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Abstract

This paper investigates the dissipative-based finite-time control for uncertain singular T-S
fuzzy time-varying delay system affected by actuator saturation. First, the concept of dissipa-
tive stability and finite-time bound is presented. Then an appropriate Lyapunov—Krasovskii
functional (LKF) is established and for the sake of reducing the conservatism of the results,
some free matrices are introduced. Using the convexity property of the matrix inequality,
some conditions are given to ensure the fuzzy system is finite-time bounded and dissipative.
Moreover, by solving a series of linear matrix inequalities (LMIs), the controllers with the dis-
sipative disturbance weakened level are derived. Finally, simulation examples are presented
to show the feasibility and superiority of this method.

Keywords T-S fuzzy system - Dissipative control - Optimization problem -
Actuator saturation - Finite time

1 Introduction

In recent years, singular systems have been widely studied since singular systems with more
accuracy and simplicity describe the complex physical systems, for example, Li (1989),
Zhang et al. (2018), Xing et al. (2019a,b), Duan et al. (2013), and Ma and Yan (2016). T-S
fuzzy has been employed in many application fields and attracted great attention. T-S fuzzy
systems describe the nonlinear systems in the form of IF-THEN rules which utilize the fuzzy
membership functions to represent the local linear input—output relations, such as Takagi and
Sugeno (1985), Kumar et al. (2018), Tian et al. (2009), and Ge et al. (2019). In the last 20
years, many studies have been conducted on the singular T-S fuzzy systems (Zhu and Xia
2014; Han et al. 2012a,b; Su and Ye 2013; Zhao et al. 2015; Ma et al. 2016). Zhu and Xia
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(2014) discussed the design of Hy, filter for T-S fuzzy systems based on descriptor fault
detection. A new sliding surface was designed for the T-S fuzzy time-varying delay system
in Han et al. (2012a,b), and the less conservative conditions were given. Ma et al. (2016)
designed a non-fragile static feedback controller for Markovian jump systems described by
singular T-S fuzzy model.

In many practical processes, finite-time stability (FTS) analysis has attracted more and
more attention in the past few years, such as Zhang et al. (2012) and Zhang et al. (2014a,b). In
1960s, FTS was first introduced in the field of control (Weiss and Infante 1967). Subsequently,
Amato et al. (2001) presented the definition of finite-time boundedness. Since then, there are
many studies about finite-time boundedness. As we all know, LKF approach is an efficient
technique in the analysis of stability for time-varying delay fuzzy systems. For example, Bhat
and Bernstein (2006) obtained finite-time stability conditions with less conservatism for the
nonlinear systems. Tong et al. (2012) discussed finite-time boundedness for linear singular
impulsive systems based on L,-gain analysis. The design of H filtering, robust estimation
and H stability based on finite-time control for Markovian jump systems have been handled
(Cheng and Zhu 2013; He and Liu 2013; Li and Zhang 2015). The problem of robust finite-
time Hy, control for uncertain stochastic jump systems with time delay was introduced in
Zhang et al. (2014a,b). By designing the H, non-fragile robust state feedback controller,
a set of sufficient conditions was obtained to guarantee the finite-time boundedness and the
finite-time asymptotic stability of the Markovian jump system (Zhang et al. 2014a,b).

In addition, dissipativity is a more universally applicable notion than passivity and Heo
performance, which was widely discussed in Men et al. (2018), Kong et al. (2019), Zhang
et al. (2019), Wang et al. (2020). The concept of dissipation is an extension of passivity
in complex dynamical systems, which consumes energy theoretically (Tao and Hu 2010).
Dissipative theory attracts quite a few interest among researchers in the control field (Ma et al.
2015a,b). As an important target, dissipative theory is essential in the research and analysis
of control systems and is of great significance in reducing disturbance to stability. Han et al.
(2012a,b) proposed a new delay-dependent result that guaranteed the T-S fuzzy descriptor
systems to be dissipative. Gassara et al. (2014a,b) investigated (Q, S, R) — y -dissipativeness
under observer-based control, and some less conservative results were given. Xing et al.
(2019a,b) used the convex combination technique and designed the mode-dependent filter
to study the dissipative control of the system. Based on the above discussion, there have
been a lot of research results on finite-time H and passive control, but how to get a set of
conditions including both h performance and passive incentive for our research. To solve this
problem, we introduce a more general dissipative property based on the finite time analysis
of uncertain singular T-S fuzzy time-varying delay systems.

On the other hand, in practical, the actuator is in the saturated state under normal con-
ditions, and the energy it can provide is limited. Because the actuator saturation will bring
adverse effects to the system, the control research on the saturated system has always been
paid much attention. For example, the new controller for ensuring stability of the systems
with actuator saturation was studied in both linear systems (Hu et al. 2002; Lin and Lv 2007;
Jietal. 2011; Cao and Lin 2003) and nonlinear systems (Ma and Zhang 2012; Hu et al. 2002;
Gassara et al. 2014a,b; Zuo et al. 2015; Ma et al. 2015a,b). In addition, the several stability
conditions and variable performance indicators for systems with actuator saturation were
researched in both nonsingular systems (Yang et al. 2014) and singular systems (Gassara
et al. 2014a,b; Zuo et al. 2015; Ma et al. 2015a,b).

In this paper, the finite-time dissipative control for uncertain singular T-S fuzzy systems
with actuator saturation is discussed. By establishing an appropriate LKF and using the
convex combination technique, the novel results that guarantee finite-time boundedness and
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dissipativity for the singular systems are given. Moreover, by solving a set of LMIs, an
efficient controller is designed. Finally, several examples are provided to demonstrate the
feasibility of this method. The key contributions of this study are listed as below:

1. An appropriate LKF is constructed, some free matrices are introducing based on the
suitable integral inequality used in this paper. And the conservatism is greatly reduced.

