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Abstract

In this paper, we introduce a semi-analytical method called the local fractional Laplace
homotopy analysis method (LFLHAM) for solving wave equations with local fractional
derivatives. The LFLHAM is based on the homotopy analysis method and the local fractional
Laplace transform method, respectively. The proposed analytical method was a modification
of the homotopy analysis method and converged rapidly within a few iterations. The nonzero
convergence-control parameter was used to adjust the convergence of the series solutions.
Three examples of non-differentiable wave equations were provided to demonstrate the effi-
ciency and the high accuracy of the proposed technique. The results obtained were completely
in agreement with the results in the existing methods and their qualitative and quantitative
comparison of the results.

Keywords Local fractional Laplace homotopy analysis method - Local fractional wave
equations - Local fractional Laplace transform - Homotopy analysis method -
Numeric and symbolic computations

Mathematics Subject Classification 34K50 - 34A12 - 34A30 - 45A05 - 44A05 - 44A20

1 Introduction

Historically, more than two hundred years many problems in mathematical biology, plasma
physics, analytical chemistry, finance, quantum mechanics, and many other applications in
science and engineering were formulated using the fractional calculus (Losada and Nieto
2015; Caputo and Fabrizio 2015; Atangana and Baleanu 2016; Atangana and Koca 2016;
Algahtani 2016; Raja et al. 2015, 2016; Atangana 2016; Mandelbrot and Van Ness 1968;
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Atangana and Gomez-Aguilar 2017; Jumarie 2001, 2005a,b, 2009; Baleanu et al. 2010)
The origin of fractional calculus was dated back to the work of the German mathematician
Gottfried Wilhelm Leibniz in 1695 (see Oldham and Spanier 1974). The theory of fractional
calculus can easily be used to study the memory effects of dynamic systems, and have the
embedded efficiency to described these systems in the best way. Unfortunately, the concept
of classical fractional calculus cannot be used to study some continuous dynamical systems
with highly irregular surfaces and curves (Kolwankar and Gangal 1998). These dynamics
systems are continuous but nowhere differentiable and arise naturally in many fields of
physical science and engineering (Kolwankar and Gangal 1997). To overcome the limitations
of classical fractional calculus, the concept of local fractional calculus was introduced by
Kolwankar and Gangal (1996). The local fractional calculus is a modification of classical
calculus and is suitable to study the behavior of these dynamics systems with highly irregular
curves and surfaces (non-differentiable).

Inrecent years, there is a rapid development on the concept of local fractional calculus (see
Yang 2011a, 2012; Yang et al. 2010, 2013a,b, 2014a,b, 2016a,b,c, 2017a,b,c,d, 2018;
Hemeda et al. 2018; Ming-Sheng et al. 2012; Zhao et al. 2017; Wang et al. 2014; Chen et al.
2010; Golmankhaneh et al. 2015; Singh et al. 2016; Liu et al. 2014; Srivastava et al. 2014;
Jafari et al. 2015a; Kumar et al. 2017a,b). Based on the current development, many numerical
and analytical techniques such as local fractional Adomian decomposition method (Yan et al.
2014), the local fractional variational iteration method (Yang et al. 2013c, 2014c; Jafari and
Kamil 2015; Jafari et al. 2015b), the local fractional homotopy perturbation method (Yang
etal. 2015a; Zhang et al. 2015), the local fractional homotopy perturbation Sumudu transform
method (Ziane et al. 2017), and the local fractional Laplace decomposition method (Jassim
2015) have been proposed and successfully applied to various applications.

The main aim of this present paper is to introduce an efficient numerical method which is
a combination of homotopy analysis method (Liao 1995, 2003, 2005, 2010) and the local
fractional Laplace transform (Yang 2011b; Yang et al. 2015b) for solving wave equations
involving local fractional derivatives arising in physical sciences and engineering. The effi-
ciency and the high accuracy of the method are demonstrated. The most significant novel
features of the proposed scheme are as follows:

e The proposed scheme can be applied directly without any linearization, transformations,

discretizations of variables, or taking some restrictive assumptions.

The LFLHAM reduces the computational size and errors.

It is a semi-analytical method which provides an exact or approximate solution.

The LFLHAM avoids the cumbersome steps of some computational methods.

The proposed technique can easily be applied to nonlinear local fractional partial differ-

ential equations.

e The cornerstone of the LFLHAM is the nonzero convergence-control parameter which
provides us with a convenient way to guarantee the convergence of the series solutions.

The paper is organized as follows. In Sect. 2, some preliminaries of local fractional cal-
culus and local fractional Laplace transform are presented. The basic idea of the homotopy
analysis is presented in Sect. 3. Section 4 described the analysis and convergence of the local
fractional Laplace homotopy analysis method. In Sect. 5 some applications of the LFLHAM
are presented, and finally, in Sect. 6 conclusions of this paper are discussed. In Table 1, we
presented some useful identities of the local fractional calculus.
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Table1 .
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[@n+1)o

0y _ v+
COSO(t )— an(_l)nm, 0<6 < 1
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£g[sing (t")] = 2911
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0

ST E (1) = Eg(t”)
o .

