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Abstract

In this paper, we introduce a modified Halpern algorithm for approximating a common
solution of split equality convex minimization problem and split-equality fixed-point problem
for Bregman quasi-nonexpansive mappings in p-uniformly convex and uniformly smooth
Banach spaces. We introduce a generalized step size such that the algorithm does not require
a prior knowledge of the operator norms and prove a strong convergence theorem for the
sequence generated by our algorithm. We give some applications and numerical examples
to show the consistency and accuracy of our algorithm. Our results complement and extend
many other recent results in this direction in literature.

Keywords Split feasibility problem - Minimization problem - Proximal operator - Bregman
quasi-nonexpansive - Split equality problem - Fixed point problem

Mathematics Subject Classification 47H10 - 47J25 - 47N10 - 65J15 - 90C33

1 Introduction

Let E; and E, be Banach spaces and let C and Q be nonempty closed convex subsets of
E| and E», respectively. We denote the dual of E| and E; by E} and Ej, respectively.
Let A: Ey — E» ba a bounded linear operator. The split feasibility problem (SFP) can be
formulated as:
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find x € C suchthat Ax € Q. (1.1)

The notion of SFP was first introduced by Censor and Elfving (1994) in the framework of
Hilbert spaces for modeling inverse problems which arise from phase retrievals and medical
image reconstruction. The SFP has attracted much attention due to its applications in modeling
real-world problems such as inverse problem in signal processing, radiation therapy, data
denoising and data compression (see Ansari and Rehan 2014; Bryne 2002; Censor et al.
2005, 2006; Mewomo and Ogbuisi 2018; Shehu and Mewomo 2016 for details). A very
popular algorithm constructed to solve the SFP in real Hilbert spaces was the following
CQ-algorithm proposed by Bryne (2002). Let x; € C and compute

Xn1 = Po(xy — pA*(I — Pg)Axy), n =1, (1.2)

where A* is the adjoint of A, Pc and Py are the metric projections of C and Q, respectively,
n e (0, %) with A being the spectral radius of the operator A*A. The sequence generated by
(1.2) was shown to converge weakly to a solution of the SFP (1.1).

Schopfer et al. (2008) studied the problem (1.1) in p-uniformly convex real Banach spaces
which are also uniformly smooth and proposed the following algorithm: for x; € Ej, set

X1 = T JF[TF () — AT (Ax, — Po(Axa))], n =1, (1.3)

where IT¢ denotes the Bregman projection from E; onto C and J is the duality mapping.
The algorithm (1.3) generalizes the CQ-algorithm proposed by Bryne (2002). For several
extensions of the CQ-algorithm and work on the SFP, please see Bryne (2004), Qu and Xiu
(2005) and Yang (2004) and the references therein.

Moudafi and Thakur (2014) studied the proximal split minimization problem (PSMP) as
generalization of SFP in real Hilbert spaces. Moudafi and Thakur (2014) considered finding
a solution x* € H of the problem

min { /() + gu (A0}, (1.4)

where f:H; — R U {+o00}, g:Hy — R U {+00} are two proper, convex, lower-
semicontinuous functions and g, (x) = min,ep,{g(u) + ﬁ“u — x||?} stands for the
Moreau—Yosida approximate of the function g with respect to the parameter p.

By the differentiability of Yosida-approximate g, (1.4) canbe formulated as: find x* € H;
such that

0 € pd f(x*) + A*(I — prox,, g)(Ax™), (1.5)

where prox,, g(x) = argmin{g(u) + i lu — x|} is the proximal mapping of g and 3 f (x)
is the subdifferential of f at x defined as

0f(x):={ueH:f(y) = f(x)+ (u,y —x) VyeH).
The inclusion (1.5) in turn yields the following equivalent fixed-point formulation
x* = prox,; (x* — pA*(I — prox; g)(Ax™)). (1.6)
Thus, (1.6) suggests to consider the following split proximal algorithm.
Xt = Prox,, (o — ik A*(I — prox; g) Axp).

Now, let T: H — H be a nonlinear operator, a point x € H is called a fixed point of T if
Tx = x. The set of all fixed points of T is denoted by F(T'). Let Hy, H, be real Hilbert
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spaces, T: Hi — Hi, T»: H» — Hj be two nonlinear operators such that F(77) and F (7>)
are nonempty. The split common fixed point problem (SCFPP) is defined as:

find x € F(T1) suchthat Ax € F(Tp), 1.7

where A: Hy — H; is abounded linear operator. The SCFPP was first studied by Censor and
Segal (2009) in the setting of Hilbert spaces for the case where 77 and 7, are nonexpansive
mappings. They proposed the following algorithm and proved its weak convergence to a
solution of (1.7) under some suitable conditions.

xg € C,
Xnp1 = Tilx, — yA*(I — T2)Ax,],

wherey € (0, %) with A being the spectral radius of the operator A* A. Moudafi (2011) studied
the SCFPP in infinite-dimensional Hilbert spaces. Moudafi (2011) proposed the following
algorithm (1.8) and obtained a weak convergence theorem for finding solution of (1.7) for
quasi-nonexpansive mappings.

X0 € C,
Yn = Xn — )’A*(I — T1)Axp, (1.8)
Xp1 = (I —ap)yn + oy Toyn,

where y € (0, iﬁ) for 8 € (0, 1) and A being the spectral radius of the operator A*A.

Let Hy, H> and H3 be real Hilbert spaces and let C, Q be nonempty, closed and convex
subsets of H; and H, respectively. Let A: Hy — H3, B: Hy — H3 be bounded linear
operators, the split equality fixed point problem (SEFPP) is defined as

find x € F(T;) and y € F(T,) suchthat Ax = By, (1.9)

where T1: Hi — Hj and T>: Hy — H, are nonlinear mappings on Hj and Hj, respec-
tively. The SEFPP allows asymmetric and partial relations between the variables x and y.
It has applications in phase retrievals, decision sciences, medical image reconstruction and
intensity-modulated radiation therapy. If in (1.9), H> = H3 and B = I, the identity mapping,
then SEFPP (1.9) reduces to the SCFPP (1.7). The SEFPP was introduced by Moudafi (2012)
in the framework of Hilbert spaces for firmly nonexpansive operators. To solve this problem,
Moudafi (2012) proposed the following alternating algorithm:

{xn+l = U(xn — ynA*(Ax, — Byy)),

1.10
Vst = T O + yuB*(Axusr — Byn))n > 1, (1.10)

where {y,} is a positive non-decreasing sequence such that y, € (e, min(ﬁ, ﬁ) —€), Aa,
A g stand for the spectral radii of A* A and B* B, respectively, I — T} and I — 7> are demiclosed
at 0. It was established that the iterative scheme (1.10) converges weakly to a solution of
(1.9) in Hilbert spaces.

Motivated by the work of Moudafi (2012), Moudafi and Al-Shemas (2013) studied the
SEFPP (1.9) in the setting of Hilbert spaces and proposed the following simultaneous algo-
rithm:

{xm = U(xp — YuA*(Axy, — Byy)),

1.11
Yn+1 =T (yn + VnB*(Axn — By,), n>1, ( )

where {y,} C (e, ﬁ —€). They proved that the iterative scheme (1.11) converges weakly

to a solution of problem (1.9).
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Ma et al. (2013) also proposed the following algorithm for solving the SEFPP (1.9) in
Hilbert spaces:

X1 € Hi, y1 € Hy,

Xnp1 = (1 —ap)xn + o, U(xy — vy A*(Axy — Byn)), (1.12)
Xnt1 = —a)yn + T (yu + YuB*(Axy — By,)),n > 1,

where {y,} C (e, ﬁ —€), {an} C [a, 1] for some @« > 0 and U: Hi — H; and
T:H, — H, T are firmly quasi-nonexpansive mappings. They proved strong and weak
convergence theorems for the iterative scheme under some mild conditions.

