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Abstract

In this paper, we propose an iterative technique with residual vectors for finding a common
element of the set of fixed points of a relatively nonexpansive mapping and the set of solu-
tions of a split inclusion problem (SIP) with a way of selecting the stepsizes without prior
knowledge of the operator norm in the framework of p-uniformly convex and uniformly
smooth Banach spaces. Then strong convergence of the proposed algorithm to a common
element of the above two sets is proved. As applications, we apply our result to find the set
of common fixed points of a family of mappings which is also a solution of the SIP. We also
give a numerical example and demonstrate the efficiency of the proposed algorithm. The
results presented in this paper improve and generalize many recent important results in the
literature.
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1 Introduction

Let H; and H, be two Hilbert spaces. Let By : Hi — H; and B, : H» — Hj be two
set-valued maximal monotone operators and A : H; — Hj be a bounded linear operator.
Moudafi (2011) introduced the following so-called split inclusion problem (SIP):

Find x* € H; such that 0 € Bj(x*) and 0 € By(Ax™). (1.1)

The set of solutions of problem (1.1) is denoted by T, ie., I' := {x* € H; : x* €
B/ ! (0) and Ax* € B; ! (0)}. In fact, we know that the split inclusion problem is a gener-
alization of the inclusion problem and the split feasibility problem. Next, we provide some
special cases of SIP (1.1).

e let f: H — RU{+oo}and g : Hy — R U {400} be proper, lower semicontinuous
and convex functions. If we take By = 0 f and B, = dg, where d f and dg are the
subdifferential of f and g, then the SIP (1.1) becomes the following so-called proximal
split feasibility problem:

Find x* € argmin f such that Ax™ € argmin g, (1.2)

where argmin f = {x € H; : f(x) < f(y), Yy € H;} and argmin g = {x €
Hy : g(x) < g(y), Yy € Hp}. In particular, if we take f(x) = %||Mx — b||? and
glx) = %||Nx — ¢||?, where M and N are matrices, and b, ¢ € Hj, then the SIP (1.2)
becomes the least square problem. This problem has been intensively studied, especially,
in Hilbert spaces; see for instance (Moudafi and Thakur 2014).

e Let C and Q be nonempty, closed, and convex subsets of real Hilbert spaces H; and
H», respectively. If By = N¢, B, = Ny, where Nc and N are the normal cones of C
and Q, respectively, then the SIP (1.2) becomes the following so-called split feasibility
problem:

Find x* € C suchthat Ax* € Q. (1.3)

This problem was firstintroduced, in a finite dimensional Hilbert space, by Censor and Elfving
(1994) for modeling inverse problems in radiation therapy treatment planning which arise
from phase retrieval and in medical image reconstruction, especially intensity modulated
therapy (Censor et al. 2006).

To solve the SIP (1.1), Byrne et al. (2011) gave the following convergence theorem in
infinite dimensional Hilbert spaces:

Theorem 1.1 Let Hy and Hj be real Hilbert spaces, A : H — H, be a bounded linear
operator with its adjoint operator A*. Let B| : Hl — H| and By : Hy — Hj be set-valued
maximal monotone mappings, . > 0 and y € (0, W) Suppose that I # (. For given
x1 € Hy, let {x,} be the sequence defined by

X1 = I @ — y A*U = JP)Ax,), Vo= L (1.4)
Then {x,} converges weakly to an element x* € T.

In order to obtain strong convergence, Kazmi and Rizvi (2014) proposed an algorithm
for solving SIP (1.1) with fixed points of a nonexpansive mapping 7. They obtained the
following result:
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Theorem 1.2 Let Hy and H, be real Hilbert spaces. Let A : Hy — Hy be a bounded linear
operator and f : Hy — Hj be a contraction mapping with a constant o € (0, 1). Let
By : Hl — Hj and By : Hy — Hj be set-valued maximal monotone mappings, ). > 0. Let
T : Hy — H be a nonexpansive mapping such that F(T) NT" # @. For a given x1 € H;
arbitrarily, let the iterative sequences {u, } and {x, } be generated by

wy = I (0 — y AR = JP2) Axy),

(1.5)
Xn+1 = dp f(xn) + (1 —an)Tuy, Vn =1,

where y € (O, W) and {ay,} is a sequence in (0, 1) such that lim,,_, », o;; = 0, ZZZ] o, =

oo and Zsil |41 — an| < 00. Then the sequences {u,} and {x,} both converge strongly
to x* € F(T) NT, where x* = Pr(rynr f (x™).

On the other hand, Takahashi and Takahashi (2016) first introduced the SIP outside Hilbert
spaces. Let E| and E, be two Banach spaces. Let By : E; — Ej and By : E; —o E; be two
set-valued maximal monotone operators and A : E; — E; be a bounded linear operator.
They proposed the SIP in Banach spaces as follows:

Find x* € E; suchthat 0 € B1(x*) and 0 € By(Ax™). (1.6)

In recent years, many authors have constructed several iterative methods for solving SIP
(see, e.g., Sitthithakerngkiet et al. 2018; Takahashi and Takahashi 2016; Takahashi 2015,
2017; Takahashi and Yao 2015; Suantai et al. 2018; Jailoka and Suantai 2017; Ogbuisi and
Mewomo 2017; Alofi et al. 2016).

Very recently, Alofi et al. (2016) introduced an algorithm based on Halpern’s iteration for
solving SIP (1.1) in a uniformly convex and smooth Banach space. They proved the following
strong convergence theorem:

Theorem 1.3 Let H be a Hilbert space and let E be a uniformly convex and smooth Banach
space. Let Jg be the duality mapping on E. Let By : H — H and By : E —o E* be maximal
monotone operators, respectively. Let Jf ! be the resolvent of B for . > 0 and let Jf % be
the metric resolvent of B for u > 0. Let A : H — E be a bounded linear operator with its
adjoint A* such that A # 0. Suppose that T' # @. Let {u,} be a sequence in H such that
u, — u. Let x1 € H and let {x,} C H be a sequence generated by

Y =ttty + (1 = o) S0 (= g A*(L = Ji2) Axy),
Xn+1 = lgnxn + (1 - ﬂn)yna Vn > 1,

where {1}, {n} C (0, 00), {a,} C (0, 1) and{B,} C (0, 1) satisfy the following conditions:

(1.7)

o0
lim o, =0 and E o, = 00
n—0o0 1

n=

O<a<MlAIP<b<2, O<k<p, O<c<pB,<d<1l,
for some a, b, c,d € R. Then {x,} converges strongly to x* € ', where x* = Pru.