51’7 sing (1) = cosg (¢9)

4 .
;—9 cose(tg) = —sing (te)

2 Preliminaries of local fractional calculus

Definition 1 Let ¢ : I — N be a function defined on fractal set I of fractal dimension « say
(0 < @ < 1). Then a real-valued function on a fractal set J is defined as (Yang 2011a, 2012)

p(t) =17, (1)
where 1 € Jand 0 < 6 < 1.

Definition 2 The function &(¢) is local fractional continuous at r = 1y if it is valid for (Yang
2011a, 2012)
6@ — &) <&, 0<6 <1, 2)

with |t — t9| < 8, fore > O and ¢ € R Fort € (a, b), the function £(t) € Cy(a, b) is called
local fractional continuous on the interval (a, b).

Definition 3 (Local fractional derivative) The local fractional derivative of the function &(¢)
of order 0 at ¢t = ¢ is defined as (Yang 2011a, 2012)

0 0
EO () = % li=ip = Jim A (i(tl to)&; (t0)) ’ 3)
where
AYE@) — E0) = T +0)[E() — E(t0)]. (4)
Similarly, for any ¢ € (a, b), there exists,
0w =D&, ®)
which is denoted by
5() € D" (a, b). ©)
The local fractional derivatives of higher order is written as (Yang 2011a, 2012)
n times
D" 1) ="y =D - D). @)

The local fractional partial derivative of higher order is written as (Yang 2011a, 2012)
n times
e, x) Y

89
9710 —@"'a?f(f,x% ®)
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Definition 4 (Local fractional integral) The local fractional integral of the function &(z) of
order 6 in the interval [«, B] is defined as (Yang 2011a, 2012)

N-1

9= d —_— A 9

pla r(1+9)/ 5@ = o lim Zsm( ), ©)

where A;; = 1y — 7, Ay = max{Az, A7, A2, ...}, 10 = o, Ty = B, and
{0, 71, ..., Tiv} is a partition of the interval [«, S].

Definition 5 (Local fractional Laplace transform) The local fractional Laplace transform of
the function &(¢) of local fractional order 6 is defined as (Yang 2011b; Yang et al. 2015b)

1 o0
£5[5(1)] = Po(s) = mfo Eg (=s"1")&m@n’, 0<6 <1,  (10)

where £ is called the local fractional Laplace transform operator.
The sufficient condition for the convergence of Eq. (10) is given by

1 o0 0
m/g EOIA) <y < oo,

Definition 6 The inverse local fractional Laplace transform is defined as
e =60 = % /Oo Eg (s7") @ (s)(ds)”. (11)
@2m)7 Jo

Definition 7 The nth derivative of local fractional Laplace transform is defined as (Yang
2011b; Yang et al. 2015b)

L[ ()] = 5"y [E(1)] — Y s THIEEDE, (12)
k=0

Definition 8 The Riemann-Liouville fractional integral operator of order o > 0, of a function
f(t) € CT, and T > —1 is defined as (Oldham and Spanier 1974).

1 t 0—1
75 Jo (t — dn, 6>0, t>0,
1 ) = | T Jo&=m?= f(mdn, 6 > > (13)
f(@), 6 =0.
Below we list some important properties of 7% (see Oldham and Spanier 1974):
GO IffeC,, t>—-1,a, p >0, and y > —1, then
o= LTOED o (14)
F'(x+6+1)
118 f(ty = 1978, 1918 (1) = 1219 £ (0). (15)
(ii) Form —1 <a <m, meNand f € CI", T > —1, then
m—1 £k
DI f@) =f@), I°D°fW=f@0 = ffO)5 >0 (16)
i=0 ’
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Definition 9 The function f(r) in Caputo fractional derivative is defined as (Oldham and
Spanier 1974).

Fog Jo = "0 F .

]m—QDmf(t)’ (17)

DV f(1) =

wherem — 1 <0 <m, m e N, t > 0.

Definition 10 (Some useful results in fractal space) In Table 1 below we defined some impor-
tant identities on fractal space.

In the next section, we illustrate the fundamental idea of the standard HAM.