Note that algorithms (1.10)—(1.12) depend on a prior knowledge of the operator norms for
their implementation. To overcome this difficulty, Zhao (2015) introduced a new algorithm
with a way of selecting the stepsize such that its implementation does not require prior
knowledge of the operator norms. In particular, Zhao (2015) proposed the following iterative
method: choose initial guess xo € Hy, yo € Ha,

Up = Xp — ynA*(Axn — Byn),
Xpl = OpUy + (1 - Oln)U(Ltn),
Uy = Yn + YuB*(Ax, — Byy),
Ynt+1 = Bnvn + (1 = Bu) T (un),

where oy € [0, 1], B¢ € [0, 1], and

2||Ax, — Byn |l
Yn € :

(1.13)

0,
IA*(An = Byn)|I> + || B*(Axy — Byw)|1?

n € Q otherwise y, = y (y being any nonnegative value), where the set of indexes Q2 =
{n: Ax,, — By, # 0}.

We note that while there are many literature on solving the SEFPP in Hilbert spaces there
are only few literature on SEFPP in Banach spaces. Our aim in this paper is to study the
SEFPP in the setting of other Banach spaces higher than the Hilbert spaces.

Let £y, E> and E3 be p-uniformly convex and uniformly smooth Banach spaces and let
fE;1 > RU{+4 oo} and g: E3 — R U {+ 0o} be proper, convex and lower semicontinuous
functions. Let Ty: E1 — Ej and T»: E5 — Ej be Bregman quasi-nonexpansive mappings. In
this paper, we consider the following split equality convex minimization problem (SECMP)
and fixed point problem:

find x € F(T1) N Argmin(f), y € F(T>) N Argmin(g) suchthat Ax = By,
(1.14)

where A: E1 — E3 and B: Ey — E3 are bounded linear operators.

It is important to consider the problem of finding a common solution of SECMP and
SEFPP due to its possible applications to mathematical models whose constraints can be
expressed as SECMP and SEFPP. This happens, in particular, in the practical problems such
as in signal processing, network resource allocation, image recovery, see for instance liduka
(2012, 2015) and Maingé (2008b).

We denote the set of solutions of problem (1.14) by 2. We introduce a modified Halpern
iterative algorithm with a generalized stepsize so that the implementation of our algorithm
does not require prior knowledge of the operator norms. We prove a strong convergence result
and give some applications of our result to other nonlinear problems. Finally, we present a
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numerical example to show the efficiency and accuracy of our algorithm. This result also
extends the result of Mewomo et al. (2018) from Hilbert to Banach spaces settings.

2 Preliminaries

In this section, we give some preliminaries, definitions and results which will be needed in
the sequel. We denote by ‘x,—x’ and ‘x, — x’, the weak and the strong convergence of
{x,} to a point x, respectively.

Let E be a real Banach space with the norm | - || and E* be the dual with the norm || - ||.
We denote the value of the functional j € E* atx € E by (x, j).Let ] < g <2 < p with
% + é = 1. The modulus of convexity of E is the function dg (¢): (0, 2] — [0, 1] defined by

55 (€) = inf {1 - H%H Al =yl = Ll =yl = e}.
E is said to be uniformly convex if §g(€) > 0 and p-uniformly convex if there exists a
C, > 0 such that §g(e) > C,eP, for any € € (0,2]. The L, spaces, | < p < oo are
uniformly convex. A uniformly convex Banach space is strictly convex and reflexive. Also,
the modulus of smoothness of E is the function pg: [0, co) — [0, co) defined by

lx + Tyl + llx — 7yl
pE(T) = Sup= > — Lflxll = 1llyl = L.
E is called uniformly smooth if lim,_, o+ p%(f) = 0 and g-uniformly smooth if there exists

Cy > 0 such that pgp(r) < C,te. Every uniformly smooth space Banach is smooth and
reflexive.

A continuous strictly increasing function ¢:RT — RT such that ¢(0) = 0 and
lim;—, 00 ¢(t) = o0 is called a gauge function. Given a gauge function ¢, the mapping
Jf: E — 2F7 defined by

J5 @) = (w* € E*: (o, u*) = o, ™l = ¢ (llxlD)

is called the duality mapping with gauge function ¢. It is known (see Chidume 2009) that
J f (x) is nonempty for any x € E. In the particular case where ¢ () = ¢, the duality map
J = Jy is called the normalized duality map. If ¢ (t) = tP~1 where p > 1, the duality
mapping J(f =J f is called the generalized duality mapping from E to 2E" Let ¢ bea
gauge function and f(r) = fot ¢ (s)ds, then f is a convex function on R,

It is known that when E is uniformly smooth, then J 1175 is norm to norm uniformly con-
tinuous on bounded subsets of E and E is smooth if and only if J]f is single valued (see
Chidume 2009).

If E is p-uniformly convex and uniformly smooth, then E* is g-uniformly smooth and
uniformly convex. This then implies that the duality mapping J pE is one-to-one, single valued
and satisfies JPE = (JqE*)_1 (see, e.g. Chidume 2009; Cioranescu 1990).

Xu and Roach (1991) proved the following inequality for g-uniformly smooth Banach
spaces.

Lemma2.1 Let x,y € E. If E is a q-uniformly smooth Banach space, then there exists a
Cy > 0 such that

Ix = ylI7 < X019 — gy, I () + Cqliyl9.
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Definition 2.2 (Bauschke et al. 2003; Bauschke and Combettes 2011) A function f: E —
R U {400} is said to be

(1) proper if its effective domain D(f) = {x € E: f(x) < +00} is nonempty,
(2) convexif f(Ax + (1 —X)y) < Af(x)+ (1 —21)f(y)forevery A € (0, 1), x,y € D(f),
(3) lower semicontinuous at xo € D(f) if f(xp) < lim,_, y,inf f(x).

Let x € int(dom f), for any y € E, the directional derivative of f at x denoted by £°(x, y)
is defined by

f(x+ly)—f(X)_

; @2.1)

O, y) = lim
t—0t

If the limit at + — O™ in (2.1) exists for each y, then the function f is said to be directionally
differentiable at x.

Let f: E — R U {400} be a proper, convex and lower semicontinuous function and x €
intdom( f). The subdifferential of f at x is the convex set defined by

If) =" € Ef(M = —xx")+f(x) V yeE}
and the Fenchel conjugate of f is the function f*: E* — R U {400} defined by
frO") = sup{(x, y*) — f(x):x € E}.

Given a directionally differentiable function f, the bifunction A y:dom f x int dom f —
[0, 4 oc0) defined by

Ar(y,x) = f) — fx) —(Vf(x), y—x), (2.2)
where (V f(x), y) = f°(x, y) is called the Bregman distance with respect to f. Note that
A¢(y,x) > 0 (see Bauschke et al. 2003). In general, the Bregman distance is not a metric
due to the fact that it is not symmetric. However, it possesses some distance-like properties.
From (2.2), one can show that the following equality called three-point identity is satisfied:
Ar(x, M+Ar(, D) —Ap(x,2) = (x—y, Vf(@)—Vf(y) Vxedom(f),y,z € intdom(f).

In addition, if f(x) = %||x||p, where % + 5 =1, then we have

B o g

Ap(rx) = Ap(0) = = ) —(y—x, Iy )
p p
e L e
P P
G R
p p
Il 1

(y, JE () + (2.3)

The Bregman projection

[cx :=argminA,(x,y), x € E,
yeC

is the unique minimizer of the Bregman distance (see Schopfer 2007). It can be characterized
by the variational inequality:

(JF(x) = JF(Mcx),z —Tex) <0, VzeC.

@ Springer f bMA



A modified Halpern algorithm for approximating a common... Page70f28 77

We associate with f(x) = %Hxllp, the function V,,: E x E* — [0, 4+-00) defined by
1 N R
Vp(x, %) = — x|l — {x, %) + —[I¥]|?, x€E,x€E".
p q
V,(x, x) > 0 follows from Young’s inequality and the following properties are satisfied (see
Kohsaka and Takahashi 2005; Phelps 1993):
Vp(x, %) = Ap(x, JE(¥)) Vx € E.X € E*, (2.4)
Vp(x, %) + (JF (¥) —x.5) < V,(x.i+7) VxeE X jeE" (2.5)

Also, V), is convex in the second variable. Thus, forall z € E

N N
Ay (z, 1F (Z r,-J,f‘x,)) <D Ay ).
i=1 i

A point x* € C is called an asymptotic fixed points of T if C contains a sequence {x,} which
converges weakly to x* such thAat lim,— oo |X, — Tx,|| = 0. The set of asymptotic fixed
points of 7" will be denoted by F(T').