However, it is observed that several iterative methods suggested require the computation of
the norm of the bounded linear operator || A||, which may not be calculated easily in general.
In this work, motivated by the previous works, we introduce an iterative technique with
residual vectors for solving the fixed point problem of a relatively nonexpansive mapping
and SIP with a way of selecting the step sizes without prior knowledge of the operator norm
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in the framework of p-uniformly convex and uniformly smooth Banach spaces. We prove
its strong convergence of proposed algorithm to a common element of the set fixed points of
a relatively nonexpansive mapping and the solutions of the SIP. As applications, we apply
our result to finding the set of common fixed points of a family of mappings which is also a
solution of the SIP. We also give some numerical examples and demonstrate the efficiency
of the proposed algorithm. The results obtained in this paper improve and generalize many
known results in the literature.

2 Preliminaries

Let E and E* be real Banach spaces and the dual space of E, respectively. Let E| and E»
be real Banach spaces and let A : E;1 — E; be a bounded linear operator with its adjoint
operator A* : E5 — E} which is defined by

(A*5.x) == (3, Ax), Vx € E1, j € Ej.

The modulus of convexity of E is the function ég : (0, 2] — [0, 1] defined by
SE(e) = inf{l =B =iyl =1, =yl > e}.
The modulus of smoothness of E is the function pg : RT := [0, 00) — R™T defined by

pE(T) = [7“””"';”"”” — 1z el = iyl = 1}.

Definition 2.1 A Banach space E is said to be

1. uniformly convex if §g(e) > 0 for all € € (0, 2];

2. p-uniformly convex (or to have a modulus of convexity of power type p) if there is a
¢p > Osuch that 6g () > cpe? forall € € (0, 2];

3. uniformly smooth if lim;_, ¢ p%(r) =0;

4. g-uniformly smooth if there exists a ¢; > 0 such that pg(7) < ¢479 forall T > 0.

From the Definition 2.1, we observe that every p-uniformly convex space is uniformly convex
and if E is g-uniformly smooth, then E is also uniformly smooth. It is known that (Agarwal
et al. 2009)

[ E is p-uniformly convex if and only if E* is g-uniformly smooth, .1

E is g-uniformly smooth if and only if E* is p-uniformly convex,

where p > 2 and 1 < g < 2 are conjugate exponents, i.e., p, g satisfy % + 5 =1 (see Xu
and Roach 1991). For the sequence spaces £, Lebesgue spaces L, and Sobolev spaces W',
we also know that (Agarwal et al. 2009; Hanner 1956; Xu and Roach 1991)

£p, Lpand W' are 2-uniformly convex and p-uniformly smooth with 1 < p <2,
Ly, Lpand W;” are g-uniformly convex and 2-uniformly smooth with 2 < g < oo.

Definition 2.2 A continuous strictly increasing function ¢ : R* — R™ is said to be a gauge
if ¢(0) = 0 and lim;_, (1) = 0.
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Definition 2.3 The mapping J(f : E — E* associated with a gauge function ¢ defined by

Iy ={f € E*: (x, f) = lIxlle(xD, £ =¢Ulxl), Vx e E},

is called the duality mapping with gauge ¢, where (-, -) denotes the duality pairing between
E and E*.

Ifp(t) = t,then J(f = JZE = J isthe normalized duality mapping. In particular, o (f) = P!,
where p > 1, the duality mapping JWE =J f is called the generalized duality mapping which
is defined by

Jp@) =1{f € E*:{x, f) = IxIP, I £ = el P

It is well known that if E is uniformly smooth, the generalized duality mapping J f is norm
to norm uniformly continuous on bounded subsets of E (see Reich 1981). Furthermore, J f is

one-to-one, single-valued and satisfies J ]‘,E = (JqE*)’l, where JqE* is the generalized duality
mapping of E* (see Reich 1992; Cioranescu 1990 for more details).
For a gauge ¢, the function ® : RT™ — R™T defined by

t
d(1) :/ o(s)ds
0

is a continuous convex strictly increasing differentiable function on R* with ®'(¢) = ¢(t)
and lim;_, o % = 00. Therefore, ® has a continuous inverse function ®~!.

We next recall the Bregman distance, which was introduced and studied in Bregman
(1967).

Definition 2.4 Let E be a real smooth Banach space. The Bregman distance Dy (x, y)
between x and y in E is defined by

Dy(x, y) = (vl = @(lIx[) — (S (x), y — x).

We note that the Bregman distance D, does not satisfy the well-known properties of a metric
because D, is not symmetric and does not satisfy the triangle inequality. Moreover, the
Bregman distance has the following important properties:

Dy(x,y) = Dy(x,2) + Dy(z.y) + (JFx — Ifz.2 = ), (22)
Dy(x,y) + Dy(y, x) = (JFx — JFy, x = y), (2.3)

forallx,y,z € E.
In the case ¢(r) = t?~!, where p > 1, the distance Dy, = D, is called the p-Lyapunov
function which was studied in Bonesky et al. (2008) and it is given by

1 1
Dy(x,y) = gnxnp —(IFx. )+ ;nyu",

where p, g are conjugate exponents. For the p-uniformly convex space, the Bregman distance
has the following relation (see Schopfer et al. 2008):

Tllx = ylIP < Dp(x.y) < (JEx — Ty, x —y), (24)
where t > 0 is some fixed number. If p = 2, we get

Dy(x, y) = ¢ (x, y) = |x[* = 2(Jx, y) + [IyII*,
where ¢ is called the Lyapunov function which was introduced by Alber (1993, 1996).
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The following Lemma can be obtained from Theorem 2.8.17 of Agarwal et al. (2009) (see
also Lemma 5 of Kuo and Sahu 2013).

Lemma25 Let p > 1, r > 0 and E be a Banach space. Then the following statements are
equivalent:

(1) E is uniformly convex;
(ii) There exists a strictly increasing convex function g : RT — RY with g¥(0) = 0 such
that

N N

I S ewxe])” <D ewllxell” — ciarj g (lxi — x4,
k=1 k=1

foralli,j e {1,2,...,N}, xx € B, :={x € E : |x|| <r}, o € (0,1) with

Z,ivzlak =1, wherek € {1,2,...,N}.

