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Abstract

This paper presents a method for solving fuzzy linear systems, where the coefficient matrix
is an n x n real matrix, using a block structure of the Core inverse, and we use the Hartwig—
Spindelbock decomposition to obtain the Core inverse of the coefficient matrix A. The aim
of this paper is twofold. First, we obtain a strong fuzzy solution of fuzzy linear systems, and
a necessary and sufficient condition for the existence strong fuzzy solution of fuzzy linear
systems are derived using the Core inverse of the coefficient matrix A. Second, general strong
fuzzy solutions of fuzzy linear systems are derived, and an algorithm for obtaining general
strong fuzzy solutions of fuzzy linear systems by Core inverse is also established. Finally,
some examples are given to illustrate the validity of the proposed method.

Keywords Core inverse - Fuzzy linear systems - Block structure - Hartwig—Spindelbock
decomposition - Strong fuzzy solution

Mathematics Subject Classification 08A72 - 15A09

1 Introduction

Linear systems play an important role in various fields, such as information acquisition,
optimization control, physics, statistics, engineering, economics, and even social science.
Therefore, it is meaningful to study general strong fuzzy solutions of fuzzy liner system
(FLS) and promote various disciplines using program algorithms. In Friedman et al. (1998),
proposed a general model for solving FLS, whose right-hand side column is an arbitrary fuzzy
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number vector and the coefficient matrix is crisp, by the embedded method. Based on the
result of Friedman et al. (1998), in Allahviranloo (2004), Allahviranloo and Ghanbari (2012),
Lodwick and Dubois (2015) introduced various methods for solving the FLS. Abbasbandy
et al. (2008) introduced an interesting approach to solve the FLS using the generalized
inverses. However, using aforementioned methods, the general solution of the FLS can not
be obtained. Mihailovi¢ et al. (2018a,b) proposed two different methods for obtaining all
solutions of the FLS using the Moore—Penrose inverse and group inverse, and brought to
light the importance of the core inverse of the coefficient matrix in solving FLS.

Friedman et al. (1998) presented a method for solving square FLS and the solution vector
called either a strong fuzzy solution or a weak fuzzy solution. However, some authors think
that weak fuzzy solutions are not solutions of the FLS, for example, in Allahviranloo (2003)
and Lodwick and Dubois (2015). In addition, it is known that the sufficient condition for
the existence of unique solution of a square FLS is not a necessary condition Allahviranloo
(2003), Friedman et al. (2003), and we try to clarify it. Based on the method of Friedman et al.
(1998), Mihailovi¢ et al. (2018a, b) used the coefficients matrix unique block representation of
Moore—Penrose inverse and Group inverse to get general solution of the FLS, and meanwhile,
the form of algorithm for obtaining general solution of the FLS by Moore—Penrose inverse
and {1}-inverse are established, respectively. However, in [Th. 5, 12] and [Th. 6, 13], the
author assumed that Moore—Penrose inverse and {1}-inverse are nonnegative to obtain a
strong fuzzy solution. On the other hand, the matrices of index one are called group matrices
[P. 141, 7] or Core matrices [P. 47, 14]; Baksalary and Trenkler (2010) introduced the Core
inverse and studied the properties of Core inverse and one special partial order. Next, Wang
(2016) gave the Core-EP decomposition for studying the Core-EP inverse and its applications,
where the Core-EP inverse is a generalization of the Core inverse. It is well known that Core
inverse is unique and can solve general linear equations, see Baksalary and Trenkler (2010)
and Ben-Israel and Greville (2003). Although the authors in Mihailovi¢ et al. (2018a,b)
proposed a necessary and sufficient condition for the existence of a solution of all FLS of
Friedman type, and meanwhile, they established the general solution of a square FLS in
terms of any {1}-inverse of its coefficient matrix. However, the author also stated that the
first important step is finding one strong fuzzy number vector which will be the starting vector
for the determination of all strong fuzzy number vector solutions of the FLS, see [Th. 5,12].
Therefore, our goal now is to take a closer look on a square FLS and investigate the block
structure of unique Core inverse.

Inspired by the above discussion, in this paper, we state a necessary and sufficient condition
for the existence of S{I} > 0 ({1} is called {1}-inverse of the coefficient matrix S). Next,
we obtain a necessary and sufficient condition for the existence of S® > 0 (S® is called
core inverse of the coefficient matrix S) to obtain a strong fuzzy number solution of FLS.
Moreover, the core inverse of the coefficient matrix A is employed to obtain a necessary
and sufficient condition for the solution existence of the FLS. Meanwhile, all strong fuzzy
number solutions of the FLS are given by the core inverse of its coefficient matrix, and an
algorithm for solving all strong fuzzy number solutions of the FLS is derived. Finally, some
examples are given to illustrate the validity of an algorithm.

This paper is divided into five sections. In Sect. 2, we introduce some characteristics of
generalized inverses and fuzzy numbers. In Sect. 3, a method for finding a strong fuzzy
solution of the FLS based on S® calculation, is given when the coefficient matrix of model
FLS is real 2n x 2n matrix. In Sect. 4, another method for finding general solution of the FLS
based on A® calculation, is given when the coefficient matrix of the FLS is a real matrix.
Next, an algorithm for solving FLS is derived, and we use some examples to explain the new
algorithm. In Sect. 5, we give a summary of this work.
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2 Preliminary

This section mainly contains two aspects. On the one hand, we review the definition of fuzzy
numbers, fuzzy sets, and the symbols commonly used in FLS. On the other hand, we introduce
generalized inverses and some common symbols.