3 Basic idea of homotopy analysis method

In this section, we illustrate the basic idea of homotopy analysis method. Consider the fol-
lowing nonlinear local fractional partial differential equation

Nu(x, )] =0, (18)

where N is the nonlinear operator, x and ¢ denotes the independent variables, and u(x, )
denotes the local fractional unknown function. For clarity, in this paper we ignore all initial
and boundary conditions, which can be computed in the same way. Based on the fundamental
of the traditional homotopy analysis method proposed by Liao (1995), we construct a convex
non-differentiable homotopy called the zero-order deformation equation

(I = p)Elex,t; p) —uo(x, 1)] = phH (x, )N [p(x, 15 p)], 19)

where p € [0, 1] is an embedding parameter, 2 # 0 is the nonzero convergence-control
parameter, and H (x, t) # 0 is the local fractional nonzero auxiliary function, ¢(x, ; p) is
the local fractional unknown function, uq(x, t) is an initial guess of u(x, t), and £ = % is
the linear local fractional operator with the property that

£[C]1=0, (20)

where C is an integral constant. Based on the concept of homotopy analysis method, one has
great freedom to choose the auxiliary linear operator and the initial guess. Obviously, when
p =1,and p =0, it holds

o(x,t;0) =up(x,t), and ¢@(x,t;1) =u(x,1), 21

respectively. Thus, as p increases from O to 1, the solution ¢(x, ¢; p) varies from the initial
guess ug(x, t) to the solution u(x, t). Expanding ¢(x, t; p) using Taylor series with respect
to p, we deduce

+00
o, 15 p) = uo(x, ) + Y um(x,1)p", (22)
m=1
where { am
N
Up(x, 1) = 7M . (23)
m! ap™ p=0
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If the auxiliary linear operator, the initial guess, the auxiliary function, and the
convergence-control parameter are chosen properly, then Eq. (22) converges at p = 1, and

+00
(e, 1) = uo(x, 1) + Y up(x, 1), (24)
m=1
is the solution of the original problem Eq. (22). According to Eq. (22), the governing equation
can be deduced from the zero deformation Eq. (19).
Define a local fractional vector

Uy = {ug(x, ), u1(x, 1), us(x, 1), ..., un(x,}. (25)

Differentiating Eq. (19) m-times with respect to the embedding parameter p and then
setting p = 0 and finally dividing by m!, we obtain the so-called Mth-order deformation
equation

£[”m(xa 1) — Xmumfl(xa t)] = PH(X, DRy (-1, x, t)7 (26)
where
1 amD'ny L1
R, x, 1) = ot b 27)
(m — 1)! dplm=1
p=0
and
0 m<l1
Xm = = 1 m>1. (28)

Using symbolic computational software such as Mathematica or Maple, we can easily
solve the Mth-order deformation equation.
In the next section, we demonstrate the idea of the LFLHAM.

4 Local fractional Laplace homotopy analysis method

Consider the following nonlinear local fractional partial differential equation

ITy(E(x, 1)) + Ro(E(x, 1)) =Y (x,t); 6>0, m—1<6<m, meR, 29)

amo
where [Ty (x,t) = f’"’af,,ﬁ“;” denotes the linear local fractional differential, Ry& (x, ¢) denotes
the remaining linear operator, and v (x, t) states the non-homogeneous function of x and ¢
which is the source term.

Computing the local fractional Laplace transform on both sides of Eq. (29), we get
£0 [T (5(x, 1))+ £9 [Ro(§(x, 1))] = £o [Y (x, 1)]. (30)
Applying Eq. (12) on Eq. (30), we obtain

1 9k (x,0 1 1
£9[E(x, )] — Z s@% + W£9 [Re&(x,1)] = SW£9 [¥(x,0)]. 31

k=0
Equivalently
1 9ke(x, 0)
£9[E(x, )] — k=0 0 k0
1
+—= (£o [Ro&(x, )] — £ [Y (x, 1)]) = 0. (32)

gmt
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We define the nonlinear operator as

m 1 ak9 0
Nn(x, t; p)l =£9[n(x, t; p)] — Z sﬁ%
k=0
1
+ g (£9 [Ron(x, )] — £9 [Y (x, D)), 33)

where p € [0, 1] is a nonzero auxiliary parameter, and 9 (x, t; p) is a real-valued function
of x, t, p. We construct a homotopy as follows:

(I = p)o [n(x, 15 p) — So(x, )] = hpH(x, )N[n(x, )], (34)

where £4 denotes the local fractional Laplace transform, p € [0, 1] is the embedding param-
eter, H(x, t) denotes a nonzero auxiliary function, / # 0 is an auxiliary parameter, & (x, )
is the initial guess of £(x, t), and n(x, ¢; p) is the unknown function.

