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Abstract

In this article, we introduce a new technique for roughness of a set based on («, §)-
indiscernibility, that is, objects are indiscernible up to certain degrees o and B. For this
purpose, a bipolar fuzzy tolerance relation has been used. Also we investigate some funda-
mental properties of these approximations. Finally, we give the notions of accuracy measure
and roughness measure for (o, 8)-bipolar fuzzified rough set.
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1 Introduction

Our classical mathematical approaches for modelling, computing and reasoning are crisp,
deterministic and precise in nature. However, maximum of the real-world problems intrinsi-
cally comprises uncertainties and ambiguities. Especially, such classes of problems emerge
in Medical Sciences, Economics, Ecology, Engineering, Environmental Sciences, Social Sci-
ences and many other fields, which are highly dependent on the task of modelling uncertainties
that cannot be solved using classical mathematical approaches.

With the passage of time, numerous analysts, mathematicians and researchers are
attempting to determine some appropriate tools and mathematical theories to manage these
uncertainties. Such as Probability Theory, Fuzzy Set Theory, Rough Set Theory, Soft set
theory, Interval Mathematical Theory, Vague Set Theory, Graph Theory, Automata Theory,
Decision-Making Theory etc., are formulated to solve such problems, and have been found
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only partially successful. These theories decreased the space between the classical mathe-
matical designs and the vague real-world data.

However, most of these theories have their inherent deficiencies, perhaps because of
inadequacy of the parameterization tools of the theories as mentioned in Molodtsov (1999).

In 1965, Zadeh (1965) laid the foundation of fuzzy set theory. The fuzzy set theory is an
important and successful mathematical tool which is found most appropriate to cope with
uncertainties. The fuzzy set theory is dependent on the fuzzy membership function, with the
help of which we can determine the membership degree of an element with respect to a set.
However, there exists a difficulty “how to fix the membership function in each particular
case”, because the nature of the membership function is extremely individualistic. There
are different generalizations of fuzzy set, for example, intuitionistic fuzzy set, vague set,
interval-valued fuzzy set, neutrosophic fuzzy sets and many more.

Bipolar fuzzy setis another extension of fuzzy set given by Zhang (1994). The membership
degree of bipolar fuzzy sets is extended from the interval [0, 1] to [—1, 1]. In a bipolar
fuzzy set, the membership degree 0 of an element implies that the element is irrelevant
to the corresponding property, the membership degree (0, 1] of an element shows that the
element somewhat satisfies the property, and the membership degree [—1, 0) of an element
demonstrates that the element somewhat satisfies the implicit counter-property.

The rough set theory Pawlak (1982) is another successful mathematical approach to exam-
ine the vagueness in data, presented by Pawlak. In this approach, vagueness is expressed by
a boundary region of a set, and not by a partial membership, like in fuzzy set theory. It is
based on the conjecture that we can always associate some information (data/knowledge)
with every object in the universe. Pawlak used the upper and lower approximations of a
collection of objects to investigate how close the objects are to the information attached to
them. This theory has been effectively applied to many fields such as data mining, machine
learning, data analysis, and medicine.

To get rid of these sort of difficulties, in 1999, a Russian researcher Molodtsov Molodtsov
(1999) proposed the notion of soft sets that can be viewed as a completely new mathematical
approach for modelling vagueness and uncertainties, where a soft set is associated with
an adequate set of parameters and thus free from aforementioned difficulties. Soft sets are
intended to capture and to defuse the conflicts among existing fuzzy set theories. Soft set
theory is a consistent and unified theory implied implicitly by existing fuzzy theories. Thus,
soft set theory is a generalization of fuzzy set theory (Liu et al. 2019) that was proposed to
tackle with uncertainty in a non-parametric manner.

Unlike classical mathematics, where exact solution of a mathematical model is required,
soft set theory instead requires an approximate description of an object as its initial point. The
choice of adequate parameterization tools such as words, real number, and functions make
soft set theory very convenient and easy to apply in practice. Many interesting applications
of soft set theory can be seen in Cagman et al. (2011), Jiang et al. (2011), Zou and Xiao
(2008), Cagman and Enginoglu (2010) and Herwan (2010).

Recently, many researchers are engaged in the properties and applications of soft set
theory. Maji et al. (2003) defined new concept on soft sets and worked on theoretical study
of soft sets in detail. Ali et al. (2009) studied some new operations in soft set theory. Maji
et al. (2001) proposed the notion of fuzzy soft sets. Naz and Shabir (2013) introduced the
idea of bipolar soft sets. Shabir and Shaheen (2017) initiated the idea of fuzzified rough
approximations of a set based on fuzzy tolerance relation.

Fuzzy soft set theory (Maji et al. 2001) is useful for solving the real-world problems.
It helps to take decision-making in a critical circumstances. Applications of fuzzy soft set
theory can also be seen in Alcantud et al. (2019), Celik and Yamak (2013), Gogoi et al.
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(2014), Han et al. (2015), Kalayathankal and Singh (2010), Karaaslan and Cagman (2018),
Liu et al. (2019) and Xiao (2018). The fuzzy bipolar soft sets (Malik and Shabir 2019) have
the capacity to deal with the uncertainty, as well as bipolarity of the information in many
situations.

In 1975, Rosenfeld (1975) initiated the concept of fuzzy graphs. Further generalizations
of fuzzy graphs can be seen in Akram et al. (2020), Lugman et al. (2019) and Shahzadi
and Akram (2019). Akram (2013a) and Akram (2011) introduced certain ideas of bipolar
fuzzy graphs and defined some operations on it. Further theory of bipolar fuzzy graphs was
developed in Rashmanlou et al. (2015), Sarwar and Akram (2017), and Singh and Kumar
(2014). Akram and Nawaz (2015a), Akram and Nawaz (2015b), and Akram and Nawaz
(2016) first dealt with soft graphs and fuzzy soft graphs.

In this article, we introduce a new tool for fuzzification of bipolar rough sets which includes
both the fuzzification of the information system if the attribute values are linguistic terms and
a bipolar fuzzy tolerance relation (intransitive) which is used to measure the compatibility
in («, B)-indiscernible objects, the objects which do not have exactly the same attributes but
they are similar or compatible up to a certain degree o and f.