2.1 The concept of the FLS

Definition 2.1 (Mihailovi¢ et al. 2018b, Definition 1) A fuzzy set 7 with a membership
function Z : R — [0, 1] satisfying the following three conditions are called a fuzzy number.

1. Z(x) = 0 outside of interval [a, b].

2. Zz is the upper semi-consistent continuous function.

3. There are real numbers ¢ and d such thata <c¢ <d < b.
3.1. Z(x) is monotonic increasing on [a, c],
3.2. Z(x) is monotonic decreasing on [d, b],
33. z(x) =1,c <x <d.

The set of all fuzzy numbers is denoted by &. The a-cut of a fuzzy number is the crisp set, a
bounded closed interval for each @ € [0, 1], denoted with [Z],, such that [Z], = [z(«), Z(x)],
where z(a) = sup{x € R: z(x) > o} and z(«w) = inf{x € R : Z(x) > «} . Using the lower
and upper branches, z and z, a fuzzy number Z can be equivalently defined as a pair of function
(z, z) where z : [0, 1] — R is a non-increasing left-continuous function, z : [0, 1] - Risa
non-decreasing left-continuous function and z(«) < z(«), for each @ € [0, 1].

Definition 2.2 (Mihailovi¢ et al. 2018b, Definition 3) Let arbitrary fuzzy numbers 7 =
(z(a), Z()), &t = (u(er), () for each a € [0, 1] and real number k, we define the scalar
multiplication and the addition of fuzzy numbers.

L[4 +z]q = [z(a) + u(@), Z(a) + u(a)],
o | lkz(a), kz(@)], k=0,

2 k2la = { [k(a), kz(@)], k <0,

3. Z=1u ¢4 z(x) = u(x) and Z(«) = u(w).

Definition 2.3 (Friedman et al. 1998) The fuzzy linear matrix system AX =Y is as follows:

ajp aip -+ - ay %11 gll
az) az -« - azp X21 — 21 i (2.1)
dnl Ap2 -+ dpn Xn1 ynl
where the matrix A = [q;;] is a real matrix (J;; € &,X;; € &). Satisfying the above
equations and conditions, it is called FLS. At the same time, let Z = (Z1,22,...2)}

([Zj1a = [z; (@), zj(@)], a € [0, 1]) be a solution of the FLS (2.1), where ()* indicates
the transposition of (). We have

n
D iz | =[Gl i=1,2...n.
j=1

o
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Then,
n n
Doanzi@ =) a4z =y,(@),
j=1 j=1
n n
doatzi@ =Y ajzi(@) = i@,
Jj=1 Jj=1
where a;; =a;; vV 0and ai; = —a;; V 0. Then, we have
apy app -+ dip [X1]e [V1]e
az| ax -+ asp [%2le | _ | [2le
Adpl Ap2 - Apn [Xn o [yn]a

where [X](x = ([il]ou [i2]a’ e [/i;n]a)* and [Y]a = ([5)1](17 L&Z]a’ o [yn]a)*, o € [07 1]
The matrix form of this family of interval linear systems, is A[X ], = [Y ]y, and its solution is
an interval-valued vector [ Z ]y, where its components are an intervals [Z ;] = [z (@), zj(@)]
and z (o) < Zj(a), for each « € [0, 1], such that (z, ) determines the parametric form of a

fuzzy number, for 1 < j < n.

‘We have
SX(a) =Y(a), a € [0, 1], (2.2)
where
af k=i, p=j+nork=i+n, p=j,
Skp =
b a; k=i, p=jt+nork=i+n, p=j,
and
X(@) = (X1, X0, ..., Xy, =K1, —X2, ..., —X%n)",
Y(@) = (Y, ¥poeos ¥, =0 =325 0oy —3n)™

The matrix S is as follows:

D E
S:[ED], (2.3)

where D and E are n x n matrices, D = [a;jr.] and £ = [ai;]. According to Friedman et al.

(1998), if S is non-negative and X° = S~!Y is defined as a solution of the (2.2), then X° € &
is a strong fuzzy number solution of the FLS (2.1). Next, according to Allahviranloo (2003),
and Friedman et al. (1998, 2003), sufficient conditions for FLS (2.1) having a strong fuzzy
number solution can be obtained. However, a solution vector of (2.2), does not need to be
the representative vector of any fuzzy number vector (Table 1). But, if there exists a solution
vector of (2.2), such that it is the representative vector of a fuzzy number vector, then that
fuzzy number vector is a solution of the FLS (2.1). If a solution exists, we say that the FLS
(2.1) is consistent. The matrix S will be called the matrix associated to the FLS (2.1).
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2.2 The block representation of the core inverse

In this aspect, we review the characteristics of the Core inverse and the Hartwig—Spindelbock
decomposition. Many characteristics of generalized inverses can be found in Wang (2016),
Wang (2011) and Wang and Liu (2016). Let R, x,,, rk(P) and I, be the set of m x n real
matrices, the rank of P, and the identity matrix of rank n, respectively. If the singular matrix
P satisfies rk(P2) = rk(P), then the index of it is one. If P is nonsingular, the index of it
is zero. Denote

RSM = (P € Ry, : rk(P?) = rk(P)}.

