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Abstract

In this paper, we prove a weak convergence theorem for finding a common solution of
combination of equilibrium problems, infinite family of nonexpansive mappings, and the
modified inclusion problems using inertial forward—backward algorithm. Further, we discuss
some applications of our obtained results. Furthermore, we provide some numerical results
to illustrate the convergence behavior of some of our results, and compare the convergence
rate between the existing projection method and the proposed inertial forward—backward
algorithm.
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1 Introduction

Throughout the paper, unless otherwise stated, let H be a real Hilbert space. Inner product
and induced norm are, respectively, denoted by the notations (., .) and ||.||. Weak convergence
and strong convergence are denoted by “—” and “ —”, respectively. Let C be a nonempty,
closed, and convex subset of H. The fixed point problem for the mapping 7 : C — H isto
find x € C, such that x = Tx. We denote the fixed point set of a mapping T by Fix(T).
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A mapping T : C — C is called nonexpansive if
ITx =Tyl < llx —yll, Vx,yeC.

T is called a-inverse strongly monotone if there exists a positive real number o > 0, such
that

(Tx =Ty, x —y)>a|Tx — Ty||2, Vx,y e C.

Let F : C x C — R be a bifunction; then, the classical equilibrium problem (for short,
EP)is to find x € C, such that

F(x,y)>0, VyeC. (1.1)
The set of all solutions of the equilibrium problem EP (1.1) is denoted by EP(F), that is
EP(F)={xe C:F(x,y) >0, Yy e C}. (1.2)

Equilibrium problem EP (1.1) introduced by Blum and Oettli (1994) in 1994 is the most
intensively studied class of problems. This theory has helped in many ways of developing
several thrust areas in physics, optimization, economics, and transportation problems. In
recent past, various classes and forms of equilibrium problems and their applications have
been studied, and as a result, various techniques and iterative schemes have been developed
over the year to solve equilibrium problems; see (Blum and Oettli 1994; Combettes and
Hirstoaga 2005; Farid et al. 2017; Khan and Chen 2015; Suwannaut and Kangtunyakarn
2014) and references therein.

Recently, Suwannaut and Kangtunyakarn (2014) proposed the following combination of
equilibrium problems: foreachi = 1,2,..., N, let F; : C x C — R be a bifunction and
a; € (0, 1) with Z,N: 1 ai = 1. The combination of equilibrium problems (for short, CEP) is
to find x € C, such that

N
> aiFi(x,y) =0, VyeC. (1.3)

i=1

The set of all solutions of the combination of equilibrium problem CEP (1.3) is denoted by
EP(YN | a;F;), thatis

N N
EP(Za,-F,-):{xeC: (Za,F,) (x,y) >0, VyeC}‘ (1.4)
i=1 i=1

If F;=F,Vi=1,2,..., N, then CEP (1.3) reduces to EP (1.1).
Let A: H — H is an operator and B : H — 2% is a multi-valued operator. The
variational inclusion problem (for short, VIP) is to find x € H, such that

0 € Ax + Bx. (1.5)

The set of the solution of VIP (1.5) is denoted by (A + B)~1(0). Variational inclusion
problems are investigated and studied in minimization problem, complementarity problems,
optimal control, convex programming, split feasibility problem, and variational inequalities.

An important method for solving problem VIP (1.5) is the forward—backward splitting
method given by

Xnp1 = (L +rB) Nx, —rAx,), n>1, (1.6)
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where JB = (I +rB)~! with r > 0. Forward-backward splitting methods are versatile in
offering ways of exploiting the special structure of variational inequality problems. In this
algorithm, I —r A gives a forward step with step size r, whereas (I +rB) ™! gives a backward
step. Forward-backward splitting method is very useful and feasible, because computation of
resolvent of (I +rA)~! and (I +rB)~! is much easier than computation of sum of resolvent
the two operators A + B. This method provides a range of approaches to solve large-scale
optimization problems and variational inequality problems; see (Bauschke and Combettes
2011; Cholamjiak 1994; Combettes and Wajs 2005; Lions and Mercier 1979; Lopez et al.
2012; Passty 1979; Tseng 2000 and reference therein. Forward—backward splitting method
includes the proximal point algorithm and the gradient method as special cases; see (Alvarez
2004; Douglas and Rachford 1956; Lions and Mercier 1979; Peaceman and Rachford 1955)
and references therein.