2. By taking the effects of time-varying delay and actuator saturation into account, the
criterion with less conservatism that guarantee finite-time boundedness and dissipativity
of the uncertain fuzzy systems is obtained. With the help of the LMIs technique, the
effective controllers are designed.

Notations: Throughout this paper, P~! means inverse of P; PT means transpose of P.
R" is n— dimensional Euclidean. R™*" is a set of n x m real matrices. A symmetric matrix
P > 0 means P is positive define. diag {- - - } is a block-diagonal matrix. Sym {X} = X+XT.
Amax (R) (Amin (R)) means the maximum (minimum) of the eigenvalue of a real symmetric
matrix R. * stands for the transposed term in symmetric matrix. / represents the identity
matrix. The notation of sat(-) denotes the scalar values and the vector-valued saturation.

2 Problem formulation

Consider the following T-S fuzzy systems with actuator saturation and time delay:
e Plantrule i: IF £1(r) is M;; and &2(¢) is M2, - - -, €(t) is M;p, THEN

Ex(t) =(A; + AA)x(t) + (Agqi + AAg)x(t — d(t))
+ (B + AB;)sat(u(t)) + (Byi + AByi)w(t)
z2(t) = (Ci + AC)x(t) + (Cagi + ACqgi)x(r — d(2)) (D
+ (Dj + AD;)sat(u(t)) + (Dyi + ADyi)w(t)
x(t) =¢),t € (—d,0),

where Mk = 1,2,...,p),i € I :={1,2,...,r} are fuzzy sets and r is the number of
fuzzy IF-THEN rules; ¢1(¢), e2(¢), - - - , &-(¢) are the premise variables; ¢ (¢) is the initial
value; x(z) € R" is the state vector; z(1) € R? is the controlled output; u(t) € R™ is the
control input; d(¢) is positive time-varying delays functions satisfying: 0 < d; < d(t) < da,
d(t) <hand h < 1; w(r) € R? is exogenous disturbance input satisfying:

T
/ oD (t)dt < d>. )
0
In addition, sat : R™ x R™ is the standard saturation function satisfying:

sat(u(t)) = [sat(ui(1)), ..., sat(uy (t))]T,

and sat(u; (1)) = sign(u; (t))min {1, |u; (t)]}.

The matrix £ € R"™ " may be singular and we assume that rank(E) = r < n.
A;i, Agi, Bi, Byi, Ci, Cgi, D; and D,,; are known real constant matrices with appropriate
dimensions; AA;, AAgi, AB;, ABy;, AC;, AC4i, AD; and AD,,; are unknown matrices
satisfying:

AA; AAgi AB;i ABu;
AC; ACqi AD; ADy;

- [H“] Fit) [ Ni Nai Noi Noi | 3)

Hy;
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where Ny;, Ngi, Npi, Nyi, Hi; and Hp; are known real constant matrices with appropriate
dimensions; F;(¢) is an unknown real, time-delay matrix function and satisfies

EX(t)Fi(r) < 1,Vt > 0. 4

Using center-average defuzzifier, product interference and singleton fuzzifier, the defuzzi-
fied output of the overall uncertain singular T-S fuzzy systems is represented as follows:

Ex(r) = i hi(e(k)I(A; + AANx (@) + (Agi + AAgi)x(t — d(1))

=

F(Bi + AB)satu(t)) + (Boi + ABui)o(0)]
2 = 3 hi(e(DI(Ci + ACHX (1) + (Cai + ACa)x (i — A1) ®)

i=1
+(D; + ADj)sat(u(t)) + (Dwi + ADyi)w(1)]
x(t) =¢),t € (—d,0)

with ki (e(t)) = @i(e(0) [ Yi; wi(e(1), @i(e()) = I M (sx () and Mix(ex (1)) is
the grade of membership of €;(¢) in M;;. Where @;(e(¢)) > 0 fori = 1,2,...,r and
> i_y @i(e(t)) > 0 for all ¢. Therefore, we have h;(e(r)) > 0and Y ;_, hi(e(t)) = 1. For
brevity, h; (e(t)) is represented by 4; in the following description.

The following, we construct a parallel distributed compensation controller which has the
same fuzzy sets in the premise parts with the fuzzy system (1). Then we have

-
u(t) =Y hi(e)Kix(0), (6)

i=1

with K; being the constant controller gains.

We next establish conditions under which a given ellipsoid J(ETPE, p) is contractively
invariant. To better illustrate this, let us emphasize the significance of the important symbol
and some equations which have been given in many references [30, 31]. 4;; denote the k—th
row of the matrix H;, £(H;) is a polyhedral consisting of states without saturation satisfying

{(H;) = {X(f) e R":|hjpx(®)| < 1,k € [1,~~~,m]},
P € R™ is a symmetric matrix and ETPE >0, n > 0 is a scalar. Denote
S(ETPE,p) = {x(t) e R" : x"()ETPEx (1) < p}.

Thus, S(ETPE, p) is an ellipsoid. And & is the set of m x m diagonal matrices with
1 or 0 as its diagonal elements. Es: s = 1,2, ...,y = 2™ represents the element of =Z. In
addition, E. = I — E;. Obviously, if E; € Z,then E] € &.