According to Hartwig and Spindelbock (1983), each matrix has the following form of decom-
position (called Hartwig—Spindelbock decomposition):

==L,
P_U[O o }U, (2.4)

where U € R, «, is unitary, ¥ = diag(oy, oz, ..., ) is the diagonal matrix of singular
valuesof A, a1 > ap > ... > a, > 0,and K € R,«,, L € R, (,—) satisfies (see Baksalary
and Trenkler 2010)

KK*+ LL* =1,. (2.5)
Some matrices equations for a matrix P € R, x, will be reviewed as follows:
PXP=P (1), XPX=X (2), (PX)"=PX (3),
(XP)* =XP (4), PX* =X (2, PX =XP (5).

Definition 2.4 (Berman and Plemmons 1994; Wang 2016; Zhou et al. 2012) For any
P € Ry xn, let T{i, j,...h} denotes the set of matrices X € R,,x, which fulfill equa-
tions (i), (j), ..., (h) among the equations (1)—(5) and (2')’.. The matrix X € T{i, j,...h}

is called an {i, j, ...h}-inverse of P and is denoted by plisj.hy,

(i) If the matrix X € R,,«, satisfies (1)—(4), then it is called the Moore—Penrose inverse of
P € R, «,. Itis denoted by PTor pil:2.3.4}
(i) If the matrix X € R, «, satisfies (1), (2) and (5), then it is called group inverse of
P e ]R,(EM. It is denoted by P* or 1123},
(iii) If the matrix X € R, x, satisfies (1), (2)’ and (3), then it is called core inverse of
P € REM Tt is denoted by P® or pi1.23}

For the given P = [p;;], P € R, x,, we denote it with | P| whose entries are the absolute
of entries of P, |P| = [| P;jl], | P| € Ry x,,. We say that P is non-negative matrix if p;; > 0,
for each i and j.

Lemma 2.1 (Baksalary and Trenkler 2010; Hartwig and Spindelbsck 1983) The P* and P®
can be obtained as follows:

—15—1 1y —1g-1
Ptt:U[é< x (I)( rK L]U*, (2.6)
—1
P® = pippi =y [SZK) 8} U*. 2.7
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Table1 Common mathematical

symbols Notation Symbolic meaning
Ruixn m x n real matrices
REM The set of matrices of the index are one or zero
plisj,...h} An {i, j,...h}-inverse of the matrix P
P* Transposition of the matrix P
Pt Moore—Penrose inverse of the matrix P
Pt Group inverse of the matrix P
P® Core inverse of the matrix P
R(P) Range space of P

As we all know, different generalized inverses have different purposes. We can be found
some properties and applications of core inverse and group inverse in Ma and Li (2019),
Wang and Zhang (2019) and Zhou et al. (2012).

3 Block structure of core inverse of the associated matrix S

In this section, a matrix block structure of core inverse of S is crucial for our further consid-
eration.

Lemma 3.1 (Ben-Israel and Greville 2003) A vector X(«) is a solution of the consistent (2.2)
if and only if

SX(a) = SSMy ().
Thus, the general solution is
X(@) = SMY (@) + 1, — s's)o,
where SU is a {1}-inverse of S and O is an arbitrary vector:

Lemma3.2 (Ma and Li 2019) Let X (c) € R(S) and S € RSM, the vector X (o) is unique
solution of the consistent (2.2) if and only if

SX(a) = SSOY (o).
Thus, the unique solution is

X(a) = S®Y ().

Lemma 3.3 (Wang and Zhang (2019)) Let X () € R(S) and S € RSM, the vector X () is
unique least square solution of the inconsistent (2.2) if and only if

SX(a) = SSOY ().
Thus, the unique least squares solution is

X(a) = S®Y ().
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By the above lemma, we know that the general solution of the consistent (2.2) can be
expressed as X(«a) = Sy (@) + (I, — S1S)0. However, this paper studies correlated
fuzzy linear vector general solution to FLS (2.1). On the other hand, if the inconsistent (2.2)
satisfies X (a) € R(S), its unique least squares solution can be expressed as X (o) = SOY ().
Next, a matrix block structure of Core inverse as S is crucial for our further consideration.

Theorem3.4 Let S € RgnM be the coefficient matrix of (2.2). The Core inverse S® of the
associated singular matrix S is

HZ
® —
o= 50 G
if and only if
H :% [(D+E)® + (D - E)®], 3.2)
z :% [(D+ E)® — (D - E)?]. (3.3)

Proof Let A be the coefficient matrix of FLS (2.1) and S is its associated matrix from (2.3).
Wehave A=At — A" =D —Eand|A|= At + A" =D+ E.
Necessity: according to (1), we have

2ol [25)

It gives
(DH+EZ)D+ (DZ+ EH)E =D,
(DH+EZ)E+ (DZ+EH)D =E.
We have
(D+E)YHA+Z) D+ E)=(D+E), (3.4
(D—E)YH-Z)D—-E)=(D—-E). 3.5

According to (1), we have
H+Z =D+ E)!Y,
H—-Z=(D - E)".
Thus,
H :%[(D+E){” + (D — E)1, (3.6)
Z=;w+EWth—mmL 3.7)

According to (2)', we have
D E HZ HZ | |HZ
E D Z H ZH| |zZH/|

(DH+ EZ)H + (DZ+ EH)Z = H,
(DH+EZ)Z+ (DZ+ EH)H = Z.