Definition 2.3 (Reich and Sabach 2010b, 2011) A mapping 7: C — E is said to be

(1) nonexpansive if |[Tx — Ty|| < ||lx — y|| foreach x, y € C,

(2) quasi-nonexpansive if F(T) # @ and ||Tx — Ty*|| < ||lx — y*| for each x € C and
y* e F(D),

(3) Bregman nonexpansive if

Ap(Tx,Ty) < Ap(x,y) Vx,yeC,
(4) Bregman quasi-nonexpansive if F(7T') # ¢ and
Ap(Tx,y") < Ap(x,y") VxeC,y" e F(T),
(5) Bregman relative nonexpansive if F(T) # ¢, ﬁ(T) = F(T) and
Ap(Tx,y") < Ap(x,y*) VxeC,y" e F(T),
(6) Bregman firmly nonexpansive if forall x, y € C,
Ap(Tx, Ty) + Ap(Ty, Tx) + Ap(Tx,x) + Ap(Ty,y) < Ap(Tx,y) + Ap(Ty, x).

From these definitions, it is evident that the class of Bregman quasi-nonexpansive contains
the class of Bregman relative nonexpansive, the class of Bregman firmly nonexpansive and
the class of Bregman nonexpansive mapping with F(T') # 0.

Let E be a p-uniformly convex and uniformly smooth real Banach space and f: E —
R U {4 oo} be a proper, convex and lower semicontinuous function. The proximal mapping
associated with f with respect to the Bregman distance is defined as

prox,, p(x) 1= arg znelg {f(u) + %Ap(u, x)}.

Bauschke et al. (2003) explore some important properties of the operator prox,, . We note
from Bauschke et al. (2003) that dom prox,, , C intdom¢ and ran prox, , C dom¢ N

dom f, where ¢ (x) = %Hx |I” and it is convex and Géteaux differentiable. Furthermore, if
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ran prox,, o C int dome, then prox,, » is Bregman firmly nonexpansive and single-valued on
its domain if int dom¢ is strictly convex. The set of fixed points of prox,, ; is indeed the set
of minimizers of f (see Bauschke et al. 2003 for more details). Throughout this paper, we
shall assume that ran prox,, , C int domé.

The following result can be obtained from Jolaoso et al. (2017, Lemma 2.18).

Lemma 2.4 (Jolaoso et al. 2017) Let E be a p-uniformly convex Banach space which is
uniformly smooth. Let f: E — R U {400} be a proper, convex and lower semicontinuous
Jfunction and let prox,, ;1 E — E be the proximal operator associated with f fory > 0, then
the following inequality holds: for all x € E and z € F(prox,, ;), we have

Ap(z. prox,, ;(x)) + A, (prox, ;(x), x) < A, (2. x).
The following results will be needed to establish our main theorem.

Lemma 2.5 (Naraghirad and Yao 2013) Let E be a smooth and uniformly convex real Banach
space. Let {x,} and {y,} be two sequences in E. Then lim,_, oo A, (x,, y») = 0 if and only
iflimy, 00 llxy — yull = 0.

Lemma 2.6 (Xu 2002) Let {a,} be a sequence of nonnegative real numbers satisfying the
following relation:

ap4+1 = (1 - an)an +ay,é,, n=>0,

where {o,} C (0, 1) and {5,,} C R such that ZZOZI o, = oo, and lim sup,_, o, 8, < 0. Then
limy, o a, = 0.

Lemma 2.7 (Maingé 2008a) Let {a,} be sequence of real numbers such that there exists a
subsequence {n;} of {n} with a,;, < an;+1 for all i € N. Then, there exists an increasing
sequence {my} C N such that my — oo and the following properties are satisfied by all
(sufficiently large) numbers k € N:

Ay, = Amy+1 and ap < Amy+1-

In fact, my is the largest number n in the set {1,2, ...k} such that the condition a, < a,yi
holds.

Lemma 2.8 (Xu and Roach 1991) Let ¢ > 1 and r > 0 be two fixed real numbers. Then, a
Banach space E is uniformly convex if and only if there exists a continuous, strictly increasing
and convex function g: R* — R*, g(0) = 0 such that forall x,y € B, and 0 < A < 1,

Ax + (1 =yI? < Alxl? + A =Dy = We)gUlx — v,
where Wy (A) :==A9(1 —A) + A(1 = A)9 and B, :={x € E:|[x| <r}.

3 Main results

In this section, we present a modified Halpern algorithm for solving (1.14) where T and 7>
are Bregman quasi-nonexpansive mappings.

Theorem 3.1 Let E{, E3 and E3 be p-uniformly convex real Banach spaces which are also
uniformly smooth. Let C and Q be nonempty closed, convex subsets of E1 and E, respectively,
A:E; — E3z and B: Ey — E3 be bounded linear operators. Let f: E1 — R U {+o00} and
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g: E» — R U {+o00} be proper, convex and lower semicontinuous functions, Ti: Ey — E|
and Tr: Ey — E» be Bregman quasi-nonexpansive mappings such that Q # (. For fixed
u € Ey and v € E,, choose an initial guess (x1,y1) € E; x Ey and let {a,} C [0, 1].
Assume that the nth iterate (xy,, y,) C E1 X E5 has been constructed; then we compute the
(n + 1)th iterate (Xp41, yn+1) via the iteration:

E*
Up = Prox,, r (Jq ! I:Jfl (xn) — VnA*J;jB(Axn - B)%):I) ,
E*
S = Jg (@5 @)+ (=) [ B ) + (= IS (T ),
E*
Up = Prox,, . (Jq ’ I:JpEz(yn) + ynB*JpE3(Axn - Byn):l) ,

wt = 0 (@) + (1= @) [8a 757 ) + (1 = 8092 (Tawn)] ),

3.1)

forn > 1, {Bu}, {8,} C (0, 1), where A* is the adjoint operator of A. Further, we choose
the stepsize y, such that ifn € I' := {n: Ax, — By, # 0}, then

_ Ax,, — By, ||?
i1 e (o, ; qllAx, — By, ] ) 32)
C,|A* T2 (Ax, — Byn)|l9 + Dy | B*J E3 (Ax, — By,)|l4

where Cy and Dy are constants of smoothness of E| and E», respectively. Otherwise, y, =y
(y being any nonnegative value). Then {x,} and {y,} are bounded.

Proof Let (x,y) € €, using Lemma 2.1, (2.3) and the Bregman firmly nonexpansivity of
prox operators, we have

E*
ApGrun) = A, (x, prox,, ; (Jq 1 [Jfl (%) — YuA*TE (Ax, — By,,)]))

E*
Ap (% Jg T [IE o) = yad* IE Ay = By)])

IA

11?7
= T3 ) + yux, A*T 3 (Axy — Byn))
q
H TE % =y A* T (Axy — Byy)
+
q
X p
< B e s+t AT Ay = B
1, xa 14
pqin — VY {Xn, A*JPE3(Axn — Byy))

C
+ ;qynan*J,fS (Axy — Byn)|?
_lxlp lxa 17
p

C
+ ;"yﬂnA*J? (Axy — Byn)|1?