Lemma1 (Huetal. 2002). Let F, H € RP*". Then for any x(t) € L(H),
sat(Fx(t)) € co {ESFx(t) +E;Hx(t),s=1,2..., 2”‘} ;
or equivalently
2m

sat(Fx(t) = Y a(EF+E; H)x (1),

s=1

where co denotes the convex hull, oy for s = 1,2,...,2" satisfying 0 < ay < 1 and
2"1

Yoy =1
s=1
@ Springer f bMA
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Under the fuzzy state feedback controller law (6) and Lemma 1, the system (5) can be
represented as
Ex(t) = Ax(t) + Agx(t —d())+B,w(t)
7(t) = Cx(t) + Cyx(t — d(t)) + Dyw(t) @)
x() = @), 1 € (—dr, 0),

where
ror 2"
A=Y 3 Y hihja[(Ai + AA) + (Bi + ABi)(EsK; + E; Hj)]
i=1j=is=
roor 2" roor 2"
Ad =Y Y Y hihjas(Agi + AAdi), By = Y Y. Y hihjag(Bi + ABy)
i=1 j=is=I i=1 j=is=I )
ror 2"
cC=> > Zh,h as[(Ci + AC;) + (D; + AD;)(EsKj + E; H))l,
i=1 j=is=1
ror 2" ror 2"
Ca=3 > > hihjos(Cai + ACas), Z S 3 hihjag(Bi + ABuyi).
i=1 j=is=1 i=1j=is=1

Definition 1 (Ma and Yan 2016) If det(s E — A)# 0 for some complex number s; (E, A) is
regular; if deg(det(E, A))=rank(E), a regular pair (E, A) is said to be impulse free.

Definition 2 (He and Liu2013) System (7) is called finite-time bounded (FTB) for (c%, c%, d?,
T, R.), in which R, is a symmetric positive definite matrix and ¢, T are positive constants,
if there exists scalar ¢» > ¢y, such that
sup {xT@O)ETR.Ex(®), T (0)ETR.Ex(0), xT(1)Rex (1)} < ¢},
—dr<60<0
= xTETR.Ex(t) < c3,Vt €0, T].

Definition 3 (Hanetal. 2012a,b) The regular descriptor system (1)is (Q, V, R)—a« dissipates
withrespectto (cf, c%, d*, T,a,R,),ifthere exists some scalare > 0, the following condition

W(w,z, 1) > a{w, o)
holds for any ¢ € [0, T] under zero initial state, where

W(a), 2, t) = (Z» QZ>I + 2<Z7 vw)l‘ + (w» RC())[,
(x, My); = [y xT(s)My(s)ds.

The quadratic supply rate denotes as W (w, z, t); Q, V and R are real matrices and Q and
R are symmetric. And Q <0, Q <0or Q =0.

Remark 1 Tt should be noted that, by Definition 3, the (Q, V, R) — « dissipative performance
contains the following special cases: Hy, performance as special cases, as follows:

1.If 0 =0,V = [ and R = 0, the finite-time (Q, V, R) — « dissipativity corresponds
to a finite-time passivity or positive realness property.

2.If Q = =1,V = 0and R = « + 21, the finite-time (Q, V, R) — « dissipativity
reduces to an Hy, performance.

Lemma2 (Maetal. 2015a,b). Let T1,T> and Y (t) are real matrices with appropriate dimen-
sions. Y (t) satisfies Y (1)YT(t) < I. Then for any constant ¢ > 0, the inequality holds as
follows:

TY O+ T Y ()T < ey + 7' 10D
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Lemma 3 (Ma and Zhang 2012). Given matrices X,Y,Z with proper dimensions, if there is
a positive scalar a > 0, we have

—Z'YZ <x"Z+7Z"x+ x"y " 'x.

Lemma4 (Duan et al. 2013) For any constant d > 0, vector function x : [—r, 0] — R" and
constant matrix R € R, R = R, the following integration holds:

Lo, x(t) 1°'[=R R x(1)
_d/t_dx ($)RX(s)ds < I:x(t—d)i| |: R —R][x(t—d)]'

Lemma5 (Duan et al. 2013) Suppose that hy < h(t) < hy, where h(t) : R™ — R™. Then
forany R = R > 0, singular matrix E and free matrices X and X», the following integral
inequality holds:

— [ AT ) ETRER (s)ds < €T@)((h(0) — h) X1 RXT + (ha — h(t) X2 R™'XT
F[Xi X=X =X |E+ ET[X) Xo — X1 —X2 | DE@),
where
ET() = [xT(t —h) xT(t = h(1)) X7t — h2) ],

T 9
Xq = [Xgl ng XL] ca=1,2.

Remark 2 The Lemma 5 is important in reducing the conservative property result from intro-
ducing slack variables X,(a = 1, 2; 1 = 1, 2, 3). The free-weighting matrix method enables
our results possessing superiority.

Lemma 6 (Tian et al. 2009) A1, A and ® are constant matrices and 0 < dy < d(t) < dy,
then

d(t) —di) A1+ (dr —d(1)) A2 + O < 0,
ifand only if (dy — d1)A1 4+ ® < 0and (dy — d1) A2 + © < 0 hold.

3 Main results

3.1 FTS analysis and finite-time (Q, V, R) — a dissipative

Theorem 1 System (7) is FTB with respect to (c%,c%,dZ, T, Rc) at the origin with
I(ETPE, p) contained in the domain of attraction for positive constants ci,d,T,,8 and
matrix R, > 0, if there exist a constant ¢ > 0, a nonsingular matrix P, matrices
01 > 0,0, > 0,03 > 0,721 > 0,Z, > 0, Xyya = 1,251 = 1,2,3) and
I(ETPE, p) C £(H;) such that

EPT = PET >0, (10
R +doDE+dpE'CY diln dipl dinXa
* -z7' o 0
b, = 1 0, 11
4 * * —ZZ_] 0 = an
* * * =27

d3 d3
[A2 + dids + da(ha + As) + ke + 22271 +d°(1 — 1) < hjeze™®, (12)