Lemma2.6 (Xu 1991) Let 1 < g < 2 and E be a Banach space. Then the following
statements are equivalent:

(1) E is g-uniformly smooth;
(ii) there is a constant k; > 0 which is called the q-uniform smoothness coefficient of E
such that forall x,y € E

Ix = Y19 < X119 — gy, I (0)) +rgllyll9. (2.5)

In what follows, we shall use the following notations: x, — x means that {x, } converges
strongly to x and x,, —x means that {x, } converges weakly to x. Let C be a closed and convex
subset of E and let T be a mapping from C into itself. We denote F(T) by the set of all
fixed points of T, i.e., F(T) ={x € C : x = Tx}. A point z € C is called an asymptotic
fixed point (Reich 1996) of T, if there exists a sequence {x,} in C which converges weakly
to z and lim,,—  ||x, — Tx, || = 0. We denote F (T) by the set of asymptotic fixed points of
T. A mapping T : C — C is called Bregman relatively nonexpansive (Butnariu et al. 2001,
2003; Censor and Reich 1996; Matsushita and Takahashi 2005), if the following conditions
are satisfied:

(R1) F(T) = F(T) # %
(R2) D,(Tx,z) < Dy(x,2), Yze F(T), Vx € C.

Let E be a p-uniformly convex Banach space which is also uniformly smooth. Following
Censor and Lent (1981) and Alber (1993), we make use of the function V), : E* x E — R*
which is defined by

1 1
Vp(x*, x) = gllx*llq — " x) + ;IIXII” (2.6)

forall x € E and x* € E*, where p, g are conjugate exponents. Then V), is nonnegative and
convex in the first variable. It is observed that
Vp(x*,x) = Dp(JF (x"), x) 2.7)
for all x € E and x* € E*. In addition,
Vp(x*, %) < V(™ = y*, ) + (IF (%) — x, %) (2.8)

forall x € E and x* € E*.
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Lemma 2.7 (Bonesky et al. 2008) Let p > 1 and E be a real p-uniformly convex
and uniformly smooth Banach space. For x € E and a sequence {x,} in E. Then,
limy, 00 Dp(xp, x) =0 & lim, > [Ix, — x|| = 0.

Let C be a nonempty, closed and convex subset of a smooth, strictly convex and reflexive
Banach space E. Then we know that for any x € E, there exists a unique element z € C
such that

Dy(x,z) =min Dy(x, y). 2.9
yeC

The mapping I1¢c : E — C defined by z = Ilcx is called the generalized projection of E
onto C.

Lemma 2.8 (Kuo and Sahu 2013) Let C be a nonempty, closed and convex subset of a p-
uniformly convex and uniformly smooth Banach space E and let x € E. Then the following
assertions hold:

(1) z = M¢x if and only if(Jf(x) — Jf(z), y—2)<0,VyeC.
(it) Dp(Icx,y) + Dp(x, cx) < Dp(x, y), Vy € C.

Let B : E — E* be a mapping. The effective domain of B is denoted by D(B), i.e.,
D(B) = {x € E : Bx # (}. A multi-valued mapping B is said to be monotone if

(u—v,x —y)>0, Vx,y e D(B), ue Bxandv € By. (2.10)

A monotone operator B on E is said to be maximal if its graph is not properly contained in
the graph of any other monotone operator on E.

Let E be a p-uniformly convex and uniformly smooth Banach space andlet B : E — E*
be a maximal monotone operator. Then, for x € E and A > 0, we define a mapping Q f :
E — D(B) by

07 (x) = (I +1(J)™"'B) ' (x) forall x € E. (2.11)

This mapping is called the metric resolvent of B for . > 0. The set of null points of B is
defined by B~1(0) = {z € E : 0 € Bz}. We know that B~ (0) is closed and convex (see
Takahashi 2000). We see that

0€JF(QF(x) —x)+ABQJ (x). (2.12)

Further, F(Qf) = B~10) for A > 0 (see Zeidler 1984). From Kuo and Sahu (2013), we
also know that

(QF () = QF (. IS (x = @F () =TT (y — Q7 () = 0, (2.13)
forall x, y € E and if B~!(0) # ¢, then
(I =07 (), 07 (x) —z) = 0, (2.14)

forall x € E and z € B~1(0).
In addition, we can define a single-valued mapping Rf : E — D(B) so-called the
resolvent of B by (Kohsaka and Takahashi 2005)

RE(x):=(Jf +1B) ' JE(x) forall x € E.

It is known that Rf is a relatively nonexpansive mapping and F (Rf )= B~1(0) forx > 0
(see Kuo and Sahu 2013).
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Lemma 2.9 (Kohsaka and Takahashi 2005) Let B : E — E* be a maximal monotone
operator with B~1(0) # ¢ and let Rf be a resolvent operator of B for A > 0. Then

Dp(RE(x),2) + Dp(RE(x), x) < Dp(x, 2),

forall x € E and z € B~ (0).

The following Theorem is proved by Kohsaka and Takahashi (see Kohsaka and Takahashi
2005, Lemma 7.2).

Lemma 2.10 (Kohsaka and Takahashi 2005) Let B : E — E* be a monotone operator. Then
B is maximal if and only if for each A > 0,

R(J} +1B) = E*,
where R(JPE + AB) is the range of J,,E + AB.
The following lemma was proved by Suantai et al. (2018).

Lemma 2.11 Let E| and E> be uniformly convex and smooth Banach spaces. Let A : E| —
E> be a bounded linear operator with the adjoint operator A*. Let Rfl be the resolvent

operator of a maximal monotone operator By for Aoy > 0 and szz be a metric resolvent of
a maximal monotone operator By for Lo > 0. Suppose that T # (). Let r > 0 and x* € E\.
Then x* is a solution of problem (1.6) if and only if

E*
Xt = RY(Jg (TP ) = r ATT (= 002 Ax®)).

1

Lemma 2.12 Let E be a real p-uniformly convex and uniformly smooth Banach spaces.
Suppose that x € E and{x,} is a sequence in E. Then the following statements are equivalent:

(@) {Dp(xy, x)} is bounded;
(b) {x,} is bounded.