It gives
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We obtain
(D+EYH+Z)H+2Z)=(H+ 2), (3.8)
(D—EYH—Z)H—-2Z)=(H - 2). (3.9)
According to (2)', we have
H+Z =D+ E)?),
H—Z=(D - E)?".
We get
1 / ’
H =210+ BT+ (D - BPN, (3.10)
1 / ’
Z:E[(D+E){2}—(D—E){2}]. (3.11)
According to (3), we have
HZ1'[DE] [DE|[HZ
Z H ED| |ED Z H |’
It gives
(DH+EZ)*=DH+EZ,
(DZ+EH)*=DZ+EH.
We have
[(D+E)H+Z2)"=(D+E)(H+ 2), (3.12)
[((D—-E)YH—-2)1"=(D—-E)H-2). (3.13)
According to (3), we have
H+Z=(D+ E)P,
H—-7Z=(D-EY,
It is easy to obtain
1
H =3 [(D +E)¥ 4+ (D - E){”] : (3.14)
1
z=3 [(D +E¥ (- E)B}] . (3.15)
Then,
1
H=2[(D+E)®+((D-E)®],
1
Z=-[(D+E)® - (D-E)?].
> [( +E) ( ) ]

Sufficiency: using (3.2) and 3.3) we get H + Z = |A|/® and H — Z = |A|®, ie. H+ Z

and H — Z are the Core inverses of |A| and A, respectively. We have

(D+EYHA+Z)YD+E)=(D+E),
(D—E)YH—-Z)D—-E)=(D—-E),
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(D+E)H+ Z)(H
(D—E)(H—-Z)H
(D +E)(H+ 2)]
(D—-E)H-2D]

It is easy to know that

1 I
D=(D+E)+ (D~ E)

+2Z)=(H+2),
—2)=(H - 7),
=D+ E)H+ Z),
=(D—-E)H - 2).

= %(D +E)YH+ Z)(D+ E) + %(D —E)YH - Z2)(D - E)

=(DH+EZ)D+ (DZ+ EH)E,

1 1
E=2(D+E)~3(D~E)

= %(D +EYH+Z)D+E) - %(D —E)YH - Z2)(D - E)

=(DH+EZ)E+ (DZ+ EH)D.

Then,

DFE
E D

HZ
Z H

2]

(H+Z)+%(H—Z)

We have

1
H=—
2

2

I

D E
E D

D E
E D

J=[25)

Lo+ EYH+ Z)(H+Z) + %(D —EYH — Z)(H - Z)

= (DH+ EZ)H + (DZ + EH)Z,

1 1
Z:E(H+Z)—§(H—Z)

= %(D—i— EYH+Z)H+Z)— %(D —E)YH—-Z)H—-2)

= (DH+ EZ)Z +(DZ + EH)H.

Then,

DE
E D

HZ
Z H

||

We have

HZ
Z H

HZ
Z H

J=[25])

DH+EZ = %(D+E)(H+Z)+%(D—E)(H—Z)

= %(H +2)"(D+ E) + %(H - 2)"(D - E)*

= H*D*+ Z*E*
= (DH + EZ)*,
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and
1 1
EH+DZ=3(D+E)H+2) - 5(D—E)H = 2)
1 1
= 5(H+2)"(D+ E)" = S(H = 2)"(D - E)*
= H*E* + Z*D*
= (EH + D2)*.
We get
HZ1'[DE] [DE|[HZ
ZH| |ED| " |ED]||ZzH]|
Then,
HZ
® _
St

m}

Remark 3.1 From Theorem 3.4, we note that if the matrix S € chnM , we need the matrix

A € RSM and the matrix |A| € ]R,f M Meanwhile, it is well known that the matrix S is
non-singular if and only if A and |A| are both non-singular, see Friedman et al. (1998).
Furthermore, we know that ind(S)=1 if and only if (ind(A),ind(|A|))e {(0, 1), (1, 0), (1, 1)},
see Mihailovi¢ et al. (2018b). Then, we know that if the matrix S € RgnM , we can get the

matrix A and the matrix |A| to be non-singular matrix or singular matrix with index one.

Theorem3.5 S € RgnM is obtained from the singular matrix of consistent (2.2), giving a
representative vector Y. If S® is a non-negative matrix and it admits (3.1), then X0 = s®y
represents a solution vector of (2.2), and the correlated fuzzy number vector X is one
solution of the FLS (2.1).

