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Abstract

In this paper, we develop a plane wave discontinuous Galerkin method combined with local
spectral element method for the elastic wave propagation in two and three space dimensions.
We derive the error estimates of the approximation solutions in the mesh-dependent norm
and the mesh-independent norm. Some dependence of the error bounds on the orders g of
local spectral elements and the number p of plane wave propagation directions is given.
Numerical results assess the validity of the theoretical results and indicate that the resulting
approximate solutions generated by the PWDG-LSFE possess high accuracy.

Keywords Elastic waves - Nonhomogeneous - Local spectral element - Plane wave
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1 Introduction

The plane wave method turned out to be an efficient and popular method for solving wave
propagation problems in time-harmonic regime at medium and high frequencies. The main
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feature of the method is to choose plane wave solutions of the governing differential equation
without boundary conditions as the basis functions. The plane wave method was first intro-
duced to solve Helmholtz equations and was then extended to solve the Maxwell equations
and time-harmonic elastic wave problems. Examples of this approach include the partition
of unity-type method (Perrey-Debain et al. 2003a, b), the plane wave partition of unity finite-
element method (El Kacimi and Laghrouche 2009, 2010), the variational theory of complex
rays (VTCR) (Riou et al. 2008, 2012; Yuan and Hu 2018), the ultra weak variational for-
mulation (UWVF) (Cessenat and Despres 1998, 2003; Huttunen et al. 2004, 2007; Luostari
2013), the plane wave discontinuous Galerkin (PWDG) method (Gittelson et al. 2009; Hipt-
mair et al. 2013, 2016; Moiola 2013; Yuan 2019; Yuan and Hu 2019) and the plane wave
least-squares (PWLS) method (Monk and Wang 1999; Hu and Yuan 2014a,b, 2018; Peng
et al. 2018; Yuan et al. 2016) and the plane wave least-squares combined with local spectral
finite-element (PWLS—LSFE) method (Hu and Yuan 2018).

The UWVF method was developed for the Helmholtz equations (Cessenat and Despres
1998, 2003) and for Maxwell’s equations (Cessenat 1996; Cessenat and Despres 1998;
Huttunen et al. 2007; Huttunen and Monk 2007). The UW VF method is derived from non-
overlapping domain decomposition with mixed interface conditions. The PWDG method
developed in Gittelson et al. (2009), Hiptmair et al. (2011, 2013, 2016) was derived from
standard discontinuous Galerkin (DG) methods. We see that the choicea =  =§ = 1/2
of flux parameters gives rise to the original UWVF introduced in Cessenat (1996), Cessenat
and Despres (1998). The PWLS method, first put forward in Monk and Wang (1999), starts
from a minimization problem in which the objective functional contains the jumps of the
standard traces on local interfaces and a relaxation factor. To our knowledge, the existing
numerical results indicate that the PWDG method can generate approximate solutions with
higher accuracy for the homogeneous governing equations with real coefficients.

The UWVF method was extended to solve homogeneous elastic wave problems in Hut-
tunen et al. (2004), Luostari (2013). The studies (Huttunen et al. 2004; Luostari 2013) were
devoted to approximating the S— and P —wave components of the analytic solution in a bal-
anced way for the accuracy and stability in two-dimensional case. For the UW VF method,
the traction of the approximation solution on the boundaries of every elements is chosen
as the unknowns, and the conjugation of each traction has to be defined by introducing an
additional mappings. The displacement field on the skeleton of the mesh can be recovered
by the unknowns.

Since plane wave basis functions on each element are solutions of the homogeneous
governing equations without boundary condition, it was pointed out in (Hiptmair et al. 2011,
p- 265) that In particular, in Gittelson et al. (2009), an h-version error analysis for the
PWDG method applied to the two-dimensional (2D) inhomogeneous Helmholtz problem
was carried out. In that case, independent of how many plane waves are used in the local
approximation spaces, only first-order convergence can be achieved in general . In the recently
published work (Hu and Yuan 2018), the plane wave method combined with local spectral
elements (PWLS—-LSFE ) for the discretization of such nonhomogeneous equations was firstly
proposed. The key ingredient of this method is to first solve a series of nonhomogeneous local
problems on auxiliary smooth subdomains by the spectral element method, and then discretize
the resulting (locally homogeneous) residue problem on the global solution domain by the
standard plane wave method. The numerical results show that the approximate solutions
generated by the PWLS-LSFE method possess satisfactory error estimates with high -
convergence orders.

In this paper, we are mainly interested in extending the PWDG method combined with
local spectral elements (PWDG-LSFE) to discretize the nonhomogeneous elastic wave prob-
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lems in two and three dimensions. We derive error estimates of the approximate solutions
generated by the proposed method. To our knowledge, there are no error estimates with high
h-convergence orders for the plane wave methods solving the nonhomogeneous elastic wave
equations in the existing literature. In addition, in the error estimates, some dependence of
the error bounds on the orders ¢ of local spectral elements and also on the number p of plane
wave propagation directions is explicitly given. We can also extend the results to other plane
wave methods for the considered model.

Numerical experiments verify the validity of the theoretical results and indicate that the
resulting approximate solutions generated by the PWDG-LSFE possess the high accuracies.
To obtain an approximate solution with high accuracy but without superfluous cost, some
balance relations satisfied by the parameters m and ¢ are discussed. Moreover, the approxi-
mate solutions generated by the proposed method have high accuracy when the wavenumber
increases for the fixed value wh.

The paper is organized as follows: In Sect. 2, we introduce the linear time-harmonic
equations of elasticity, together with triangulation of the computational domain. In Sect. 3,
we present the proposed PWDG-LSFE for elastic wave problems. In Sect. 4, we explain how
to discretize the variational problem. In Sect. 5, we give error estimates for the approximate
solutions of the nonhomogeneous equations. Finally, in Sect. 6, we report some numerical
results to confirm the effectiveness of the methods.

2 Description of the underlying time-harmonic elastic wave
propagation

In this section, we shall recall the problem to be solved.

The considered original problem is based on a triangulation of the solution domain. Let
2 be the underlying domain in R4 (d =2, 3). For convenience, assume that €2 is a bounded
polygon or polyhedron. Let €2 be divided into the union of some subdomains in the sense
that

N
Q= )2=0 forl#]
k=1

where each 2 is a polygon for two-dimensional case or polyhedron for three-dimensional
case. Let 7j, denote the triangulation comprised of the elements {2}, where 4 is the mesh-
width of the triangulation. As usual, we assume that 7;, is quasi-uniform and regular. We
denote the diameter of a simplex 2; € 75, by hj and the diameter of its largest inscribed disc
or sphere by pi. The conditions that 7j, is quasi-uniform and regular mean that there exists
a constant C independent of € and 7}, such that for all Q; € 75, and all 7,

h h
£ <C and — <C,
PK hg

respectively.
Define

Ty =0 ()0R), forl # j
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and
N
=% k=1..N. y=n
k=1

We denote by F;, = |J; 9Qx the skeleton of the mesh, and set ]-'}? = Fn() 02 and
Fl = F\F }? . Then, we want to compute a numerical approximation of the time-harmonic
displacement vector u satisfying the Navier equation [refer to Graff (1991)]:

phu+ A+ wV(V-u)+o’pu=Ff in Q 2.1
with the lowest-order absorbing boundary condition (see Huttunen et al. (2004))
T™@) —igu=g on y =JQ. (2.2)
Here, the Lamé constants A and u can be expressed by means of the Poisson ratio v and
Young’s modulus E as follows.