Proof For the implication (a¢) = (b) was proved in Reich and Sabach (2010). For the
converse implication (b)) = (a), we assume that x € E and {x,} are bounded. From (2.4),
we observe that

E E
Dp(xn»x) = (Jp Xn — ]p X, Xp — X)
E E
< 17Exy — JExxy — x]
<M,

for all n € N, where M = sup,>{[lx.|, I 1P~ xll, Ix )P~ 1), This implies that
{Dp(xy, x)} is bounded. ]

Lemma 2.13 (Reich 1979) Assume that {a,} is a sequence of nonnegative real numbers such
that

an+1 < (I = yw)an + yubp, Vn > 1,

where {y,} is a sequence in (0, 1) and {5,} is a sequence in R such that lim,_,~ y, = 0,
Y on, vn =00 and limsup,_, o 8, < 0. Then lim,_, » a, = 0.
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Lemma 2.14 (Maingé 2008) Let {T",,} be a sequence of real numbers that does not decrease at
infinity in the sense that there exists a subsequence {I"y;} of {T',} which satisfies T',,; < Iy, 41
foralli € N. Define the sequence {T(n)},>n, of integers as follows:

t(n) =max{k <n: Ty < Trg1},
where ng € N such that {k < no : 'y < Uk41} # @. Then, the following hold:

(i) t(ng) <t(no+1) <...and t(n) - oo;
(ii) rr,, =< Fr(n)-ﬁ-l andI'y < Fr(n)—t—ly Vn > no.

Lemma 2.15 Let E be a real p-uniformly convex and uniformly smooth Banach space. Let
z,x, € E(k=1,2,...,N)and oy € (0, 1) with Z,ivzl o = 1. Then, we have

N N
D,;(Jf"(Zaka(xk)), z) <Y aDp(xr, 2) — cie g (Il (i) = TE(xpll).
k=1

k=1
foralli,je{l1,2,...,N}.

Proof Since p-uniformly convex, hence it is uniformly convex. From Lemma 2.5, we have

N
D, (JqE* ( >k (xk)>, z)
k=1
N
= VP<Zaka(xk),Z)
k=1
1 N
qHZOlkJIf(xk)Hq—<ZOZkJ (xx), Z> *“Z”p
k=1

N N
1 1
< =Yl ol —aiajgr (1) () = T 5 (el — <Z o T F (). z> + —llz1?
4 k=1 k=1 p
I N
= 5Zak||1,f<xk>||‘f Zak (5 (0, 2) —||z||” — gl (17 (i) = Ty ()
k=1
N
=Y Dy 2) — eqejgr (1T E (i) = TE @y,
k=1
foralli, j € {1,2,..., N}. This completes the proof. O

3 Algorithm and strong convergence theorem

In this section, we introduce an iterative algorithm for finding a common element of the set of
solutions of split inclusion problem (1.6) and the set of fixed points of a Bregman relatively
nonexpansive mapping. More specifically, we assume the following assumptions:

e FEj and E; are p-uniformly convex and uniformly smooth Banach spaces;
e By : E| — Efand B, : E; —o E3 are maximal monotone operators such that Bl_1 0) #

@ and B, ! (0) # 0, respectively;
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12 Page 10 of 25 P. Cholamjiak et al.

° Rfl ! is the resolvent operator of a maximal monotone By for A; > 0 and szz is the
metric resolvent operator of a maximal monotone B, for A, > 0;

e A: E; — E;isabounded linear operator with its adjoint operator A* : E5 — EJ;

e T : E1 — EjisaBregman relatively nonexpansive mapping such that F(T) = F (T) #
R

e The set of solution of SIP is consistent, i.e., I' # J;

e Q:=F(T)NT #0,

e ¢, denotes the residual vector in £y such that lim, o€, = u € Ej.

Algorithm 3.1 Choose an initial guess uy € Ey; let {x,}02, and {u,};>, be sequences
generated by

E*
{xn = Rfll(Jq l(Jfl(u,,) - )»,,A*J;FZ(I - ij)Au,,)) G.D)

E*
Uni1 = Jg @ dy (€0) + Bud b () + vadp (Txn)), Y > 1,

where {a,}, {Bn} and {y,} are sequences in (0, 1) such that o, + B, + v, = 1. Suppose that
stepsize h, is a bounded sequence chosen in such a way that

I — QP2) Auy, | =
i L Rt —e>q neN., (3.2)

O<e<i, < (
kg IA* T (1 = Q72) Auy ||

for some € > 0, where the index set N := {n € N : (I — szz)Au,, # 0} and X, = A (A
being any nonnegative value), otherwise. Note that the choice in (3.2) of the stepsize X, is
independent of the norms || A].

Lemma3.2 Let{x,}2 | and{u,};> | besequences generated by Algorithm3.1. Then, {x,}°

and {uy},2; are bounded.
Proof. By the choice of 1,, we observe that

- qll(l = Q3 Auy |I?
<
n - % 7E2 By
kg | A2 (1 = 07%) Auy |19

—1 B B B
= g AT IE = QP Augl! < (1 — Q) Aun|I? — exg | A* T2 (1 — QF) Auy 19

qg—1

= %HA*J;;Z(I = O Aun | < U — Q) Auy | — %HA*J,,EZ(I = 07 Auy 7.
(3.3)
Let z € Q. From (2.14), we observe that
(2 = Q) Aup, Auy — A2)
=11 = Q) Aun||” + (JE2(1 — Q57) Aun, Q57 (Auy) — Az)
> 107 = Q) Auy |17 (3.4)

Set vy = Jy V(T ) = kA" I (I — Q) Auy) forall n > 1. By (3.4) and Lemma 2.6,
we have

Dp(xn,z) < Dp(vn, 2)

EY E E B
=Dp(Jg " Uy (un) = A AT (I = Q57) Aun). 2)
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= énfff(/f' W) =An A* T2 (1 = Q72 Au) P = (T @) =2 A* T2 (1= Q32) Auy, z>+%||z||"

= énj,?' (Wn) = A AT = Q) Aun) | = (T () = An A* T2 (1 = Q) Aun, 2) + %nzn/’

< énl,?’ W)l = (A, Ty 2 (1 = Q32 Aun) + K"q—AZHA*JfZ(I — O Aunll® = (J5 " n), 2)
T (IE (1 = QP2 Auy. A2) + %nzuf’

1 E
= gl\unll” —(Jp un). 2)

Kq )\Z

1 E B E B
+;||z||P +an(Ip2 (I = Q) A, Az — Aup) + 1A (1 = Q;7) Aun|?

Kq AZ

E B E B
= Dp(un.2) +dn{Jp* (I = Q;2) Aun, Az — Aun) + AT (1 = Q;7) Aunll?