_<xa]::1xn>+ _Vn<xn_X»A*JPES(Axn_BYn))

= Ap(x, xp) — Yn(Axp, — Ax, J,f:S(Axn — Byn))

C
+ ;"yn" [A* T3 (Axy — By, 3.3)
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Following similar to the argument as in (3.3), we have
Ap (3, 9n) < Ap(y. Yn) + Va(Byn — By, T (Ax, — Byy))
D
+7"y,? 1B* 75 (Axy — By)||4.
(3.4)
Adding (3.3) and (3.4) and noting that Ax = By, we obtain
Ap(xv uy) + Ap()’v )
< Ap(x.xn) + Ap(y. ) = Yu(Axy — Byn, 73 (Ax, — Byy))

C D
+ 7‘%’ IA* T (Axy — Byn)Il? + 7‘%’ 1B*J 23 (Axy — Byl

= A[)(xa Xn) + Ap(y7 Yn) — Vn:”Axn — Bux,||?

qg—1
Vn

(ColA™1F>(Axy = By I + DI B P (Axy = Bya)I) } (3.5)
From the choice of y,, (3.2), we have that

Ap(xaun)+Ap(y,un) = Ap(X,xn)+Ap(van)~ (3.6)
Thus from (3.1) and (3.6), we get

Ap(xyxn+l)+Ap()77 Yn+1)
_ EY Ey E, Ey
= 8 (0 dy T (et Fruct (= @) [ Bad Frun + (1= B2 (Tiatn)

+ 8 (v, 9 @I+ (L= )80 o + (1 = 80) T2 (o))

< apAp(x,u) + (1 —0)Budp(x, un) + (1 — an)(1 = Bu)Ap(x, Truy)
+onAp(y,v) + (1 —an)dnAp(y, vp) + (1 —an)(1 = 8,)Ap(y, Tavp)

<anAp(x,u) + (1 — o) Budp(x, un) + (1 — ) (1 = B) Ap(x, un) + anAp(y, v)
+ (1= an)8uAp(y, vn) + (I — ) (1 = 8)Ap(y, vn)

= an[Ap(x,u) + Ap(y, V)] + (I — ) [Ap(x, un) + Ap(y, va)l

SoplAp(x,u) + Ap(y, )]+ (1 — ) [Ap(x, xp) + Ap(y, yu)

< max{(A,(x,u) + Ap(y,v)), (Ap(x, xn) + Ap(y, yu))}

< max l(Ap(x’ u) + Ap(ya v)), (Ap(x, x0) + Ap(y, yO))}-

Thus, the last inequality implies that {x,} and {y,} are bounded. Consequently, {u,}, {v,},
{T\u,} and {T»v,} are bounded. m]

Theorem 3.2 Let E|, E; and E3 be p-uniformly convex real Banach spaces which are also
uniformly smooth. Let C and Q be nonempty closed, convex subsets of E1 and E,, respectively,
A:Ey — E3and B: E; — E3 be bounded linear operators. Let f: E1 — R U {+o00} and
g: E2 — RU{+00} be proper, convex and lower semicontinuous functions, T1: E1 — E1and
T»: Ey — E3 be Bregman quasi-nonexpansive mappings such that F(T;) = ﬁ(]}), i=1,2
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and Q # (. For fixedu € E| and v € Ey, choose an initial guess (x1, y1) € E1 x E> and
let {a,} C [0, 1]. Suppose ({x,}, {yn}) is generated by algorithm (3.1) and the following
conditions are satisfied:

(1) lim, ooy =0, and Y ;2> 5o = 00,
(i) 0 <a <liminf, o B, <limsup,_, o, Bn < I,
(iii) 0 < b <liminf, 8, <limsup,_, ., 6, < 1.

Then the sequence {(x,, y,)} converges strongly to (x*, y*) = (Ilqu, [qv).
Proof Let (x,y) € Q. Then from (2.4) and (2.5), we have
E*
Ap e xnst) = Ap (% Iy @ d it (1= ) Bud i + (1= B IE (i) )

= V(% and frut (1= ) [Bad flatn + (1= B I Ty )

IA

Vi (. andEru+ (= @) flun + (1= B I P (Tian)]

—otn(Jf'u — Jf'x)) +ozn(JpE‘u — Jf'x,x,,H —X)

Vo (v andErx + (U= ) [ B fln + (1= BT E T, | )
—I—otn(Jf‘u — JpElx,x,,H —X)
- Ap(x, 1 (a,,Jf'x +(1—ap) [ﬂ,,Jfl 4+ (1= B)JE T1un]) )
—i—an(Jf‘u — Jf‘x,x,H_l —X)
S apAp(x,x) + (1 —an)BnAp(x,up) + (1 —an)(1 — Bp)Ap(x, Tiuy)
o — T x, xpg1 — x)
< (A =an)BnBplx,up) + (1 —an) (L = Bp)Ap(x, up)
+an(Jf‘u — Jf]x,an —X)
= (1= a)Ap(x, un) + (I — T x, Xp g1 — x). (3.7)
Similarly for A, (y, y4+1), we obtain
Ap(y,yns1) < (0= @) Ap(y, va) + o (I 20 = T52y, yug1 — y). (38)
Thus, from (3.5), (3.7) and (3.8), we obtain that
Ap(x, Xp11) + Ap(y, Ynt1)
< (=) (Ap@.un) + Ap(y,vn)) + () = J71x, gy = x)
{20 = Iy a1 = V) (3.9)

= =a)(Ap(x,xn) + Ap(y, yu)) — vul = Otn){llen — Bx,||”

g—1
Vi
=T (€A™ Ay = By + Dyl B*J P (Axy — Byn)n‘f)}
Fon(Jfu— TP x X = x) + (20— T2y, a1 — y). (3.10)
To this end, let T, = Ap(x, x,) + Ap(y, yu) and 7, = an(J;,E‘u — Jf‘x,an —x) +
0{,,(]521) — J,‘,Ezy, Yn+1 — ). We consider the following cases:
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Case 1 Suppose 3 ng € N such that {I",;} is monotonically non-increasing for all n > ny.
Since I', is bounded it implies that {I",} converges and

Fpy1— T, — 0, as n— oo.
Set
Ky = Cyl|A*J P> (Axy — By)|? + Dyl B*J 23 (Axy — Byn)||?,

it follows from (3.10) that

q—1
Vn

Yol —ay) (”Axn - BYn”p - Kn) <{U—-a)ly —Tyy1 +ayt, — 0, (3.11)

as n — 00. By the choice of the stepsize (3.2), there exists a very small € > 0 such that

_ P
0 < )’r?_l < ql|Ax, — Byul| e
Kﬂ

)

which means that

-1
)/;f Ky EQHAxn_B)’n”p_eKn,

and hence
ek q-1
2 < ||Axy — Byall? — v K, — 0, as n — oo.
Hence
lim K, = lim (cq||A*Jf3 (Axp — Byn)Il? + Dyl B* 1 (Ax, — By,,)||‘1) =0.
n—0o0 n—o00

This implies that
lim [|A*J53(Ax, — By)|? = lim [[B*J}3(Ax, — Byn)||? =0. (3.12)
n—oo n—00

Also from (3.11), we have

lim [|Axy — Byu||” = 0. (3.13)
n—00

E¥ E*
Letw, = Jy ' Budp tn + (1 — B) IS Tiun) and z, = Jo 2 (8 d £ 200 + (1 = 8,)J 22 Tovy).
Using Lemma 2.8, we have

Ap(xa wy) = Ap(x7 Jqu (lganE]un + (1= IBn)JpE] Tiuy))

1

PGS Jiun) = (1= Ba)(x, J ) Thuy)
1

+ gnﬂnffl wn + (1= B) Ty Thuy ||

1 1
< ﬁn;nxn" + (- ﬂn);HxII” = Bulx, T un) — (1= Bu)(x, T Thuy)
(1- By
q

1
+;ﬁnllunll” + I Tyun |l

W, (Bn
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Wy (Bn)

= BB p(x, un) + (1 = B)Ap(x, Tiun) — Tg(qulun — JPN(Tiu) )
< Ao un) — @gw}f‘un — JE T ). (3.14)
Similarly, we have
Ap(y,zn) < Ap(y, vn) — Mg(ﬂffm — I (Tyw)D. (3.15)
By adding (3.14) and (3.15), we have
Ap(x,wn) + Ap(y,zn) < Ap(x,un) + Ap(y, va) — %ﬂ")guuflun — JP (Tl
— wguu,?vn — I (T
< Ap(x, X))+ Ap(y, ya) — Mg(nf,flun — I (Tiug) )
- Wguu,?vn — J 2 (Do) ). (3.16)

Observe that

E*
Ap(x, xnt1) + Ap(ys yug1) = Ap(x, Iy an Y u+ (1= o) J Frwy))
E*
+ Ay, Ty Han TP+ (1= an) T 220))
<oy (Apx,u) + Ap(y,v))
+ 1 —ay) (Ap(xv wn) + Ap(y, Zn)) ,

therefore, from (3.16), we get
Ap(x, Xpg1) + Ap(y, Yug1) < o (Ap(x,u) + Ap(y, v))
+ (1= ) (Ap 06, 20) + Ap (v, 30)

W, (B
_ #guwﬂ un = Jy" (T )

W, (6,
- Lg(HJ,va,, — Jf?(Tzvn)n)).