2 2
@ Springer f bMA



Finite-time dissipative control of uncertain singular... Page70f22 201

where
A PETZE Ag 0 B,
x« —0Q1 — ETZ|E 0 0 0
2= % * —(1=-mnQ3 0 O ,
* * * —-0> 0
* * * *x =681

A=APT+ PAT+ PO PT+ PQ,PT + PO3PT — PETZ EPT —SEPT,
r=[APT04,0B,]" . =[0X; X2—X; —X»0],
T T T T
X, = [0 Xa X XaSO] ,a=1,2, dp=dy—dj,
1/2 - 1/2 1/2 - 1/2 1/2 - 1/2
P—1E=ETRC/ PRC/ E,Q1=Rc/ Qch/ ,Q2=Rc/ Qch/,

1/2 - 1/2 1/2 - 1/2 1/2 - 1/2
03 = Rc/ Q3Rc/ VAR Rc/ Zch/ v Zr =R ZoR.

A1l = Amin (13) s A2 = Amax (13) s A3 = Amax (Ql) s A4 = Amax (QZ) >
A5 = Amax (Q3) s A6 = Amax (Zl) s A7 = Amax (22) .

Proof First, we prove the regular and impulse-free of system (7). Since rank(E) = r < n,
we assume G and G are non-singular matrices such that

G\EG, = [1’ O:|,G1AG2 - [Al A2],

00 Az Ay
-T P P -T —1 Z11 Z12
G\ PG;" = [P3 P4],Gl 767l = [213 7ol

From EPT = PET, we can easily obtain P3 = 0 and P; = P[I. From (11), we have that
A < 0. Pre-and post-multiply A by G; and G, respectively. Moreover, Q1, Q2, Q3 > 0,
so it is easily obtained

* T * T < 0.
* A4P4 + P4A4

From the above discussion, we can obtain A4PI + P4A:tF < 0, which implies A4 is
nonsingular. Thus, det(s E — A) is not identity zero and deg(det(s E — A))= rankE. In the
light of Definition 1, the closed-loop system (7) is regular and impulse free.

Now, we prove the system is FTB, choosing the following Lyapunov functional candidate
as

V(x(1) = Vi(x(1) + Va(x(1)) + V3(x(1)) + Va(x (1)), (13)
where
Vi(x(0) = x"(t) P Ex (1),

V@) = 95T (5)01x(s)d
t—d

t
+ / EUIxT(5)Qax(s)ds
t—dy

t
+ J T (5)03x(5)ds,
t—d(r)
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0 t
V3(x(1)) = d; / / ST () ET Z Ex (5)dsdo,
dy Jt+0

Va(x(t)) = di2 / / ST (s)ET Zy Ex (s)dsdo.
t+60

Then

Vix() = 2xT() P~ Ex (1),

Va(x(0) = 8 [y &U79x () Qux(s)ds + xT (1) Q1x (1)
—e Tt —dy) Q1x(t — dy)
+8 [y, @70xT () Qax(s)ds + xT (1) Q2x (1)
—e 30 xT(t — dr) Qox(t — dn)
+8 [y €07V () Q3x(s)ds + xT (1) Q3x (1)
—(1 —d()e™OxT (1 — d(1)) Q3x(t — d(1))

< 8Va(x (@) + xT(1)(Q1 + Q2+ Q3)x(1)

—xT(t —d)Q1x(t —dp) — x"(t — d2) Q2x(t — o)
—(1 = m)xT(t = d(®)) Q3x(t — d(1)).

Vs(x(1) = 8V3(x(1) +di [2y £T(5) ETZ1 Es(s)do

(14)

—d [!_, 5T () ETZ Ex (s)ds
< SV3(x(1)) + dixT()ETZ  Ex (1)
—dy [}y AT (5)ETZ  Ex(s)ds,
Va(x(6) = 8Va(x(0) +dva [~ &7 (s) EZ, Ex (s)d6
—dyy [T PI5T () ET Zy B (5)ds
< 8Va(x(0) +dHx T () ET Zo Ex (1)
—dpy [T T () ET 2y Ex (5)ds,

from (13) to (14), we can get

V(x(0) < 8Va(x(0) + xT(1)(Q1 + Q2 + 03)x(t) + 2xT () PEX (1)
—xT@t —d)Qix(t —dy) —x"(t — d2) Qax(t — do)
—(1 = m)xT(t —d) Q3x(t —d(t)) + dixT()ETZ 1 Ex (1)

+dL AT ET 22 Ex (1) — dy f)_y 3T ($)ETZ E(s)ds

—di2 fti;? V() ETZ,Ex (s)ds.
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Via Lemma 4 and Lemma 5, it is obtained that
x(t) 1'[-EYZ,E E'Z,E x(1)
x@t—dy) ETZ\E —EYZ\E || x(t —=dD |’
(15)
— [T ) ET ZEx(s)ds < €7 (1) {(d(z) —d)X1Z; ' XT + (dy — d()) X225 ' X3
+[X1 X2 - X1 X2 ]E+ ET[ X, X2 — X, —Xz]T] £1)
(16)

t
—dlf T()ETZ Ex(s)ds < [
t—d

where £ (1), X, satisfies Eq. (9). Using Lemma 6, (16) is equivalent to

£T (1) [d12X1Z{1X1T+ [X1 X2 = X1 - X2 |E+[ X1 X2 — X, —Xz]T ET &) <0
and

70 {dn X2 XT4 [ X1 Xo = X1 —X2 | E+[ X1 X2 = X1 X2 ]T ET}60) <0

Then it can be obtained that

V(x(1) =8V (x(@)) — 8T (D ()
= 'O +d} I Z N+ dL T 2o + dL XY 25 Xy + din TSE + dpn ET T (),

where ¢T(t) = [xT() xT(t — dy) xT(t —d() xT(t —dy) wT(1)].