The greatest advantage of the LFLHAM is the great freedom to choose auxiliary parameter,
and the initial guess. Obviously, when p = 1, and p = 0 in Eq. (34), the following results
holds

(e, 1:0) = &(x, 1), and px.131) = E(x, 1), (35)

respectively. Thus, as p increases from O to 1, the solution n(x, ¢; p) varies from the initial
guess &g (x, t) to the solution & (x, ¢). Expanding n(x, #; p) as a local fractional Taylor series
(Yang 2011a, 2012) with respect to p, we deduce

+00

N, 15 p) =06, 0+ Y Enlx,0p", (36)

m=1

where

(37

sm(x,z):[ 1 a"ln(x,t;p)} .
p=0

I'm+1) apm

The convergence of the series solutions of Eq. (36) is control by the convergence-control
parameter A. If the auxiliary linear operator, the initial guess, the auxiliary parameter 7,
auxiliary function are chosen properly, then Eq. (36) converges at p = 1, and

+00

E(r.t) =E0(x. ) + ) Em(x. 1), (38)

m=1

is the solution of the original problem Eq. (29). According to Eq. (37), the governing equation
can be deduced from the zero deformation Eq. (34).
Define the vectors

En = {Eo(x, 1), E1(x, 1), E2(x, 1), ..., Em(x, 1)} (39)

Differentiating Eq. (34) m-times with respect to the embedding parameter p and then
setting p = 0 and finally dividing by " (m + 1), we have the so-called M th-order deformation
equation

£9l&m(x, 1) = Xmm—1(x, )] = hH (x, )R (§,,_1, x, 1), (40)

where

Rm(gm—l’xil) = |: (41)

1 0" DN [n(x,1; p)]
I'(m) apm—1 ’
p=0
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and
0 m<l1
Xm:{l m> 1. (42)

Taking the inverse local fractional Laplace transform on both sides of Eq. (40), we get
En (X, 1) = -1 (¥, 1) + £5 [RH (x, ) Ry (8,1, X, D] 43)
And based on Eq. (29), our R, (&§,,_;) is define as
Ry (§—1, x, 1) = Ho&m—1(x, 1) + Ro§m—1(x, 1) — (1 — xm) ¥ (x, ). (44)

Thus, using Eq. (40), we can easily compute v, (x, t) for m > 1, and at Mth-order we
deduce

+00
E(e,t) =) &nlx,0). (45)

m=0

In the next theorem, we study the convergence analysis of the original problem Eq. (29).

Theorem 1 (Convergence of analysis of the LFELHAM) Suppose the series
o0 +00
D e, ) =Eox, 1)+ Y Enlx, D), (46)
m=0 m=1

is converging to ¢ (x, t), where &y, (x, t) is obtained through Eq. (40). Then & (x, t) must be
the exact solution of Eq. (29).

Proof Since

M M
Jim Zl En(e. ) = Solr, 1) + lim D7 & (1) = £(x.1). @7)

m=1

Then we deduce that limy;_, o Zf\n/lzl &n(x,t) = 0. Thus, using Eq. (40), yields

M M
Jim |:ﬁH(x, t)mZ:l Ru(&, 1. x, t)} = Jim LZZI £0 [Em(x. 1) = xmbm—1(x, t)]}

M M
= £ [ Jim Zl En(x, 1) = lim Zl K1 (x. t)]
m= m=

M
= £, [n}inoo Z En(x, t):| =0.
m=1

On the other hand, since H(x,t) # 0, i # 0 and the linearity property of Eq. (34), we
deduce

M
MH—IPOQXIIR’"(‘Smfl*x’t) =0. (48)
m=
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Thus, based on Eq. (44), we get

M
Jim R (- 2. 0)

m=1
M

Jim zl[nevm_l 6, 1) + Rovm—1 (x, 1) — (1 — xm) ¥ (x, )]

M M M

li Iy li - li R -

im Zl eMganlsm l(x,r>+M5nw21 6 (Em—1(x. 1)
m= m= m=

M— o0

M
~ Jim_ 2_‘,1(1 — X)W (x, 1)

=Ilp(§(x, 1)) + Ro(§(x, 1)) — Y (x,1) =0. (49)
Hence, Eq. (49) proved that ¢ (x, ) satisfies the solution of the original problem Eq. (29).
O

5 Applications of the LFLHAM

In this section, we illustrate the applications of the local fractional Laplace homotopy analysis
method to show its efficiency and the high accuracy.

Example 1 Consider the following local fractional wave equation

e, 1) | 9Ex, 1)
3,29 8)620 =0, (50)

subject to the initial conditions

3%&(x, 0)
at?

Applying Egs. (10) and (12) on both sides of Eq. (50), we deduce

£(x, 0) = sing (x?), =sing(x?), 0<x<1. (51)

n k6 26
1 3*&(x,0) 1 0 (x, 1)
£9 [E(x, )] — F0 ok s%£9 [ 920

] =0, t>0. (52)
k=0

The nonlinear operator is defined as

n kO 26
1 9%n(x,0) 1 0"n(x,t)
NGt p)l = £5 [n(x. 0] = Y <5+ kg [720 :
= ot s 0x

O0<p<l, t>0. (53)

Thus
1 1
Run(E 1. %.1) = LolEm—1 (x, 0] = (1 = ) (?e + s@) sing (x”)

260
%[L%ﬂﬁ]tw. (54)