_ E 5= Ev
T 2(14v)’ T (04w =-2v)’

The density of the medium p is independent of position, w is the angular frequency of the
field. All these coefficients are assumed to be constant in the whole domain. We shall assume
thatg e (L%(a Q))4, and the traction operator T™ defined on a curve S (d = 2) or a surface
(d = 3) with a unit normal n is

I

() ou
T (u)=2ua—+AnV-u+Mnx(qu). 2.3)
n

Define the wave speed Cp for the P-wave and the wave speed Cg for the S-wave as follows
( P-wave and S-wave will be introduced in Sect. 4).

At2
Cp= [T and cs= [
P P

Moreover, a positive definite real-valued matrix function o on the external boundary y is
defined by

n=wp(Cpn@n+ Css R S) 24
for two-dimensional case and by
n=wp(Cpn@n+ Css; ®@s; + Css2 @ s2) (2.5)

for three-dimensional case, respectively. Here, s and s, s> are the tangential vectors to the
boundary, and ® denotes the outer product so thatn ® n = nn’ .
For each element 2, letu|g, =u; (k =1, ..., N). Then, the reference problem (2.1)-

(2.2) to be solved consists of finding the local displacement vector u; such that

pAu + A+ VIV -w) +o’pug =f in (2.6)
and the interface conditions (note that n; = —n;)
w=u; . .
lT(“l)(ujl) _ —T(n/)(u,) on Fl] (l < J; l,] = 1,2,...,N). (27)
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The boundary condition becomes
T® () —inue =g on y =09 Ny. 2.8)

In the next section, we introduce a new variational formulation of the elastic wave problems
(2.6), (2.7), and (2.8).

3 The PWDG-LSFE for the nonhomogeneous time-harmonic elastic
wave equations

In this section, we shall detail the PWDG-LSFE method for the elastic wave problems. As
in Hu and Yuan (2018), the basic idea is to decompose the solution u of (2.1), (2.2) into

u=ul 4+ u®, 3.1)

where u'!) is a particular solution of (2.6) without the primal boundary condition, and u®
satisfies a locally homogeneous elastic wave equation.

3.1 Local variational formulation for the local nonhomogeneous problems

For each element 2, let Q; be a fictitious domain that has almost the same size with
and contains € as its subdomain. We choose each fictitious domain €} so that it possesses
sufficiently smooth boundary 02;. A natural way is to choose 2} as a disc for the two-
dimensional case or a sphere for the three-dimensional case that has the same center Oy, with
€k and has the radius r, = mrax{dist(Ok, V{)}, where V| denotes a vertex of €.

Let u € L2()) be defined as u'" lo,= u,((l) |, for each Q, where u,(cl) € HI(Q,’;)
satisfies the nonhomogeneous local elastic wave equation on the fictitious domain €2;:

{Mu,i“+(A+M)V(V-u;ﬁ“>+w2wzﬁ”=f K12 N). (G2)

T ") —i pu’ =0 on 9
The variational problem of (3.2) is to find u,(cl) e H! (€27) such that

/ (— AV u,({l) Vv —2u s(u,({l)) -e(Vy) —I—a)zpu]({l) W) dx —I—/ in “1(<1) -V dS
f Iy
=/ f.vidx, Vv e HY(Q)) (k=1,2,...,N),
Q*
' (3.3)
where the strain tensor is defined by €(v) := %(VV + vvh).
When f satisfies f € LZ(QZ), the variational problem (3.3) possesses a unique solution

u](cl) € HZ(Q;:) [see (Cummings and Feng 2006, Theorem 2)].

3.2 Global variational formulation for the residual and global homogeneous
problem

It is easy to see that u® = u — u(V is uniquely determined by the following homogeneous
elastic wave equations:

wAu® + 0+ VIV 1)+ 0?pu® =0 in U (k=1,2,...,N), (3.4)
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with the following boundary condition on y and the interface conditionsonI';; (I < j; [, j =
1,...,N):

(T™ @D +u®)]] = [[uD +u®]] =0, on Ty, (<jil,j=12..., M)
m) (D) ) - (1) 2) 3.5)
™ @' 4+u'?) —in@'"’ +u'¥) =g on y =9Q,
where [[T™ (w)]] = T™ (u;) + T™) (u)).
Define the stress tensor
o) = AV -u)lq+2ue(u), 3.6)

where /4 is the identity matrix. Note that the stress tensor is symmetric. By direct calculation,
we can obtain
o@n =T™ ),
and V-o(m) = pAu+ A+ w)V(V -u).

Then the original problem (2.1, 2.2) can be rewritten as a first-order system

o) =@AV-wlg+2us(u) in Q,
V-o(u)+w’pu=f in Q, 3.7)
cun—inu=g on y = Q.

Define the averages and jumps across a common face 9€2; (1) 9€2; by

the averages: {{u}} := u ‘|2'Uj’ {{o)}} = W’

the jumps: [[u]] :=w ®n; +u; ®n;, [[c@)]] =0()n; +o(;)n;. (3.8)

To derive the PWDG-LSFE method, define the Trefftz spaces as follows:
V() ={ve H (); V-o(v) +a’pv =0}, (3.9)
and

V(7)) = {v e (L*(2)%; v e V(%) oneach Q).

(1 2 ()

Define the approximation uy, of the original problem by w;, =u, * +u,”, where u,  and

uf) defined in next section are the approximation of (3.3) and the plane wave approximation
of (3.4, 3.5), respectively.

Integrating by parts the second equation of (3.7) for every Qi € 7, we get the equation
of the vector-valued function u € V()

o(u)n-vdS = / f-vdx, VveV(Q.
Q%

/ (-0 : W+w2pu-v)dx+/
o 9

Qx
(3.10)

Here, the matrix inner product A : B is

M M
A:B= Zzaklbkl,

k=1 I=1

where A = (ak)mxm and B = (br) pyxm-
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By the direct computation, for any sufficiently smooth functions v and w, the following
relation holds

o(v) : VW=AV - vV .w+2uev) : e(w) =0a(w) : Vv. 3.11)

Substituting this equation into (3.10) and integrating by parts, we can deduce that

/ u~(V~a(v)+a)2,ov)dx—|—f
Qe

02

a(u)n~VdS—/ u-o(v)ndS
EloN

=/ f.-vdx, VveV(Q). (3.12)
Qe

Using the Trefftz property (3.9) satisfied by the test function v, we can obtain the elemental
equation defining the PWDG method

/ o(u)n-vdS —/ u-o(v)ndS = / f-vdx, VveV(Q. (3.13)
1973 197" Qe

Then, the above problem can be discretized as follows: for every 2, € 7y, the vector-
valued functions uy, satisfy

/ 6 (uy) n-vydS —/ uy - o (vy) ndS =/ f-vpdx, Vv, € V,(2). (3.14)
Q2 02 Qe

where V,(Q¢) C V() is the discretized space to be specified later, and 6 (u;,) and 1y, are
the single-valued numerical fluxes defined by

i, = {{ug}} — Bllo ()], (3.15)
6 (u) = {{o ()} + af[uy]] '
on }'}Il, and
a, =uy — i8n_1<a(u) n—inu— g),
(3.16)

o(uy) =0(u) — (1 —8)<a(u)n—inu—g> ®n

on f}?, where the parameters «, 8 and § are strictly positive constants, with 0 < § < 1/2.
Defining the finite-dimensional discretized space

Vo (Th) = {uy € (L*(Q)%; wy € V() oneach @},

inserting the numerical fluxes into (3.14) and adding over all elements finish the definition
of the PWDG method: find u'” € V,(7;,) such that,