The organization of this article is as follows. Section 2 gives the fundamental definitions of
bipolar rough sets and bipolar fuzzy relation. In Sect. 3, the notion of («, 8)-bipolar fuzzified
rough set is introduced and some of their basic properties are investigated. Section 4 gives
the concepts of accuracy and roughness measures for (¢, 8)-bipolar fuzzified rough sets. At
last, Sect. 5 carries a few conclusions.

2 Preliminaries

In this section, we give the essential definitions and initial results required in upcoming
sections of the study. Throughout this section, we will utilize ¢/ for an initial universe (non-
empty finite), E for set of parameters, A for a non-empty subset of the parameter set £ and
P (U4) for the power set of U/, unless stated otherwise.

2.1 Rough sets

In the rough set theory (Pawlak 1982), equivalence relation plays a significant role to cope
with uncertainty in the data sets. This relation partitions the universe into classes, generally
called granules of information (data). Hence, in rough set theory, we have to deal with clusters
of objects rather than dealing with single object.

Definition 2.1 (Karaaslan 2016) An information system (or knowledge representation sys-
tem)isapairZS = (U, A;), wherel{ is anon-empty finite set of objects and A; is anon-empty
finite set of attributes (parameters) such that each attribute a € A; is afunctiona : Y — V,,
where V, is the set of values (called domain ) of attribute a.

Definition 2.2 (Karaaslan 2016) Let ZS = (U, A;) be an information system. Then with any
B C Ay, there is an associated equivalence relation:

R = Indzs(B) = {(x.y) eU* |Ya € B,a(x) =a(y)},
where Zndzs(B) is called the B-indiscernibility relation.

Definition 2.3 (Pawlak 1982) Let I/ be a non-empty finite universe and R be an equivalence
relation over . Then the pair P = (U, *R) is called a Pawlak approximation space.
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Using indiscernibility relation R, for every subset X C U/, we can define the following
two crisp sets:

R(X) = {x eU | [xIm € X}, 2.1)
R X) ={x el |[xIxNX #0}. 22)

Equations (2.1) and (2.2) are known as lower and upper approximations of X with respect
to the Pawlak approximation space P = (U, ®R), respectively. Here,

[xlz ={y et/ | (x.y) e R},

Definition 2.4 (Pawlak 1982) Let R, (X) and 9R*(X) be lower and upper approximations of
X C U. Then the sets

(i) Posoy (X) = R.(X),

(i) Brdon (X) = R (X) — R (X),
(i) Negsr(X) = (R*(X))",

(iv) Edgoy(X) = R*(X) - X,

(v) Edgy (X) = X = R.(X)

are called the R-positive region (R -region), R-boundary region (RB,y-region), R-
negative region (R~ -region), R-external edge (RE,,) and R-internal edge (RE;,) of
X, respectively, where (R*(X))" = U — R*(X).

The set X is said to be crisp (exact or definable with respect to fR) if and only if R, (X) =
R*(X); equivalently Bndog (X) = @. And the set X is said to be rough (inexact or undefinable
with respect to fR) if and only if R, (X) # R*(X); equivalently Bndn (X) # 0.

Note that sometimes the pair (ER* (X), R*(X )) € P(U) x P(U) is referred to as the rough
set approximation of X with respect to fR.

It can be seen that the lower approximation R, (X) of a set X is greatest definable set
contained in X, and the upper approximation 2R*(X) is the least definable set containing X
with respect to the equivalence relation *A.

The other fundamental properties of lower and upper approximation operators of a set X
have been listed in the following theorem which has been adopted from Pawlak (1982).

Theorem 2.5 Let P = (U, R) be a Pawlak approximation space. Then for any X, Y C U,
the following properties hold for the lower and upper approximations:

I. Re(X) € X SR (X),
2. X CY implies Ry (X) C R (Y) and R*(X) C R*(Y),
3. R (0) =0 = R*®);
4. R.(U) =U =R*"U),
5. R (R (X)) = Riu(X) = R* R (X)),
6. R’ (R*(X)) = R*(X) = R (R*(X));
7. R(XNY) =R(X) NR(Y),
8. R*(XNY) TR X)NRKR*(Y);
9. R*(X UY) = R*(X) UR*(Y),
10. R (X UY) DR(X)URL(Y);
II. Re(X —Y) S R(X) —R(Y);
12. R*(X —Y) D R*(X) — R*(Y),
13. (Re(X))¢ = R*(X); where X  =U — X
14. (R* (X)) = R.(XO).
The following axioms are the counterparts of the law X U X¢ = U for approximations:
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15. R*(X) URL(XE) = U;
16. R*(X) UR*(XC) = U;
17. R (X) UR (X)) = U;
18. My (X) UR,(X) = Bnd(X).

The following axioms are the equivalent forms of the law X N X = (@ for approximations:

19. |*(X) N R(XE) = &;
20. R, (X) NR(XE) = 0;
21. R (X) NRH(XE) = 0;
22. M*(X) UR*(XC) = Brd(X).

De Morgan’s laws have the following equivalent forms for approximations:

23. (Re(X) URL(Y))S = R*(X) NR*(YO);
24. (R (X) URH(Y))E = R*(X) N R (YO);
25. (R*(X) URL(Y))S = R, (X) NR*(YO);
26. (R*(X) UR*(Y))S = R (XE) NR,(YO);
27. (Re(X) N R (Y))C = R¥(X) UR*(YO);
28. (R (X) NR*(Y))S = R*(X) UR,(Y);
29. (R*(X) NR(Y))S = R (X) UR*(YO);
30. (R*(X) NR* (V) = Ry (X) URL(YO).

Moreover, we have
31. X is definable < R (X) = X < R*"(X) = X < R, (X)) = R*(X).
32. If X and Y are definable, then

R(XUY) =R(X) URL(Y) and R*(X NY) = R*(X) NRKR*(Y).
33. If X and Y are definable, then

Re(X —Y) = R (X) — R (Y) and R*(X — Y) = R*(X) — R*(Y).

2.2 Fuzzy relations and some related concepts

Here we discuss some basic notions related to fuzzy sets and fuzzy relations.

Definition 2.6 (Zadeh 1965) Let U/ be a non-empty finite set, called the universe. A fuzzy
set (or fuzzy subset) A on I/ is a function from I/ into the unit closed interval [0, 1], that is,
AU —> [0, 1].

The value A(u) of A at u € U denotes the membership degree of u in A.