A
< Dplun,2) = A (nu O Au P~ S A ij)Aunn‘I), (3.5)
which implies by (3.3) that
Dp(xns 7) < Dp(un’ 2).

Since lim;,—, o €, = u € E1, which implies that {€,} is bounded, then from Lemma 2.12, we
have {D, (e, z)} is bounded. So there exists a constant K > 0 such that D (e,, z) < K for
all n > 1. From Lemma 2.15, we have

Dy (xn+1,2) < Dp(upt1, 2)
= Dy @ EV ) + BT E Con) + v I EN (T)), 2)
< ayDp(€n, 2) + BuDp(xn, 2) + yuDp(Txy, 2)
—Buvngr (15 Gen) — TN (T xn) )

D p(€n, 2) + (1 = @) Dy (¥, 2) = Buvagy (157 (n) = T (Tx))
an K + (1 —a,)D,(x,, 2)
max{K, D, (xp, z)}

IAIA

IA

< max{K, D,(x1,2)}. (3.6)

By induction, we have {D,(x;, z)} is bounded. Hence, {x,} is bounded and so are {u, } and
{Aun}.

Theorem 3.3 Let {x,};2 | and {u,};° | be sequences generated by Algorithm 3.1. Suppose
that the following conditions hold:

(CI) limy_ o0ty =0and y o2 |y = 00;
(C2) 0 <k < Bnyn <1 forsomek € (0, 1).

Then {x,}32 | and {u,};2, converge strongly to x* = Ilqu, where Ilq is the generalized

projection from Ej onto Q.

Proof Let x* = Ilp(r)nru. From (2.7) and (3.6), we have
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Dp(-er-l ,x%)
< Dp(up+1, x®)

= Vp(an-]pEl (€n) + ﬂn-]pEl (xn) + Vn-’,fl (T xu), x*)
Vop(and P €)+Bud 3 (i) +ynd f 1 (Tx) — an (I (€)= T £ (x%), x*))

o (T (€n) = T ) (%), gy — x)

IA

= V(o J F )+ B E )y d FHTx0), ) o (TP () — T2 (%), gy — x¥)

E*
= Dp(Jy " (anJ 1 () + Bud £ (n) + v d FH(Tx)), x*)

oI ) = TP (), gy — x%)

< 0 Dy (x*, X*) 4 By Dy (xn, X*) + yu Dp(Txn, x*) = Buyugr (175 (xn) — T 7 (Txa) )

Fan (5 (€n) = JE (%), oy — x*)
< (1 =)Dy (xn, ) = Bavagl (17, (x) = I (Txa) )

Fan(TF(€n) = T2 (), ungr — x*).

We now divide the proof into two cases:

3.7

Case 1 Suppose that there exists no € N such that {D(x,, x*)};;2, is non-increasing. So

n=ng

o0 | converges and it is bounded. From (3.7), we have

we have {D, (x,, x*)}°

0 < kgl (17" (o) — T2 (Tx))
< Buvagt (15 (n) — TP (Tx) )

< Dp(n, x%) = Dp (g1, x°) + an (I (€2) = TP (), g1 — x¥).

This implies that
lim g (|| (xa) — J 7 (Txa)|)) = 0.

n—oo

By the property of g*, we have
lim |75 (en) = T (Txa)l| = 0.
n—o0
Since J,IE ! is uniformly norm-to-norm continuous on bounded subsets of E}, then
lim ||x, — Tx,|| = 0.
n—o0

By Lemma 2.7, we also have

lim D, (x,, Tx,) =0.
n—oo

(3.8)

(3.9

(3.10)

(3.11)

By the boundedness of {x,} and the reflexivity of E, there exists a subsequence {xy, } of {x,}
such that x,, ~% € E;. From (3.10), we obtain * € F(T) = F(T). From (3.3), (3.5) and

(3.6), we see that
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2
€K,
anA*JEZ(I — 0) Au, |7 < /\n<ll(1 — 07) Auy | —

Dp(unw’%) - Dp(xn, x)

Oln—le(En—lsxA) + Dp(xn—ls-f) - Dp(xns x) — 0 as n — oo,

g—1
Kq)\n

A

IA*TE2 (1 — QF%) Auy |14 )

which implies that
Jim IA*J 22 (1 — Qf)Aunll =0. (3.12)
From (3.5) and (3.6), we have
€l - Qf)AunIIp < Ml — Qf)Aunllp

IA

R . kghd
Dy (un, £) — Dp(xa, X) + %HA*J}EZ(I — 0% Auy |7

IA

anlep(anlv x)+ Dp(xnfly x) — Dp(xn; x)
KMZ E
+7||A*Jp2(1 - QAZ)Auan — 0 as n— oo.
q

Hence
Tim | Auy — 07 Auy| = 0. (3.13)
Then, we have
1TE ) = TE )|l < 2l A* T2 (1 = QF2) Auy |
< Ml A2 = Q) Auy |
< JnllA* [ Auy — Q2 Aun|P~" — 0 as n — oo,
which implies that

lim (|77 (va) — J 5 (un)|| = 0. (3.14)
n—oo

Since J 1s norm-to-norm uniformly continuous on bounded subsets of E},
lim |lv, — un| = 0. (3.15)
n—oo
By Lemma 2.9 and (3.6), we have
Dy (xn. vn) = Dp(R} vy, va)
=< Dp(vnv x) — Dp(xns x)
Dp(“na x)— Dp(xnv x)

= an—]Dp(En—la)e) + Dp(xn—l,f) - Dp(xnv)e) — 0 as n— oo.