Proof LetY = [EY}, according to X0 = s®y,

X'=[H z]v, (3.16)
X0=[-z-H]r. (3.17)
It follows from (3.16) and (3.17) that
X'-X'=[-H-z|y-[HZ]Y
=[-Z+H —~(Z+H]Y
=(H+2)(Y -Y).
Then,
X -X=H+2)¥-Y). (3.18)

Since each o € [0, 1], it holds: Y > Y and H + Z is non-negative, so we have X0 > )_(O.
Since H and Z are non-negative, we know that for all i, x9(a) (resp. )E? (a)) is bounded,
non-decreasing (resp. non-increasing) and left-continuous as the linear combination of
ﬁ(l)nctions of the same type on the unit interval. Therefore, X = ()E?, ., 79, where

X, = ()_(?, )E?), i = 1,...,n, is a fuzzy number vector. The family of linear systems
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§X(a) = Y(a) is consistent, therefore, X% = S®y is one of its solutions, and by the
construction of S, X? is a solution of the FLS (2.1). O

Corollary 3.6 S € ]RZCnM is obtained from the singular matrix of consistent (2.2) with X («) €
R(S), giving a representative vector Y . If S® is a non-negative matrix and it admits (3.1),
then X° = S®Y represents the unique solution vector of inconsistent (2.2), and the correlated
fuzzy number vector X9 is a solution of the consistent FLS (2.1).

Corollary3.7 S € RgnM is obtained from the singular matrix of inconsistent (2.2) with
X () € R(S), giving a representative vector Y. If S® is a non-negative matrix and it admits
(3.1), then X° = S®Y represents the unique least square solution vector of inconsistent
(2.2), and the correlated fuzzy number vector X0 is aleast square solution of the inconsistent
FLS (2.1).

Remark 3.2 From Theorem 3.4, we know that if S® is non-negative and linear equation
SX(a) = Y(@) is consistent, then we will get a strong fuzzy solution X0 of the FLS 2.1
through the representative solution vector X0 = S®y of the (2.2). On the other hand, in
[Th. 5, 12] and [Th. 6, 13], the author assumed that Moore—Penrose inverse and {1 }-inverse
are nonnegative to obtain a strong fuzzy solution. However, the coefficient matrix S admits a
B1D*B3 BIE*By
B>E*B3s BoD*By |’
where Bj, By, B3, and By are non-negative diagonal matrices (see Zheng and Wang 2006).
Therefore, we will give some results for such S® and S7 to be non-negative in the next
section.

Theorem 3.8 S® > 0 if and only if

BD* BE*
®_
5@ = [BE* BD*] (3.19)

non-negative {1}-inverse if and only if S has a {2}-inverse of the form |:

for some positive diagonal matrix B. Meanwhile, (D + E)® = B(D + E)*, (D — E)® =
B(D — E)*.

Proof According to Berman and Plemmons (1994), it is easy to find that S® > 0ifand only

if S® = B*S* for some positive diagonal matrix B® = [ (1)3 ! (1)3 ] We have
2
| Bi1D* B E*

1D+ E)® +(D—E)®] J[(D+ E)® — (D - E)®)
o |:BzE>’< BzD*i| ’

D+ E)Y® — (D - E)®] J[(D+ E)® + (D — E)®]

Therefore, BiD* = ByD* and B1E* = B, E*.
Let By =diag(bi1, b1, ..., b1n), Bo =diag(by1, by, ..., by),

dy dip -+ dip €11 €12 - €in
doy dyp -+ dyy ey exn -+ ey
D = . . N E =
dpy dp2 -+ dun €nl €n2 * - enn
We have
biidy briday -+ biidy boidyr baiday - -+ bardny
biad1a biady -+ - biadpo boodia bydyy -+ badpn
BiD* =| . ) ) =|. . . = B, D",

blndln blndZn te blndnn b2nd1n b2nd2n T blndnn
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biierr briezr -+ biienn byier1 baiezr - bareyn
. bize1z bizexn -+ boep bxein bxperxn -+ bynepn .
BIE* =] . ) . . =]. . ) . = B E*.
binein binezn -+ binenn banein bayer, - - boyeny
From the structure of the (2.3), of dy;, ..., dn, e1i,...,eni (i = 1,...,n), at least one is

nonzero. Let d,; # 0, we know by;d,; = byidyi, thendy; = doi (i = 1,...,n), etc. We
know B; = B, = B. Since

© _ 3D+ E)®+ (D~ E)®] 3((D+E)® — (D~ E)®]] [BD* BE*]
HID+E® - (D-B® D +E®+(D-E)@ | LBE BD™]
it is easy to obtain (D + E)® = B(D + E)*, (D — E)® = B(D — E)*. O
Theorem 3.9 S% > 0 if and only if
ND* NE*
t
st = [NE* ND*] (3.20)

for some positive diagonal matrix N. Meanwhile, (D + E)f = N(D + E)*, (D — E)¢ =
N(D — E)*.

Proof The proof goes in the same manner as the proof of Theorem 3.8. O
We explain previous Theorems and Definitions by example.
Example 3.1 Ttis a 2 x 2 order consistent fuzzy linear system.
X1—2%=(-1430,3—a)
—2X%] +4x2 = (=6 + 2, 2 — 6).
By (2.7), the matrices U, U* and sub-matrices ¥, K, and L are:

1 —0.4472 0.8944 « | —0.4472 0.8944
T | 0.8944 0.4472 (" | 0.8944 0.4472 |’

and
Y =|[5], K=][1], L =[0].

