix D such that its first and second columns correspond to the first
vectors of the systems (3.14) and (3.16), respectively. Then the other columns are the first
vectors of the system (3.17a) and (3.17b), alternatively.
We construct the remaining matrices Dy, k = 2, 3,4 in (3.11b) by considering them

as columns the vectors multiplying B, A and R, respectively, in equations (3.14)—(3.17b).
Then, system (3.14)—(3.17b) is equivalent to equation (3.11b). O

In similar way, in case of odd number of stages, we have the following theorem:

Theorem 4 Assume s is odd. The peer method (2.2) has order p = s and is adapted to the
fitting space
F = [ei’“, et 2ot t%eim} ,

if the coefficient matrices A, B and R satisfy
BO_j c1=0_1c—ZA(CO,c1)—ZR(CH,.). (3.18a)
AF; =F| — BF,— RFy, (3.18b)

where 0, are defined in (3.15) and Fy for k = 1,2, 3, 4 are obtained by deleting the first

column to the matrices Dy defined in Theorem 3 [when s odd, P = % and Dy have

dimensions s X (s +1)].
Now, we compute the leading term of the local truncation error at each stage, as follows:

£ 1 (W)

Kz DXL (D> — )P y@), i=1,...,s, 3.19)

(lleef)i — (_1)P+1h5+1

where we denote D the derivative with respect to time.
As before, we choose K = 0 and K = —1 for s even or odd, respectively. In these cases, the
aforementioned leading term assumes the following expressions:

e if 5 iseven
(lteef)i

(_1)% s+l

s s i
-3 ci— Y bij(cj—D =Y aj — Y rij | DID* = P2y (),
j=1 j=1 j=1

(3.20)
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e if s is odd

s+l K
(=) ptl stl
(Iteer)i = s 1— E bij | (D* — )T y(@). (3.21)
2 -
j=1

4 Derivation of EF implicit peer method

To derive EF implicit peer method which can efficiently integrate stiff problems, we will
determine the coefficients A = A(Z), B = B(Z) and R = R(Z) by satisfying the order
conditions of Theorems 3 and 4, and moreover we will require that, when Z — 0, they tend
to classical implicit peer methods derived by Soleimani and Weiner (2017). The following
theorems describe the derivation of such coefficients.

Lemmal Letu € RS and H = (0 | u) € RS with 0 € R~ having all null entries.
Then

HO_ 1,1 =u,
and
HF, =0,
where the vector 0_1 ._1 is defined in (3.15) and F is defined in Theorem 3.

Proof From (3.15), by exploiting:

andcs =1, n-1(0) = 1, we get

(HO_1c1)i = ) _hijn-1((c; = *Z) = hign-1((es = 1’2 =u;.  (4.1)
j=1

Moreover, as the last row of matrix F is zero [compare (3.12) and remind that F is obtained
from D> by deleting the first column], we have

N
(HFp)ij =Y hix(F)ij = his(F2)g; =0,
k=1

which completes the proof. O

Let B be a constant matrix satisfying the order condition (2.5a) associated to classical peer
methods.

Theorem 5 Assume s is even and the matrix D3 defined in Theorem 3 is invertible. Then, the
EF peer method having coefficients

B = B, (4.2a)
A= (Di—BD>— RDs)D; ", (4.2b)
has order p = s and is adapted to fitting space

s
Fa{l e et e i e 4.3)
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Proof Tt is immediate to verify the order conditions (3.11a)—(3.11b). O

Theorem 6 Assume s is odd and the matrix Fs3 defined in Theorem 4 is invertible. Consider
the EF peer method having coefficients

B=B+H —ZAH,—ZR Hs, (4.4a)
A=[F - BF, — REJF; ", (4.4b)
where
Hi=(06_1,c—Bb_1,.-1), Hr=(0[Cby 1), Hy=(0|Cép ) cR*",

and F; are defined in Theorem 4.
The above EF peer method has order p = s and is adapted to the fitting space

s—1
F = {ei’”,tei’”,tzei‘”,...,tT ei‘”]. 4.5)

Proof To verify order condition (3.18a) we compute, by exploiting Lemma 1,
BO_ i 1=(B+H —ZAHy — ZRH3)0_1 1 =60_1.— ZA(:‘Qo,C,l — ZRCby,,

which corresponds to order condition (3.18a).
By substituting the matrix B (4.4a) into condition (3.18b), we find that it is equivalent to

A=[F — (B4 H)F,— R(Fy — ZHyF))|(F3 — ZHy F>) ™. (4.6)