Pre- and post-multiplying (11) with diag { P=!,1,---1} and diag{ P77, 1,---1},
———— ————
7 7
respectively. And by Schur complement, it yields
V(x(1)) — 8V (x(1)) — S (Nw(t) < 0. (17)

First, both sides of (17) pre-and post-multiplying by e~%, then integrating it from 0 to
t, (t € [0, T.]), we can derive

T.

V(x(@)) < T [V (x(0)) +8/ e T (D (t)dr].
0

From (11) and Definition 2, we can obtain

Vx©0) = 2T P Ex(©0) + [ e 2T(5)Q1x(5)ds + [0, e 72T (5) Qax(s)ds
+ 40 e 2T Qax(s)ds +diy [0, [} e T () EZy B (s)dsdd
iy [ [} e 5T () ET 2, B (5)dsdo

3 3
< 2xT(O)Rex(0) + [di 23 + da(ha + 15) + Dhs + L22s]

sup  {xT@O)Rex(©), xT(O)R1(6)}
—dr<0<0

d3 d3
< 2+ did3 + da(hg + As) + Fhe + F2ag]ct.
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Combine with (2), then

&3 43
V(x(1)) < [k +dirs + da(ha + s) + 7%6 + #mcf +d*(1 — ey,

On the other hand,
Vx@®) > x" )P VEx(t) > Mix () ETR.Ex(1).

Then from condition (12), we have xT (1) ETR.Ex(r) < c%. According to Definition 2,
system (7) is finite-time bounded. The proof is completed. O

Theorem 2 System (7) is finite-time (Q, V, R) — « dissipative with respect to (c%, c%, d?,
T, o, R.) at the origin with I(E TpPE, p) contained in the domain of attraction for positive
constants c1, d, T., § and matrix R, > 0, if there exist a constant ¢y > 0, a nonsingular
matrix P, matrices Q1 > 0,072 >0,03>0,Z1 >0,Z, >0, Xyy(a=1,2;1=1,2,3)
and I(ETPE, p) C £(H) such that

EPT=PET >0, (18)
Q+dnpDE+dpETLY dily dioly dioX, T
* -z;'o 0 0

Dy = | % x  —Z,'0 0 |<0O, (19)
* * * —7Z> 0
* * * * —1

d3 d3
D2 +diks + oG +25) + —he + 2 Asle] +d%(1—e7°T) < Aicze ™", (20)

where
A PETZ\E Ay 0 B,—PCTV
x* —01—ETZE0 0 0
Q=% % —(1-mQ30 —Clv ,
x % * —-020
% * * —(R—al)— DIV -VvD,

A=APT+ PAT+ P(Q1+ Q2+ 03)PT — PETZEPT —SEPT,

M =[APT0A,0B,] . [>=[0X Xo—X; —X20],

I3 =[v=0CPT0.y=0C;0v=0D,], X, =[0xT, xT, xT, 0]".
. ro1f2- 1/2 12~ 1/2 /2. 1/2

PTE=E'R.' PR ,Q1=RS Q1R E, Qo=R O2R. ,

0= R 0:r! 2 = 2R, 2, = R 2R,

A1 = Amin (P) s A2 = Amax (P) s A3 = Amax (Ql) s A4 = Amax (Q2) )

A5 = Amax (93) 2 A6 = Amax (Z1) . A7 = Amax (Z2) -
Proof In the part, we prove system (7) is finite-time dissipative. First, let
J(@1) = 25(1)0z(t) + 20T (1) Vz(t) + 0" (1)(R — D (1).
From (19) and Schur complement, it is easily obtained

V() —8Va®) —J@0) = "OIA+di Tz + d I 2o + d X 25 X,
+diDE +dpE'T) 4+ I 13]0(1) < 0.
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With zero initial state, the following equality holds

0 < V@) < e [ J(t)dt
= [o 2" 0z(t) + 20T (V1) + 0" () Ro()dt > o f§ 0T (e (t)dt.

From Definition 2, system (7) is finite-time bounded and (Q, V, R) — « dissipative. The
proof is completed. o

3.2 Finite-time state feedback dissipative controller design

Remark 3 The following we replace coefficient matrices in Theorem 2 with (8) and Eq. (3).
On the basis of Theorem 2, the stability conditions in form of LMIs can be obtained in
Theorem 3.

Theorem 3 System (7) with state feedback control law (6) and K; = FjP_T is finite-
time (Q,V, R) — « dissipative with respect to ( ],cz,d T., a, R, ) at the origin with
I(ETPE, p) contained in the domain of attraction for the constants ¢; > 0,d > 0, T, >
0,6 > 0, &« > 0 and matrix R. > 0, if there exist a constant ¢z > 0, a nonsingular
matrix P, matrices Q] > 0, Qz > 0, Qg > 0, Z] > 0, Z] > 0, Zz > 0, Xa1, Xu
(a=1,2;1=1,2,3), scalars &;; > 0, such that the following set of LMIs satisfies

EPT=PET >0, o
_Eiiw TIT 8,’,"r2

*  —&il 0 <0i=1.2...r, (22)
L * * —1I

_Eijm TIT &ij 12 Zjisa TIT gjiT

* —e&ijl 0 + | * —&jil 0 <0,i<j,i=12,...,r, (23)
_* * _[ k * _1

—1
—P Yjk B o
ijk —EPETj|50’k—1’2"lﬁl—l,zﬁ,r, (24)