AP, vi) = y(vi), Vi € V,(Th), (3.17)

where

Ap(u, v) =/ {lo}m - [[v]In dS+/ af[u]ln - [[v]ln dS
F 7

—/ {{u}} - [[o(W)]]1 dS +/ Bllo]] - [[e(W]] dS

Fi Fi

+/ 66(u)n~VdS+/ 8u-a(v)ndS+/ (1—=238)inu-vdS
FB FB Fp
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—/ u-o(v)n dS+/ i8n_1a(u)n-a(v)n ds, (3.18)
]:B ]:B
h h
and
(V) = Zk/Q f.vdx— A, v)
k
—/ (1—6)g~VdS+/ isn~'g- o (v)nds. (3.19)
Fi F
3.3 Auxiliary results
Here, we collect technical prerequisites for the convergence analysis.
Define the broken Sobolev space
H' (Ty) = {w e L2(Q)9 : wlq, € H (%)Y, Y% € Th). (3.20)
Let T(7,) be the piecewise Trefftz space defined on 7, by
T(7;) = {w e LX) : 35 > 1/2s5.t.we HT (T,
and V-0 (W) + a)zpw =0ineach Q; € Th} (3.21)
We endow T(7},) with the mesh-skeleton norm
2 _1gl/2 2 172 2
w1, = 18Tl N[l £r + [l ZTwN mlfg £
1/2.—1/2 2 17217212
8 el + ([0 -0 2w G22)
and the following augmented norm
2 2 —~1/2 2
11wl = 1w, + 1877w il £
- 2 - 2
+|[er Uz{{a(w)}}HQﬂ +[8 ‘/znl/zwuo’ff. (3.23)
Lemma 3.1 Ifu, v € T(7y), we have
Ap(u, v) = A (v, ),
2
—ml Ay, w)] = |[]u]] [
and | 430.)] = ] lul| |z [[1¥]] 5 (6.24)
Proof Provided that u, v € T(7},), local integration by parts permits us to obtain
N
0= Z/ u- (V.o (v)+o?pv)dx
k=17 %
N - N -
= Z/ —Vu : a(v)+w2pu-de+Zf u-o(v)nds. (3.25)
k=17 %% k=17 0%
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By the direct calculation, we can obtain

N

Z/ u-a(v)ndS:/ u-o(v)ndS
Elol FB

k=1 h

+/}_I{{u}} [leWIT+ [[ull nf{e(v)}} ndS.  (3.26)
h

Substituting (3.11) and (3.26) into (3.25), we have

N
0=Z/ AV -u Vv —2uem) : &(v) + w’pu - vdx
k=1 %

+f wﬁwmm+/umymwm+mmmean.<mm
FB F

h

Adding (3.27) to (3.18) gives

N
Ap(a,v) = Z/ —AV.-uV-.v—2ue() : e(v)+a)2pu-de
k=1 "%

+ [ to@n - [5Tmds+ [ ituln - Totimas
h

Z

+/ 8a(u)n~VdS—|—/ Su-o(v)ndS
]:B ]_-B

h h

+/ af[u]ln - [[v]lndS + / Bllo ]] - [[o(v)]1dS
Fi Fi

h

+ (1 —=3%8)inu-vdS +/ i(Sn_la(u)n -o(v)ndSs. (3.28)
Fp Fp

Therefore, we can directly obtain the first equality of (3.24).
By taking the imaginary part of (3.28), we get the second equality of (3.24).

By the definition of A(, -), 82 <{1- 5)% and repeated applications of the weighted
Cauchy—Schwarz inequality, we can deduce the third inequality of (3.24). O

4 Discretization of the variational problems

In this section, we introduce discretizations of the variational problems described in the last
section.

4.1 Spectral element discretization of the local nonhomogeneous problems

Since 2 is a sufficiently smooth domain and f is smooth on 2}, the solution u,(cl) possesses
high regularity on Q}. Moreover, the fictitious domain Q7 has almost the same size as
the element 2. Thus, the subproblems (3.3) should be discretized by the spectral element
method, so that the resulting approximate solutions have higher accuracies.
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Let g be a positive integer and D be a bounded and connected domain in R?. Let S4(D)
denote the set of polynomials defined on D, whose orders are less than or equal to g. Set
S¢(D) = (Sq(D)).

The discrete variational problems of Eq. (3.3) are: to find u,(clzl € S, (€2f) such that

) e—— H, — ) ——
/ (=2V- u,((zl V Vin =21 8(11]({’})1) ~e(Vip) + wzpu,(c}l “Vien) dx
o '
G} p—
+/ Ly, Vi,h ds “4.1)
aQr

k

:/ f-Vindx, Wi, €S,(Q0) k=1,2,...,N).
Q

*
k

In this paper, we choose the fictitious domain 2 to be a disc for the two-dimensional case
or a sphere for the three-dimensional case (see Remark 2.1 in Hu and Yuan (2018)). Then,
the variational problems (4.1) can be solved easily using the polar coordinate transformation
for the calculation of the involved integrations. We would like to emphasize that the discrete
problems (4.1) are local and independent each other fork = 1, ..., N, so they can be solved
in parallel and the cost is very small.

1 1 !
Define u}l ) e ]_[;]{vzl S, (S2) by “;, )|Qk = u/(<,1)1|9k'

4.2 Basis functions of V, (7},)

In this section, we describe the discretization of the variational problem (3.17). The dis-
cretization is based on a finite-dimensional space V ,(7;) C V(7). We first give the precise
definition of such a space V(7).

Let us consider a time-harmonic elastic plane wave moving in an unit direction d. The
plane wave can be split into two components for two-dimensional case:

v =xp dexp(ixpd - X) + ys e exp(iksd - X) 4.2)
and three components for three-dimensional case:
v =xp dexp(ikpd - x) + ys e exp(ixsd - x) + z5 f exp(iksd - x), 4.3)

where the wavenumbers kp = w/Cp and ks = @/Cs, xp, ys and zg are scalar coefficients,
andd-e = 0,f = e x d. The first component, denoted by vp = xp d exp(ixpd - X), is
called the compressional (P —) wave, and we see that V x vp = 0 and that vp is a solution
of the Navier equation by the definition of the wavenumber xp and the wave speed Cp for
the P-wave.

Similarly, the remaining components of the plane wave solution, called the shear (S—)

wave and givenby vg = yseexp(iksd-x)| +zs f exp(iksd-x) for three-dimensional case |,

are a solution of the Navier equation by the definition of the wavenumber «g and the wave
speed Cs for the S-wave. Moreover, in this case, V - vg = 0.

In a homogeneous medium, the P —wave vp and S—wave vg satisfy the Helmholtz equa-
tions

2 —
{Av” Fepve =04 a. 4.4)

Avg + K§Vs =0.

@ Springer f bMA



A Trefftz-discontinuous Galerkin method... Page 110f29 137

These two component waves propagate independently in the homogeneous medium but
interact on the medium interfaces.