T2t ax20
@ Springer f DMAC



65 Page 10 of 22 S. Maitama, W. Zhao

The Mth-order deformation equation is defined as

£9l&m(x, 1) = Xmm—1(x, )] = hH (x, )R (§,,_1, X, 1). (55)
Computing the inverse local fractional Laplace transform of Eq. (55), we obtain
En(X. 1) = Ymbm—1 (¥, 1) +£5 [RH (x, )Ry (€, 1. . 1)]. (56)

Choosing H (x, t) = 1, we solve Eq. (56) recursively for m > 1 and obtain the following
results:

0
£ (x, 1) = sing (x?) (1 + ﬁ)

. , t29 t39
E1(x, 1) = —hsing (x7) (F(29 T + Q3o+ 1))

t40 t59
£ (x, 1) = I sing (x?) ( )

r@e+n T Tee+D

426 137
—h+1) Sino(xg) (F(29 +1 + (36 + 1))

and so on.
Thus, the series solutions of Eq. (50) are given by
E(x,1) =6o(x, 1) +&1(x, 1) +&(x, 1) +&(x, 1) + -+ (57)
In particular, choosing the convergence-control parameter 7 = — 1, we obtain
/9 126 £30
E(x,1) = sing(x?) [ 1+ + + 4.
’ re+1 ree+1) TIr@e+1
= sing(x") Eg (7). (58)

The result obtained in Eq. (58) is in complete agreement with the local fractional integral
iterative method and the local fractional new iterative method (Hemeda et al. 2018), local
fractional functional decomposition method (Wang et al. 2014) and (Yang 2011a, 2012).

Using the standard HAM spproach Equation (50) can be written as
e, 1) 0%E(x, 1)

o120 - 9x20 (59)
For simplicity, one has
E(x, 1) AE(x, 1)
©) ’ —. 7©® ’
o [285] -y [£220).
which yields according to Eq. (16)
m—1 k 20
t E(x, 1)
s =3 eV 005 44 1) [_W] ©D
k=0 ’
We obtain the initial guess by neglecting the unknown term in the R.H.S. of Eq. (61) as
0 !
, 1) =si 1+ ——|. 62
o(x, 1) = sing(x )( +F(0+1)) (62)
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. _ 326%— (x,1)
Let the linear operator be £(¢) = —7~
We define the nonlinear operator as

Pox,t)  3Pp(x, 1)
Nl t; p)l = — 73 3520

According to Egs. (19) and (20), we deduce
1) |:326)§(x» 1)

(63)

] (6 (x, 1) = Kmm—1(x, 0] = Tig I Hx, )R €y, x, 1), (64)

n at26
where
0% Em1(x. 1) | 9¥En1(x, 1)
Rin(Epy,%.0) = =535 e (65)
Then using the property of Egs. (16) and (51), and setting H (x, t) = 1, we obtain
0208, 1 (x, 1)
En(xX.1) = (m + WEm—1(x. 1) + hp I\ [—3729] . om>1. (66)
X

Finally, using Egs. (51) and (66), we easily obtain the remaining components as

E(x, 1) =8(x, 1) +&(x, 1) +E(x, 1) + 60, 1) +--- (67)

Figure 1: The 3D surface solution of Eq. (50) for 6 = % is presented in Fig. la. The
surface solution of Eq. (34) for (¢ = 1) is depicted in Fig. 1b. The non-differentiable
surface solution is depicted in Fig. 1c. The surface solution behavior of £(x, ¢) for different
values of 6 = 1, % }':1%; is presented in Fig. 1d. The absolute error analysis for 20th-order
approximations of the LFLHAM and HAM is presented in Fig. le, f. In Fig. 1g, h, the absolute
error analyses of 20th-order approximations of the non-differentiable problem for 6 = In2)

TE)
are clearly illustrated. The results of the absolute errors are in excellent agreement.
Example 2 Consider the following local fractional wave equation

s, | 9TEG D)
530 o = sing (<), (68)
subject to the initial conditions
3%&(x,0
£ 0 =simge), IR —0 0=xs1, (69)
Employing Egs. (10) and (12) on both sides of Eq. (68), we get
n k6
1 *&(x,00 1 | 0
£9[E(x,0)] — s@w—sjsme(x )
k=0
P K C))
T 0 9[ 9220 ]:0, t>0. (70)
The nonlinear operator is defined as
n k6
1 9*n(x,0) 1 .
N[T]()C,t, P)] :£9 [r](x,t)] — N Y *eslng(xe)
= ot s
1 3 n(x, 1)
+s@9|:ax7:|, OSPEI, t>0. (71)
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&x. 1)

10T : . . . ,4 T T T T T T
3x10 5.x1071f
25x107" F L FLHAM, 6=m2 ]
n® 4.x101 2
. L —— HAM. =&
g 2xt0Mp 5 @
@ G 3.x10f
£ 15x101E 2
° ]
2 @ 2.x10
3 b 8
2 1x10 2
5x10-12F 1.x1071 |
of of
L L L . L .
00 00 0.2 04 06 08 1.0