(i) A(u) = 1 means full membership.
(i) A(#) = 0 means non-membership.
(iii) 0 < A(u) < 1 means partial membership.

For the two extreme cases ¢ (the empty fuzzy set) and U (the fuzzy entire set), the membership
degree functions are defined by Yu € U, #(u) = 0 and U (u) = 1, respectively.

The collection of all fuzzy sets over U is represented by F (/).
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Definition 2.7 (Shabir and Shaheen 2017) A fuzzy subset u € F (U x U) is said to be a fuzzy
binary relation (or fuzzy relation) over U, thatis, u : U x Y —> [0, 1].

Definition 2.8 (Shabir and Shaheen 2017) Let u be a fuzzy relation over /. Then

(i) w is said to be a serial fuzzy relation if for each x € U, 3y € U such that u(x, y) = 1.
(ii) s is said to be a reflexive fuzzy relation if for all x € U, u(x,x) = 1.
(iii) w is said to be a symmetric fuzzy relation if for all x, y € U, u(x, y) = u(y, x).
(iv) w is said to be a transitive fuzzy relation if for all x, y, z € U,

px,2) = \/ ) Ay, 2.
yelu

Definition 2.9 Let i be a fuzzy relation over ¢/. Then p is called a tolerance relation over U
(also called proximity relation) if it is reflexive and symmetric fuzzy relation.

These proximity relations can intuitively be interpreted as measures of ‘likeness’ or ‘same-
ness’ among the elements of /. When p is a fuzzy compatibility relation, compatibility classes
are defined in terms of a specified membership degree «. An o-compatibility class (a-cut) is
a subset 4y of U x U defined by oy = {(x,y) €U x U : u(x,y) > a}, where o € [0, 1].

Definition 2.10 A fuzzy relation is said to be a fuzzy equivalence relation (or similarity
relation) if it is a reflexive, symmetric and transitive fuzzy relation.

2.3 Bipolar fuzzy sets, bipolar fuzzy relations and some related notions

The bipolar fuzzy set is an extension of Zadeh’s fuzzy set. The bipolar fuzzy models deliver
more accuracy, flexibility and comparability to the system as compared to the classical and
fuzzy models.

Definition 2.11 (Samanta and Pal 2014) Let I/ be a finite non-empty universe. A bipolar
fuzzy set A over U is defined as

r={0 AP0, AN @) x eul,

where A : U4 —> [0, 1] and AN : if — [—1, 0] are mappings, which are called positive
membership degree and negative membership degree, respectively.

The positive membership degree A ¥ (x) denotes the satisfaction degree of an element x to
the property and the negative membership degree A" (x) denotes the satisfaction degree of x
to somewhat implicit counter-property.

In bipolar fuzzy sets A,

i) IfAP(x) # 0 and AN (x) = 0, is the situation that x is regarded as having only positive

satisfaction for A.

(ii) If AP (x) = 0 and AN (x) % 0, is the situation that x does not satisfy the property of A
but somewhat satisfies the counter property.

(iii) Itispossible for an element x to have 2P (x) # Oand ANV (%) # 0 when the membership
function of the property overlaps that of its counter property over some portion of /.

@iv) If AP (x) = 0 and AV (x) = 0, then it is an indeterministic situation to investigate the
property of x in A.

The collection of all bipolar fuzzy sets over the universe I/ is represented by BF (U).
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Definition 2.12 (Samanta and Pal 2014) Let A, & € BF (). Then A is said to be contained
in &, that is, A C £ if and only if A” (x) < ¥ (x) and AV (x) > £V (x) for all x € U{.

Definition 2.13 (Samanta and Pal 2014) Let A = {(x, AP (x), AN (x)) : x € U} be a bipolar
fuzzy set over the universe U, « € (0,1] and B € [—1,0). Then we define («, ) —
cut level set of A to be the crisp set

% =1{reU:1"(x)>aand A (x) < B).

Example 2.14 To illustrate above definition, let us consider a bipolar fuzzy set

A= {(xl, 0.5, -0.4), (x2, 0.6, —0.3), (x3, 0.4, —0.8), (x4, 0.7, —0.9),
('x57 15 _0'6)7 (x6, 15 _0'2)3 (-x7a 0'35 _1)3 (XS, 07 O)}'

For @ = 0.6 and 8 = —0.5, the («, B) — cut level set of A is given as
Mg = {x4, xs}.

Definition 2.15 (Yang et al. 2013) Let &/ be a non-empty finite universe and R =
{(x, AP (x), AN (x)) : x € U} be a bipolar fuzzy set over the universe I/, then a mapping

R=0P M) :Uuxu — 10,11 x[-1,0]

is said to be a bipolar fuzzy relation (or bipolar fuzzy binary relation) over U/, where
AP (x,y) €10, 11and AN (x, y) € [-1,0] forall x, y € U.

Remark 2.16 A bipolar fuzzy relation R = (A”(x, y), AN (x, y)) over the universe U is a
special case of bipolar fuzzy set of the form R = {((x, y), AP, ), AN (x, y)  (x,y) €
U x uj.

Definition 2.17 (Yang et al. 2013) A bipolar fuzzy relation R over the universe ¢/ is said to
be bipolar fuzzy reflexive relation if AP (x,x) =1 and AV (x, x) = —1 for each x € U.

Definition 2.18 (Yang et al. 2013) A bipolar fuzzy relation R over the universe U is said to
be bipolar fuzzy symmetric relation if AP (x, y) = AP(y, x) and AV (x, y) = AN(y, x) for
allx,y elU.

Definition 2.19 A bipolar fuzzy reflexive and bipolar fuzzy symmetric relation over U is
called a bipolar fuzzy tolerance relation (also called bipolar fuzzy proximity relation or
bipolar fuzzy compatibility relation).

These bipolar fuzzy proximity relations can intuitively be interpreted as measures of ‘likeness’
or ‘sameness’ among the elements of 4. When R = (AF, AV) is a bipolar fuzzy compatibility
relation, compatibility classes are defined in terms of a specified membership degree o and
B. An (a, B)-compatibility class (or (e, B)-cut) is a subset Ry, g) of U x U defined by
Rup = {(x,y) e U xU : AP(x,y) = aand AN(x,y) < B}, where « € [0, 1] and
B el[—-1,0]

Definition 2.20 Let I/ be a non-empty finite universe and R be a bipolar fuzzy relation over
U. Then the pair
P = (U, R) is called a bipolar fuzzy approximation space (BF.A — space).
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Definition 2.21 Let R = (A" (x, ), A" (x, y)) be a bipolar fuzzy relation over ¢/. Then for
a € [0, 1], B € [—1, 0], the crisp relation:
Rap = {(x,y) e xU: 2P (x,y) > aand A" (x, y) < B}

is said to be («, B) — cut relation of R.