In practice, a suitable family of plane waves, which are solutions of the constant-coefficient
Helmbholtz equations, is generated on €2; by choosing p unit propagation directions d; (I =
1,..., p). As advocated in earlier studies with the Helmholtz equations (Moiola et al. 2011),
the directions d; (I = 1,..., p) of the wave vectors of these wave functions, for two-
dimensional problems, are uniformly distributed by

__(cos2n(l —-1)/p) B
o= (Sin(2n(l - 1)/p)> =1...p),

and for three-dimensional problems, are generated by the optimal spherical codes from Sloane
(2000). We then define two sets of complex plane wave basis functions by setting

s =1,...,p), 4.5)

le = d; exp(ikpd; - X)
v; = e exp(iksd; - X)

for two-dimensional case, and three sets of complex plane wave basis functions by setting

VIP =d; exp(ixpd; - X)
Vil =e exp(iksd;-x) (I=1,...,p), (4.6)

Vil = f; exp(ixsd; - x)

for three-dimensional case.
Let Q; (t = 2p for two-dimensional case and ¢ = 3 p for three-dimensional case) denote
the space spanned by the ¢ plane wave functions. Define the finite-element space

V,(Th) = {v e (H'(Q)?: v|g € O, forany K € Th} 4.7)

It is easy to see that the above space has N x ¢ basis functions, which are defined by

P
v, (%), X €&,

0 x e, satistying j £k (k=1,....N;l=1,....p), (48)

Vi) :{

and

Vi (x), X €,

0, x€Q; satisfying j # k (k=1,....,N;Il=1,....,p) (49

v,f’l(x) = {
for two-dimensional case, and by v,f ; defined in Eq. (4.8) and V,f’ ; defined in Eq. (4.10) for
three-dimensional case, where

Vf[(x), X € 4,

C . k=1,...,N; s=1,2;1l=1,...,p).
0, x € Q; satisfying j #k ( s p)

Visa () = {
(4.10)

For simplicity of claim in the section of error analysis, we decompose the finite-element
space V,(7;,) into two components by

V,(Ti) = VS(T) + V0 (), @.11)

where the space V[S, (7p) is spanned by plane wave basis functions V,f ; for two-dimensional
case or v,f’ 5., for three-dimensional case, and the space V; (7) is spanned by plane wave
basis functions v,f /-
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We can now define an approximation u,(lz) of u® by

p p
2 2 .
u}l )|Qk = u,(cgl = Zxk,gv,f, + Zyk,gv,f’l = u,ih + u,f,h 4.12)
=1 =1

for two-dimensional case, and

P P
2 2 P . P
“2 o, = “1(<;)1 = E Xi Vi + E (Yk,lvlf,l,z + Zk,lV/f,z,l) =y +“1§,h (4.13)

=1 =1

for three-dimensional case.
P P _ P S S| _ 8 2 _ P N
Define w; by u, lo, =u ,, uy by ujlg, =up, andu,” =u, +uj.

5 Error estimates of the elastic PWDG-LSFE method

In this section, we derive the error estimates of the approximate solutions uy, defined in the
previous section. We mention that the proofs of error estimates of the approximate solutions
generated by the proposed method are a translation to the elastic wave case of techniques
already used for acoustic and electromagnetic waves (see Hu and Yuan 2018). Besides, we
directly use the sharp approximation estimate (see Lemma 5.3) of homogeneous elastic wave
equations by plane wave basis functions, which was first introduced by Moiola in (Moiola
2013, Theorem 3.2). Moreover, we underline that the proof of Lemma 5.5 is based on the
technique of Theorem 3.13 from [25].
Assume a domain D C . Let || - ||s,0, p be the o—weighted Sobolev norm defined by

S
2 2(s—7j 2
I, p =Y &Pl
j=0

In the rest of this paper, we always use C to denote a generic positive constant independent
of h, p and w, but its value might change at different occurrence. Moreover, we assume that
each Q7 is a disc or a sphere, whose radius and center are denoted by r¢ and Ok, respectively.

5.1 Error estimate of the local spectral element approximations

In this section, we derive the error estimates of the approximate solutions uzl) based on the
framework introduced in Hu and Yuan (2018).
We first give a stability result of u,((l) for each k.

Lemma 5.1 Assume that co < hw < Cyandf € Hr’l(QZ) with an integer r > 1. Let u,(cl)

denote the solution of the nonhomogeneous local equation (3.2). Then, u,((]) e H +1(QZ)
and

r—1

1 —1—
g < CY 0 I lgp 5.1)
=0

Proof Define the scaling transformation X = Fi(x) = r;_ ! (x — Op) + Oy. Under the coor-
dinate transformation X = Fy(x), set u,((l)(x) = u,(cl)(kal(f()) = ﬁ,(cl)(f(). Besides, Q2 is
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rrAlapped to a disc (2d case) or a sphere (3d case) with the radius one, which is denoted by
Dy. Set & = ryw. Then, the equation (3.2) becomes

(5.2)

wAG" + 0.+ WV -a) +o2oa) =2 in Dy
T<“k>(u“)) ina =0 on 9D.

By the smoothness assumption of f, @& = O(1) and the existing regularity results (see, for
example, Theorem 2 in Cummings and Feng (2006) and Lemma 3.3 in Du and Wu (2015)),
we know that u(l) € H't1(Dy) and

10,71, 5, < CZ o 2, g, - (5.3)

Now we use the integral transformation X = Fj(x) to (5.3), and get the desired results. O

Remark 5.1 We point out that it is unclear whether the assumption wh > c¢q is indeed nec-
essary for the estimate (5.1). Besides, at least in the case with nonsingular solutions, for the
plane wave method and the spectral element method for the considered equations, increasing
the number p of basis functions on every element is more efficient than decreasing the mesh
size h to get approximate solutions with high accuracy. From the viewpoint of the numerical
results for the case of smooth solutions, we can simply choose i ~ i Thus, the assumption
wh > co is not a limit in applications with smooth solutions. In future work, we will give
detailed numerical analysis of our method for the case of non-smooth analytic solution.

The following result gives estimates of the local spectral element approximations u](clzl
(k=1,...,N).

Lemma5.2 Letqg > 2and?2 <r + 1 < g + 1. Under the assumptions in Lemma 5.1, we
have for each S

r+l—j
1 1 1 .
llug” = w0 < C(q) e (= 0,1,2). (54

Proof We use the same notations with that in the proof of the above Lemma. Under the
scaling transformation X = F (X), the variational problems (3.3) and (3.3) become

/A (—Av-ﬁ,ﬁ“v.vk—2Ms(ﬁ,ﬁ“)-e(vk)+&),%pﬁ,i”.W)dfwr/ ifag Ve ds
Dy aDk
=[ rif - vedk,  Yvg e H'(Dp) (k=1,2,...,N),
Dy
(5.5)

and

/A (—xv-ﬁ,ﬁf,lv-vk—2ue(ﬁ,§f;l).e(vk)+cb,%pﬁ,ﬁf}1-W)dfw/ ina) v ds
Dy 9Dy
:ﬁ r2f - Vid%,  Vvp € Sg(Dp) (k=1,2,...,N),
Dy

(5.6)
respectively. We first derive an error estimate of i, ﬁili based on the framework introduced

in Feng and Wu (2011). Let Pq : Hl(Dk) - 8 (ﬁk) denote the orthogonal projector
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associated with the complex inner product
[ (—kV~€'V~w—2us(€')-s(w))di+/A inv-wds, v,weH (D).
Dy, dDy

Then, f’qﬁ,(cl) satisfies

fb"<_kv‘(f) 0, Vow =2 e(b, ﬁil)%W)d&JrfaD i (P,a) - wds
=Jp, (= AV “/EI)V w—2ue@") - e(w)) dx (5.7)
+ fyp, i 001 WS, Yw e S, (Dy).