Fig.1 a Numerical simulation of Eq. (50) for 6 = %, b 3D surface solution for & = 1, ¢ 3D non-differentiable
surface solution for 6 = %, d 2D approximate solutions for 6 = 1, % and % e absolute error
E10(E(x, 1)) = |&ext.(x, 1) — &appr. (x, 1)|, T absolute error Epg(§(x, 1)) = |&ext. (x, 1) — Eappr. (x, 1)], g abso-
lute error of LFLHAM E((§(x, 1)) = |&ext.(x, 1) — Eappr.(x, 1)| when 6 = %, h absolute error of HAM

E20(&(x, 1)) = [£ext. (¥, 1) — Eappr. (x, )] when 6 = {23}
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Thus

1 1
Ry, x,1) = £g [En1(x,0)] — (1 = 1) (5 + —5) sin(x?)

L )
The Mth-order deformation equation is defined as
£9l&m (x, 1) = Xmm—1(x, )] = hH (x, )R (§,,_1, X, ). (73)
Computing the inverse local fractional Laplace transform of Eq. (73), we deduce
En (X, 0) = -1 (¥, 0) + £ [AH @ DRy (€] - (74)

Choosing H(x,t) = 1, we solved Eq. (74) for m > 1 and obtained the following results:

20
£o(x, 1) = sing(x”) (1 + ti)

re+1
. 120 (49
,t) = — hsi
f1(x, 1) sing (") (r(ze Y0 T T@ex 1))
5 P t69 t20
1) = h7si -
§2(x, 1) = Asing (x )(F(69 Y1) Qe+ 1))
P 120 1‘46
— hsi
sing (x) (r(ze w0 T et 1))
and so on.
Thus, the series solutions of Eq. (68) is given by
E(x, 1) =6o(x, 1) +&1(x, 1) +&(x, 1) +&(x, 1) + -+ (75)
Setting the convergence-control parameter i1 = —1, we obtain
9 2t20 2l40 2l69
,1) = si 1 .
§(x, 1) = sing (x )( trew+sn traesn Treesn ' )

= sing (x?) (Eg (7)) + Eo(—1%) — 1). (76)

The result obtained in Eq. (76) is in complete agreement with the local fractional integral
iterative method and the local fractional new iterative method (Hemeda et al. 2018), local
fractional functional decomposition method (Wang et al. 2014), and (Yang 2011a, 2012).

Figure 2: Surface solution of Eq. (68) for 6 = % is given in Fig. 2a. Surface solution
behavior of Eq. (68) for (¢ = 1) is presented in Fig. 2b. The non-differentiable surface
solution behavior is depicted in Fig. 2c. The 2D surface solution behavior for different
values of 6 = 1, %, %Eg; is presented in Fig. 2d. The absolute error analysis for 20th-order
approximations of the LFLHAM and HAM is given in Fig. 2e, f. The 20th-order absolute
of the non-differentiable problem for 6 = Eg; is presented in Fig. 2g, h, respectively. The
absolute error analyses of the LFLHAM and HAM were in complete agreement.

Example 3 Consider the following local fractional wave equation:

20 20 0
e 9TEGD L TEND Gy (x%) sing (1), (77)

ar20 9x20 ax?
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(2 (h)

T T T T T 6.x10°1 FT T T T T

5.x107" |

— HAM. 6=2E

—— LFLHAM, =2
In(3)

4.x107F e
axt0f

2.x10" |

Absolute error
Absolute error

1.x107"

0

Fig.2 a Numerical simulation of Eq. (68) for 6 = %, b 3D surface solution for & = 1, ¢ 3D non-differentiable
surface solution behavior for 6 = %, d 2D approximate solutions for 6 = 1, % and %, e absolute error
E10(&(x, 1)) = |&ext. (x, 1) —&appr. (x, 1), f absolute error Ep¢(§(x, 1)) = [Eext. (x, 1) —&appr. (x, 1), g absolute

error of the LELHAM Ej(&(x, 1)) = |ext. (x, 1) — &appr. (x, 1)| for § = }Egg , h absolute error of the HAM

E20(& (. 1)) = léext. (¥, 1) — Eappr (x, 1)] for 6 = (2
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subject to the initial conditions