If A = vh and B = 0k, where /& is the gradient of 4 and dg is the subdifferential of k,
then VIP (1.5) problem reduces to the following minimization problem:

min h(x) + k(x), .7
xeH
and solution (1.6) reduces to

Xp+1 = ProxX, (xy —r v h(xy)), n>1, (1.8)

where prox,; = (I + rdk)~! is the proximity operator of k.
In 1964, Polyak (1964) introduced a two-step iterative method known as the heavy-ball
method involving minimizing a smooth convex function & given by

{yn = Xp + O (X — Xp—1)

1.9
Xnsl = yn =1 v hQn), n > 1, (1.9)

where 6, € [0, 1) is an extrapolation factor with step size r that has to be chosen sufficiently
small. Inspired by work of Polyak, in 2001, Alvarez and Attouch (2001) introduced an inertial
forward—backward algorithm which was modification of the forward—backward splitting
algorithm (1.9), and is given by

{yn = xp + On (X0 — Xn—1) (1.10)

Xnt1 = +"B)7lyn, n>1.

They proved the general convergence for monotone inclusion problems under the condition
Zzo:] Onllxn — xn—1 1% < oo with {6,} C [0, 1) in a Hilbert space setting. The term 6, (x,, —
Xn—1) is known as inertia with an extrapolation factor ¢,, which leads to faster convergence
while keeping nature of each iteration basically unchanged; see (Alvarez 2004; Dang et al.
2017; Dong et al. 2017, 2018; Khan et al. 2018; Lorenz and Pock 2015; Nesterov 1983).

Recently, Moudafi and Oliny (2003) proposed the following inertial proximal point algo-
rithm for solving the zero-finding problem of the sum of two monotone operators:

{yn = Xp + Op (X — Xp—1)

Xpy1 = (I +rB)_](y,, —r,Ax), n > 1. (.10

They proved the weak convergence and computed the operator B as the inertial extrapolate
yn under the condition Zflozl Ol xn — xn—1 ||2 < 0.

Very recently, Khan et al. (2018) proposed inertial forward—backward splitting algorithm
for solving the inclusion problems as follows:

{yn = Xn +9n(xn _xn—l) (1 12)

Xnt1 = it + Buyn + vl +1B)"Lyn — spAx), n > 1,
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and proved a strong convergence theorem of the sequence {x, } under suitable conditions of
the parameters {«,}, {B,}, {y»} and {6,} in the setting of Hilbert space.

In 2014, Khuangsatung and Kangtunyakarn (2014) generalized variational inclusion prob-
lem (1.5) as follows: fori = 1,2, ..., N,letA; : H — H be asingle-valued mapping and let
B : H — H be a multi-valued mapping. The combination of variational inclusion problem
(for short, CVIP) is to find x € H, such that

N
OeZbiAix+Bx, (1.13)

i=1
for all b; € (0, 1) with ZlN: 1 bi = 1. The set of all solutions of the combination of variational

inclusion problem CVIP (1.13) is denoted by (Zfil biA; + B) LO)IE A = AL Vi =
1,2,..., N, then CVIP (1.13) reduces to VIP (1.5).

Motivated by the recent research works (Cholamjiak 1994; Dang et al. 2017; Dong et al.
2017, 2018; Khan et al. 2018; Khuangsatung and Kangtunyakarn 2014) going in this direc-
tion, we propose an iterative method of modified forward-backward algorithm involving the
inertial technique for solving the combination of equilibrium problems, modified inclusion
problems, and fixed point problems. Furthermore, we prove a weak convergence theorem for
finding a common element of the combination of inclusion problems, fixed point sets of a infi-
nite family of nonexpansive mappings, and the solution sets of a combination of equilibrium
problems in the setting of Hilbert space. Furthermore, we utilize our main theorem to provide
some applications in finding a common element of the set of fixed points of a finite family
of k-strictly pseudo-contractive mappings and the set of solution of equilibrium problem in
Hilbert space. Finally, we give some numerical examples to support and justify our results,
which shows that our proposed inertial projection method has a better convergence rate than
the standard projection method.

2 Preliminaries

To prove our main result, we recall some basic definitions and lemmas, which will be needed
in the sequel.