A

Thus, we have

Jim IIR,\ Un = pll = lim [l — vyl = 0. (3.16)

Since x,, —~X € Ej, we also have v,, ~X € E;.From (3.16), we get X € F(Rﬁl) € Bfl(O).
From (3.15) and (3.16), we obtain

X — unll < X0 — vall + llvg —unll - 0 as n — oo. (3.17)
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Since x,,—~% € E; and from (3.17), we also get u,,—~x € E1. From (2.14), we have
I = QEDARIP = (J2 (A% — Q7 AR). AT — Q;7 AR)
= (J2 (A% — Q2 A%), A% — Auy,)
+ (P2 (AR = Q2 AD), Auy, — Q77 Auy,)
+ (I (AR — Q2 A%), 072 Auy, — Q2 AR)
< (JP2(A% — Q2 AR), A% — Auy,)
+ (I (AR — Q2 AR), Auy, — O Auy,). (3.18)
Since A is continuous, we have Au,,—~AX as i — o0o. Then, we have
A% — 0;2A%] =0,

that is, AX = szzAf. This shows that AX € F(szz) = BZ_I(O). So x € I'. Therefore, we
conclude that X € Q := F(T)NT.
Now, we see that

E*
Dp(uns1,%n) < Dp(Jy (@nd Y1 (€n) + Bud 1 (6n) + v d (T X)), 1)
< anDp(en, xun) + BuDp(xXn, Xn) + YuDp(Txn, xn) — 0 as n — oo,

and hence
lim |Jup+1 — x,]| = 0. (3.19)
n—oo
So, we have
lunt1 — unll < Npt1 — xnll + X — unll — 0 as n — oo. (3.20)

We now choose a subsequence {x,, } of {x,} such that

lim sup (75 (u) — J5 (x*), xy — x*) = lim (JFH ) — TP (%), %, — x¥),
n—oo 1—> 00

where x* = Iqu. From (3.17) and Lemma 2.8, we get

lim sup(Jf‘ (u) — Jf‘ x*), up, —x*) = lim sup(Jf‘(u) — Jf‘(x*), Xp —x™)
n—oo n—o0

lim (J7" () — T2 (x%), xy, — x*¥)
11— 00

(JF ) — TP (x%), & —x*) < 0.
From (3.20), we also have

lim sup(J 71 (u) = T3 (x%), upq1 — x*) < 0. (3.21)

n—oQo

By (3.7), we note that
Dy (ni1.x%) < (1= o) Dp (o, X*) + ot (1 (€0) — T (x%), tp g1 — x¥)
= (I — ) Dy (X, X*) + (S5 (€0) — T (W), g1 — x¥)

o (T () = TP (), upgr — x).
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Since €, — u implies Jf‘ (en) — Jfl (u). Considering this together with (3.21), we con-
clude by Lemma 2.13 that D, (x,, x*) — 0 as n — oo. Therefore,S x, — x* € Q.

Case 2 Suppose that there exists a subsequence {I';,} of {I';} such that ', < I';;, 41 for all
i € N. Let us define a mapping 7 : N — N by

t(n) =max{k <n: Ty < Crg1}-
Then, by Lemma 2.14, we obtain
Cey < Tey+1 and Ty < Ty
Put ', = Dp(x,, x*) for all n € N. Then, we have from (3.6) that

0< nlgrolo(Dp(xr(n)+la x*) - Dp(xt(n)a )C*))

IA

nli)ngo(Dp(er(n), )4+ (1 - ar(n))Dp(xr(n)» x*) — Dp(xt(n)v x*))

nlggoaf(n)(Dp(&(n)vx*) = Dp(xe (). x7)) =0,
which implies that
,,li,ngo(Dl’(xf(”)“’ x*) = Dp(xr(ny, x¥)) = 0. (3.22)
Following the proof line in Case I, we can show that
nlggo Xy — Txeanyll =0,
lim (A" (1 = Q2 Auzn | =0,

. B
nll>nolo [Atte ) — Q35 Atz = 0,

nlinc}o ”xr(n) - Ur(n)” = nlggo ”xr(n) - ur(n)” =0
and
nlglgo luzoy+1 — tz@yll = 0.

Furthermore, we can show that

lim sup(J £ (u) — TV (x*), tz (1 — x*) < 0.
n—o0

From (3.7), we have
Dp(xXrmy+1, X*) < (1 — ar) Dp (Xr (), X¥) +ar(n)<JpEl(6t(n)) - J,,E‘(X*), Urmy+1 — X7),
which implies that
ey Dp(Xeny, X)) < Dp(Xeny, x°) — Dp(Xry41, x7)
oy (T (€)= T 5 (), ey — x¥).
Since I'z(4) < T'r(ny)+1 and o,y > 0, we get
Dp(xXeiny. X*) < (TF (€)= TP () Uiz (41 — x¥)

= (Jf‘ (€xay) — Jf‘(u), Ury+1 — X)) + (Jfl (M)—Jf‘(X*), Uz (ny+1—X").
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Since €;(yy — u implies J5 ' (€;(n)) — J5" (u). Hence, lim,,— 00 Dp(Xz(), x*) = 0. From
(3.22), we obtain

Dp(xns x*) =< Dp(xf(n)—t-la x*) = Dp(xr(n)»x*) + (Dp(xr(n)+lvx*)
—D,(xr(n), X)) = 0 as n — oo,

which implies that Dp(x,,x*) — 0. That is x, — x* as n — oo. This completes
the proof. O

We consequently obtain the following result in Hilbert spaces:

Corollary 3.4 Let H| and Hj be Hilbert spaces. Let By : Hl — Hy and By : Hy — H) be
maximal monotone operators such that B, ! (0) # ¥ and By ! (0) # O, respectively. Let Rf 11

be the resolvent operator of a maximal monotone B for A1 > 0 and let Qf; be the metric
resolvent operator of a maximal monotone By for Ay > 0. Let A : Hl — H» be a bounded
linear operator with its adjoint operator A* : Hy — Hj. Let T : Hl — H, be a relatively
nonexpansive mapping such that F(T) = I?(T) # (. Assume that Q == F(T)NT # 0.

Choose an initial guess u; € Hy; let {xn}flo:1 and {un}flo:1 be sequences generated by

Xy = Rfll (U — Iy A*(I — Qf;)Aun) 3.23)
Upt] = 0y €y + ,ann + ynTxna Vn > 1, .

where {€,} C H\ is a residual vector such that €,, — u, and {a,}, {B,} and {y,} are sequences
in (0, 1) such that o, + B, + yn = 1. Suppose that stepsize L, is a bounded sequence chosen
in such a way that

2011 — 02 Auy |12
0<e<, < A2 !

< > —e, neN, (3.24)
|A*(I — ka)Aunll2

for some € > 0, where the index set N := {n € N : (I — szz)Au,, % 0}Yand 1, = A (M
being any nonnegative value), otherwise. Suppose that the following conditions hold:

(CI) limy_ o0ty =0and y o2 | apy = 00;
(C2) 0 <k < Bnyn <1 forsomek € (0,1).

Then {x,};2 | and {u,}2, converge strongly to x* = Iqu.

4 Convergence theorems for a family of mappings

In this section, we apply our result to the common fixed point problems of a family of
mappings.