Then, from Lemma 1 we have H| F> = H3F> = H F> = 0 and the proof is completed. O
4.1 Examples of methods withs = 2
By referring to Sect. 3, in this case K =0and P = 0. We fixc; =0,¢c, = 1,

— 01

B = |: 0 1i| , 4.7
satisfying (2.5a), R having lower triangular structure with r;; = ry» = y and derive the

matrices A and B according to Theorem 5.
Then, we get that the EF peer method with coefficients

c:|:(1)], B:[gi],R:[};g], (4.82)

0 -y
A= _
[ DDty 2D (10(2)~1—rn — y(Zn0(Z) — 11 (Z)+10(Z) =1 = rn
(4.8b)

has order p = 2 and is adapted to the fitting space
{ 1, ei’”} .

As a matter of fact B satisfies (4.2a) of Theorem 5 and from ¢; = 0, ¢ = 1, we have
¢y =—-1,¢p =0and

_| 1 0 _ [ =12 =m(2)
Dl‘[n_mzmo(m] D"“[ 10 }
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[—Zno(2) 1-1(2) 7o 1
D3‘[ 0 1 ] D4_|:Z7)O(Z)77—1(Z)i|'

If D3 is invertible, we can compute the matrix A. Now, we compute determinant of D3 in
both trigonometric and hyperbolic cases.
Trigonometric case: Z = —w”h?>

Det (D3) = —Zno(Z) = —whsin(wh).

Therefore the matrix Dj3 is invertible, when h # %’, k € N.
Hyperbolic case: Z = u2h%, n€R
Det (D3) = phsinh(uh).
Therefore, the matrix Dj3 is invertible VA > 0.

Then, from (4.2b) of Theorem 5, the expression of A follows.
The corresponding classic peer method is obtained in the limit as Z — 0 and has coefficients:

c=|:(1):|, B=[8”, R=|:r)2/12] (4.92)

A=[O v ] (4.9b)

Yy =i

4.2 Examples of methods withs = 3

Due to Sect. 3, in this case, K = —1 and P = 1. We set ¢, B and R from paper Soleimani
and Weiner (2017) in order to have an A-stable method in the limit when Z — 0 and derive
matrices B and A from Theorem 6.

Then, for example, the EF peer method with coefficients

8.170765826910428900e — 01

c = | 6.112848743494372300e — 01 |, (4.10)
1.000000000000000000e + 00
+3.32082968680¢ — 01 0 0
R = | —4.6438328325% — 02 3.32082968680¢ — 01 0 ,
—6.03010600818¢ — 01 1.08071195621¢ + 00 3.32082968680¢ — 01
4.11)
B=1[0|0]v; — Bvg — ZAvy — ZRv3], A=[F| — BF)— RF4]F; ", (4.12)

where 0 = [0, 0, 017,
4.49089617867e¢ — 01, —6.61026939991e — 01 1.21193732212¢ + 00

B = | 3.05103275940e — 01 —4.49089617867e — 01 1.14398634192¢ + 00 | ,
0 0 1
(n-1(¢32) n-1(c}1Z)
vw=|n-1E2) |.v=|n-1(32) |.
L 1 n-1(2)
[ im0 (c1(2)) c1no(c3(2))
v = | &no(E3(2)) |, v3= | cano(e3(2)) |,
L 0 1n0(Z)
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[ cino(c}(2)) 4 1770(02(2)) Ao (2)) ]
Fi = | cano(c3(2)) CZUO(CZ(Z)) e3n0(c3(2))
L n0(2) 310(2) ) |
[ e1mo(E3(2)) 36n0(EH(2)) $E3n0(@3(Z) T
Fy = | &:m0(3(2)) 563n0(E3(2)) 5E3n0(83(2))
0 0 0

[ n_1E(2) Eno(E2(2)) + m(c (2)) 100 (2)) |

= n-1(65(2)) &no(&3(2)) + 82 m(éz(z)) 363m0(E3(2))
L 1 0 0 J
1 O 0 ]
Fy = | n-1(c3(2)) Czno(cz(z))-I— m(cz(z)) 363m0(c3(2))
L n-1(c3(2)) c3no(c3(2) + 5~ m(C;(Z)) 310(c3(2))
has order p = 3 and is adapted to the fitting space

{ei;/,t’ tei;u} )

(4.13)

We note that the expression of B follows from
Hi=[010]v; — Bwl, Hy=1[0]0]v:], Hs=[0]0]uvs],

and condition (4.4a).
If F3 is invertible, we can compute the matrix A. Now, we compute determinant of F3 in
both trigonometric and hyperbolic cases.