;L11<R]/2U1//1UTR1/2<I 0,>-P— PT—MR 1 0s>—P—PT— 23R,
3>—P—PT— 2R, Zy>—P—PT—IusR7', Zo > —P — P — JueR:,
C

(25)
[‘dlm +dops +daps + dips +dipue)er +d(1 = e70) —cre ™M ) } <0, (26
* —M1
where
[ Qijs +di2Sym(I2E) diNiijs dioTijs di2Xa F3T,-js Pt pT pT ]
* 7 0 0O 0 0 0 0
* * -Z, 0 0 0 0 0
o | * ¢ X 0o o 0 o0
AR * * * -1 0 0 O ’
% * * * -0:10 0
% * * * * -020
| * * * * * —Q3_
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ijs +d125ym(1_'2E) d F]l/? dlZFIUY d12X

2; 31]?
* o0 0 0
Yijsa = | * * 32 0 0 ,
* * * —Zz 0
* * * * —1
[ Aijs EZIET AgiPT0O 2!
S 0 0 0
Qijs=|* * 23 o0 -ctv ],
* 0k * on
L * * * x 24

Aijs = A PT + Bi(EsFj + ECY)) + PAT + (EgFj + E;Y)) "B — EZ\ET — 6 EPT
+01 4 02 + 03, T
Tiijs = [AiP" + Bi(EsFj + E;Yj) 0 Agi PT 0 By |, b =[0 X Xo— X =X» 0],
Fyijs = [V=0Ci PT + /=0Di(EsFj + E;Y;) 0 /=0C4i PT 0 /=0Dyi |,
Y1 = [ NPT+ Npi(EsFj+ E;Y;) 0 NgiPT O N, 0000 ],
T
T = [HIT 000 —HIV diHT diyHT 0 HZT@T] :
X, =[0XT X%, xT 0]", X, =[0 X7, XT, X%, 0]",a=1,2,
@' = By — (CiPT ¥ Dy(EFj + E;Y) TV, 5 = P4PT42,, 52 = P+ PT 4 25,
=01—-EZiE", 23 =(1-h)03,2*=—(R—al) = DL,V = VD,,.

Proof According to (19) in Theorem 2, we have

b, = Z Z Z hih; 013(05,1M +A¢',,m)
i=l1 j=is=I
)4 r r
= Z Ay |:Z h,‘z(qjiisa + ADjisa)+ Z hihj[(‘pijsa + (p_jisa)+(A‘pi_j3-a + A‘p]‘im)]i| <0
s=1 i=I i<j
where
Qjjs +dplhE + dleTI‘ZW dlrlz;s di2T1ijs d12 X4 F3,,Y
* —Zl 0 0 0
Pijsa = | * * -z 0 0 : 27)
* * * —Z, 0
* * * * -1
A PETZ\E Agi 0o Q!
* —01—ETZ1E 0 0 0
Qjjs = | * * —-(1-hQ30 —CLV ;
ok * —020
* ok * x —(R—al)— DLV —-VD,

Ajjs = AiPT + B;(E;K; + E;H;)PT + PAT + P(E;K; + E; H;)" BT
+P(Q1+ Q2+ 03)PT — PETZ{EPT —SEPT,

Tiijs = [AiPT+ Bi(E;K; + Ef H)PT 0 Agi 0 Byi |,

Toijs = [0 X1 X2 — X; =X2 0], X, = [0 x7, xT, X7, 0]",

[3js = [V=0CiPT + «@Di(EAK +E; H VBT 0'Y=0C 0 V=0Dui 1.

QU= By — P(C; + Di(EK; + E, H))TV.
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Since h;, hj, oy > 0, then Eq. (27) holds if matrix inequality ®@;;5q + A®;is¢ < 0 and
(Dijsat+Pjisa) +H(ADjsa+APjisq) < Oisconstructed. RefertoLemma?2, @;i5+ADji5q <
0 equals to the following equality if there exists a positive &;; such that

Diisa + FOT + 1 FT ()1}t
< Diisa + e 1T + 6, T (28)

Pre- and post-multiplying Eq. (22) by

diag {1, P~ Pp~t, p=t 1 ..., 1,P7' I, ...,1} and
N ————
3 4
diag 31, P~T, P~T P-T 0,...,0,P°T,0,...,0
N’ N
3 3

Denote Z, = PYZ,P,Z, = PZ,PT, 0; = PO\ PT, Xyy = PXuPT, Xu = PXu P
(@a=1,2;1=1,2,3),K; = F; P~ -T . Using Lemma 3, we can get —Z ! < P+PT+Z1,
-Zy l<pypTy Z5. From (22), (28) and considering Schur complement, condition (19)
can be obtained.

Using Lemma 3, we can obtain A3 < puj from Ql < -—P—-pPT_ /,LzR_] Similarly,
we can get A4 < U3, A5 < 14, A < 2us, A7 < 2u6 from Q2 <-p-—PT_ 2/L3R
03 <—P—PY 2R, Z) < —P — PT—05usR", Zy < —P — PT —0.5u6R.!
respectively.