By the approximatior} of the spectral element method (see, for example, Guo (2007)), there
is function ¥, € S, (Dy) such that

A (1 ~ —(r+1—j), a1
18—l 5, < Ca~ 1)

D = (j=0,1,2). (5.8)

r+l,ﬁk

Then, by the standard technique (Zhu and Wu 2013, Sec 3.3), we can show that
N (1 _ —iyall

186" — a1, 5 < 119 — 0711, 5 < Cq~ Tl

i, G=0.1). (59)

Seté =Pyl —a" and ¢ = a}') — P, i Combining (5.6) with (5.7), we know that the

function § € S, (Dk) is the solution of the following variational problem (see Feng and Wu
2011)

l[(—AVIV~w—2ud0fww+@ﬁciﬂdﬁ+/AHN-WdS
Dr oD (5.10)

=— / Pk - VkdX,  ¥vi € Sq(Dy).
Dy
Thus, by the stability result given in Theorem 2 of Cummings and Feng (2006), we have

1211, 5, < ClIElly 5,
This, together with (5.9), leads to

—r—1 1
1211y 5, < Ca™ 61, 4y 5,

Notice that
ﬁ](cl) A(l) (A(l) P ﬁ(l)) + (P A(l) ﬁ]((li)l)
Using (5.9) again, we further get
N N . (1 .
|| a1 (1)||jb <Cq (r+1- J)|u()|r+1’ék (] :0,1) (51])
Making the integral transformation X = Fy(x) to (5.11), we can deduce that
llug” —ul)llj.0r < CH g0 =D, ge (=0, 1), (5.12)
On the other hand, it follows by (5.8) that
1 i —(r1—j)y (1 .
g = vglljer < CA T gDl o (G =1,2). (5.13)
By the triangle inequality, we have

1 1 1
) —u) o <l = vglogr +1vg — ui) o (5.14)
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Applying the inverse estimate to the second term in the right side of the above inequality
leads to

(€8] —1 (1)
|Vq - uk,h|2,52; < Cqh ||Vq _uk,h”l,QZ

—1 1 1 1
= Cah™" (I = vyllnar + llug” —ui) 11100

Substituting this into (5.14), and using (5.13) and (5.12), yields
1 1 2 —(r+l— 1
g — oo < CHHI 2Dl o
This, together with (5.12), gives the desired result (5.4). O

Combining Lemma 5.1 with Lemma 5.4, using the trace inequality and the definition of
the norm ||| - |||z, and ||| - ||| Fi> We can derive error estimates of the approximation u,(ll)

easily, and we will omit the details and only give the main results.

Theorem5.1 Let g > 2 and 2 < r + 1 < g + 1. Assume that co < ho < Co and
feH ’I(QS). Then, the following error estimates hold

N 2
1 1,2
(ZH“( ) —uﬁ,)n,,gk)
k=1

h 'rfl
<CEMIY T iflle; (1=0,1,2) (5.15)
q =0

and

h ; r—1 L
1 = lig,, e ® = w1z = €72 Y o ifllg;,  (5.16)
' q 1=0
where Q3 (see (Hu~ and Yuan 2018, Sec. 4.1.1) ) is the union of Q and the boundary layer
with the thickness § > 0.

5.2 Error estimate of the plane wave approximations for three-dimensional case

The method of analysis for the electromagnetic PWLS presented in Hu and Yuan (2014b)
applies to the elastic PWDG method with major changes in the derivation of the variational
formulations and the approximation properties of the elastic plane wave basis functions. We
directly use the sharp approximation estimate (see Lemma 5.3) of homogeneous elastic wave
equations by plane wave basis functions, which was first introduced by Moiola in (Moiola
2013, Theorem 3.2).

It is known that under the constitutive relation, Eq. (3.4) can be rewritten as the following
equation:

1 1
u® 4 —vV(vu®) - SV x (Vxu®)=0 in Q. (5.17)
Kb Kg
Letu? = —KI—QV(V -u®) be the compressional part (P — wave) and u’ = K%V x (V xu®)
P

be the shear part (S— wave) of the wave field. Then, we have u® =u’4+u’5inQ, vxul =0
and V - u¥ = 0 in Q. It is easy to verify that u” and u’ satisfy the homogeneous vector
Helmholtz equations

in Q. (5.18)
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Let the mesh triangulation 7 satisfies the definition stated in (Hiptmair et al. 2013, Section
5) and set T = minke7;, Tk, Where Tk is the positive parameter that depends only on the
shape of an element K of 7, introduced in (Moiola et al. 2011, Theorem 3.2). Let  and m
be given positive integers satisfying m > 2r 4+ 1 and m > 2(1 + 2!/7). Let the number p of
plane wave propagation directions be chosen as p = (m + 1)2.
For ease of notation, in the rest of the paper, we set
r—1
Fafr+1) =V u? o0+ IV u®lee+ > o flLe;
=0

5.2.1 The error estimates of the approximations uj, in the mesh-dependent norm
To derive the approximation estimates of u® in the mesh-dependent norm, we need to recall
the following fundamental approximation result [see (Moiola 2013, Theorem 3.2)].

Lemma 5.3 Assume that the analytical solution u'® of the elastic wave problems (3.4)~(3.5)
belongs to H ! (div; Q) H" (curl; Q) (r € N). There exists &, € VF (T,) + V5(Ty)
such that, for1 < j <r+1,

r+l—j
0@ —&,llj-10k < Coﬂ(ﬁ) (Hv @410k + IV X u<2>||r+1,w,1<),
(5.19)

where C is a constant independent of p but dependent on w and h only through the product
wh as an increasing function, and may depend on the shape of the elements K € T, r, A, i
and p.

Now, we can derive the approximation estimates of u‘® in the mesh-dependent norm.

Theorem 5.2 Assume that the analytical solution ' of the elastic wave problems (3.4)-
(3.5) belongs to A+ (div; Q) YA ! (curl; Q) (r € N). There exists &, € V(T +V5(Th)
such that

1

A
110 — &1l < Cw_2<w) (IIV e +1IV X u(2)||r+1,w.sz>,
(5.20)

where C is a constant independent of p but dependent on w and h only through the product
wh as an increasing function, and may depend on the shape of the elements K € T, r, A,
and p.

Proof Let &, € V,(7;) be defined by Lemma 5.3. For ease of notation, set &, = u® —&,.

By the definition of the norm | ’ ’ . ’ ’ | FoWe get

N
leallz =3 [ ol + e} 521
r=1 r

Using the trace inequality, we prove by Lemma 5.3 that

B h 2r—1
f lo(en)) + len)* < Cov 4<W> (HV | [ u(”II?H,w,K)
92,

[}
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Based on the previous lemmas, we can derive the error estimates of the approximations
u,(lz) and uy, in the mesh-dependent norm.

Theorem 5.3 Assume that the analytical solution u of the elastic wave problems (2.1)-(2.2)
belongs to H't1(div; Q) ﬂH"H(curl; Q) (r e Nlandcy < ho < Co. Let g > 2,2 <

r+1 =< min{mTH, qg + 1}, and v, = u;ll) + uf) be the approximation solution of the

PWDG-LSFE. Then, for large p = (m + 1)2, we have

1
H(h\ 2 h.._1
Nu® —uPl15, llu—wlllz §C<w 2<ﬁ) +(;)r 2>f(u,f,r+1),
(5.22)

where C is a constant independent of p but dependent on w and h only through the product
wh as an increasing function, and may depend on the shape of the elements K € T, r, A, i
and p.

Proof The PWDG formulation (3.17) is consistent by construction; thus if u® e H?(Q)
solves (3.4)-(3.5), then it holds that

Ap@® Vi) =y (vi), Vi € Vp(Th). (5.23)
From (3.17) and (5.23), we have
Ap® —u? vy = A —ua® vy, Vv, € Vp(Th). (5.24)
Let &;, be the plane wave approximation defined in Theorem 5.2. It follows by (5.24) that
A ® —u? gy —u?) = A —u® g —u?).
Then, by the direct manipulation, we can deduce that
Ap?® — uilz), u? — ll;lz)) = Ay (u® — uéz), u? —g)
+Ap (u(l) - u,g]), u? — &)+ A (u(l) — u;ll), uf) - u(z)).