4.1 A countable family of relatively nonexpansive mappings

Definition 4.1 (Aoyama et al. 2007) Let C be a subset of a real p-uniformly convex and
uniformly smooth Banach space E. Let {T,,};° | be a sequence of mappings of C in to E
such that ﬂflozl F(T,) # 0. Then {T,,}72 | is said to satisfy the AKTT-condition if, for any
bounded subset B of C,

oo
> sup{ll7F (Thr12) — JET0)|1} < o0.

n—] 2€B
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As in Suantai et al. (2012), we can prove the following Proposition:

Proposition 4.2 Let C be a nonempty, closed and convex subset of a real p-uniformly convex
and uniformly smooth Banach space E. Let {T,}° | be a sequence of mappings of C such that
ﬂftozl F(T,) # 0 and {T,}2 | satisfies the AKTT condition. Suppose that for any bounded
subset B of C. Then there exists the mapping T : B — E such that

Tx = lim T,x, Vx € B “4.1)
n—oo
and

lim sup | /5 (Tz) — JF(T,2)| = 0.
n~>ooZEB

In the sequel, we say that ({7,,}, T') satisfies the AKTT-condition if {7},}°2, satisfies the
AKTT-condition and T is defined by (4.1) with ﬂzozl F(T,) = F(T).

Theorem 4.3 Let E| and E; be p-uniformly convex and uniformly smooth Banach spaces. Let
Bi : Ey — Ef and By : E; — Ej be maximal monotone operators such that B;l(O) £

and By ! (0) # 0, respectively. Let Rf 1] be the resolvent operator of a maximal monotone B

forxy > Oandlet szz be the metric resolvent operator of a maximal monotone By for Ay > 0.
Let A : Ey — E3 be a bounded linear operator with its adjoint operator A* : E5 — ET.
Let {T,};° | be a countable family of Bregman relatively nonexpansive mappings on E such
that F(Tn) = F(Tn)for all n > 1. Assume that Q2 = ﬂn=1 F(T,) NT" # @. Choose an
initial guess uy € E1, and let {x,}72 | and {u,}32 | be sequences generated by

4.2)

Xy =R} (J ST IE ) = ma AT TE2(T = 05 Auy))
Unt1 —J BV () + Bud ' o) + yn I EN (Tyxa)). Wn > 1,

where {€,} C E| is aresidual vector such that €, — u, and {a,}, {B,} and {y,} are sequences
in (0, 1) such that o, + B, + yn = 1. Suppose that stepsize L, is a bounded sequence chosen
in such a way that

4.3)

B> 1
g1 — 0% Au, |7 )T e

O<e=<i =< (
kg llA* T2 (1 = Q72) Auy ||

for some € > 0, where the index set N := {n € N : (I — Q )Au,, # 0} and X, = A (A
being any nonnegative value), otherwise. Suppose that the followmg conditions hold:

(Cl) hmnﬁoo o, = O and 220:1 oy = 00,
(C2) 0 <k < Buyn < 1 forsomek € (0,1).

Suppose in addition that ({T,}2 |, T) satisfies the AKTT-condition and F(T) = I?(T). Then
{xn};2 ) and {u,}32 | converge strongly to x* = Tlqu, where Ilq is the generalized projection
from E1 onto Q.

Proof To this end, it suffices to show that lim,_,  [|x;, — Tx, || = 0. By following the method
of proof in Theorem 3.3, we can show that {x,} is bounded and lim,,— » [|x, — T x|l = 0.

Since J,"' is uniformly continuous on bounded subsets of £, we have

lim (1771 () = I3 (Tuxn) || = 0.
n—o0
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By Proposition 4.2, we see that
15 o) = T (Toe) |l < 17 ) = Ty (Tuxa) L+ 11 (Taxn) = T (Tx) |
< 7 ) = T2 (Tux) |

+ sup [[JEN(Tx) — JEN(Tx)|| = 0 as n — oo.
xe{x,}

. E* . . .
Since J; ! is norm-to-norm uniformly continuous on bounded subsets of E¥,
lim ||x, — Tx,|| =O0.
n—o0

This completes the proof. O

4.2 A semigroup of relatively nonexpansive mappings

Definition 4.4 A one-parameter family S = {7}},>¢ from E into E is said to be a nonexpan-
sive semigroup if it satisfies the following conditions:

(S1) Tox = x forall x € E;

(82) Tsqy = T, T; forall s, t > 0;

(S3) for each x € C the mapping ¢ — T;x is continuous;
(S4) foreacht > 0, T; is nonexpansive, i.e.,

ITix =Tyl < llx = yll, Vx,y € E.

Remark 4.5 We denote by F(S) the set of all common fixed points of S, i.e., F(S) =
(Mizo F(T).

We now give some examples of semigroup operator. The following classical examples
were one of the main sources for the development of semigroup theory (see Engel and Nagel
2000):

Example 4.6 Let E be a real Banach space and let £L(E) be the space of all bounded linear
operators on E. For A € L(E) and define a bounded linear operator 7; by

o0
" A"
T, = = E —,
n.

n=0

for + > 0. Then, the operator 7; is a semigroup on E.

Example 4.7 Let E := LP(R"), 1 < p < oo. Consider the initial value problem for the heat
equation:

%—’;:Au, forx e R"andt > 0, 44
u(x,0) = f(x), forx e R, '

2

where A = Y1 d > is the Laplacian operator on E. We can solve the heat equation using

i=1 32
v
Fourier transform and the solution (4.4) can be written as follows:

~ls—£12

T f(E)dE,

u(x,r) =
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where t > 0, s € R" and f € E. Then, we can write the solution u(x, t) in the form of
convolution integral as follows:

u(x, 1) = (K * f)(x),

1 =lx|?

where K; is heat kernel given by K;(x) = T ¢ 4, Then the solution of (4.4) can be

written as follows:

T f(x) == ulx, 1) = (K x f)(x).
We can check that the operator 7; f (x) is a semigroup on E.

Definition 4.8 A one-parameter family S = {T;};>0 : E — E is said to be a fam-
ily of uniformly Lipschitzian mappings if there exists a bounded measurable function
L; : (0,00) — [0, o0) such that

ITx = Tyl < Lellx =yl Vx,y € E.
We now first give the following definition:

Definition 4.9 A one-parameter family S = {T;},>0 : E — E is said to be a Bregman rela-
tively nonexpansive semigroup if it satisfies (S1), ($2), (S3) and the following conditions:

(a) F(S)=F(S) #W;
() Dp(Tix,z) < Dp(x,2), Vx € E, z € F(S)andt > 0.