This implies that

W, (Ba Wiy (8
(1= ap) (%g(ﬂfﬁl wn — J 2 (Tiuy)|D) + #g(u@?vﬂ - J£2<Tzvn>||))

<oy (Ap(x, u) + Ap(y, U)) +—ay (Ap(xﬁfn)
+A,0, )’n)) - (Ap(-xs Xnt1) + Ap(y, yn-H))

=Ty —Tpp1 + an(Ap(xv u) + Ap(ya v)) —o, Iy — 0, as n — oo. (3.17)
Hence
. Wy (Bn) Wy (8n)
lim (Mg(nfflun — TP (T ) + —="=g (17 > v, — 152<T2vn>||>> =0.
n—o0 q q
(3.18)
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Thus, we obtain
lim (17 wy = Ty (Tiw) ) = lim g (17,20, = T2 (Tava)|)) = 0.
n—o0 n—oo
By the continuity of g, we have
m (| J 7w, — P (T | = lim [T 20, — J 22 (Tav)|| = 0.
n— 00 n—0o0
Also, since JqE "and JqE 2 are uniformly continuous on bounded subsets of E| and E, respec-
tively, then
lim ||Th\u, — uy|| = lim ||[Tov, —v,|] =0. (3.19)
n—o0 n—0o0
Furthermore,
15wy = T unll = (1= BNy Thwn = T g || — 0, as n— oo,
and
15220 = J72vall = (1 = 81T 22 Tavy — J2un|| — 0, as n — oc.
This implies that
lim ||w, —u,|| = lim ||z, — v,|| = 0. (3.20)
n—oo n—oo
Also

E*
ApContt, wa) = Ap(Jg (anJ S u 4 (1= an) Ty wn), wn)

<o Ap(u, wy) + (I —ap)Ap(wy, wy) — 0 as n— 00,
therefore, by Lemma 2.5, we have
lim |[x,41 — wy|| =0. (3.21)
n—oQ
Similarly

E*
Ap(yn+ls ) = Ap(Jq 2(aanEzv +d _an)JpEzZn)» Zn)
anAp(v,z20) + (1 —ap)Ap(zn, 20) > 0 as n— oo,

A

and

lim ||y,+1 — zall = 0.
n—00

Now, lets, = J, ' (JE x, =y, A*TF (Axy — By,)) and t,, = Jy > (JF2 yu+ v B* I E (A, —
Byy)). Note that from (3.3) and (3.4), we have

Ap(x’ sp) + Ap(ys th) < Ap(xa Xp) + Ap(ys Yn)-

Using Lemma 2.4, we obtain

Ap(x,un) + Ap(y, vn) = Ap(x, prox,, ¢sn) + Ap(y, prox,, )
=< Ap(x7 Sn) — Ap(proxynfsm sn)+Ap(y7 tn)_Ap(prOXyngtm tn).
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Hence from (3.10), we have

Ap(prox,, ¢sn, Sn) + Ap(proxy”gtn, 1)

< Ap(x,sn) + Ap(y, ta) = (Ap(x, up) + Ap(y, vn))

< Ap(x, xn) + Ap(y, yn) = (Ap(x, un) + Ap(y, va))

S Ap(x, xn) + Ap(y, yn) — (Ap(x, Xnt1) + Ap(Ys Yu+1))
Fan (U= JF %, a1 = x) + (020 = T2y, yag1 — ¥)

=T, — Ty —l—otn((Jf‘u - JpE‘x,an —x)
+ (J;,Ezv — szy, Yat1 — ) — 0, as n — oo.

Hence

nll>nolo Ap(prox,, ¢8p, sp) = nli)ngo Ap(prox,, iy, ta) = 0.

Thus by Lemma 2.5, we get

nlglgo ||Pf0XynfSn —sull = nlggo ||pr0Xy,,gfn — || =0. (3.22)
Since E; and E; are uniformly smooth, then J ,1,5 "and J f 2 are uniformly continuous on
bounded subsets of E and E», respectively. Therefore

: E E _ 1 Ey, _ JE —

o 1955 = Il =l 1972 = Il =0

It follows from the definition of s, that
0 < (15 s — J 5 xall

Yl A* 111753 (Axy — Byn)|

IA

YullA*|[1|Ax, — Byn||P™' — 0, as n — oo.

Hence
lim |5, — x,|| = 0.
n—oo
Similarly, we can show that
lim ||, — yl| = 0. (3.23)
n—0
It follows therefore from (3.22) that
tim_ [l = x2l| = Tim_ (1l = sall + 132 = %al]) =0, (3.24)
n—oo n—o00
and
tim_[1v, = yull = lim (Ilvn = tall + llta = yall) = 0. (3.25)
n—o0 n—0o0

Hence, by combining (3.20), (3.21) and (3.24), we get
fim (et = %all < Him (Isn = wall 4 s = teal| 4 it = %a1]) = 0. (3.26)
n—oo n—oo

Similarly, we obtain

tim (1yaet = vall = Him (Iwsr = 2all + 1120 = val | 4+ 100 = 3al[) = 0. (327)
n—oo n—oo
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Since E|, E, are uniformly convex and uniformly smooth and {(x,, y,)} is bounded, there
exists a subsequence {(xp;, yn;)} of {(x4, y,)} such that (x,,, y,,) = (X,y) € E{ x E.
Also from (3.24) and (3.25), we obtain that {(u,,, v,;)} — (X, y). Since I:"(Ti) = F(T;), for
i = 1,2, it follows from (3.19) that x € F(T}) and y € F(T»). Furthermore, we show that
X € Argmin(f) and y € Argmin(g). Since s,;, — x,;, — 0,asi — oo, it follows from (3.22)
that x = prox,, ¢ (x), hence x is a fixed point of the proximal operator of f, or equivalently,
0 € 3 f(x). Thus, x € Argmin(f). Similarly, we obtain that y € Argmin(g).

Now, since A: E;y — E3 and B: E; — E3 are bounded linear operators, we have
Axy;—AX and By,,— BYy. By the weak lower semicontinuity of the norm and (3.13), we
have

||AX — By|| < liminf ||Ax,, — By,,|| = 0.
11— 00

Hence, Ax = By. This implies that (x, y) € .
Next, we show that {(x,, y,)} converges strongly to (x*, y*) = (Ilqu, [Tqv). From
(3.10), we have
Ap(xy Xn+1) + Ap(ys Yn+1) < (1 = Oln)(Ap(xv Xn) + Ap()’» yn))
Fan () u = J 5%, Xg1 — x)
+ (T2 = T2y, Ya1 — D)) (3.28)
Choose subsequences {x;, } of {x,} and {y,;} of {y,} such that

limsup(]pElu — JI)EIX*,X;/H_] —x*) = lim (JpElu — J,f‘x*,xniﬂ —x"),
n—00 — 0
and
. E E . E E
limsup(J,2v — J,2y", yap1 — ¥*) = lim (J,20 = J 29",y 1 — ¥7).
n—00 1—> 00

Since (xy;, yn;)— (X, ¥) and from (3.26) and (3.27), we get

limsup(JE u — JE x* xpp — x*) = lim (JE'u — JE X% x, 11 — x¥)
p P isoo P P !
n—oo

(JPu— T x*, % —x*) <0, (3.29)
and

ligsogpufzw) =IO yn =y = lm (720 = T2 g = 5
= (JPv =Ty 5 -y 0. (330)
Hence, from (3.28), (3.29), (3.30) and using Lemma 2.6, we get that
Jim (A G, x¥) + Ap (3. 7)) = 0.
This therefore implies that (x,, y,) — (x*, y*) = (Ilqu, [qv).