Definition 2.22 Let R = (A" (x, y), A"V (x, y)) be abipolar fuzzy relation over i/, where U =
{x1,x2, -, x,}. By considering a;; = A" (x;, y;) and b;j = AN (x;, yj), i = 1,2,...,n;
Jj =1,2,...,n, the bipolar fuzzy relation R can be represented with the help of a pair of
matrices given as

aiy app -+ Ay b1 bia -+ b1
a| ay --- axy b1 by -+ by
P P N N
AT = (aij)nxn = S and A" = (bij)nxn = .
Apl Ap2 -+ Apn b1 an T bnn

The matrices are called the positive membership matrix and the negative membership matrix,
respectively.

Remark2.23 (i) LetR = (AP (x, y), AN (x, y)) be a bipolar fuzzy relation over I/, where U
is a finite universe. If A* = (a;/)f, and AN = (b; j),[;’X ,.» then bipolar fuzzy reflexivity
implies that @;; = 1 and b;; = —1. As a result, we can observe the numbers on the
principal diagonal of ¥ and A" to judge whether R is bipolar fuzzy reflexive or not.

(ii) R is bipolar fuzzy symmetric relation if and only if A" and A" are symmetric as a

matrix.

Example2.24 1et R = (AP x, ), AN (x, y)) be a bipolar fuzzy relation over U/, where U =
{x1, x2, x3, x4} defined by the following pair of matrices:

X| X2 X3 X4 X1 X2 X3 X4
ol 1 090602 ol =1 0.1 -03 —0.7
»_ x| 0910703 N m| =01 —1 —02-06
M=1lo607 1 00| ™ A= _03 02 -1 —01
| 020309 1 wu| 0.7 =0.6 —0.1 —1

Clearly AP (x;,x;)) = 1 and AN(xj,x;) = —1; Vi = 1,2,3,4. Hence, R =

(AP (x,y), AN (x, y)) is a bipolar fuzzy reflexive relation over .

Example 2.25 Let R = (1" (x, y), AV (x, y)) be a bipolar fuzzy relation over U, where U =
{x1, x2, x3} defined by the following pair of matrices:

X] X2 X3 X X2 X3
xi[0.80.10.7 x[ —0.1 —=0.8 —0.2
AP= 2011 06| and AV = x| —0.8 —1 —0.3
x| 0.70.6 0.5 x| —0.2 —0.3 —0.4

Clearly both A7 and AV are symmetric as a matrix, so, R = (A (x, y), AV (x, y)) is a
bipolar fuzzy symmetric relation over U.

Lemma 2.26 A bipolar fuzzy relation R = (AP(x, y), AN (x, y)) over the universe U is
reflexive if and only if V o € [0, 1] and B € [—1, 0], Ry, p) is a reflexive relation.
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Proof Suppose R = (A (x,y), A (x,y)) is a bipolar fuzzy reflexive relation over ¢/ and
consider

Rap =[x,y eUxU: 2P (x,y) >a and AV(x,y) < B}.
As R is a bipolar fuzzy reflexive relation, so Vo € [0, 1] and 8 € [—1, 0],
M, x)=1>a and AN, x)=-1<8.

This implies that (x, x) € Ry, g) and hence Ry, g) is reflexive.

Conversely, assume that each Ry, g) is reflexive V o € [0, 1] and B € [—1, 0]. Suppose
that R = (AP (x,y), AN (x, y)) is not a bipolar fuzzy reflexive relation over /. Then 3 x € U
such that

AP(x,x) #1 or )\N(x,x) #* —1.

Taking o = l and B = —1, (x, x) ¢ R(«,p). This implies Ry, g) is not reflexive, which is a
contradiction. Hence, R is a bipolar fuzzy reflexive relation. O

Lemma 2.27 A bipolar fuzzy relation R = (AP(x, ), AN (x, y)) over the universe U is
symmetric if and only ifV a € [0, 1] and B € [—1, 0], R(«,p) is a symmetric relation.

Proof Suppose R = (AP (x, y), AN (x, y)) is a bipolar fuzzy symmetric relation over ¢/ and
consider

R.p) = {(x,y) eU xU: Ap(x,y) >« and AN(x, y) < ﬂ}.

Let (x, y) € R p)- Then A7 (x, y) > o and AV (x, y) < B.
As R is a bipolar fuzzy symmetric relation, so

AP(x, y) = AP(y,x) and AN(x, y) = AN(y, X).
This implies that
AMoo=1" @y =a and Ny,x)=2"xy) <8

This shows that (y, x) € R(,p) and hence Ry, g) is symmetric.
Conversely, assume that each Ry, ) is symmetric V o € [0, 1] and 8 € [—1, O]. For any
X,y € U, consider

AP (x, y)=«a and AN (x, y) = B.
Then (x, y) € R(q,p). As R(q,p) is symmetric, so (y, x) € R(q,pg). This implies that
AWy =a=2"xy) and AV(y,x) <p =1V, y). (2.3)
Now taking
Wy =ar and AV(y,x) =i
Then this implies (y, x) € R, g;)- As R(a,,,) 1s symmetric, so (x, y) € R, p,), that is,
Wayza=1"00 and V@) <pr=2"00. 2.4)

From (2.3) and (2.4), we have A” (x, y) = AP (y, x) and AN (x, y) = AV (v, x).
Hence, R is a bipolar fuzzy symmetric relation. O
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3 Bipolar fuzzified rough approximations For (@, B)-indiscernible
Objects

In this section, we introduce the notion of bipolar fuzzified rough approximations of X < U/
on the basis of bipolar fuzzy approximation space P = (U, R). We introduce the notion
of (a, B)-indiscernible objects. Also, we discuss some fundamental properties of bipolar
fuzzified rough approximations.

Throughout this section, we will utilize R for a bipolar fuzzy tolerance relation over U,
unless stated otherwise.