6
£(x,0) =0, M

g =cos(x’), 0=x<1. (78)
Applying Eqgs. (10) and (12) on both sides of Eq. (77) yields
n ko
1 9%&(x, 0) .
GIEC DI =) G — - sing (x”)
k=0
1 % (x, 1) 0¥Ex, 1)
+ STG£0 |: 3x9 3x29 = 0, t>0 (79)
The nonlinear operator is defined as

n

1 ak9 .0
Nn(x,t;p)l =4£ [n(x’t)]_zsﬁ n(x,0)
k=0

sin(x?)
atko 52 +1
1 e, 3.t
+W£9[ n(o ) n(2 )]’
s dx 9x20
0<p<l1, t>0. (30)
Thus
Rm(‘Sm—l»xs [)
1 0 . 0 1 1
=£g[Em—1(x, D] — (1 — xm) STBCOSG(X ) + sing (x”) 1 5
L [3%mo1 ) 0281 (x,1)
The Mth-order deformation equation is defined as

£9 [Em(x, 1) = xmEm—1(x. )] = RH(x, )Ry (§,,_1. X, 1). (82)
Computing the inverse local fractional Laplace transform of Eq. (82), we deduce
En(x, 1) = X1 (x, 1) + £5 [BH (x, ) Ry (§_1)]. (83)
Choosing H (x,t) = 1, we solved Eq. (83) for m > 1 and obtained the following approx-
imations:
0 6
Eo(x, 1) = cosg (r*) ——— + sing (x?) ( sing (1) — ———
’ re+1 re+1n
. 0 230 )
,1) = hsi — sing (¢
§1(x, 1) sing (x )(F(9+ D + FGOT D sing ( ))
/0
+ ﬁCOSQ(xe) (m - Sing(t€)>

£ (x, 1) = —hi(h+ 1)(cosg (x?) + sing (x7)) sing (1)

, , 2136 2450 /0 /6 ,
i - 2 ~ sing (¢
s OO T ek T e+ T re+ ) (r(9+ 1y~ Sine( )>

2[50 2l39 t@
12 sin (x B
+ A sing (x )(F(59+1) rGe+n T@+1
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P 1 213
hsi —
+ising (x )<r(e+ D TGO+ 1))
0
0
+ hcosy(x )F(9~|— D

and so on. Thus, the series solutions of Eq. (77) is given by

E(x, 1) =8o(x, 1) + & (x, 1) +E2(x, 1) +E(x, 1) +- - (84)

Choosing the convergence-control parameter # = —1, we obtain

§x, 1) =8o(x, ) +&1(x, 1) +6(x, 1) +&(x, 1) + -+
= Sing([G)COSQ(xa). (85)

The result obtained in Eq. (85) is in complete agreement with the local fractional integral
iterative method and the local fractional new iterative method (Hemeda et al. 2018), local
fractional functional decomposition method (Wang et al. 2014; Yang 2011a, 2012).

Figure 3: The surface solution behavior of Eq. (68) for 6 = % is presented in Fig. 3a. Sur-
face solution behavior of Eq. (68) for (9 = 1) is illustrated in Fig. 3b. The non-differentiable
surface solution behavior for 6 = }Eg; is depicted in Fig. 3c. 2D surface solutions for dif-
ferent values of 6 = 1, %, iﬁg; are presented in Fig. 3d. The absolute error analysis for
20th-order approximations of the LFLHAM and HAM are given in Fig. 3e, f, respectively.
The 20th-order absolute error analysis of the non-differentiable problem for 6 = }2% are
depicted in Fig. 3g, h, respectively. The obtained results were in complete agreement.

Example 4 Consider the following nonlinear local fractional heat equation:

ex,y  x 9 <395(x,t)329§(x,t))

320 T r@o+1)axf | ax? ax20
20 20 2
X 0E(x, 1)
— —&(x, 1), 86
r(29+1)( 9x20 ) S0 1) (86)
subject to the initial conditions
3%E(x, 0 20
§(x,0) =0, §0.0)_ _x , 0<x<1. (87)
ot? ree+1
Employing Eqgs. (10) and (12) on both sides of Eq. (86) yields
n k6
1 9*&(x,0)
£9[E(x, )] = 0 age
= ot
1 x2 e, H\> 8% (9% (x, 1) 9%E(x, 1)
+ 2t 20 T 5.0 9 20 T, 1 |=0,
s 26 +1) 0x 0x ax ax
t > 0. (88)
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NI, g

2% 100 FT T T T T o 5% 100 FT T T T T e
1.%107° F —— | FLHAM. &:%%
— @)
5 8x10f 5 1100 HAM. 0=, o)
@ 5
k) 11 [ 2
£ 6x10 E
2 3
S 4ax10Mp S 5x107MF
< <
2.x10 |
O 4
00 0.2 0.4 06 08 1.0 00 0.2 0.4 06 08 1.0

t t

Fig.3 aNumerical solution of Eq. (85) for6 = %, b the 3D surface solution for = 1, ¢ the non-differentiable
surface solution behavior for 6 = %, d the approximate solutions for 6 = 1, % and %, e absolute error
E10(&(x, 1)) = |&ext. (x, 1) —&appr. (x, 1), f absolute error Ep¢(§(x, 1)) = [Eext. (x, 1) —&appr. (x, 1), g absolute

error of the LFLHAM Ex)(§(x, 1) = [ext.(x, 1) — appr. (¥, 1)| for & = {133, h absolute error of the HAM
E20(& (. 1)) = léext. (¥, 1) — Eappr (x, 1)] for 6 = (2
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The nonlinear operator is defined as