Set e}(ll) =ul) - ul(ll) and 8;[2) = u® — &,. By taking the imaginary part of the last

equation and Lemma 3.1, we obtain

2 1 2 2 2 1 2
@ — w2 |1%, < 1Aney e |+ 14 @@ —u? &) + [Ane) uf? —u@))

H Q) 2 DY)
= An(ey” e+ [ An(e”, u® — u?) [ + 1 Au (e, P — u@))|

1 2 2 2 1 2
< e g e g, + e 1z 1@ = w21z, + e 1z 1@ — w2z,
1 2 1 2 2
< Illex Mg e Mg + (e e + ez ) u® — w115, (5.25)
It can be verified directly by (5.25) that
2 \f2+1 1 2
10 — w2117, < = dlle, 7+ el 7z)- (5.26)

Notice thatu® |, = (u—u'V)|q, . By the assumptions and Lemma 5.1, we haveu® |q, €
H' 1 (Qy) foreach k. Combining (5.26) and Theorems 5.1, 5.2, gives the desired result (5.22).
o
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5.2.2 L2 error estimates of the approximations uj,

To prove an error estimate in L?(2) for the PWDG method, we adopt the approach from
Buffa and Monk (2008), Cummings and Feng (2006), Hiptmair et al. (2011), Luostari et al.
(2013). Considering the dual (nonhomogeneous) problem of the Navier equation (2.1) (see
Cummings and Feng 2006)

{uAv+(k+u)V(V-v)+w2pv=1/f in Q

T™W(v) —ipgv=0 on y =3<, (5.27)

where ¥ € L2(R). Let us recall the regularity estimates for the elastic wave problem proved

in Cummings and Feng (2006).

Lemma 5.4 (Cummings and Feng 2006, Theorem 2) Let 2 be a convex polyhedron or smooth
domain. Then the following regularity estimates for v hold:

{ Ve < €U+ o+ 5)I¥llo.e.

5.28
I¥l.g < CO + 0 + )l llo.o. ©:28)

We can prove the following error estimate using duality. We underline that the proof is
based on the technique from (Luostari et al. 2013, Theorem 3.13). For completeness, we give
the detailed proof.

Lemma 5.5 Assuming 2 be a convex polyhedron and covered by a regular and quasi-uniform
mesh, then there exists a constant C > 0 independent of w, h, and w such that for any
w e V(Tp),

3
[Iwllo.e < CoZ|[|W]||£,- (5.29)

Proof Let v satisfy the dual problem (5.27). Integrating by parts, using the definition of the
Trefftz space V(7;,) and the relation o (v) : Vw = Vv : ¢ (W), we obtain

N N
(w,¢)=2/ (—Vw:a(V)—i-w-wsz)dX—i-Zf w0 (V)ndS
k=17 % k=179
N N
:Z/ (—G(W):VV—I—W-wsz)dX-i-Z/ w-o(V)ndS
P k=1 ¥ %%

N N
:Z/ (VoW +o’pow) - ¥)dx+ Y | (W-o(V)n—o(W)n-V)dS
k=1" 8% k=1

Flof}

N
= Z/ (W- 0 (¥)n—o(w)n - v)dS.
k=17 0S%

Recalling the definition of the jumps [[w]] and [[o (W)]] in (3.8) and taking into account the
boundary condition of (5.27), we obtain

Tyjl<j

+Z/ (w.a(v)n—a(w)n-v)ds
Yk

YkEY
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= > /F ” (itwlin - e = [[o/(w)]] - ¥) ds

Lyjil<j

+Z/ (W-inv—o(w)n-v)dS
k

veey V!

-y (a%[[wnn “a o (vV)n — B2 [[o(W)]] -ﬂ’%V> ds

Iy

Ty, l<j
-y / (i(l 82w (1—8) " n3v+482n 2o (w)n - 5—%n%v) ds,
yeey ¥ Ll
where n denotes the unit normal vector pointing from €2; to 2;. By Cauchy—Schwarz inequal-

ity, we have

(w9l < > (llezwlinllo.rylle~ 2o Wnllo.r, + 182 o W lllo.r, 1182 vllo.r,)

ryjl<j
11 _11
+ ) (1A =202 w0 lI(1 = 8) 207 vllo
ey
11 11 1
+182n7 20 (Winllo, 187202 Vllo,,) < llIWlll7, - G2, (5.30)

where G is defined by

_1 2 _L
G= Y (lle”2emnlfgr, + 11872l r,)
Flj,l<j

_1 1 _1 1
+ > (1 =87 2025, + 1157 2n2vIlG ). (5.31)
YkEY

By |I7]lec < Cw and 17 oo < Coo~!, and applying the trace inequality and the regularity

estimates (5.28), we further get the following estimate

G < CY (wllVV]I§ g + @IVl g, + AV WG + 7 le MG o,)
k

< CIIVIR g +hlIvI3 o) < Co® Y13 o (5.32)

Taking (5.32) into (5.30) and choosing ¥ = w, we obtain the estimate (5.29).
Combining Lemma 5.5 with Theorem 5.3, we obtain an error estimate in L2() for our
method. O

Theorem 5.4 Under the assumption of Theorem 5.3 and Lemma 5.5, Letq > 2,2 <r+1 <

min{’";rl ,q + 1}, anday, = uil) + u;lz) be the approximation solution of the PWDG-LSFE.

Then, for large p = (m + 1)2, we have

1

v h\ 2 3 h 1
[la —uplloo < C <w2< > +w2()r2> Fu,f,r+1), (5.33)
q

mr

where C is a constant independent of p, u but dependent on w and h only through the product
wh as an increasing function, and may depend on the shape of the elements K € Tj,, r, A, (L
and p.
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5.3 Error estimate of the plane wave approximations for two-dimensional case

Let the mesh triangulation 7, satisfy the shape regularity and quasi-uniformity, and set
p = 2m + 1, where the p directions {d; = (cos6}, sin@;)}lp= | satisfy the following condition:
there exists ¢ € (0, 1] such that the minimum angle between two different directions is
greater that or equal to 27¢/p.

By the plane wave approximation theory in Hiptmair et al. (2011) and (Moiola 2013,
Theorem 3.2), we can obtain the following approximation.

Lemma 5.6 Assume that the analytical solution u?® of the elastic wave problems (3.4)-(3.5)
belongs to H' 1 (div; Q) YH ! (curl; Q) (r € N). There exists &;, € V,f (7p) + Vi (Tw)
such that, for1 < j <r+1,

log(p) )’“f

0@ — &1l j- 10k < Cw*Zh’“*-f< >

(HV P10k + IV X u<2>||r+1,w,,<>, (5.34)

where C is a constant independent of p but dependent on w and h only through the product
wh as an increasing function, and may depend on the shape of the elements K € T, r, A, i
and p.

Now we get the error estimates for our method, as in the proof of Theorems 5.3 and 5.4.

Theorem5.5 Letg > 2,2 <r+1 < min{”’T“,q + 1}. Assume that c9 < hw < Cy,
f e H'~1(Q) and u € A T (div; Q) A" T (curl; Q) (r € N). Then

2 2)
u® — w17, [llu—u4lllz,

rl
<cC <w2h’% (@) T4 (Z)’%> Fuf.r+1), (5.35)

and
1

rol
[lu —ullpe < C (wéh,%(log(p)> ’
p

1

(Z)’2> Fu,f,r+1). (536)

[T

+w

Remark 5.2 'We mention that all theoretical results are dependent on the assumption wh > cg.
Thus, they do not provide orders of asymptotic convergence with respect to &2 when the
meshwidth 7 becomes much smaller. The 2 —convergence orders described herein are under
the restriction of such assumption & > cp/w.