Definition3.1 Let P = (U4, R) be a bipolar fuzzy approximation space, where U/ is a
non-empty finite set of objects and R is a bipolar fuzzy tolerance relation character-
ized by its positive and negative membership functions given as ,u; U XU —
[0,1] and pp : U x U —> [-1,0]. For any « € (0,1] and B € [—1,0), the
fuzzified lower o — positive, upper o — positive, lower  —negative and upper f —
negative bipolar rough approximations of X C U are defined as

RI(X)= {x eU: ;L;(x,y) <aforally e XC},
f:(X) ={xel:pu}(x,y) > aforsomey e X},
Ry (X) = {x et : px(x,y) < B forsomey € X},
Ry(X)={x el :ppx,y) > pforally e X}.

The knowledge regarding an element x of ¢/ depicted by the above-defined operators is as
follows:

e R (X) represents a crisp set that contains elements x € U equivalent to all elements
y € X¢ with positive membership degree less than to a certain « € [0, 1].

° F;r (X) represents a crisp set that contains elements x € U equivalent to at least one
element y € X with positive membership degree greater than or equal to a certain
a € [0, 1].

® R4 (X) represents a crisp set that contains elements x € Uf equivalent to at least one
element y € X with negative membership degree less than or equal to a certain €
[—1,0].

° f; (X) represents a crisp set that contains elements x € U equivalent to all elements
y € X with negative membership degree greater than to a certain 8 € [—1, 0].

Definition 3.2 LetB;(X), f;— (X), QE (X) and E;(X) be fuzzified lower o — positive,
upper a—positive,lower B—negative andupper f—negative bipolar rough approximations
of X, respectively. Then the two pairs given as

FBp(X) = (R} (X). R; (X))
FBp(X) = (R, (X). Ry (X))

are called («, B)-bipolar fuzzified rough approximations of X with respect to BF.4-space
P = U, R).

Definition 3.3 Let FBp(X) and FBp(X) be the («, B)-bipolar fuzzified rough approxima-
tions of X C U. Then the sets,
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(i) FPOSH(X) = (R} (X). Ry (X)),
(ii) FBNDp(X) = FBp(X) — FB(X) = (R, (X) \ RE(X). R5 (X)\ Ry (X)),

(i) FNEGp(X) = U — FBp(X) = ((F{I (X)), (g,g(X))C),

are known as the («, 8)-bipolar fuzzified positive region, (o, §)-bipolar fuzzified boundary
region and («, B)-bipolar fuzzified negative region of X, respectively.

The knowledge about x € X C U depicted by these regions is as follows:

e x € FPOSp(X) means that x certainly contained in B;r (X) and f; (X).

e x € FBNDp(X) means that x may or may not contained in f:(X) — B;F(X) and
R5(X) — Ry (X). -

e x € FNEGp(X) means that x definitely does not contained in R} (X) and R; (X).

Definition3.4 If o € (0, 1], B8 € [—1, 0) and R is a bipolar fuzzy relation over the universe
U characterized by its positive and negative membership functions given as u; U X
U — [0,11and up, : U x U —> [—1, 0], then the objects x and y in ¢/ will be called
(o, B) — indiscernible if

ph(x,y) >a and pg(x,y) <p.

Proposition 3.5 Let P = (U, R) be a bipolar fuzzy approximation space and a1, oz € (0, 1]

be such that oy < op. Then

() RY (X) S RE(X);

(i) Ry, (X) € Ry (X).

Proof (i) Letx € ﬁ; (X). Then by Definition 3.1, we have /L;(x, y) <« forall y € X€.
But since o] < ap, so we have pLJlg(x, y) <o <ap forall y € X, that is, M;(x, y) <
ap for all y € X€. This implies that x € E;Z (X). Hence, E{x"l (X) < Ej[z (X).

(i) Let x € f;rz (X). Then by Definition 3.1, we have u;(x, y) > oy forsome y € X.
But since o < ap, it follows that u;(x, y) > ar > «ap forsome y € X, that is,
Wi (x,y) > aj for somey € X.Thisshows thatx € f:; (X).Hence, F:Q (X) < f:l (X).

m}

Proposition 3.6 LetP = (U, R) be abipolar fuzzy approximation space and 1, 2 € [—1, 0)
be such that By < B>. Then

(i) Ry, (X) € Ry (X);
(i) Ry, (X) € Ry (X).

Proof 1. Letx € Egl (X). Then by Definition 3.1, we have uz (x, y) < B for some y € X.
Butsince 81 < B2, s0 we have g (x, y) < B < B2 for some y € X, thatis, up(x, y) <
B> for some y € X. This implies that x € EEZ (X). Hence, EEI (X) C ﬁ;z (X).

2. Letx € F;z (X). Then by Definition 3.1, we have py(x,y) > B, forall y € X¢. But
since 81 < B, thatis, B, > B;.Itfollowsthat uy (x, y) > B> > Biforally € X¢, thatis,
1g(x,y) > i forall y € X©. This shows that x € Ry, (X). Hence, Ry, (X) € Rg (X).

m}
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Example 3.7 To illustrate the above two theorems, let us consider R = (A (x, y), AN (x, y))
be a bipolar fuzzy tolerance relation over U, where U = {u, v, w, x, y, z} defined by the
following pair of matrices:

u v w X y z
u 1 0.875 0.625 0.75 0.5625 0.6875
v| 0.875 1 0.75 0.875 0.6875 0.8125
GP ¥ 0.625 0.75 1 0.75 0.9375 0.8125 and
x| 075 0.875 0.75 1 0.68750.9375
y| 0.5625 0.6875 0.9375 0.6875 1 0.75
z| 0.6875 0.8125 0.8125 0.9375 0.75 1
u v w X y z
u -1 —-0.87 —-0.62 -0.7 —0.562 —0.687
vl —0.87 -1 —-0.7 —0.87 —0.687 —0.812
GN -0.62 —-0.7 —1 —-0.7 —-0.937 —-0.812
x| =07 =087 —-0.7 —1 —0.687 —0.937

—0.562 —0.687 —0.937 —0.687 —1 -0.7
z| —0.687 —0.812 —0.812 —0.937 —-0.7 -1

<

Let X = {u, v, x} CU. Then X¢ = {w, y, z}. For «; = 0.75 and ap = 0.9375, we have
R (X) = {u},
R;: X)={u,v,w,x, z},
RE(X) = {u, v).
E;:(X) ={u, v, x, z}.
Clearly we can see that E;rl (X) C B;rz (X) and E:z (X) C ﬁ:l (X).