n-1(Z) —no(Z) — Eni1(2) Ano(2)
Fi= | n_1(%) —ino(%) — Em(%) tno(%) |
1 0 0

! 4 z V4 27 z V4 V4 z V4
32(T)0<4>n0( ) — no(z>m( )+ 771(;)’70( ))-

2h2

Det (F3)

Trigonometric case: Z = —w
Therefore, the matrix F3 is invertible, when

2wl si wh n wh 3wh £0
in| — — ) = —_
wh s > cos > cos > ,

this means that h # %T
Hyperbolic case: Z = p>h?
Therefore, the matrix F3 is invertible, when

h h
2uh sinh(%)—i—cosh(%) sh( )750

this means that the matrix F3 is invertible Vi > 0.
The corresponding classic peer method is obtained in the limit as Z — 0 and has coeffi-
cients:
2.9548¢ —01 —4.0890e — 01 4.2361e — 01
A = [ 1.4466e — 01 —1.9826e —01 2.6048e — 01
1.1464e — 15 —2.5388e — 16 1.9022e — 01

@ Springer f bMA

, B=B8B, (4.14)



EF two-step peer methods for oscillatory problems Page130f19 174

and ¢, R given by (4.10) and (4.11), respectively.

5 Numerical experiments

In this section, we present some numerical results obtained first of all by comparing the derived
implicit EF peer methods with their classic counterparts. We moreover show the improvement
with respect to explicit EF peer method of Conte et al. (2019a) on stiff problems. Finally we
show a comparison with EF Runge—Kutta methods derived in Vanden Berghe et al. (2001)
and EF linear multistep methods presented in Ixaru et al. (2002).

In the tables, we will report the error computed as the infinite norm of the difference
between the numerical solution and the exact solution at the end point. Moreover, we will
adopt the following notation to indicate the used numerical method:

CL = classic,

EF = exponentially fitted,

EX P2 = explicit peer method of order 2 from Conte et al. (2019a),

EX P3 = explicit peer method of order 3 from Conte et al. (2019a),

IM P2 = implicit peer method of order 2 from Sect. 4.1 withrp; =0 and y = —1,
IM P3 = implicit peer method of order 3 from Sect. 4.2,

RK3 = Runge—Kutta method of order 3 from Vanden Berghe et al. (2001),

LMM3 = linear multistep method of order 3 from Ixaru et al. (2002).

Example 1 Let us consider the Prothero—Robinson problem Hairer et al. (2006)
V(1) = A (y(t) — sin(@? + 1)) + (@+ 1) cos(@t +1), te [o, %] ,
y(0) =0,

whose exact solution is

(5.1)

y(t) =sin(wt +t) = sin(wt) cos(t) + cos(wt) sin(t).

The oscillating behaviour of exact solution leads us to utilize the EF methods with the
parameter u = iw, Z = —w?h?.
We consider two cases:

e A = —1 (non stiff case)
o A = —107° (stiff case)

First of all, we consider A = —1. The results reported in Table 1 show that EF implicit peer
methods produce smaller errors with respect to their classic counterparts and the improvement
is much more visible as the frequency w increases. We report in Table 2 the corresponding
results obtained by explicit EF peer methods of Conte et al. (2019a) and we note that for
s = 2 the methods have the same behavior in accuracy, which for s = 3 implicit method is
more accurate.

We report in Table 3 the estimated order of EF peer method, computed as:

N E(h)
p(h) ~ log, £ ) (5.2)

where E(h) and E(h/2) are the errors with a stepsize h and & /2, respectively. We notice
that for s = 2 the implicit EF peer method shows effective order 2, as in the explicit case
(Conte et al. 2019a). As regards s = 3, we notice superconvergent behavior with order
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Table 1 Errors of the implicit

peer methods on problem (5.1) Methods @ N

with A = —1, N grid points and 160 320 640

different values for the frequency

o CL IM P2 50 1.53e—01 3.78e—02 9.33e—03
EF IM P2 50 5.68e—03 1.45e—03 3.62e—04
CLIM P3 50 4.16e—05 2.44e—06 1.45e—07
EF IM P3 50 7.65e—08 3.41e—09 2.02e—10
CL IM P2 100 4.39¢e—01 1.31e—01 3.45¢—02
EF IM P2 100 8.25¢e—03 2.53e—03 6.77e—04
CLIM P3 100 4.98e—04 3.31e—05 2.16e—06
EF IM P3 100 2.33e—07 1.10e—08 4.77e—09