‘We obtain

4@ _ [0.04 —0.08
= [-0.08 0.16 |

According to 3.19, we have

004 0 0 08
@ _[BD* BE]_| 0 016008 0
~|BE*BD*| T | 0 0080.04 0
008 0 0 0.16

0.04 0
0 0.04

obtain a strong fuzzy solution X0 = ()Z?, )Zg)*,

for some positive diagonal matrix B = |: } . According to formula X% = S®Y, we

) =(=0.240.6c, — 0.2 +0.6),
i =(—12+040, —120+04).
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4 A method for solving FLS

In this section, we present the general solution of the FLS (2.1). First, we determine one
fuzzy number vector X' which refers to general solution set of the FLS (2.1). Let F € R,
A e RM F = A123) = A® and |F| = [| f;;]]. Let the form of Sp € Ro,x2n be as

follows:
Ft F~
SFZ[F—5+]’ @.1)

— - ; - -
where FT = [ f; i land F~ = [f; y ]. Let Y be an arbitrary representative vector, and X' =

SgY.Since F*, F~ and S are non-negative, with the same argumentation as in the proof
of Theorem 3.4, we obtain that X' is a fuzzy number vector, even if the FLS (2.1) has no
solution.

Theorem4.1 A € ]RgM is a singular coefficient matrix of the consistent FLS (2.1), where Y
is a column of fuzzy vectors as the FLS Q. 1) If X' = SpY, F = A9, |F| = [1 fij11, where
SF is in the form (4.1). The following statements hold:
() AX'+X)=Y +7.
(i) If|F| is the Core inverse of |A|, then it holds |A|(X' — X') = Y — Y, and fuzzy number
vector X' is a solution of the FLS (2.1).

Proof (i) Let’s compute X' = SrY, then

X' =[Ft F]y, 4.2)

X' =[-F —-F']y. 4.3)
It follows from (4.2) and (4.3) that

X' +X' =[-F —FT]Y+[Ft F]Y

=[(Ft —F) —(FF = F)]Y

=[F —F]Y.
Then,

X' +X =F{Y+Y). (4.4)

Since the FLS (2.1) are consistent, A(X + X) = Y + Y is a consistent family of classical
linear systems (for @ € [0, 1]). Furthermore, F = A®, 5o from (4.4) we obtain:

Y+Y=AX +X). 4.5)
(ii) According to (4.2) and (4.3), we have
X' —X'=|F|(Y =Y). (4.6)

Since | F| is the Core inverse of |A|, we have |A|® = |[A®| = |F| then
AI® = |F|=FT4+F, AS=F=F"—F".
According to Theorem 3.4, we have H = F, Z = F~. Then
1
H = J1IA[® + A®],

1
Z=;m@—A®,
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and
H Z
® _
s _[ZH]
Hence S® = Sg, then X' is a solution to (2.2). Through (4.4), (4.5), and (4.6) , we have
Y —Y = A|(X' = X). “.7)

Any matrix A € R,x, has A* = 1(JA| + A) and A= = 1(JA| — A). It follows from
(4.5), (4.6) and (4.7) that

Y=ATX'—A™X' =[-A" -AT] X',

Y=-A"X'+ATX =[AT A7]X".
Therefore, the conclusion is proved. O

In the following theorem, we give the general solution to FLS (2.1).

Theorem42 The coefficient matrix of the FLS (2.1) is A, an arbitrary fuzzy vector

= (J1,¥2,---,Yn), such that for X* = SgY it has AX! + X) = Y + Y. Let
W = (wi (@), wa(a), ..., w,(@)*, where W = Y — [A+ A~ ] , [A+ A~ ] isn x2n
order matrix. Define A = (A (a), A2 (), ..., Ap(@))* and ® = (01 (), 62(), ..., O, (@)™,
where A and © are solutions of AN = 0 and |A|® = W, respectively. We have

~ 1 - 1
X=1X4+-A+0, X'+ -A—-0}.
2 2
Proof Using the general solution in Lemma 3.1, with F = A® the proof goes in the same
manner as the proof of [Th. 8, 12]. ]

Next we will present an algorithm to solve the FLS (2.1). The coefficient matrix of FLS
(2.1)is A = [a;;]. The matrix SF is given by the formula (4.1).

Algorithm
1. Calculate X' = SFY, if equation A(X'+X") =Y +Y is satisfied,
proceed to the next step.
2. Let A = (M (), )\2( Yooy An(@)*, « €0,1] satisfy the homogeneous equation AA = 0.

Then X" = X'+ A XM =X+ A
3. Calculate W = (u)1( ), wa(a), ... ,u)n(a))*, a € [0,1], by using W =Y — SX",
where S = [AT A7]is an n x 2n matriz.
4. If the family of classical systems |A|© = W, where W = (wi(a), wa(a), ..., wn(a))",
a € [0,1], have a solution © = (01(a),b02(c),. .., 0, ()", a €[0,1],
then: X=X"+0, X =X"—o0.
7i(0) — xi(0)
3 )
i=1,...,n, where xj(a) + %)\z(a) +0;(a) (xH(a) + %)\i(a) — 0;(«v)) is monotonic bounded

5. From all determined ©, A and for each o € [0,1], we have 0;(c) <

non — decreasing (monotonic bounded non — increasing) left continuous function.