Similarly for 81 = —0.75 and 8, = —0.25, the fuzzified lower and upper S-negative
approximations for 81 and B, of X using Definition 3.1 are

Ry (X) ={u, v, x,2},

Ry, (X) = {u),
R, (X) = {u, v, w. x. y.2),
Ry (X) = {).

Clearly we can see that R (X) © Ry (X) and R4, (X) € Rg, (X).

Proposition 3.8 Let P = (U, R) be a bipolar fuzzy approximation space and o € (0, 1].
Then for any X, Y C U, we have

(i) X CY = RI(X) CRI(Y);
(i) X €Y = R, (X) C R, (Y).

Proof (i) Letx € E(;"(X). Then by Definition 3.1, u;(x, y)<oaforally e X AsX C 7Y,
Y¢ C X¢. Thus, in particular, ,u;(x, y) < aforall y € Y°. Thisimplies thatx € R} (Y).
Hence, R} (X) € RF(Y).
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(i) Letx € E—:(X). Then by Definition 3.1, M;ﬁ(x, y) > «a forsome y € X. As X C Y and
y € X,y € Y. Thus, it follows that ,u;ﬁ(x, y) > « for some y € Y, which implies that

X € Ej()’). Hence, F;—(X) - Rj(Y).
[m}

Proposition 3.9 Let P = (U, R) be a bipolar fuzzy approximation space and B € [—1,0).
Then for any X, Y C U, we have

() X CY = Ry (X) € Ry (Y);

(i) X Y = Rz(X) S Rg(Y).

Proof (i) Let x € E;(X). Then by Definition 3.1, up(x,y) < B forsome y € X. As

X CYandye€ X,y €Y. Thus, it follows that s (x, y) < B forsomey € X C Y.
This implies that x € EE(Y). Hence, EE (X) C EE(Y).

(i) Letx € f;(X). Then by Definition 3.1, uy(x,y) > g forally € X°. As X C Y so,
Y¢ C X¢. Thus, in particular, 5 (x, y) > B forall y € Y. This implies that x € E;(Y).
Hence, R4 (X) € Ry (Y). o

Example 3.10 To illustrate Proposition 3.8 and Proposition 3.9, we revisit Example 3.7, where

U= {u,v,w,x,y, z}. We already know that for X = {u, v, x} € U, the fuzzified lower and
upper o — positive approximations of X for o« = 0.9375 are given as

RI(X) = {u, v},
E—:(X) ={u, v, x, z}.

Now, let Y = {u, v, w, x} € U. Then the fuzzified lower and upper o — positive approxi-
mations of Y for @ = 0.9375 are given as

RE(Y) = {u, v},
-+
R, (Y)={u,v,w,x,y,z}.
+ + rT rT
Clearly we can see that R} (X) € R (Y) and R, (X) € R, (Y).

Similarly, the fuzzified lower and upper 8 — negative approximations of X and Y for
B = —0.75 are given as

Ry (X) = {u, v, x,2),

Ry (X) = {u}.
E;(Y) = {Ll, v, w,Xx,Yy, Z}7
Ry (Y) = {u}.

Clearly we can see that R; (X) € R, (Y) and fE(X) - ﬁ;(Y).

Proposition 3.11 Let P = (U, R) be a bipolar fuzzy approximation space, X < U and
o € (0, 1]. Then for any Ry, Ry € R, we have

: + Feyy.
(i) Ri €S R :%(X) E%(X),
(i) R € Ry = Ry, (X) € Ry, (X).
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Proof (i) Letx € &;‘(X). This implies that [L;z (x,y) <aforall y € X¢. Since Ry C R
S0, itfollowsthatpﬁ]gl (x,y) < pLJlgz (x,y) < aforally € X¢.Thus, wehavex € E(X).
Hence, &J()ﬂ% RiT(X).

(ii) Suppose x € Ri, (X) ={x e U : “;1 (x,y) > a forsome y € X}. As Ry € Rj so, it
follows that pf; (x,y) < uh, (x,y). Thatis, uj, (x,y) > pj (x,y) > « for some y €
X. This implies that u;gz (x,y) > aforsomey € X,s0x € E:(X). Hence, Flz(X) c

=
Ry, (X).
[m}

Proposition 3.12 Let P = (U, R) be a bipolar fuzzy approximation space, X < U and
B €[—1,0). Then for any Ry, Ry € R, we have

() Ri € Ry = Ri5(X) € Ry (X);
(ii) Ri € Ry = Rap (X) € Rip (X),

Proof (i) Suppose x € Rig(X) = {x eu: Iig, (x,y) < B forsome y € X}. Since
R C R» so, it follows that “El (x,y) > ,uE2 (x, y). That is, /,LEZ()C, y) < /,LEI (x,y) <
B for some y € X. This implies that u}z(x, y) < B forsomey € X,sox € &E(X).
Hence, &;(X) C &E(X).

(i1)) Assume that x € E; (X). This implies that ,U,Ez (x,y) > Bforally e X AsR{ C R
so, it follows that /LEI (x,y) > /LEz (x, y), thatis, “El (x,y) > //LEZ (x,y) > Bforally €
X¢. This implies that

Ik, (x,y) > B forall y € X, s0x € Ry, (X). Hence, Rag (X) € Rig (X).
O

Theorem 3.13 Let P = (U, R) be a bipolar fuzzy approximation space and o € (0, 1]. Then
for X, Y C U, we have

 RE(X) S X SRy (X);

. RY(®) =0 =R, ©®);

RE@U) =U =R, U);

RE(XE) = (Ry (X)) ;

Ry (X) = (RS (X))
RE(XNY)=RI(X)NRE(Y);
RE(XUY) 2 RI(X)URE(Y);
RI(XUY)=R,(X)URL(Y);
Ry(XNY) SR, (X)NR.(Y).

o = S

Proof 1. By definition, E (X) C X is obvious. For the other inclusion, let x € X C U.
Then u}f(x, x) =12>a; x € X. This implies that x € R—:(X). Hence, RT(X) € X C
F: (X), as required.