Table 2 Errors of the explicit
M

peer methods on problem (5.1) ethods @ N

with A = —1, N grid points and 160 320 640

different values for the frequency

o CLEX P2 50 1.05e—01 2.65e—02 6.60e—03
EF EX P2 50 4.10e—03 1.00e—03 2.57e—04
CL EX P3 50 1.10e—02 9.42e—04 8.98e—05
EF EX P3 50 1.07e—05 1.26e—06 1.33e—7
CLEXP2 100 3.02e—01 9.33e—02 2.47e—02
EF EX P2 100 5.30e—03 1.80e—03 4.86e—04
CL EX P3 100 6.92e—02 2.40e—03 1.22e—04
EF EX P3 100 3.08e—05 2.30e—06 1.58e—08

Table 3 Estimated order of the N EF IM P2 EF IM P3

implicit EF peer methods on

problem (5.1) with A = —1, 160 1.73 4.40

w =50
320 1.97 4.48
640 2.00 4.07

p = s + 1 = 4. This can be motivated because the classic coefficients (4.14) taken from
Soleimani and Weiner (2017) were derived by imposing superconvergence.

We now consider the case in which the oscillatory frequency  is not known exactly.
Therefore, by denoting with § the relative error on the frequency, we employ the EF peer
methods whose coefficients are computed in correspondence of a perturbed frequency @ =
(1 + 8)w. We report in Tables 4 and 5 the results obtained with implicit and explicit EF peer
methods, respectively. The results shows that an accurate computation of the frequency is a
crucial point. However, it is not a dramatic situation as the error of EF peer methods keeps
smaller than that of the corresponding classic counterparts and, for increasing §, it approaches
the error of classic methods.

We now consider A = —10°. As in the non stiff case, Table 6 shows as the EF peer
method produces smaller errors with respect to classic one. We do not report results for
explicit methods because for A = —10° they are unstable. Table 7 shows the estimated
order. In Table 8, we report the results obtained in correspondence of “wrong” frequency
@ = (1 + §)w, showing a similar behavior as in the nonstiff case.
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Table 4 Errors of implicit peer
method of order 3 on problem
(5.1) with A = —1 and perturbed
frequency @ = (1 + §)w, w = 50

Table 5 Errors of explicit peer
method of order 3 Conte et al.
(2019a) on problem (5.1) with

A = —1 and perturbed frequency
o= (148w, w=50

Table 6 Errors of the implicit

peer methods on problem (5.1)
with A = —100, N grid points
and w = 50

Table 7 Estimated order of
implicit EF peer methods on
problem (5.1) with A = —10°,
w =50

N

Methods 160 320 640

CL IM P3 4.16e—5 2.43e—6 1.45e—7
EF IM P3 6§ =03 2.17e—05 1.09e—06 6.09¢e—08
EF IM P3 6§ =0.1 1.37e—6 7.33e—8 4.34e—-9
EF IM P3 6 =0 7.64e—8 3.4le-9 2.0le—10
N

Methods 160 320 640

CL EX P3 1.09e—02 9.42e—04 8.98¢—05
EF EX P3 6 =0.3 2.13e—03 2.68e—04 3.30e—05
EF EX P3 6 =0.1 1.70e—04 2.11e—05 2.32e—06
EF EX P3 6 =0 1.07e—05 1.26e—06 1.33e—07
N

Methods 160 320 640

CL IM P2 2.17e—6 2.16e—7 2.55e—8
EF IM P2 6.0le—8 7.74e—9 9.73e—10
CL IM P3 1.79e—7 2.51e—8 3.22e-9
EF IM P3 2.42e—10 3.48e—11 4.88e—12
N EF IM P2 EF IM P3
320 2.95 2.79

640 2.99 2.83
1280 3.00 3.13

Example 2 et us consider the system of two equations known as Lambert equations Lambert

(1991):