Noting that P is nonsingular matrix, we can obtain the decomposition of E as follows by
Lemma 6, if there exist two orthogonal matrices U and V:

oot

0 * 0
where X, = diag{o1,07,...,0,} withoxy > Oforall k = 1,2,...,r. Par~tition U =
[Ui U2].V=[Vi Va]andv = [ V1 Z, V| withU; E =0and EV, = 0.Let P = U" P,

P11 Pi»

from (21), P is of the following form
0 Pp

] and P can be expressed as follows:

P=Ev Tyt UV,
where V1 = diag {P11, ¥12}, ¥» = diag {PITZ, P2T2} with a parameter matrix V. If
we choose ¥ > 0 and symmetric, then ¥y > 0 and symmetric. Furthermore, P =
R0y TR is a solution of PVE = ETRY/2 PR/ E and P saisfies

PET = EPT = Ev Typ 1ET

On the other hand, let I < P < ;' I and noting that P = R*‘/QUz,/f;‘UTR*I/2 and
Y1 is an orthogonal matrix, so u1/ < RI/ZUWIUTRI/2 < I,wehave A > 1, A2 < 1.
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From the above discussion, condition (20) can be guaranteed by
ui'er + (dipa + dops + dojia + di s + diype)er +d(1 — e 1) — e < 0. (29)
Given Schur complement Lemma, (29) can be rewritten as

[(dlm +dops + dops + di s + diype)cr +d(1 — e 016y — e Jey } -0
* — K1 '

First, for every x(t) € J(ETPE, p), by S(ETPE, p) C ¢(H,), then x(t) € £(H;). We
can obtain the following singular with orthogonal matrices U, V and non-singular matrix
>,

T | %0 T _ 131 132 T _ | x@ vV — . :
U EV_[O o| U PU= AT By VO =" , H;V = [ Hi1 Hpp. ]
It follows that Hi = 0, otherwise, let x1(f) = 0 and |hixxa2(t)] > p‘/ /2. then

xTOETPEx(t) = 0 that is |hjrx(t)| > ,01/2, it contradicts that J(ETPE, p) C L(H;).
Then xT()ETPEx(t) = x[ (1) Pix1(t) < p, Hix(t) = Hi1x1(2).
From the discussion, the condition J(ETPE, p) C £(H;) in Theorem 1 is equivalent to

hi(ZPLE) "y < o7t k=12, L

Using Schur complements, we have

-1
—p7 " hitk ]<

_07 k:1,2,...,l
|:hiT1k _ErTPIEr

or |
—P [7i1 0] e
[h O]T_ >0 P P[5 0] | =0k=12...1 (30)
ilk 0 0 PIpPs|l0 0

where h;j is the kth row of H;.
Denote Y; = H; PT, pre-and post-multiplying Eq.(30) by diag{I, PV} and
diag {17, VTPT}. yji is the kth row of ¥;, so we can obtain (24). The proof is complete. O

Remark 4 To achieve the goal of reducing the result conservatism, we choose the largest
ellipsoid that satisfies the conditions of Theorem 1. In this way, the gravitational domain is
more accurate.

Then the size of the ellipsoids is surveyed by a form reference set. xg € R”" is the initial
state. To verify the stability of initial state xo € R", we can establish the optimization problem
as follows:

max
P.0>0.K;,Hj,a>0

()Bxr C(ETPE, p) . 31
s.t. (2)Inequality (24 — 26, 28)
3 |higx ()] < 1,Vx(t) € S(ETPE, p)

Moreover, condition (1) in (31) is equivalent to

ﬁzxoTETPExo < p.
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By Schur’s complements, it can be represented as

o TpT
[*“’ﬁ)}ﬁ]}so,, (32)

where @ = ,0/;62.
Pre-and post-multiplying (32) by diag {I, P}and diag {I T pT }, one sufficient condition

satisfying (32) is
_ . +TpTpT
[*“ﬁ)}ﬁp ]so,. (33)

By Theorem 3 and the above certificate, the problem in (31) is equivalent to the minimiza-
tion problem
min @

s.t.inequality (24) ~ (28), (36). (34)

Remark 5 In Theorem 3, the results that guarantee finite-time dissipative of the uncertain
systems can transform to a LMI problem with parameter §, if there is a known 7:

min c% +«
P.01,02,03.21,Z1.Z2, Xa1, X a1, 1,8 (35)
s.1(24) ~ (28), (36).

4 Numerical examples

In this section, two examples are introduced to show the effectiveness of our results.

Example 1 Consider the inverted pendulum model as follows (Han et al. 2012a,b):

X1 = x2,

[(M +m)(J +ml?) — mzlzcosle])'cz

= (M + m)mgxz — m?*1*>x3cos®x; — ml cos xu,
0 =Isinx; — x3,

where x; € (—m / 2, / 2) stands for the angle of from the vertical to the pendulum, x; is the
angular velocity, x3 is the horizontal distance from cart to the center of pendulum, Mkg and m
are the mass of the cart and the pendulum, J = ml 2 / 3 is the moment of inertia, g = 9.8m / 52
is the gravity constant, / is the length from shaft axis to the pendulum center of mass and u is
the force exert on the cart. 8 stands for the maximal angular velocity, and x% =28 ZA(xa2 (D))
with A2(x2(7)) < 1. Choose membership function /2 (x;) = (sin6y — sin%x; (t))/sin290, ,
hao(x1) =1 —hi(x1), 6 € (—rr/2, n/Z). And external disturbances w(t) = sin(5¢). Let
M =1.3282,m = 0.22, § = 3,1 = 0.304. Thus, the global fuzzy systems is represented by
the following systems:

2
Ex(t) = ) hiE(M)(A; + AA)x (1) + Biu(t) + Boiw(1)],

i=

2
2(t) = Y hi(E@)I[Cix (1) + Dyiw ()],
i=1
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o 0 0
é
Fig. 1 The local optimal bound of « and §(Example 1)
where
100 0 10 0 10
E=]1010(,A=1]0 089.0189 |,A,=| 0 0 81.7087 |,
000 0.3040 0 —1 0.2514 0 —1
100 0 0 0 1
Ci=1010)|,By=|—-17836 |,B,=| —08186 | ,Byi=|1|.,Dni=|1],

000 0 0
Hi =[0-039240]", H, =[0—0.1801 0], N; =[009].