2. This is the direct consequence of the definitions of fuzzified lower o — positive and
fuzzified upper o — positive approximations of X (as given in Definition 3.1).
3. This is similar to the proof of (1).
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4. Forany x € U,
x € RE(XY) & puj(x,y) <aforally e (X) =X
= u’,;(x, y) Faforanyy € X
e x ¢ R (X)
— x e (Ry(0)".
Hence, R (X°) = (R (X))“.
5. For any x € U,
xe f:(X”) & ph(x,y) > o for some y € X¢
= /L;(x, y) £ aforall y € X¢
= x ¢ RE(X)
> x € (RF(X)".
Hence, R, (X¢) = (RF (X))".

6. Since we know that XNY € X and XNY C Y, so it follows from part (i) of Proposition
3.8 thatgj(X ny)c E";(X) and&j{(X ny)c B;(Y). So we get,

RE(XNY) S RE(X) NRE).
For the reverse inclusion, suppose x € R} (X) N RY (Y). Then x € R} (X) and x €
E(Y). It follows that ,u;(x, y) < «a forall y € X¢ and //,;(x, 7) < aforall z € Y€,
which further implies that ,uJ,g(x, w) <aforallw € XUY® = (XNY)° and thus we
getx € RY(X NY), thatis,
RECXONRL(Y) S RE(XNY).
Hence, R} (X NY) = R (X) N RS (Y).
7. Asweknowthat X C X UY and Y € X UY, so it follows from part (i) of Proposition
3.8 that R} (X) C RF(XUY)and R} (Y) € R} (X UY). Thus, it implies that
REX)URS(Y) CRI(XUY).
8. Since we know that X € XUY andY C X UY, by part (ii) of Proposition 3.8, it follows
that R, (X) € Ry (X UY)and R, (¥) € R, (X UY). Thus, it implies that
RI(X)UR,(Y) SR, (XUY).

For the reverse inclusion, assume that x € FZ (X UY). Then by Definition 3.1, it follows
that /f,; (x,y) > o forsome y € X UY. This gives that M;(x, y) > a forsome y € X

or M;(x, y) > « for some y € Y. This implies that x € FZ(X) orx € fZ(Y). This
implies that x € ﬁ: (XU f:(Y), That is

RI(XUY) SR (X)URL(Y).

Hence, R, (X UY) = R, (X) UR, (Y).
9. Asweknowthat XNY € X and XNY C Y, so by part (ii) of Proposition 3.8, it follows
that R, (X NY) € R, (X) and R, (X NY) € R, (¥). Thus it implies that

RI(XNY) SR (X)NRL(Y).
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[m}

Theorem 3.14 Let P = (U, R) be a bipolar fuzzy approximation space and € [—1,0).
Then for X,Y C U, we have

. E;(X) S X S Ry(X);

Ry ) == R; 0);

- Ry @) =U = Ry Q);

Ry (X) = (R (X))

Ry (X = (R; (X))
R5(XNY) S R;(X)NR5(Y);
B VD)~ B0 U0
R5(XUY) 2Ry (X) URL(Y);
Rg(XNY)=Rg(X)NRg(Y).

I B e

Proof 1. By definition, ﬁg (X) C X is trivial. For the other inclusion, let x € X C U/. Then
Mg(x,x) = —1 < B; x € X. This implies that x € K/;(X). Hence, F;(X) cXC
BE (X), as required.

2. This is the direct consequence of the definition.

This is similar to the proof of (1).

4. Forany x € U,

W

X € EE(XC) & pp(x,y) < pforsomey e X°
> pg(x,y) # Bforaly e X¢
= x ¢ Rg(X)
> x € (Rg(X))".

Hence, R (X¢) = (Rp (X))".
5. Forany x € U,
X € Rg(X) <= pug(x,y) > Bforally € (X) =X
< pg(x,y) £ Bforany y € X
& x ¢ Ry (X)
— x e (Ry(X)".

Hence, Ry (X¢) = (EE(X))C.

6. Since we know that XNY € X and XNY C Y, soit follows from part (i) of Proposition
3.9 that
EE(X nYy)cC EE(X) andﬁlg(X ny)c EE(Y). So we get,

Ry (XNY) S Ry(X) N R5(Y).
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7. Since we know that X € X UY and Y € X UY, so by part (i) of Proposition 3.9, it
follows that
KE (X) C EE (X UY)and EE(Y) - Eg (X UY). Thus, it implies that

Ry (X)UR,(Y) € Ry(XUY),

For the reverse inclusion, assume that x € BE (X UY). Then by Definition 3.1, it follows
that

Mp(x,y) < pforsome y € X UY. This gives that

Mg(x,y) < B forsome y € X or ugp(x,y) < B forsome y € Y. This implies that
X € BE(X) orx € KE(Y). This implies that x € KE(X) UKE(Y). That is

RF(XUY) S Ry(X)URG(Y).

Hence, EE(X uyY) = EE(X) UBE(Y).

8. Since we know that X € XUY and Y € X UY, by part (ii) of Proposition 3.9, it follows
that
Rg(X) S Rg(XUY)and Rg(Y) C Rg (X UY). Thus, it gives us

Ry (X)UR4Z(Y) S Rg(XUY).

9. Since we know that X NY € X and X NY C Y, it follows from part (ii) of Proposition
19 that B B B
Rg(XNY) S Ry (X)and Rg (X NY) S Ry (Y). So we get

Rp(XNY) SR (X)NRg(Y).

For the reverse inclusion, suppose x € ﬁ; (X)n E; (Y). Then x € ﬁ; (X) and x €

FE(Y). It follows that pup(x, y) > B forall y € X¢ and puyp(x,z) > B forallz € Y,
which implies that
mr(x,w) > Bforallw € X°UY® = (XNY). Thus, we getx € F;(X NY), that is,

Ry(X)NRy(Y) S Rg(XNY).

Hence, Rz (X NY) =Ry (X) N R4 (Y).
m}

Remark3.15 Ifor = 1and 8 = —1,then R} (X) = X = R, (X) and Ry (X) = X = Ry (X).