We will explain our previous Theorems, Definitions and validity of Algorithm through
examples. The Example 4.1 is a 2 x 2 order consistent fuzzy linear system. In Example 4.1,
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A and |A| are singular, and S® is nonnegative. It is easy to know that we can give a strong
fuzzy solution of the Example 4.1 through a solution vector X = S®Y or a solution vector
X' = SpY. Next, we can give general solution of the Example 4.1 through above Algorithm.
The Example 4.2 is a 3 x 3 order consistent fuzzy linear system. In Example 4.2, the matrix A
is singular and | A| is non-singular. Through calculation, we know that S® is not nonnegative.
To further verify the validity of an Algorithm, we will consider the general solution of the
Example 4.2 through the above Algorithm. The Example 4.3 is a 2 x 2 order inconsistent
fuzzy linear system. In Example 4.3, since the inconsistent fuzzy linear system satisfies
X () € R(S), we can get the unique least squares solution of inconsistent (2.2). Further, we
get a least squares solution in the Example 4.3.

Example 4.1 Ttis a 2 x 2 order consistent fuzzy linear system.
—2x1 + X = (=7.54+ 0.5, 0.5 —7.5a)
4x; — 2xp = (=1 4+ 15, 15 — ).

By (2.7), we have

4@ _ [—0050.10
~ 010 —020]

where matrices U, U*, Z, and K are:

U= —0.4472 0.8944 « | —0.4472 0.8944
108944 0.4472 |° 108944 0.4472 |°

and
¥ =[5], K =[-0.8].
According to formula X' = SrY, we obtain a general fuzzy solution X' = (x], x5)*

X = (=0.125 + 1.875¢;, — 0.125c + 1.875),
Xy = (=3.750 + 0.250cc, — 3.750cx + 0.250) .

The solution vector for equation AA = 0is A = 2f(«),4f(a))*, and for any « € [0, 1].
Let f(«) € F', where F' (depends on X") denotes the class of functions on the unite
interval y = f(a), such that the adequate functions x'* (a) (resp.)E’A(oz)) are bounded,
non-decreasing (recp.non-increasing) and left-continuous. Hence, we have

)EjA = (—0.125+ 1.875c + f(a), — 0.125¢ + 1.875 + f(w)),
)EéA = (—=3.754+0.250c + 2 f (), — 3.750c + 0.250 + 2 f (@)) .
By formula W =Y — SX' for each A, we have

wi(a) ==754+05a — (=7.5+0.5a) =0,
wy(a) = =14 150 — (—1 4 15a) = 0.

By formula |A|® = W, we have

201 (o) + 62(a) =0,
401 (o) + 207 (a) = 0.

From the above formula, we can denote ® = (h(«), —2h(x)), where h(a), o € [0, 1]is an
arbitrary function on the unit interval. We need h(a) € F'4, (F'* depends on X'%), and the
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additional necessary constrains, to obtain proper intervals, adequate to represent «-cuts of
fuzzy numbers:

Xj (o) — x| (o) _2—2a

O1(a) < 5 =—
(o) —x5(a) 4 —4da
0r(c) <=2 5 2 = >
Since 0> (a) = —2601 (), we have ¢ — 1 < 01(a) < 1 — «. Finally, we have X = (X1, X2),

where f(a) € F'4, 6 = h(e) e F*A ando — 1 < h(e) <1 —«, forall @ € [0, 1] :
X1 = (—0.125 + 1.875¢ + f(a) + h(a), — 0.125a 4+ 1.875 + f(a) — h(w)),
X2 = (=3.7540.250c + 2 f () — 2h(a), — 3.750c + 0.250 + 2 f (&) + 2h()) .
For example, for 2(«) = —0.25 + 0.25« and f(«) = 1.125 + 0.125«, we have
X1 = (0.75 + 2.25a, — 0.25a + 3.25),
X =(—1, —3a+2), etc.
On the other hand, the matrices U, U* K, and X are:

[0.4472 0 —0.4364 0.7801
0 —0.8944 —0.3904 —0.2182

U= 0 —0.4472 0.7807 0.4364 |’
| 0.8944 0 0.2182 —0.3904
[ 0.4472 0 0 0.8944
Ut — 0 —0.8944 —0.4472 0

—0.4364 —0.3904 0.7807 0.2182 |~
| 0.7801 —0.2182 0.4364 —0.3904

50 0 —08
2:[05]’K:[—0.8 0 ]

and

According to (2.7), we have

0 0.10.05 0
§® _ [BD* BE*] 01 0 0 02
“|BE*BD*| 0050 0 0.1]°
0 0201 0
where the positive diagonal matrix B = [0'025 0 :| Hence
0 0.10
x) (@) —7.5+0.50 —0.125 + 1.875«
0 _ xS | @y - @ | 1+ 15¢ || =3.750 +0.2500
T =@ | - 75¢—05 | | 0.125« — 1.875
) a—15 3.75a — 0.250
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Since S® is a non-negative matrix, a correlated fuzzy linear vector solution to FLS (2.1) is
X0 = (i?,ig)*, given by

7 = (—0.125 4 1.875¢, — 0.125a + 1.875),

X; = (=3.750 + 0.250c, — 3.75« + 0.250) .