Remark 5.3 The error estimates given in Theorems 5.3, 5.4 and 5.5 are obtained only for
the case of the number of S—wave basis functions pg equaling the number of P—wave
basis functions p;. Indeed, as already mentioned in Huttunen et al. (2004), to obtain the best
accuracy, the ratio of the number of S— and P —wave basis functions pg/p1 should be about
the ratio of S— and P—wavenumbers kg /xp. Furthermore, we can derive the corresponding
error estimates by proceeding as in Theorems 5.3, 5.4 and 5.5.

Remark 5.4 The error estimates given in Theorems 5.3, 5.4 and 5.5 are also established for
the homogeneous elastic wave equations, where error estimates of the local spectral element
approximations are eliminated.
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6 Numerical experiments

We simply choose constant parameters (¢« = 8 = § = 1/2) to solve time-harmonic elastic
wave problems (2.1), (2.2) in two-dimensional and three-dimensional homogeneous media,
and we report some numerical results to verify the validity of the theoretical results.

A uniform triangulation 7}, is employed for the domain €2 for the examples as follows:
Q2 is divided into small rectangles or cubes of equal meshwidth, where # is the length of the
longest edge of the elements. We choose the number p of basis functions on all elements
{2} to be p = 2m + 1 for two-dimensional case and p = (m + 1)? for three-dimensional
case, where m is a variable positive integer.

To measure the accuracy of the numerical solution uj, we introduce the following relative
numerical error:

u—u 2
= w2 o

[lull 20

for the exact solution u € (L2(2))<.

6.1 Rayleigh waves

Since discretization of the PWDG method in this study uses P— and S—plane waves only,
it is vital to investigate whether the method can resolve surface waves that are not explicitly
contained in the basis for the PWDG. To do this we study Rayleigh waves in the square
domain Q = [0, 1]%. The exact expression for the Rayleigh wave speed Cg is somewhat
complicated; therefore, we use the approximation value from Auld (1973) given by

_ 087+ 1.12vC
R= 1+v s
We denote the Rayleigh wavenumber by kg = w/Ckg.
The x and y components of the displacement fieldu = (u,, u y)T can be written as follows
(see Auld 1973 for details):
2K122

uy = agfe™sY — e~ APV IKRY

iKcr{e™sY IE_L_P(;S —apy) iKRX (6.2)
uy = ikple Y — e e ,
y R K12¢+a§
where
_ 2,2 _ 2,2
ap =,/kp —kp and as = /kp —Kg

Elastic properties of the medium occupying the domain 2 are taken to be those of steel
(E =200 x 10°, v = 0.3, and p = 7800). Hence, S— and P — wave speeds are Cp = 5875
and Cg = 3140, respectively. This gives a ratio Cp/Cs = ks/kp = 1.87. Single-frequency
examples for this first model problem are computed with f = 2z x 10* (z € N), which
corresponds to @ = 4z x 10* and kp = 21.4z. These parameters are not motivated by any
particular application, but the ratio Cp/Cs is typical for a wide range of solid materials.

Table 1 and Fig. 1 show the errors of the numerical solutions in Fj,-norm and relative L>-
norm with respect to p, wheire the direct method is employed to solve the discrete system.

A fairly coarse mesh h = ; when xp = 21.4 is used. We choose the number p of basis

functions from p = 17 to p = 27.
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Table 1 Errors of the approximations with respect to p

p 17 19 21 23 25 27
[lla—wplllF, 7.98e—3 6.93e—3 43le-3 2.21e—3 1.20e—3 5.86e—4
Err. 3.38e—1 2.2le-1 1.19e—1 5.30e—2 2.46e—2 1.27e-2

[Ilu=ulll vslog(p)/p
e, err. vs log(p)/p

PWDG —+— PWDG -
—x—slope =10.7 —x—slope =13.4 o

107°° 10”
log(p)/p log(p)/p

Fig. 1 Left: ||ju — uh|||]:h vs log(p)/p. Right: err. vs log(p)/p

Table 2 Errors of the approximations with respect to 4 when kp = 21.4 and p = 15

h 1 1 1 1 1 1

4 6 8 10 12 14
lu—wlll g, 8.80e—3 4.70e—3 1.50e—3 4.89e—4 1.90e—4 8.13e—5
ert. 4.79e—1 1.14e—1 2.17e-2 5.40e—3 1.70e—3 6.08e—4

Figure 1 shows the plot of |||lu — uy|||F, and err. with respect to , respectively.
It highlights two different regimes for increasing p: (i) a preasymptotic region with slow
convergence, (ii) a region of faster convergence with a linear plot which verifies the validity
of the theoretical results in Theorem 5.5. As stated in Remark 3.14 (see Hiptmair et al. 2011),
the convergence order of the approximations with respect to p turns out to be exponential
since the analytical solution of the problem can be extended analytically outside the domain.

Table 2 and Fig. 2 show the errors of the numerical solutions in Fj-norm and relative
L?-norm with respect to .

We can see from Fig. 2 that it displays a linear plot which verifies the validity of the
theoretical results in Theorem 5.5. Particularly, due to the best approximation error adopted
in the proof of the theoretical estimates, the convergence order of the approximations with
respect to & is not exponential but algebraic.

log(p)
p

6.2 Wave propagation

For the second example, we study elastic wave propagation through a cube Q = [0, 1]>. The
exact solution of the problems is a plane wave consisting both P— and S— waves:

u'™ = aexp(ixpa - X) + bexp(iksa - X) + cexp(iksa - X). (6.3)
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u-u vs h
Il h|||,=h err.vsh

n —+— PWDG —+—PWDG
/ — + —slope = 5.02 — + —slope = 6.23
s
107"
107°
=
s
ff: 5 107
=2
107
107
1075 -2 ‘71 0 10 -2 ‘71 0
10 10 10 10 10 10
h h

Fig. 2 Left : h—convergence in Fj-norm in logarithmic scale. Right: #—convergence in relative L2 —norm
in logarithmic scale

Table 3 Errors of the approximations with respect to p

P 16 25 36 49 64

[l —uplllz, 1.02e+1 1.93 3.40e—1 6.46e—2 1.04e—-2
err. 2.99¢—2 3.67e—3 4.77e—4 7.39e—5 1.17e—05
[4 3.93e—1 2.13e—1 2.05e—1 2.70e—1 2.17e—1

The directions a, b and ¢ are chosen so thata -b = 0 and ¢ = b x a. This example is chosen
because it provides a very simple problem to verify the validity of the theoretical results in
Theorems 5.3, 5.4 and test the accuracy of the elastic PWDG for wave propagation.

The material properties of the medium and the frequency of the wave field f = 0.5z x 10*
(z € N) are the same as those in the first test problem. The direction of the wave in all cases

isa = (L2, L0 LOYT Thig choice does not coincide with any of the directions of the plane

NENIVRINE]
wave basis functions d;. We define the distance 6 between the exact solution direction a and

the closest plane wave propagation direction by

6 = min ||la —djl|>.
I<i<p

The coupling parameter o is given by (2.5).

Table 3 and Fig. 3 show the errors of numerical solution uy, in the Fj,-norm and the relative
L*—norm with respect to m. A fairly coarse mesh & = 41—1 when «p = 5.35 is used.