Case 2 Suppose I';, is not eventually monotonically decreasing. Then by Lemma 2.7, there
exists a nondecreasing sequence {my} C N such that m; — oo and

0<Ty, <Tp41 forall keN.

Following similar argument as in case 1, we obtain ||x,,, — ttm, | = 0, | Yn, — Ul = O,
T1tm, — umll = 0and | T2vm, — Vm, |l — 0 ask — oo.
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Also
lim sup(J 7 u — TP x*, 41 — x*) < 0. (3.31)
k—o00
and
lim sup(J f2v — T2 9%, yp1 — y*) < 0. (3.32)
k—o00

From (3.10), we obtain

Ap(x*»xmk+]) + Ap(y*s )’mk+]) <{- Olmk)(Ap(x*,ka) + Ap(y*, ymk))
+ anlk«-],fjlu - Jflx*vxmk-f-l —x")
+ (I = TPy, Y — ¥ (3.33)
Since 0 < T',, < I'yy; 41, then from (3.33), we have
0 = ka+1 - rmk
<1- amk)(Ap(x*7 xmk) + Ap(y*: ymk))
e (T 5w = T, Xt = X%) 4 (T 20 = T229%, i — %))
_(Ap(x*vxmk)+Ap(y*symk))- (3.34)

Hence
Ap(X*’ xmk) + Ap(y*, ymk) =< <J]§1u - J]fjlx*, Xmp+1 — x*)
HI20 = T2 Y%, Yt — ¥5).
Therefore from (3.31) and (3.32), we obtain

lim (A, (™, X)) + Ap(y™, ym)) = 0.
k— o0

This implies that
Jim (A, (2%, x0) + Ap (3%, y) = 0.

Hence {(x,, y,)} converges strongly to (x*, y*) = (Ilqu, [1qv). In both cases, we obtain
that (x,, y,) — (x*, y*). This completes the proof. O

We now give the following direct consequences of our main result.

(i) Taking T7 and 75 to be Bregman firmly nonexpansive mappings on E; and E», respec-
tively. Note that the class of Bregman firmly nonexpansive mappings satisfies the property
F(T) = F(T) (see Lemma 15.6 in Reich and Sabach 2011, page 308). Then, we have
the following results:

Corollary 3.3 Let E1, E; and E3 be p-uniformly convex real Banach spaces which are also
uniformly smooth. Let C and Q be nonempty closed, convex subsets of E| and E», respectively,
A:E1 — E3zand B: Ey — E3 be bounded linear operators. Let f: E1 — R U {+o00} and
g: E» — R U {+o00} be proper, convex and lower semicontinuous functions, Ti: Ey — E|
and Tr: Ey — E3 be Bregman firmly nonexpansive mappings such that Q # (. For fixed
u € Ey and v € E,, choose an initial guess (x1,y1) € E; x Ey and let {a,} C [0, 1].
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Suppose ({x,}, {yn}) is generated by the following algorithm: for a fixed (u, v) € E1 X E»,
un = prox,, ; (g7 [751 o) = yad I (Ax, — Byw)] ).

St = Jq (500 + (=) [Ba 5 ) + (1 = B (T | ).

v = prox,, o (47 152 ) + B TP (A — By

yet = I (@) + (1= @) [8. 757 @) + (1 = 8072 (Town)] ),

forn > 1, {B,}, {8,} C (0, 1), where A* is the adjoint operator of A. Further, we choose
the stepsize y, such that ifn € I' := {n: Ax, — By, # 0}, then

q—1
Vn

. (0 qllAx, — By, |l? )
CyllA*J 7 (Axy — By)Il9 + Dyl B*J;° (Ax, — Byn)|l4

Otherwise, v, = y (y being any nonnegative value). Assume that the following conditions
are satisfied:

(1) limy ooy =0, and Y2 5 oy = 00,
(ii)) 0 < a <liminf,_, B, <limsup,_, ., Bn < 1,
(iii) 0 < b <liminf, 8, <limsup,_, ., 6, < 1.

Then the sequence {(x,, y,)} converges strongly to (x*, y*) = (Ilqu, Mqv).

(ii) Taking f = ic and g = ip, i.e., the indicator functions on C and Q, respectively. The
the proximal operators prox,, , = Il¢ and prox, , = I1g (see Bauschke et al. 2003).
Hence, we have the following result.

Corollary 3.4 Let E|, E; and E3 be p-uniformly convex real Banach spaces which are also
uniformly smooth. Let C and Q be nonempty closed, convex subsets of E1 and E, respectively,
A:E| — Ezand B: E; — E3 be bounded linear operators. Let T1: Ey — Eyand Tr: Ey —
Ey be Bregman quasi-nonexpansive mappings such that F(T1) # @ and F(Ty) # 0. For
fixedu € E1 and v € E3, choose an initial guess (x1, y1) € E1 X Ey and let {a,,} C [0, 1].
Suppose ({x,,}, {yn}) is generated by the following algorithm: for a fixed (u, v) € E1 x E3,

E*
wn=Jg " (I51 ) = ya AT (A, = By )
E*
St = g (e d @)+ (1= ) [ B ) + (1= B I (T | ),

E*
v = Iy (9520w + 7B I3 (Ax = Byn))

E*
w1 = Jg (@2 @) + (= @) [82052 ) + (1 = 8 I3 (o) ] )

forn > 1, {B,}, {8,} C (0, 1), where A* is the adjoint operator of A. Further, we choose
the stepsize y, such that ifn € T := {n: Ax, — By, # 0}, then

i1 (0 qllAx, — By,||? )
n ’ .
CyllA*J 37 (Axy — By)Il9 + Dyl B*J,° (Axy — Byn)|l4
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Otherwise, v, = y (y being any nonnegative value). Assume that the following conditions
are satisfied:
(i) lim, o0y =0, and Y no oy = 00,

(i) 0 <a <liminf, .o B, <limsup,_, o, Bn < 1L,

(iii) 0 < b <liminf, 8, <limsup,_, ., 6, < L.

Then the sequence {(x,, yn)} converges strongly to (x*, y*) = (I1p(rju, I p (1) v).

(iii). Finally, if we let Ey, E; and E3 to be real Hilbert spaces. Then we have the following
corollary from our main result.

Corollary 3.5 Let Hy, Hy and H3 be real Hilbert spaces, C and Q be nonempty closed,
convex subsets of Hy and Hj, respectively, A: Hl — H3 and B: Hy — H3 be bounded linear
operators. Let f: Hl — R U {+o00} and g: H» — R U {+00} be proper, convex and lower
semicontinuous functions, Ty: Hy — Hyand T>: Hy — Hj be quasi-nonexpansive mappings
such that Q # 0. For fixed u € Hy and v € Hy, choose an initial guess (x1, y1) € H; X H»
and let {a,} C [0, 1]. For arbitrary xo, u € Hy and yo, v € Hj define an iterative algorithm
by
Up = prox,, (xn — VnA* (Ax, — Byy))

Xptl = opu + (1 - an)[ﬂnun + (l - ,Bn)Tlun]
Un = Prox,, o (yn + ya B*(Axy — Byn))
Y41 = Qpv + (1 - an)[anvn + (1 - an)(TZUn)]

forn > 1, {B,}, {8,} C (0, 1), where A* is the adjoint operator of A. Further, we choose
the stepsize y, such that ifn € I := {n: Ax, — By, # 0}, then

q—1 2||Ax, — By, |?
Yn € 0» % 2 * 2]
|A*(Axp — Byn)|I* + [|1B*(Axy — Byy)ll

Otherwise, y, = y (y being any nonnegative value). Assume that the following conditions
are satisfied:

(i) limy— ooy =0, and Y oy oy = 00,
(i) 0 <a <liminf, .o B, <limsup,_, o, Bn < 1,
(iii) 0 < b <liminf, o 8, <limsup,_ , 8, < L.

Then (3.5) converges strongly to (x*, y*) = (Pqu, Pqv).