)’i = =2y| + yp + 2 sin(wt),

Table 8 Errors of implicit peer
method of order 3 on problem
(5.1) with = —10% and
perturbed frequency

o= (148w, =50

t €0, 10],
/ ) (5.3)
v = —=(B+2)y1 + (B + D(y2 + sin(wt) — cos(wr)),

N
Methods 160 320 640
CL IM P3 1.79e—07 2.52e—08 3.22e—09
EF IM P3 § =0.3 8.91e—06 8.48¢—0 1.19e—09
EF IM P3 6§ =0.1 4.06e—09 6.02e—10 8.26e—11
EF IM P3 6§ =0 2.42¢—10 348e—11 4.88e—12
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Table9 Errors of the implicit

peer methods on problem (5.3) Methods h=01 h=0.05 hr=0.025
withw =1, f = =3 and stepsize ¢, 1M p2 3.62¢—03 8.97e—04 2.24e—04
h EF IM P2 1.04e—05 2.66e—06 6.65e—07
CLIM P3 2.43e—07 1.57e—08 9.97e—10
EF IM P3 1.24e—09 6.95e—11 9.62e—12
Table 10 Errors of the implicit Methods h=01 h =005 I = 0025
peer methods on problem (5.3)
withw =1, f = —1000 and CLIM P2 3.62¢—03 8.97e—04 2.24e—04
stepsize EF IM P2 1.04e—05 2.66e—06 6.65¢—07
CLIM P3 2.43e—07 1.57e—08 9.97e—10
EF IM P3 1.24e—09 6.95e—11 9.62e—12
Toble 1 Bt Kuts oot =01 h=ovs___h=oos
(2001) on problem (5.3) with CL RK3 1.92e—04 1.68e—04 1.19e—05
P I.f = —1000 and stepsize - oy 6.03e—06 6.66e—07 8.00e—08
Table 12 Errors of the linear Methods h=0.1 h=0.05 h = 0.025
multistep methods Ixaru et al.
(2002) on problem (5.3) with CL LMM3 2.25e—03 5.70e—04 1.43e—04
P I.p=—1000andstepsize o)\ ivgs 2.41e—04 2.36e—05 2.52e—06

with the initial conditions y;(0) = 2 and y;(0) = 3.
The exact solutions of this system are yj () = 2 exp(—t) +sin(wt) and y,(¢) = 2 exp(—t) +
cos(wt) and are B-independent.

We consider the two cases:

— B = —3 (non stiff case)
— B = —1000 (stiff case)

Lambert’s system has been employed in Ixaru et al. (2002), Lambert (1991) and Vanden
Berghe et al. (2001). In Vanden Berghe et al. (2001), used EF Runge—Kutta methods for
Lambert’s system. In Ixaru et al. (2002), proposed EF linear multistep algorithms for this
system.

According to the exact solution, we consider EF methods with u = iw, Z = —w?h?. We
report in Tables 9 and 10 the errors obtained in correspondence of w = 1 with § = —3 and
B = —1000, respectively. In both cases, we observe that EF peer methods produce smaller
errors with respect to classic ones.

In addition, for § = —1000, Tables 11 and 12 provide a comparison between the our
obtained results and those reported in Ixaru and Paternoster (2001) and Vanden Berghe et al.
(2001). From these Tables, we realize that errors of implicit EF peer methods are smaller
with respect to Runge—Kutta and linear multistep methods of the same order.
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6 Conclusions

In this paper, implicit EF peer methods have been introduced for the numerical solution of
ordinary differential equations exhibiting an oscillatory solution. A general class of implicit
EF peer methods was derived by following the six-step procedure presented in Ixaru and
Vanden Berghe (2004). The adopted strategy is based on adapting already existing methods
to be exact (within round-off error) on trigonometric or hyperbolic functions. In the sixth
step of the procedure, we have computed the expression of the leading term of the local
truncation error, which may lead to an estimate of the parameter characterizing the basis
functions, which we aim to study as future work. Numerical experiments have confirmed the
effectiveness of the approach.

Acknowledgements The authors would like to thank the anonymous referee who provided useful and detailed
comments to improving the quality of the publication.

Appendix: 5(Z) functions

The set of functions n,(Z), o = —1,0, 1,2, ... has been originally introduced in Ixaru
and Vanden Berghe (2004) in the context of CP methods for the Schrodinger equation. The
functions n, (Z) with o = —1, 0 are defined by

cos(|Z|'?) if Z <0
n-1(2) =
cosh(Z'?) if Z > 0
sin(|1 2|V /12" ? if Z < 0
n0(Z) = 1 if Z=0 (6.1)
sinh(Z2'%)/z'? if Z>0

and those with m > 0 are further generated by recurrence
1
o (2) = —~lno-2(2) = 2o = Dno—1(2)), o =1,2,3,...
if Z # 0, and by following values at Z = 0:
1

m, U=1, 2, 3,

ns(0) =
The differentiation rule is

1
My(2) = 3n041(2), 0= —1,0.1,2.3,...

For more details on these functions see Conte et al. (2010), [10], [11], Ixaru and Vanden
Berghe (2004) or the Appendix of Ixaru (1997).
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