Lemma 2.1 Takahashi (2000) Let H be a real Hilbert space. Then, the following holds:

(@) llx +yI? < IxI? +2(y,x + y), forall x,y € H;
(i) llax+By+yzl? = allx|>+BIy1*+ylzl?—aBlx =yl — By ly —zl —yalz—x|, for
alla, B,y € [0, 1lwitha ++y =landx,y,z € H.

A mapping Pc : H — C is said to be metric projection if, for every point x € H, there
exists a unique nearest point in C denoted by Pc(x), such that

lx = Pc)ll = lx—yll, YyeC.
It is well known that Pc is nonexpansive and firmly nonexpansive, that is
IPc(x) = PeW)I* < (Pc(x) = Pc(y),x —y), Vx,y € H.
We also recall the following basic result in the setting of a real Hilbert space.

Lemma 2.2 Lopez et al. (2012) Let H be a Hilbert space. Let A : H — H be an o-
inverse strongly monotone and B : H — 2% a maximal monotone operator. If T,A’B =
JrB(I —rA)y =+ rB)_l (I —rA), r > 0, then the following holds:
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@) forr >0, Fix(TrA’B) = (A + B)"\(0). Further, if r € (0, 2a], then (A + B) " 1(0)isa
closed convex subset in H;
(i) for0 <s <randx € H, ||x — T8x|| < 2x — 74 8x|.

Lemma 2.3 Lopez et al. (2012) Let H be a Hilbert space. Let A is «-inverse strongly mono-
tone operator. Then, for givenr > 0
1745 = TAPYI? < e = I = rQa = r)f|Ax — Ay|]®
= =AU = rA)x — U =I5 A = rA)yl,

forallx,y € H.

Lemma 2.4 Goebel and Kirk (1990) Let C be a nonempty closed convex subset of a uniformly
convex space X and T a nonexpansive mapping with Fix(T) # @. If {x,} is a sequence in
C, such that x,—x and (I — T)x, — y, then (I — T)x = y. In particular, if y = 0, then
x € Fix(T).

Lemma 2.5 Alvarez and Attouch (2001) Let {,,}, {6, } and {,,} be the sequencesin [0, +00),
such that Y1 < Y + an(Yy — Y1) + 8, foralln > 1, 30,8, < +o0, and there

n=1
exists a real number a with 0 < «,, < a < 1 for all n > 1. Then, the following holds:

@) 2 =1[¥n — Yn—1l4 < +oo, where [t]4 = max{z, 0};
(ii) there exists Y* € [0, +00), such that limy,_ + o Y, = ¥*.

Lemma 2.6 Opial (1967) Each Hilbert space H satisfies the Opial’s condition that is, for
any sequence {x,} with x,—x, the inequality

lim inf ||x, —x|| <lim inf |x, — y|
n—oo n—oo
holds for every y € H with 'y # x.

Definition 2.1 Kangtunyakarn (2011) Let C be a nonempty convex subset of a real Banach
space X. Let {T;}7°, be an infinite family of nonexpansive mappings of C into itself, and let
A1, A2, ..., be real numbers in [0, 1]. Define the mapping K, : C — C as follows:

Uy =1,

Uy = MTUp + (1 — AU,

Uy = MU + (1 —Ap)Ui,

Uk = T Ug—1 + (1 — M) Ug—1,
U1 = M1 Te41 U + (1 — A1) Uk,
Unv—1 = An-1Tn-1Un—2 + (1 — An-1)Un—2,
Ky =UNy =ANTNUn—1 + (1 —AN)UNn-1.
Such amapping K, is called the K -mapping generatedby T, T, ..., Ty and A1, Ao, ..., AN.

Lemma 2.7 Kangtunyakarn (2011) Let C be a nonempty closed convex subset of a strictly
convex Banach space. Let {T;}72 | be an infinite family of nonexpansive mappings of C into
itself with ﬂ?il Fix(T;) # @, and let 1, A2, ..., be real numbers, such that 0 < A; < 1 for
everyi = 1,2,...,with Z;’i] Ai < oo. Foreveryn € N, let K, be the K -mapping generated
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by Ty, Tr, ..., Ty and Ay, Ap, ..., An. Then, for every x € C and k € N,lim,_, oo K,x
exists.

For everyk € N and x € C, a mapping K : C — C is defined by Kx = lim;,_, oo K, x is
called K -mapping generated by Ty, T, ... and A1, L2, . . ..