"1 9x, 0)
N n(x,t; p)l =£¢ [n(x, )] — T
k=0 § t
1 x29 826.‘;:()(, [) 2 80 86-‘;:()6, t) 8205()(’ [)
Tt [r(29+ 1) [( 9x20 ) a ﬁ( 9x? 920 ) +EC D |,
0<p<l, t>0. 89)

Thus
Rm(Em—lv X, t)

1 x20
= [6100) = 0= ) (35 7y )

1 X2 [ 0% (x, 1) 9208, 1 (x. 1)
—f
+35t0 [ {Z

o +1) pare ax20 ax20
m=1 o9 0 26
0% (076 (x, 1) 07 Em—1—i(x, 1)
- 5 ( ) T —Ex.0 |, t>0. (90
i=0
The Mth-order deformation equation is defined as
£0l&m (x, 1) — xm&m—1(x, )] = AH (x, t)Rm(Emfl’ X, ). o1
Computing the inverse local fractional Laplace transform of Eq. (91), we obtain
En(x, 1) = XmEn—1 (¥, 1)+ £5 [HH (x, ) Ry (8. 92)
Setting H (x, t) = 1, we solved Eq. (92) for m > 1 and obtained the following results:
26 /0
1) =
0D = F o) Te+ )
26 /30
, ) =h
) = e T TG+ 1)
26 130 ) 20 /30

00 =+ D Faesn T T DIGo T D

and so on. Thus, the series solutions of Eq. (86) is given by

E(x, 1) =8(x, 1) +&1(x, 1) +E2(x, 1) + E(x, 1) +- - (93)

Choosing the convergence-control parameter 7 = —1, we obtained the following result:

S(xvt) :50(%1‘)+~§1(x7t)+$2(x7f)+§3(x,f)+"'
x2(9 l‘9 t39 tSé)
T T+ F(9+1)_r(39+1)+r(59+1)_'"

26

__* -
= TaoT D sing (7). %94)
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3101 T - - v v " T T T T T T
4.x10711 1
25x107F @
x LFLHAM. 0= e
n

5 2x10mf 5 3.x10 HAM. 6=\ ) ]

® &

o 3 2
% 1.5x10 2 2nrof 1

§ 1.x101F §
1.x107" q

5.x10712F

of ]

0.0 02 0.4 06 0.8 1.0
t t

0.0

Fig. 4 a Surface solution of Eq. (86) for § = %, b 3D surface solution for § = 1, ¢ non-differentiable

surface solution behavior for 6 = %, d the approximate solutions for 6 = 1, % and %, e absolute error

Ej0((x, 1)) = |&ext. (x, 1) —Eappr. (x, 1), f absolute error E20(§(x, 1)) = |€ext.(x, 1) —&appr. (x, 1) |, g absolute

error of the LELHAM Ej(&(x, 1)) = |ext. (x, 1) — &appr. (x, 1)| for § = }Egg , h absolute error of the HAM

E20(& (. 1)) = léext. (¥, 1) — Eappr (x, 1)] for 6 = (2
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Figure 4: The surface solution behavior of Eq. (86) for 6 = % is presented in Fig. 4a.
Solution behavior of Eq. (86) for (6 = 1) is presented in Fig. 4b. The non-differentiable
surface solution behavior is illustrated in Fig. 4c. The 2D surface solutions behavior for
different values of 6 = 1, % iﬁg; are depicted in Fig. 4d. The absolute error analysis of
20th-order approximations of the LFLHAM and HAM are given in Fig. 4e, f, respectively.
Absolute of the LFLHAM and HAM of 20th-order approximations of the non-differentiable
problem for 6 = iEg; are presented in Fig. 4g, h, respectively. The absolute errors obtained

were in excellent agreement.

6 Conclusion

In this letter, we proposed an efficient computational technique called the local fractional
Laplace homotopy analysis method (LFLHAM) for solving local fractional wave equations
on Cantor set. The proposed technique reduces the computational size, and the series solutions
converge rapidly. The greatest advantage of the LFLHAM over the existing techniques is the
freedom of choosing the initial guess and the existence of the nonzero convergence-control
parameter used to adjust and control the convergence of the method. We discussed the detailed
convergence analysis of the method. Finally, based on the mathematical formulations and
findings of LFLHAM in this paper, we conclude that it is highly efficient and user-friendly.
In further research, one may intend to look for computational heuristic paradigms based on
artificial intelligence algorithms to solve non-differentiable wave equations on Cantor sets.
Besides, the proposed algorithm can also be treated as sequence of small intervals (i.e., step
size) in the future.
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