4 Applications
4.1 Split equality convex minimization and equilibrium problems

Let C be a nonempty, closed and convex subset of a real Banach space £ and G: C x C — R
be a nonlinear bifunction. The Equilibrium Problem (EP) introduced by Blum and Oettli
(1994) as a form of generalization of variational inequality problem is given as

find x* € C suchthat G(x*,x) >0, VxeC.

We shall denote the set of solutions of the EP with respect to the bifunction G by E P(G).
Several algorithms have been introduced for finding the solution of EP in Banach spaces. For
solving EP, it is customary to assume that the bifunction G satisfies the following conditions:
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(Al) G(x,x) =0, forall x € C,

(A2) G is monotone, i.e., G(x,y) + G(y,x) <0, forallx,y € C,
(A3) forallx,y,z € C,limsup, ,o+ G(tz+ (1 —t)x,y) < G(x,y),
(A4) foreach x € C, G(x, -) is convex and lower semi-continuous.

The resolvent operator of the bifunction G with respect to the Bregman distance A, is given
as

Res, (x) = :u € C:Gu )+ (y —u, TJFw)y—JF@x) =0V ye c}.
r

It was proved in Reich and Sabach (2010a) that Resg satisfies the following properties:

i. Res% is single-valued;

ii. Resg is) a Bregman firmly nonexpansive mapping;
iii. F(Resp)=EP(G);

iv. EP(G) is a closed and convex subset of C;

v. forallx € Eandg € F(Resg)

Ap(q, Resg(x)) + Ap(Resf;(x),x) < Ap(gq,x).

We now consider the following Split Equality Convex Minimization and Equilibrium Prob-
lems:

Let E1, E; and E3 be real Banach spaces, C and Q be nonempty, closed and convex subsets
of Ey and E», respectively. Let G1:C x C — R and G,: Q0 x Q — R be bifunctions,
f:E1 - RU {400} and g: E; — R U {400} be proper, lower-semicontinous convex
functions, A: E; — E3 and B: E; — E3 be bounded linear operators.

Find x € EP(G1) N Argmin(f), y € EP(G2) N Argmin(g) suchthat Ax = By.
4.1

We denote the solution set of the Problem (4.1) by I'. Finding the common solutions of
convex minimization problem, equilibrium problem and fixed point problem (4.1) has been
studied recently by many authors in the setting of real Hilbert spaces (see for instance Abass
etal. 2018; Jolaoso et al. 2018; Ogbuisi and Mewomo 2017; Okeke and Mewomo 2017; Tian
and Liu 2012; Yazdi 2019). However, there are very few results on the split equality convex
minimization problem and split equality equilibrium problems in higher Banach spaces.

Setting T = Resg1 and T, = Resg2 in our Theorem 3.2, we obtain the following result
for approximating solution of Problem (4.1) in uniformly convex Banach spaces.

Theorem 4.1 Let E|, E; and E3 be p-uniformly convex real Banach spaces which are also
uniformly smooth. Let C and Q be nonempty closed, convex subsets of E1 and E,, respectively,
A:E; — E3 and B: Ey — E3 be bounded linear operators. Let f: E1 — R U {+o00} and
g:Ey — R U {+o00} be proper, lower-semicontinous convex functions, G1:C x C — R,
and Go: Q x Q — R be bifunctions satisfying condition (Al1)—(A4) such that T # (. For
fixedu € Ey and v € E», choose an initial guess (x1, y1) € E1 x E3 and let {«,} C [0, 1].
Assume that the nth iterate (xy,, y,) C E1 X E3 has been constructed; then we compute the
(n + 1)th iterate (x;+1, yn+1) via the iteration:
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U = Prox,, s (JqET [JPE‘ (xp) — ynA*JpE3(Axn — Byn)]) ,
E*
Srr = Jy (@51 @)+ (1= ) [Budy @) + (1= B Resh un)] ),
E*
Up = PIox,, , (Jq 2 [JpEz(y,,) + )/nB*JpE3(Axn - Byn)]) ,

E*
St = g (ndy @) + (= @) [82052 @) + (1= 8005 Resf v ).

4.2)

forn > 1, {B,}, {8,} C (0, 1), where A* is the adjoint operator of A. Further, we choose
the stepsize y, such that ifn € T := {n: Ax, — By, # 0}, then

i1 (0 qllAx, — By, |l )
n E) .
CyllA* P (Axy — By)Il9 + Dyl B*J 1 (Ax, — Byn)|l4

Otherwise, y, = y (y being any nonnegative value). In addition, if the following conditions
are satisfied:

() limpsooty =0, and Y 02 gty = 00,
(i) 0 < a <liminf,_, & B, <limsup,_, ., Bn < 1,
(iii)) 0 < b <liminf, o 8, <limsup,_ , 8, < L.

Then the sequence {(x,, y,)} converges strongly to (x*, y*) € T.

4.2 Zeros of maximal monotone operators

Let E be a Banach space with dual E*. Let A: E — 2F " be amultivalued mapping. The graph
of A denoted by gr(A) is defined by gr(A) = {(x, u) € E x E*:u € Ax}. A is called a non-
trivial operator if gr(A) # @. A is called a monotone operator if V (x, u), (y, v) € gr(A),
(x —y,u—v)>0.

A is said to be a maximal monotone operator if the graph of A is not a proper subset of
the graph of any other monotone operator. The Bregman resolvent operator associated with
A is denoted by Res 4 and defined by

Resp = (J, + A) "' o Jy E — 2F.

It is known that Res4 is single-valued and Bregman firmly nonexpansive. Also, V x € E,
X € (0,00), x € A~ (0) if and only if x € F(Res;4) (see Bauschke et al. 2003). It is also
known (see Reich and Sabach 2010a) that D, (z, Resax) + D, (Resax, x) < Dp(z, x).

Let E1, E; and E3 be p-uniformly convex real Banach spaces which are also uniformly
smooth. Let C; and C2 be nonempty closed and convex subsets of E1 and E», respectively.
Let f: Ey - RU {400} and g: E; — R U {400} be proper, lower-semicontinous convex
functions. Let T1: E; — 2E7 and Tr:E, — 2E3 be maximal monotone operators and
A: Ey — E3zand B: E; — E3bebounded linear operators. Consider the following problem:

find x € 7,7'(0) N Argmin £, y € T, '(0) N Argmin g such that Ax = By. (4.3)

Since Res; 4 is Bregman firmly nonexpansive and F(Resy4) = A~1(0), then we have the
following result for approximating solution of (4.3) in uniformly convex real Banach spaces.

Theorem 4.2 Let E{, E; and E3 be p-uniformly convex real Banach spaces which are also
uniformly smooth. Let C1 and Cy be nonempty closed and convex subsets of E1 and E»,
respectively. Let f: E1 — RU{+4o00}and g: E» — RU{+00} be proper, lower-semicontinous
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convex functions. Let T1: E1 — 2ET and Tr: Ey — 2E3 be maximal monotone operators
and A: E\ — E3 and B: Ey — E3 be bounded linear operators. Assume Q2 = {(x, y) €
Tfl(O) X T{l(O):x € Argmin f,y € Argmin g, Ax = By} # 0. For fixedu € E| and
v € Ey, choose an initial guess (x1, y1) € E1 x Es and let {a,} C [0, 1]. Assume that the
nth iterate (x,,, y,) C E1 X E has been constructed; then we compute the (n + 1)th iterate
(Xn+1, Ynt1) Vvia the iteration:

E*
un = prox,, 7 (47 [ 957 o) = vad™ I3 (A = By ).
E*
St = g (g @0+ (1= ) [ Bad ) + (1= BT Resryun) | ),
E*
v = prox,, ¢ (Vg [J52 ) + v BT IS (Axy = Byn)])

E*
vt = Jg (@2 @) + (= @) [8052 ) + (1 = 85 Resrun) | ),

4.4)

forn > 1, {Bn}, {8u} C (0, 1), where A* and B* are the adjoint operators of A and B,
respectively. Further, we choose the stepsize y, such that ifn € I' := {n: Ax, — By, # 0},

then
q— q Ax, — B v l|f
Vn ! S (0 ” i u ” ) . (45)

CyllA* I (Axy — By)I9 + Dy || B*J 5 (Ax, — Byn)ll4

Otherwise, y, = y (y being any nonnegative value). In addition, if the following conditions
are satisfied:

() limy o0y =0, and Zzozo oy = 00,
(i) 0 < a <liminf,_, o B, <limsup,_, ., Bn < 1,
(iii) 0 < b <liminf, o 8, <limsup,_ , 8, < L.