Remark 2.1 Kangtunyakarn (2011) For every n € N, K,, is a nonexpansive mapping and
lim,,— 00 SUP,cp |1 Knx — Kx|| = 0, for every bounded subset D of C.

Lemma 2.8 Kangtunyakarn (2011) Let C be a nonempty closed convex subset of a strictly
convex Banach space. Let {T;}7° | be an infinite family of nonexpansive mappings of C into
itself with ﬂ?; Fix(T;) # @, and let A1, La, ..., be real numbers, such that 0 < %; < 1
foreveryi = 1,2,..., with Z?il Ai < oo. For everyn € N, let K, be the K-mapping
generatedby Ty, T», ..., Ty and Ay, A2, ..., AN, and let K be the K -mapping generated by
T\, Ta, ...and Xy, Az, . ... Then, Fix(K) = (2, Fix(T)).

Assumption 2.1 Blum and Oettli (1994) We assume that F : C x C — R satisfies the
following conditions:

(Al) F(x,x)=0, Vx € C;
(A2) F is monotone, i.e., F(x,y) + F(y,x) <0, Vx,y € C;
(A3) F is upper hemicontinuous, i.e., for each x, y, z € C,

limsup F(rz + (1 —t)x,y) < F(x,y);

t—0

(A4) For each x € C fixed, the function y — F'(x, y) is convex and lower semicontinuous;
(AS) For fixed r > 0 and z € C, there exists a nonempty compact convex subset K of H
and x € C N K, such that

1
Fy,x)+—-(y—x,x—2) <0, VyeC\K.
r

Lemma 2.9 Combettes and Hirstoaga (2005) Assume that the bifunction F : C x C — R
satisfies Assumption 2.1. For r > 0 and for all x € H, define a mapping T, : H — C as
follows:

1
Tr(x)=[Z€C: FEy)+ =222 20, Vyec},

forall x € H. Then, the following holds:

(i) T, is nonempty and single-valued.
(i1) T is firmly nonexpansive, i.e., forany x,y € H,

IT,x — Try|? < (Trx — Try, x — y).

(iii) Fix(7,) = EP(F).
(iv) EP(F) is closed and convex.

Lemma 2.10 Suwannaut and Kangtunyakarn (2014) Let C be a nonempty, closed, and convex
subset of areal Hilbert space H. Foreachi = 1,2, ..., N,let F; : CxC — Rbeabifunction
satisfying Assumption 2.1 with ﬂlN:l EP(F;) # 0. Then

N N
EP (Z a,»F,»> = [\EP(F)).
i=1 i=1
where a; € (0, 1) fori = 1,2,...,NanleN:1 ai = 1.
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Remark 2.2 Suwannaut and Kangtunyakarn (2014) From Lemma 2.10, it is easy to see that
ZlN:l a; F; satisfies Assumption 2.1. Using Lemma 2.9, we obtain

N N
Fix(T>) = EP (Z a,-F,-> = (EP(F).

i=1 i=1

where
N 1
Trz(x): {zeC: (Zmﬂ-) (z,y)+;(y—z,z—x> >0, VyeC},
i=1

anda; € (0, 1), foreachi = 1,2,..., Nand Y a; = 1.

Theorem 2.1 Khuangsatung and Kangtunyakarn (2014) Let H be a real Hilbert space and
let B : H — 2" be a maximal monotone mapping. Foreveryi = 1,2, ..., N, let A; - H —

.....

B)~'(0) # @. Then
—1

N
©) =(")Ai + B)70).

i=1

N
(Zb,-Ai + B)
i=1

where Z,N:1 bi = 1 and b; € (0,1) for every i = 1,2,..., N. Moreover, JSB(I -
s Z,N=1 b; A;) is a nonexpansive mapping for all 0 < s < 2n.

Remark 2.3 From Lemma 2.2 and Theorem 2.1, we obtain

-1

N N
Fix(r-"") = (Z biA; + B) ©0) = (A + B~ ©).
i=1

i=1
YAB _ ;B N a4 _ -1 N o4
where T} =JPU —r)Yy ;L biA)=U+rB)" (I —r) ;_;biA), r>0.

Lemma 2.11 Xu (2003) Assume that {s} is a sequence of nonnegative real numbers, such
that

Sp+1 = (] - Otn)S +5na Vn > 0,
where {a,} is a sequence in (0, 1) and {8, } is a sequence, such that

. [e'S)
() D=y on = 005
(ii) lim sup, 0 22 < 0.0r Y52 [8,] < 00.