All other fuzzy linear vector solutions of the FLS (2.1) can be determined by applying
Algorithm with X 0 (We note that if S® is non-negative, then X 0 = X' holds).

Example 4.2 Ttis a 3 x 3 order consistent fuzzy linear system.
Xx1-3=(~CF1l+4+a, 1—a)
—X1+ 2% = (—4+4a, 4 —4a)
2x%y —3x3 = (=54 50, 5 —5a).
According to (2.4), the matrices U, U*, ¥ and K are:
[[—0.6172 0.5345 —0.5774]

U =|-0.1543 —0.8018 —0.5774
| —0.7715 —0.2673 0.5774 |

[—0.6172 —0.1543 —0.77157]
U*=| 0.5345 —0.8018 —0.2673
| —0.5774 —0.5774 0.5774 |

and

5 - 4.5826 0 _ | —0.5767 0.0270
o 0 2.6458|" = | 0.0468 0.9989|"

Hence

—0.0477 —0.1904 —0.2381
A® = | —0.1904 0.2381 0.0476
—0.2381 0.0476 —0.1905

According to formula X' = SpY, we obtain the fuzzy number vector X' = (x], X5, X5)*,

X1 = (—1.9998 + 1.9998c, — 1.9998x + 1.9998),
X5 = (—1.3808 + 1.3808c, — 1.3808« + 1.3808),
X3 = (—1.3810+ 1.3810cc, — 1.3810c + 1.3810).

The solution vector for equation AA = 0is A = (6f(«),3f(«),2f(x))*, and for any
a € [0, 1]. Let f(«) € F', where F* (depends on X ') denotes the class of functions on the
unite interval y = f(«), such that the adequate functions A (@) (resp.)?”\ (a)) are bounded,
non-decreasing (recp.non-increasing) and left-continuous. Hence, we have

FN = (—1.9998 + 1.99980 + 3 f (), — 1.9998c + 1.9998 + 3 f(a)) ,
3 3
B = (—1.3808 + 138080 + 7 f (@), — 1.3808c + 1.3808 + Ef(a)) ,

)EéA = (—1.3810 4+ 1.3810c¢ + f(a), — 1.3810cx 4 1.3810 4 f()) .
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By formula W =Y — SX' for each A, we have

wy (o) =5.1428 — 5.1428¢,
wa (o) = 0.7614 — 0.7614«,
wa (o) = 1.9046 — 1.9046¢.

By formula |[A|® = W, we have

01() + 363(a) = 5.1428 — 5.1428a,
01(cr) + 26> () = 0.7614 — 0.7614a,
20 () + 363(t) = 1.9046 — 1.90460.

From the above equation, |[A|® = W has the unique solution ® = (1.9998 —
1.9998a, —0.6192 + 0.6192c, 1.0477 — 1.0477a), o € [0, 1]. Therefore, we obtain
X = (X1, X2, X3), where f(x) € F'.

X1 = G f(a), 3f()),

%= (—2+2a+%f(a), 2—2a+%f(a)>,

- 1 1 1 1
X3—<—§+§05+f(0!)a§—§05+f(0!)>-

Example 4.3 Ttis a 2 x 2 order inconsistent fuzzy linear system with X (o) € R(S).

X1+20=~F1+4+a 1—a)
—X1 —2x =(—2+0a, 2—3a).

According to (2.4), the matrices U, U*, ¥ and K are:

[ 0.0000 —0.7071 —0.7071 —0.0000]
U - —-0.7071 0 0 0.7071
~—1-0.7071 0 0 —0.7071]|"
| —0.0000 —0.7071 0.7071  0.0000 |
[ 0.0000 —0.7071 —0.7071 —0.0000]
ye— | ~07071 0 0 —0.7071
—-0.7071 0 0 0.7071 |’
| —0.0000 0.7071 —0.7071 0.0000 |

and

5 _ 3.1623 0 K — 0.3162 0.6325
o 0 3.1623|° ~10.6325 0.3162 |°

Hence

—0.1666 0.3332 0.3332 —0.1666
@ _ 0.3332 —0.1666 —0.1666 0.3332
0.3332 —0.1666 —0.1666 0.3332
—0.1666 0.3332 0.3332 —0.1666
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By formula X* = S®Y, we obtain the unique least squares solution as follow:

—0.5000 + 0.0001«
—0.4999 + 0.9998«
—0.4999 + 0.9998«
—0.5000 + 0.0001«

X' =

Then, a least squares fuzzy solution X' = (%7, X5)* as follow:

X} = (—0.5000 + 0.0001c, 0.4999 — 0.9998«) ,
X5 = (—0.4999 + 0.9998«, 0.5000 — 0.0001c) .

5 Conclusion

In this paper, a new algorithm is proposed to solve the FLS whose the coefficient matrix is a
real matrix. We use the Hartwig—Spindelbock decomposition to get the Core inverse of the
coefficient matrix A, and a numerical algorithm for finding an arbitrary solution of the FLS
is established by the Core inverse of the coefficient matrix A. The method is also connected
to the original Friedman et al. approach from Friedman et al. (1998). For future work, we try
to solve “inconsistent FLS (2.1)” and discuss about their general least squares solution sets.
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