Similar to the first test, Fig. 3 also highlights that the convergence order of the approxi-
mations generated by the PWDG method with respect to m turns out to be exponential.

Table 4 shows the errors of numerical solution uy; in the Fj-norm and the relative
L*—norm. The results listed in Table 4 indicate that the approximations generated by the
plane wave methods possess high accuracy when the mesh size & decreases.

Figure 4 shows the plots of h-convergence orders of the Fj-norm errors and the rela-
tive L-norm errors, respectively. The plots highlight regions of high-order convergence for
decreasing i for the PWDG method.
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= wl; vsm

err.vsm
102 107 — . . .
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N
u X
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=£ 0 N ~ = -3
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N
=1 > -4
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o’ 10 10”° 10”7 10 10"
m

Fig.3 Left: ||jlu — uh|||]:h vs m. Right: err. vs m

Table 4 Errors of the approximations with respect to 4 when kp = 5.35 and p = 16

1 1 1 1 1 1
h 3 1 5 5 7 3
lllu — wyll 7, 1.78¢+1 1.02e+1 6.36 428 3.04 225
err. 8.49¢—2 2.99¢—2 1.36e—2 7.18¢—3 421e-3 2.64e—3

I|Iu_uhth vsh err.vs h

10° 10
—+— PWDG —+—PWDG
— + —slope =2.17 — + —slope = 3.50
=
U
I:: 10' £ 407
=2
o -3
10 10
10°° 107°° 1077 10°° 10°° 1077
h h

Fig. 4 Left : h—convergence in Fj-norm in logarithmic scale. Right: #—convergence in relative L% —norm
in logarithmic scale

6.3 The two-dimensional nonhomogeneous problem

To illustrate the effectiveness of the proposed approach for general nonhomogeneous prob-
lems, we consider the nonhomogeneous elastic equations whose analytical solution is given
by

Uy = (x cosy, —y sinx)’. (6.4)

In this example, the source term f does not vanish over the entire computational domain
[0, 1]2. The material properties of the medium are chosen as follow. E = 200 x 10,v =
03,p=78, f =2zand w = 4wz (z € N).

@ Springer f bMA



A Trefftz-discontinuous Galerkin method... Page 250f29 137

Table 5 Errors of the approximations with respect to 4 when w = 16wr andg =3, p =9

1 1

1 1
h 1 3 8 10 b
[llu—uplll7, 3.25 6.83e—1 1.40e—1 4.80e—2 241le-2
eIr. 4.60e—2 5.50e—3 1.20e—3 2.44e—4 1.03e—4
|||U_Uh||||:h vsh . err.vsh
10' 10

—+— PWDG —+— PWDG
— + —slope = 5.51 — + —slope =5.29

err.

Fig. 5 Left : h—convergence in relative F;, —norm in logarithmic scale. Right: #—convergence in relative
L*—norm in logarithmic scale

Tqble 6 Errors of approximations m 5 3 4 5

with respect to p

(0 =167, h =1/8) g=2 1.93e—2 2.23e—2 2.38e—2 2.39e—2
=3 1.40e—2 2.70e—3 7.35¢e—4 7.75¢e—4

Table 5 and Fig. 5 show the errors of numerical solution uy, in the Fj,-norm and the relative
L?—norm when & decreases.

Figure 5 highlights regions of high-order convergence for decreasing /# for the PWDG—
LSFE.

We can also fix the mesh size £, but increase both p and ¢. The resulting relative L? errors
of the approximations generated by the PWDG-LSFE method are listed in Table 6.

It can be seen from the above Table that the errors in L? relative norm decrease when ¢
increases for the cases of m = 2, 3, 4, 5, which verifies the validity of the theoretical results
given in Theorem 5.5. Moreover, the optimal value of m is m = 2 (rep. 4) when g = 2 (rep.
g =3).

Besides, the errors in L? relative norm almost stagnate for increasing p. This behavior
is not a surprise: as stated in Hu and Yuan (2018), the L? errors of uy, should be mainly
determined by ||uD — u}ll)llo,g and may decrease slowly when p increases but ¢ is fixed

(unless ¢ also increases), since [u®D — uill) [lo. depends on ¢, instead of p.

Table 7 and Fig. 6 show the the relative L2-norm errors of the approximations with large
wave numbers generated by the PWDG-LSFE.

Table 7 and Fig. 6 indicate that the approximations generated by the PWDG-LSFE have
high accuracy when w increases for the case of the fixed value wh = 2x.
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Table 7 Errors of approximations for the case of wh =27, p =9,9 =3

w 4 127 207 287 36w 447 52w
erT. 3.40e—3 1.00e—3 6.42e—4 2.80e—3 5.60e—4 6.74e—4 8.79%¢-4
Fig.6 Err. vsw %107 Relative Error when o h=2n
3.5 T T T
v
\
\
3F \ 1
' ¥
\ n
25} ! i 4

Relative Error
N

&
!

0.5 . . .
0 50 100 150 200

Table 8 Errors of the approximations with respect to 4 when w = 107, ¢ = 3 and p = 16

o0l—

1 1 1 1 1
h 3 1 5 6 7

err. 1.28e—1 2.28e—2 6.18e—3 2.11e-3 8.49¢e—4 3.86e—4

6.4 The three-dimensional nonhomogeneous problem

In this section, we consider the nonhomogeneous elastic equations whose analytical solution
is given by
Uex = (xZ cosy, —z siny, xy)". 6.5)

The frequency of the wave field f and w are chosen as follows. f = zand w = 27z (z € N).
The other material properties of the medium are the same as those in the third test problem.

Table 8 and Fig. 7 show the relative LZ-norm errors of the approximations when h
decreases.

Figure 7 highlights regions of high-order convergence for decreasing 4 for the PWDG—
LSFE.

We can also fix the mesh size &, but increase both p and ¢. The resulting relative L? errors
of the approximations generated by the PWDG- method are listed in Table 9.

It can be seen from the above Table that the errors in L2 relative norm decrease when ¢
increases for the cases of m = 2, 3, 4, 5, which verifies the validity of the theoretical results
given in Theorem 5.4. Moreover, the optimal value of m is m = 3 (rep. 4) when g = 2 (rep.
g =3).

Table 10 shows the the relative L2-norm errors of the approximations with large wave
numbers generated by the PWDG-LSFE.

Table 10 and Fig. 8 indicate that the approximations generated by the PWDG-LSFE have
high accuracy when w increases for the case of the fixed value wh = 7.
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Fig. 7 h—convergence in relative
L~—norm in logarithmic scale

-1

err.vs h

—+— PWDG
— + —slope =5.89

-0.7

h
Ta.ble 9 Errors of approximations m 2 3 4 5
with respect to p
(w =107, h =1/4) qg=2 6.09e—2 6.34e—2 7.08e—2 7.23e—-2
=3 7.90e—2 2.28e—2 1.52e—2 1.57e-2
Table 1‘0 EFrors of co . . 6 . 107
approximations for the case of
wh=mp=164=2 e, 135e—2  1.08e—2  827e—3  2.06e—3  1.18e—3
Fig.8 Err. vsw Relative Error when ® h=r
0.014 : : : ‘ :
-
0.012f RN
Sx
0.01 N
\
S \
@ o008} \
g \
= N\
© \
0006 %
0.004} AN R
0.002} L
T
0 ‘
5 10 15 20 25 30 35

7 Conclusion

In this paper, combined with local spectral element method, we have extended the PWDG
method to discretize the time-harmonic elastic wave propagation problems, and derived error
estimates of the numerical solutions in two and three dimensions. Numerical results verify
the validity of the theoretical results, and show that the approximate solutions possess high
accuracy.
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