Then the sequence {(x,, yn)} converges strongly to (x*, y*) € (Ilqu, Ilqv).

5 Numerical example

In this section, we present two examples to show the behaviour of the iterative algorithm
presented in this paper.

Example5.1 Let E; = E; = E3 = R? and let A and B be 3 x 3 randomly generated
matrices. Let f(x) = ||x||2 for all x € R3, the proximal operator with respect to f is defined
as

1
(1—7>, if flx[l2 = 1,
prox ¢ (x) = [1xl2 (5.1
0, if ||x]l2 < 1.

Also, define g(x) = max {1 — |x], O} for x € R3, then the proximal operator of g is given
by
X, if |x| <1,
proxg(x) = §sgn(x), if 1<|x|<2,
sgn(x — 1), if |x] > 2.
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Take C = {x € R3: (a, x) > b}, where a = (1, — 5,4) and b = 1. Then

b —(a,x)

H = =
c(x) = Pc(x) IIaII%

Also,let 0 = {x € R3: (c, x) = d}, where ¢ = (1, 2, 3) and d = 4. Then, we have that

d— (c, x)
HQ()C) = PQ()C) = max {0, W}C—Fx.
Suppose 11 = Pc and T, = Pg,letu = rand(3,1) and v = 0.5 *x rand(3, 1). We let

o, = nlﬁ’ B = 3(” 'y and 8, = %Zig Then our algorithm (3.1) becomes

Up = Pprox,, r (xn — AT (Ax, — By,,)) ,

. u n 2nu n+3
X+l = 551 o [3(n+"1) + 3(n+1)PC(”n)]’

5.2)
Up = prox,, . (_Yn + VnBT(Axn - Byn)) >
3045 4ntd
vt = i1 + i [ Gt vn + Gk Po ()],
2
forn > 1. If Ax, — By, # 0, then we choose y, € (0, 20 Ax, — By | |2)

. - AT (Axy—Byn) P+ BT (Ax,— Byy)|2
Else, ¥, = y (y being any positive real number). We choose various values of the initial

points x1 and y; as follows:

Case 1 (a) x; = 1 *rand(3, 1), y; = 2 *rand(3, 1),
(b) x; = —=5x*rand(3, 1), y; = —10 *xrand(3, 1),
Case2 (a) x; = —0.1 xrand(3, 1), y; = 0.2 xrand(3, 1),
(b) x; =0.5*rand(3, 1), yy = —1 xrand(3, 1).

max {| s 1= |2 |11 =y 1%}
max{||xa—x1 |2, 1[y2—y1 1%}
[|Xn41 — xn||% and || Yn+1 — Yn||” against the number of iterations in each cases. We note
that the change in the initial values does not have any significant effect on the number of

iterations nor the cpu time. The numerical results can be found in Figs. 1 and 2.

Using < 1073 as the stopping criterion, we plot the graphs of

[12

Example 5.2 In this second example, we consider the infinite-dimensional space and com-
pare our algorithm (3.1) with algorithm (1.13) of Zhao (2015). Let E; = Ez E; =
L2([0, 27r]) with norm ||x||*> = (=7 |x(¢)|d? and inner product (x, y) fo x(t)y(¢)dt,
x,y € E. Suppose C := {x € L2([0, 22D): 7%+ Dx(ndr < 1) and Q = {x €

L2([0, 27 ]): fozﬂ |x(r) — sin(¢)|*> < 16} are subsets of E; and E, respectively. Define

A: L%([0,27]) — L2([0, 27]) by A(x) (1) = foz” exp~* x(t)dz for all x € L([0, 27]) and
By(t) = 02 T L 5 (x())dz. It is easy to verify that A and B are bounded linear operators.

Now, let f = ic and g = igp, the indicator functions on C and Q, respectively, then
prox, ; = ¢ and prox,,, = Mg. Also, let Tyx(r) = [3" x(t)dr and Toy(1) = [ Sy (r)dr,
choose u = cos(3t), v = exp_Z’, o, = m Bn = 83% and §, = 2212 Then our
algorithm (3.1) becomes:
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Fig.1 Example 5.1, left: Case 1 (a), time: 0.0321 s; right: Case 1 (b), time: 0.0481 s
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Fig.2 Example 5.1, left: Case 2 (a), time: 0.0211 s; right: Case 2 (b), time: 0.0427 s
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Table 1 Comparison between

ithm (3.
algorithms (3.1) and (1.13) for Algorithm (.1)

Algorithm (1.13)

example 5.2 Case 1 ()
CPU time (s) 44.0807 60.6224
No. of iter. 9 13
Case 1 (b)
CPU time (s) 26.0900 48.3587
No. of iter. 10 14
Case 2 (a)
CPU time (s) 26.2605 394114
No. of iter. 10 12
Case 2 (b)
CPU time (s) 14.4332 42.8501
No. of iter. 10 13
0.6 T T T T T 1.2 T T T T T T
—¥— Algorithm (5.3) —¥— Algorithm (5.3)
—¥— Algorithm (1.13) —¥— Algorithm (1.13)
0.5 1 1F 1
N_ N_
< 04 1 < 08 1
> >
¥ by
c c
> )
N: 0.3 g N: 0.6 g
< ¢
X X
% :
X 0.2 1 x 04| 1
0.1 . 0.2} .
0 P k. k- 0 1 F k- k-
4 6 8 10 12 14 0 2 4 6 8 10 12 14
Iteration number (n) Iteration number (n)
(@) (b)

Fig.3 Example 5.2, left: Case 1 (a); right: Case 1 (b)

u, =I¢ (xp — yaA*(Ax, — Byy)) ,

_ 5Scos(31) 10n+5 Snu, 3n+7
Y+l = 00 T 100+D [811+7 + g7 1 (”n)]’

v, = Il (Yn + YuB*(Axy, — Byp)),

(5.3)

Sexp 2 10n+5 [3n—2 2n+7)
Ynt+1 = 10(n+l) + T0(n—+1) [5n+5 nt 5 TZ(“")]’
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0.35 T T T T T 0.6 T T T T T T
—¥— Algorithm (5.3) —¥— Algorithm (5.3)
—¥— Algorithm (1.13) —¥— Algorithm (1.13)
03 . o5k i
~ 0.25 1 o~
NG < 04} .
> >
t 02} . t
) >
o o 03} 1
,lf 015 E ’.‘=
b by
x- = 02f |
= 01} { =
0.05 | 1 011 1
0 : : — 0 : ——
0 2 4 6 8 10 12 0 2 4 6 8 10 12 14
Iteration number (n) Iteration number (n)
(a) (b)

Fig.4 Example 5.2, left: Case 2 (a); right: Case 2 (b)

_ 2||Axn— By |I*
forn > 1. If Ax, — By, # 0, then we choose y,, € (0, ||A*(Ax,,—By,,)||2+HB*(Ax,,—By,,)uZ)‘

Else, y,, = y (y being any positive real number). We choose various values of the initial
points x; and y; as follows:

Case 1 (a) x; =203exp™, yy =13 +2t -5,
(b) x1 = 2tsin(3xt), y1 = t* cos(2nt),
Case 2 (a) x| =3exp >, y; = 2tsin(31),
(b) x1 = exp”, y; = 7 exp” .

1 =2 |11 = Y| >
2 —x1 [12+[y2—y11[?
Xnl1? + [|yns1 — yul|* against the number of iterations in each cases and also compare the
performance of our algorithm (5.3) with algorithm (1.13). The numerical results are reported

in Table 1 and Figs. 3 and 4.

Using < 1073 as the stopping criterion, we plot the graphs of || x,41 —
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