Example 3.16 1t is noted that inclusions (7) and (9) in Theorem 3.13 and inclusions (6)
and (8) in Theorem 3.14 might be strict, which can be verified by Example 3.7, where
U={u,v,w,x,y,z}. Let X, Y C U be such that X = {u, v, w} and Y = {v, w, x}. Then
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XUY ={u,v,w,x}and X NY = {v, w}. For « = 0.625 the fuzzified lower and upper
a-positive approximations for X, Y, X UY and X NY are given as

RE(X) ={},
FI(X) ={u,v,w,x,y,z},
RI(Y) ={},

Ry (V) = (u, v, w, x, , 2},
RI(XUY) = {u},
f;r(X uY)={u,v,w,x,y,z},
RI(XNY)={},
Ry(XNY)=(v,w,y,2).

Clearly we see thatBj(X) UE(Y) ={} andﬁj(X UY) = {u}.So RF(X)URI(Y) C
E{f (X UY), which shows that inclusion in part (7) of Theorem 3.13 may hold strictly.

Similarly, we can also see that f:(X) N FI(Y) = {u,v,w,x,y,z}and F;r(X ny)=
{u, w, y, z}. So we have f;r(X nNY)c f:(X) ﬂﬁ;r(Y), which shows that the inclusion in
part (9) of Theorem 3.13 might be strict.

Now for B = —0.7 the fuzzified lower and upper -negative approximations for X, ¥, XU
Y and X NY are given as

EE(X) = {M7 v, W, X, Yy, Z}a

Ry (%) = {),
Ry (V) = {u.v,w,x.y, 2},
Ry (V) =1},

EE(X uY) ={u,v,w,x,y,z},
Ry (XUY) = {u),

EE(X nY)={u,v,w,x,z},
Ry(XNY)={}

Clearly we can see that EE(X NnNY) = {u,v,w,x,z} and EE(X) N KE(Y) =

{u, v, w, x,y, z}. Sowe have ﬁg (Xny) c 3/; (X) ﬂﬂ; (Y), which shows that the inclusion
in part (6) of Theorem 3.14 might be strict.

Also we can see that Rz (X)UR 4 (Y) = {}and Rz (XUY) = {u}. So Rg (X)URg (Y) C
FE (X UY), which shows that the inclusion in part (8) of Theorem 3.14 may hold strictly.
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4 Accuracy and roughness measures for (a, 3)-bipolar fuzzified rough
sets

To express the quality of an approximation we introduce some accuracy measures. In Pawlak
(1982), Pawlak proposed two numerical measures for characterizing the imprecision of rough
set approximations, which can help us to get a perception, that how accurate is the information
related with some equivalence relation for a specific classification.

A significant utilization of the (¢, B)-bipolar fuzzified rough approximations of the bipolar
fuzzy sets is, that, these approximations give a scheme to analyze how precisely the mem-
bership functions (positive and negative) of a bipolar fuzzy relation R depicts the objects.
In this section, we introduce accuracy measure (degree of accuracy) and roughness measure
(degree of roughness) for («, 8)-bipolar fuzzified rough sets and investigate some of their
basic properties.

According to Pawlak (1982), accuracy measure ns (X) of a subset X of the universe U
with respect to Pawlak approximation space P = (U, fR) is the ratio of cardinality of lower
approximation R, (X) to the cardinality of upper approximation R*(X), that is,

_ IR0
ESe)

®(X)

Similarly on the basis of accuracy measure, the roughness measure (degree of roughness) is
defined as

pr(X) =1 — nn(X).
Following the similar procedure, we have

Definition 4.1 Let & = {(x, A (x), AV (x)) : x € U} be a bipolar fuzzy set over the universe
U and P = (U, R) be abipolar fuzzy approximation space. Then for any non-empty subset X
of U, measure of accuracy for (¢, 8)-bipolar fuzzified rough set with respect to X represented
by MA(X) and is defined by an ordered pair:

MA(X) = (X7, "),

(X)) - IRg(X)|
h at _ IR, ( g~ _ s )
where X* = R ) an = R, 00|

Here |£;r(X)|, |E§(X)|, |§E (X)| and |£E (X)| denote the cardinality of the sets EOf(X),

E:(X), EE (X) and E; (X), respectively.
Similarly, measure of roughness for («, 8)-bipolar fuzzified rough set with respect to X
represented by MIR(X) and is defined as

MR(X) = (1, 1) = MA(X) = (1, 1) — (¢, 27).
From the above definition, we conclude that

() 0<x* <1land0<2XF <1 for any subset X of /.
(i) Conventionally for an empty set @, we define MA () = (1, 1) and MR(@) = (0, 0).
(iii) Also it can be seen that MIA(X) = (1, 1) if and only if X = U/, because E(Z/I) =U=
—+
R, U) and
RgU) =U =Rz U).
(iv) When o = 1 and 8 = —1, then for any X € U, MA(X) = (1, 1) and MIR(X) = (0, 0).
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Example 4.2 To interpret the above definition, we revisit Example 3.7, where U =
{u,v,w, x,y, z}. We already know that for X = {u, v, x} € U, the («, B)-bipolar fuzzi-
fied rough approximations of X for « = 0.75 and § = —0.75 are given as

RE(X) = {u},
E::(X) ={u,v,w, x,2z},

Ry (X) = {u,v,x,2},
Ry (X) = {u}.

Therefore, measure of accuracy and measure of roughness for («, 8)-bipolar fuzzified rough
set with respect to X are, respectively, given as

MA(X) = (1/5, 1/4) = (0.2, 0.25),
MR(X) = (1, 1) — (0.2, 0.25) = (0.8, 0.75).

Hence, positive membership function ,u; of R describes the objects of the universe U/ accu-
rately up to degree 0.2 and the negative membership function 1 of R describes the objects
of the universe U/ accurately up to degree 0.25.

5 Conclusion

In this work, we have discussed a general framework for fuzzification of bipolar rough
sets using a bipolar fuzzy tolerance relation. We also introduced the notion of bipolar fuzzy
approximation space (BF.A-space) P = (U, R), on the basis of which we defined the notions
of fuzzified lower a-positive, fuzzified upper «-positive, fuzzified lower S-negative and fuzzi-
fied upper f-negative approximations, and then introduced the concept of («, 8)-fuzzified
bipolar rough set. Also we have studied some properties of («, 8)-fuzzified bipolar rough
set. At last, we have discussed accuracy and roughness measures for (¢, 8)-bipolar fuzzified
rough set. In future, based upon the defined concepts and operations in this paper, researchers
may think about algebraic structures of («, 8)-fuzzified bipolar rough sets.
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