Using idea in Aleyner and Censor (2005), Aleyner and Reich (2005) and Benavides et al.
(2002), we define the following concept:

Definition 4.10 A continuous operator semigroup S = {T;};>0 : E — E is said to be
uniformly asymptotically regular (in short, u.a.r.) if for all s > 0 and any bounded subset B
of E such that

: E E _
Jim sup |17, (Tix) = T (Ts T = 0.

Theorem 4.11 Let E| and E; be p-uniformly convex and uniformly smooth Banach spaces.
Let By : E; — ET and By : Ey —o E’zk be maximal monotone operators such that Bl_1 0) #

¥ and By L0) # 0, respectively. Let Rfl ! be the resolvent operator of amaximal monotone By

foriy > Oandlet Qf; be the metric resolvent operator of a maximal monotone B for Ay > 0.
Let A : Ey — Ej be a bounded linear operator with its adjoint operator A* : E5 — EY. Let
S = {T;};>0 be au.a.r. Bregman relatively nonexpansive semigroup of uniformly Lipschitzian
mappings on E1 into E1 with a bounded measurable function L, : (0, co) — [0, 00) such
that F(S) := (=0 F(Th) # 0. Assume that Q := F(8) N T # @. Choose an initial guess
uy € Eq; let {xn}?,i1 and {u, ;2 | be sequences generated by

E*
{xn = RY Uy Uy ) = a AR5 (T = OF2) Auy) (4.5)

E*
a1 = Jg (@t (€n) + Budy Cin) + vy (T, x0)), ¥n = 1,
where {€,} C E| isaresidual vector suchthat €,, — u, and {oy,}, {Bn} and {y,} are sequences
in (0, 1) such that o, + Bn + yn = 1. Suppose that stepsize 1, is a bounded sequence chosen

in such a way that

1

gl — Q%) Auy |1? w1
5 B —€ , n€N,
Kq”A*Jp - le )Au, ||

(4.6)

0<e§)»,,<<
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for some € > 0, where the index set N := {n € N : (I — szz)Au,, % 0}Yand 1, = A (M
being any nonnegative value), otherwise. Suppose that the following conditions hold:

(CD) limy o0 0y = 0and Y2 | oty = 00;
(C2)0 <k < Buyn <1 forsomek € (0,1);
(C3) {t,} C (0, 00) withlim,_, o t, = 00.

Then {x,}32 | and {u,};2, converge strongly to x* = Tlqu, where Tlq is the generalized

projection from E| onto 2.

Proof We only have to show that lim,— oo [|x, — Tyx, || = O for all £ > 0. By following the
method of proof in Theorem 3.3, we can show that {x,} is bounded and

lim [|x, — T, x| = 0. 4.7)
n—oo

Since {T;};>0 is a uniformly of Lipschitzian mappings with a bounded measurable function
L;. Then, we have

”TtTt,,xn — Tixull Lt”Tt,,xn — Xl

=<
< sup{L:}| T, xn — Xxnll = 0 as n — oo.
t>0

. E; . . .
Since J,,' is uniformly norm-to-norm continuous on bounded subsets of Ey, then we also
have

lim |77 (T Ty, x0) = T 5 (Tixa) || = 0. (4.8)
n—o0
For each t > 0, we note that

157 ) = Ty (Texa) || < 15 () = T3 (T xa) L+ 15 (T x0) = T (T Ty x0) |
HIT (T T x0) — T2 (Tix) |
< Y Ce) = I T x) | 4 15 (T T, x0) — T (Tixa) |
+ sup |J7N(T,x) — TP T )x .

xefxn}

Since {7;};>0 is a u.a.r. Bregman relatively nonexpansive semigroup with lim,—,  #;, = 00,
then from (4.7) and (4.8), we get

lim |75 (en) = 5 (Tix) | = 0
n—o0

. E* . . .
for all £ > 0. Since J, ! is uniformly norm-to-norm continuous on bounded subsets of E},
we get

lim [lx, — Tyx,| = 0.
n—o00

This completes the proof. O

5 Numerical experiments

In this section, we give some numerical examples to support our main theorem.
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Table 1 Numerical results of

Algorithm 5.2 with different The choices of N and M No. of iterations cpu (time)
choices of N and M N =50, M =50 250 0.007260
N =100, M =50 290 0.010884
N =200, M =200 357 0.031999
N =150, M = 300 347 0.024889
N =500, M = 1000 460 0.260444
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Fig.1 The convergence behavior of E, for N = 50 and M = 50

Example 5.1 Foreachx = (x1, x2,...,xy) € RV.Let f : RN — RU{+oo}and g : RN —
R U {400} be defined by

N
f®) = x]l2 and g(x) = - logx;.
i=1

Then, we have

1— 2 )x; > A
prox,  (x) ( \|x||2>x Ixll2 > 5.1)
0; lxll2 <2

and

X +,/xi2+4)\
prox,\g(x)i:f
fori =1,2,3,...,N. LetamappingT:RN — RN be defined by

Tx=2—x1,2—x2,2—Xx3,...,2—XN).

We aim to solve the following SIP and the fixed point problem: find x* € T' N F(T), i.e.,
find x* € argmin f such that Ax™ € argmin g and x* is a fixed point of 7', where A is a real
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Fig.2 The convergence behavior of E; for N = 100 and M = 50
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Fig.3 The convergence behavior of E, for N = 200 and M = 200

N x M matrix. So our iterative scheme (3.1) becomes

X, = prox{] [un — A (Au, — proxi2 (Aun))]

5.2)
Uyl = Up€p + BuXp + VuTXy, Vo> 1.

| 4w, —proxS, (Auy)||?

— — _ 1 _ _ 10n-0.5 _
Letar =22 =L on = ggm: fn = 05,70 = ot and b = g oo Guni

The stopping criterion is defined by E, = |[u,11 — || < 107°. The matrix A is generated
from a normal distribution with mean zero and one variance. For an initial guess x; € RY
and residual vector €, € RY randomly, we obtain the following numerical results, given in
Table 1 and Figs. 1, 2, 3,4 and 5:
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Fig.4 The convergence behavior of E; for N = 150 and M = 300
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Fig.5 The convergence behavior of E, for N = 500 and M = 1000
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