Then, lim,, oo s = 0.
3 Main result
In this section, we prove a weak convergence theorem for finding a common element of

the fixed point sets of a infinite family of nonexpansive mappings, the solution sets of a
combination of equilibrium problems, and combination of inclusion problems
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Theorem 3.1 Let C be a nonempty, closed, and convex subset of a real Hilbert space H. For
eachi =1,2,...,N, let F; : C x C — R be a bifunction satisfying Assumption 2.1. Let
{T;}2, be aninfinite family of nonexpansive mappings of C into itself with ﬂ?il Fix(T;) # 0
and let M1, X2, ..., be real numbers, such that 0 < A; < 1 for everyi = 1,2,..., with
Zf’il Ai < oo. For everyn € N, let K,, be the K-mapping generated by Ty, T», ..., Ty
and M1, L2, ..., AN, and let K be the K -mapping generated by Ty, Ty, . .. and Ay, Lo, . .. for
everyx € C. Foreveryi =1,2,..., N, let A; : H — H be w;-inverse strongly monotone
mapping with n = min;—1__y{o;} and B : H — 2" be a maximal monotone mapping.
Assume that Q@ = (L, (A; + B)~'O) N2, Fix(Ty) NN, EP(F;) # @. For given
initial points xo, x1 € H, let the sequences {x,}, {y,} and {u,} be generated by

Yn = Xp + 0p (xn — Xp—1)
Zf\;laiﬂ(”n»Y)"i‘%(y_un’un_)’n)Zov Vy eC, (3.1)
Xpg1 = ApXpy + BuKnuy + J/n-]sB (1 - Z,Nzl biAi> Un,

where the sequences {o,}, {Bn} and {y,} C [0, 11 with oy, + By + v = 1, foralln > 1 and
{6,} C10,0],0 €[0,1], liminf, ,ocr, > 0and 0 <s < 2n, where n = min;—,_ n{o;}.
Suppose the following conditions hold:

() 302, Onllxn — Xn—1ll < 00y
(ii) Z;’;l o, < 00, lim,_ea, =0;
(i) 300 Irns1 — 1l < 00, o2 lansr — anl < 00, 0 (Bus1 — Bul <
0, Zzozl [Vit1 — Vul < 00.

Then, sequence {x,} converges weakly to q € Q.

Proof We divide the proof in the following steps.

Step 1. First, we show that {x,} is bounded.
Let p € €2, and then, from Lemma 2.9, we have u,, = TrnZ vn. We estimate that

ln = pll = | T = T2

< lly. — Pl
< llxn — pll + Onllxn — xn—1ll- (3.2)

From (3.2) and nonexpansiveness of JSB I —s ZlN: 1 bi A;), we arrive that

lxn+1 — pll =

N
Apxp + B Knuy + VnJSB <I - ZbiAi> Up — p
i=1

< apllxy = pll + Bu IKntty — pll + ¥

N
JYB (1 —stiA,) Uy, — p
i=1

< oy llxn — pll+ A —ap) llup — pll
< xp = Pl + (1 = ap)by Xy — xp—1l - (3.3)

From Lemma 2.5 and condition (i), we obtain lim,_, » [|x, — p|| exists and it follows that
{x,} is bounded and also {y,} and {u,} are bounded.
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Step 2. We will show that lim, ||X,+1 — X[ = 0.
A,B
Let us take JZ =JB(UI —s ZlNzl b; A;). Then, we have
A,B A,B
lxp+1 — xXnll = llanxn + Bn Kntin + vn Jsz Up —op—1Xp—1 — Bp—1 Kn—14n—1 — ¥n—1 Jsz Up—1
< anllxn = xp—1ll + len — ap—1lllxp—1ll + Bl Knun — Knuy—11l + Bull Knuy—1 — K

n—1Un—1|l
A,B A,B A,B
1B — Bu Kt + vl =Bt — JE By 1+ v = v 1752 P i

< ol — X1 |+ letn — oyt tn1 1|+ Bullitn — ttn—1 Il + Bl Knttn 1 — K1t 1
HBn = Bu 1Kttt 1|+ Vil — 11+ 1y — v 1By