Given Q = —0.13,V = [1.51.5 1.5 ]T, R = 1. From Theorem 3, it is easy to know
that the minimum value of c% + « is related to §. Figure 1 depicts the corresponding value
with various §. Choosing § = 1.4, @ = 0.1 and the optimal value ¢; = 3.9300, we have the
value of K; as follows:

Ki =[—1.8859 —1.9997 —39.1980 ],
Ky = | —2.3255 —2.8000 —26.3229 | .

The state response and the state response of the system for initial situation are shown
in Figs. 2 and 3. It can explain that the systems are finite-time bound and (Q, V, R) — «
dissipative under the controllers, which implies that the result is well achieved and supports
our theoretical.

@ Springer j br\A



Finite-time dissipative control of uncertain singular... Page 17 0f22 201

08 T T T T T T T T T
06
04
\
02
02

04

-06

— — — angle of the pendulum
+++ angular velocity
s relative hotizonal distance of the pendulum n

Il 1 | (1 1 L 1 1 1
0 5 10 15 20 25 30 35 40 45 50

Time(s)

Fig.2 The simulation of state response of the open-loop system (Example 1)
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Fig.3 The simulation of state response of the closed-loop system(Example 1)

Example 2 Consider the following fuzzy system described by T-S fuzzy model with two
fuzzy rules:

2
Ex(t) =Y hie(O)[(Ai + AA; (0)x(t) + (Agi + AAgi (1)x(t — d(t))
i=1
+Bjsat(u(t)) + Byiw(t)],
2
2(t) = Y hi(e)[Cix(t) + Caix(t — d (1)) + Diu(t) + Dyiw (1)),
i=1
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where

100 0 11 1 11 1 1017
E=[010|,A41=]0 01]|,4=|0 01|, An=1]1 10 |,
000 0.101 0.101 0.100.1 |
[010.1 10 0 10 1 0.1
Ap=1110 |,c;=]10010|,C,=]0010 |,B;=]0.1],
[ 100.1 00 0 00 0.1 | 0.1 ]
[0.10 0 10 0 0.1 (0.1
Ciqi=10 010 ,Cin=10010{(,D;=]01{,D=1]0 ,
[0 0 01 00 0 0.1 | 0.1 ]
100 0.10 0 [0.17]
Bui=|010 |,Dyi=|0 030 |,H;=Hy=]0.11/,
000.1 0 0 0.1 | 0.1 |

N; =[0.10.10.1], Ny

We let
—-0.010 0 010 O 100
0=10 —0.010 , V=10 010 ,R=1020
0 0 —0.01 0 0 0.1 002

[0.10.10.1], Ny =[0.10.10.1].

Choose § = 0.285, E11 = &21 = 0.21, E1p =& = 0.2, dl = 0, d2 = 1, TC = 2,d = 1,
then the following results are obtained by LMIs Toolbox in Matlab,

—36.9566 —23.0220 0.2704 8.8451 19.0409 0.0082

P =| —17.0093 —32.4030 0.0292 Zr = | 19.0409 39.6309 —0.0799 |,
—0.2738 0.0549  —0.0950 0.0082 —0.0799 0.1905
B [2.6207 —0.0000 0.0000
Z1 = 1.0e 4003 % [ —0.0000 2.6207 —0.0000 |,
| 0.0000 —0.0000 2.6207

8.8451 0.5222 0

71 = 1.0e + 003 *

01 = 1.0e + 003 x

| 0

0.5222 7.6363 0 |,

0 0

1.6556
—0.0056 1.6554

—0.0056 —0.0003 ]

—0.0001

| —0.0003 —0.0001 0.0002 |
[1.6556  —0.0056 —0.0003 ]

02 = 1.0e + 003

—0.0056 1.6554

| —0.0003 —0.0001 0.0002
[1.9812  0.0858

—0.0001

—0.0011]

03 = 1.0e + 003 %

0.0858

1.7466

—0.0003

| —0.0011 —0.0003 0.0002

The state feedback gain matrix is obtained as

K=
H =

—1.1724 —0.0116 4.8657 |, K» = [ —1.0967 —0.3054 4.0653 | ,
—0.3581 0.1926 1.1706 |, H> = [ 0.3926 —0.4335 —1.3598 ] .
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Fig.4 The simulation of state response of the closed-loop system (Example 2)
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Fig.5 The simulation of the control input (Example 2)

We take the initial condition is xg = [—1 105 ]T, handle the LMI optimization prob-
lem (34), the value of pumin = 0.0069. Let the fuzzy weighting function be hj(x;) =
1/[1 + exp(0.5(x1))], ha(x2) = 1 — h(x1), disturbance input is w(t) = exp(—1t) sin(—1),
uncertainty is F; (t) = sint. The state trajectories of the system are shown in Fig. 4. Figure 5
gives the simulation of the control input, and Fig. 6 is the invariant ellipsoids and a trajectory.
Those imply the feasibility and superiority of our results.

5 Conclusions

This paper studies the problem of finite-time dissipative control for uncertain singular T-S
fuzzy time-varying delay systems subject to actuator saturation. Initially, based on appropriate
Lyapunov—Krasovskii functional, introducing some free matrices and using the convexity
property of the matrix inequality, sufficient conditions are derived to ensure the closed-
loop system is finite-time bounded and satisfies dissipative disturbance attenuation level
in a given finite-time interval. Then a designed controller is provided by solving a linear
matrix inequality optimization problem. Finally, some results are provided to explain the
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15+ 1

05} 1

2 1 1 1 1 1 1 1
-2 -1.5 -1 05 0 05 1 15 2

Fig.6 The invariant ellipsoids and a trajectory (Example 2)

feasibility and superiority of the proposed method. However, we consider actuator saturation
without estimating the domain of attraction of delay. To this point, further study would focus
on it.
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