< anlltn = xn1 1+ (1= c)lttn — ttn—1 I+ lotn — oty 11151 | + Bl Knttn—1 — Krp—1ttn1 |
1B = Bu K1ttt + 1 — v 1P 1. (34

Since u, = Tg Vn, therefore, using the definition of Trnz, we have

1
Zal i ( o Vs y) +- <y — Ty Ty — yn> >0, VyeC, (3.5)
i=1 n

and

Zal i ( Fup1Yn+1> Y) +

P <y - Tr,,zﬂywn Tr§+1}’n+l - yn+1> >0, VyeC. (3.6
1_1 n

From (3.5) and (3.6), it follows that:

1
Zal i ( rm Yns r%_:Hyn—H) + a(Trg_:Hyn—H - Tr%:)’n, Tr,,zyn —y) =0, VyeC, (37)

and

Zal i ( Fup1 Yn+1s Tr;}%)

i=1
+— (¥

B = T T — ) 20, WyeCo G8)
n+

From (3.7), (3.8), and monotonicity of ZZN=1 a; F;, we have

1 1
7<Tr§,yn+1 — Ty Ty, — yn> + —<TZ T Vs T a1 — yn+1> > 0,
n +1

which follows that

TZ TE:
<Trn Yo — Tig Yn+1, fap Yl 7 Yntl L I y"> > 0.

Fn+1 n

It follows that

<Trn2+1yn+l - Trnzyna Trnzyn - Trglyrb#] + Tr,,ZHynJrl —Yn — L(Trgrlyiﬁrl - yn+1)> > 0.
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It follows that

2 1y
” Try,XJ:H)’nJr] - Trnz,Vn H = <Tr§r|yn+] - Tr,,zym Tr%lynJrl —Yn — ﬁ(Tr§r|))n+l - yn+])>
n+

r
= <Trnz+1,\’n+l - Trgyn’ Yol — Yn + (1 - ﬁ)(Tr,,ZH)’n+l - )’n+l)>
n+

=

Tr%])’n-%—l - T%:Yn ” ”)’n+1 =+ (1 - %)(Trggyrwl - yn+l)H
n

= Tr§r|yn+l - Trnzyn

)
{Imsr = 3l + 1 = 21T vt = v 1]
I'n+1
1

Tn+1

=< Tr%])/n-%—l - Trgjyn

{Imer = yull+ ——1rwsr = ralIT5 ot = v}

Tr%] Yn+1 — Tr? Yn

1
{mer = 3ul + S 1ris = Rl Y = vl

which implies

which follows that

Tr,,z_:*_l Yn+1 — Tr,,Z:yn

1
snm+y—mn+gvH4—mWEEQ%H—yHJw

1
N1 — upll < lynt1 — yull + E|rn+l = rpllluns1 — yustll,

Which implies that

1
lup —up—1ll < lyn — yu—1ll + 3|rn — =ty = yull. (3.9)

From (3.1) and (3.9), we have

lun — un—1ll < lIxn — Xn—1l + Onllxn — Xn—1ll — Op—1llxn—1 — Xn—2||

1 1
2l =t lliten =yl = (40120 = Xt + 21 = ra-illlen = vl (3.10)

Now, from (3.4) and (3.10), we have

||xn+l - xn” = (1 - anen)”xn - xn—l” + 0n ”xn - xn—l”

11—y
= rae it = Sl 4l = @[
+ﬂn ”Knunfl - anlunfl ” + |ﬂn - ﬂn71|||Kn71un71 ”
A,B
Hyn = Yat B 3.11)

Following the lines of Lemma 2.11 in Kangtunyakarn (2011), we have
Knup—1 — Kn—yup—1 = )LN(TNKn—l”n—l - Kn—lun—1)~
Since Ay — 0 asn — 00, we have
lim [|Kyup—1 — Kp—1un—1ll = 0. (3.12)
n—oQ
From (3.11), (3.12), Lemma 2.11, and conditions (i), (iii), we have

lim [|xps1 — x|l = O. (3.13)
n—00

Step 3. We will show that ¢ € (¥, (A; + B)~'(0).
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From Lemma 2.3, we have

A,B
lxn41 — P||2 = llopxy + BuKpup + ansz Up — P||2

A,B

lletn (xn — p) + Bn(Knuy — p) + Vn(-]xz Un — P)||2
A,B

175" s — plI?

apllxn — pI? + Ball Knttn — pI* + vu
anllxn — plI* + Bull Knitn — plI*

IATA

N
+¥n (nun —pI* =5 bi@n— )| A, — Aipl?

i=1

N N
AB
Mty = IE Py 5 S biAip — s ZbiAiunn)

i=1 i=1
N
< apllxn = plI* + (1 = a)llun — plI* — yus Y bi2n — 9| Aiy — A; pl)?
i=1
AB N N
_Vn””n - Jsz Tup +s ZbiAiP - ZbiAiun”
i=1 i=1
< anllxn = plI* + (1 = ) (lxa = pll + (1 = @)l X0 — xa-11D?
N
—vus Y bi2n = 5) |Ajun — Aipl
i=1
AB N N
Uy — JSZ Uy +SZbiAip _SZbiAi”n
i=1 i=1
%0 = pII* 4+ 2(1 — @) *60 (X0 — Xn—1, Yn — P)
N
—¥as Y bi2n — )| Aju, — Aipl®

i=1

—Vn

IA

N N
U, — JSZA’Bun +s ZbiAip -5 ZbiAi”n
i=1 i=1

—Vn

‘ . (3.14)
Now, from (3.14), we obtain

N
Yas D bi(2n = )l Ain — A pI* < Ins1 = Xall (1 = pll + 041 — pID

i=1

+2(1 — @) 0, (X — Xp—1, Yn — P)

N N
A,B
—Vn un_-lsz un+SZbIAip_SZbiAiun
i=1 i=1

< lxns1 = Xl lxn = Pl + xats = pI) 4+ 201 = 00) 260 (X0 — Xn—1. ya — ).
From condition (i) and (3.13), it follows that

lim [|Aju, — A;ip| = 0. (3.15)
n—o0

@ Springer f DMAC



6294 S.A.Khan et al.

By the following same line as above and using (3.15), we have

lim |fu, — J=2Bu, | = 0. (3.16)
— 00

n

Since p € Q2 and T,Z is firmly nonexpansive, we have

ltn = pI? = 1550 = T2 pI? = (TE w0 = TEp, yu = p)
= (Un — P, Yyn — P)

1
Sl =PI+ 1yn = pI? = llyn = uall?}
Hence, it follows that
lun = I < lyn = PI* = llyn — unl®. (3.17)

Now, from (3.1), we have

A,B
st — Pl = llomGon — )+ Bu(Knttn — p) + vu (= Fup — p)|2
A,B
< anlltn = pI2 + Ball Kuttn — pI* + vall J= 2w, = p)I2
< apllxy — plI> + (1 — an) lun — plI*.

From (3.17) and (3.2), above inequality can be written as

Ixn41 = PI* < anllxn — pI* + (1= a)llyn — pI* — (1= &) lyn — unll?
< apllxn — plI* + (1 = o) (1xn — pll +6allxn — X1 1D = (1 — et llyn — unll?
< N = pI* +2(1 — @0)by (X0 — X1, Y0 — p) — (L — ) llyn —uall*>. (3.18)

From (3.13), (3.18), and condition (i), it follows that
lim |y, —u,l| =0. (3.19)
n—0o0
From the definition of y, and condition (i), we have
lim ||y, —xp|l = lim 6,x, — x,—1l = 0. (3.20)
n—oo n—oo
From (3.19), we obtain
lun — xnll < llun — yull + llyn — xull = 0O, (3.21)
as n — 00. From (3.13) and (3.21), it follows that
xn+1 — wnll < N1Xnt1 — Xnll + X0 — unll — 0, (3.22)
as n — oo. Since {x,} is bounded and H is reflexive, wy, (x,) = {x € H : x,,—x, {x,,} C

{x,}}is nonempty. Let ¢ € wy, (x,) be an arbitrary element. Then, there exists a subsequence
{xn;} C {xn} converging weakly to g. Let p € w(x,) and {x,,} C {x,} be such that

Xp,,— p. From (3.21), we also have u,,—~q and u,,, — p. Since JSZA‘B is nonexpansive, by
Lemma 2.4, we have p, q € ﬂlNzl (A; + B)~'(0). Applying Lemma 2.6, we obtain p = g.
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Step 4. We will show that ¢ € (2, Fix(T;) = Fix(K).
Now, from Lemma 2.1 and (3.18), we have

Jsz A,B

a1 — I = llotn Gen — ) + Bu(Knttn — p) + Yu( un — p)II*

< aullxn = plI* + Bull Knitn — plI?

A,B
tyalld Py = pI? = ot Bullxn — Knaall
A.B AB
—Buvall Kt — TPl =y | JE Py —
< lxn =PI + 201 = )0 (X — Xn—1. Y0 — P) — 0nBullXn — Kty |
A,B A,B
—Bnynll Ky — Jsz upll — J/n(’(n”-]sZ Up — xn||2~ (3.23)
From (3.13), and conditions (i), (ii), we obtain
im (| Kty — J2= "Byl = 0. (3.24)
n—00
From (3.11), we have
A.B
lxn1 — Kpuyll = ‘anxn + BuKnuy + ]/n-]sz uy — Kpup

A,B
ay(x, — Kpup) + yn(JsZ up, — Kyuy)

In addition, we can estimate

| Ky — unll < | Kntty — Xpg1ll + 1 xn41 — Xl

A.B
JEAE Uy — K]l + 101 — xall. (3.25)

< ayllxp — Kpunll + yull
From (3.13), (3.24), (3.25), and condition (ii), we obtain

lim ||K,u, —uy| =0. (3.26)
n—0o0

Now, suppose to the contrary that g ¢ Fix(K), i.e., Kg # g and by Lemma 2.6, we see
that

lim inf |lu,, — gl <lim inf |u,, — Kql||
i—00 1—>00
<lim inf {|lun, — Kup, || + [|Kun, — Kqll}
11— 00
<Ilim inf {|luy, — Kupn, || + lun; — qll}- (3.27)
11— 00
On the other hand, we have

|Kup—upll <N Kuy—Knuy |+ Knuy — upll <sup |Ky—Kyy|l+ | Kpup—uyll.  (3.28)
yeC

Using Remark 2.1 and (3.26), we obtain that lim;,—,~ || Ku, — u,| = 0. From (3.27), we
obtain

lim inf |lu,, —q|| <lim inf |lu,, —q],
1—>00 11— 00

which is a contradiction, so we have g € Fix(K) = ﬂloil Fix(T;).
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Step 5. Show that ¢ € (), EP(F}).

Since u,, = TZ

'n

Yn, We have

N

1
E a; Fi(up, y) + 7<y — Uy, Uy —yy) =0, VyeC.
i=1 n

Since ZINZ 1 a; F; satisfies Assumption 2.1, so from monotonicity of ZlN: 1 ai Fi, we get

1 N
—(y = tns tty = yu) = Y _aiFi(y, un), VyeC. (329)
Tn i=1

Since lim inf,,_, o r,, > 0 and from (3.19), it follows that

. lttr — yull
lim ———— =
n—00 In

It follows from (3.29), (3.30), and (A4) that

N
> aiFi(y.q) 0. VyeC.

i=1

0. (3.30)

Fort € (0,1]and y € C,lety, :==ty + (1 — t)q. Since y € C, we have y, € C, and hence,
Zf\]:l a; Fi (yt, q) < 0. Therefore, we have

N
0= Zaiﬂ(ytvyt)
i=1
N
=Y aiFi(i.ty+(1—1)q)
i=1
N

N
1Y aiFi(, )+ (=0 ) aiFi(.q)

i=1 i=1

N
£y aiFi(y. ).

i=1

IA

IA

Dividing by #, we get

N
D _aiFity+(1=1q.y) =0 VyeC.

i=1
Letting ¢ | 0 and from (A3), we get

N

D aiFi(g,y)=0 VyeC.
i=1

Therefore, ¢ € EP(Y\, a;F;). Hence, by Lemma 2.10, we obtain ¢ € (X, EP(F}).
Therefore, g € Q. This completes the proof. O

As direct consequences of Theorem 3.1, we have the following corollaries.
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Corollary 3.1 Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
F : C x C — R be a bifunction satisfying Assumption 2.1. Let {T;}{° | be an infinite family
of nonexpansive mappings of C into itself with ﬂ;’il Fix(T;) # ¥ and let A1, X2, ..., be
real numbers, such that 0 < A; < 1 foreveryi = 1,2,..., with Zﬁl Ai < oo. For every
n € N, let K,, be the K-mapping generated by Ty, T», ..., Ty and A1, A2, ..., AN, and let
K be the K -mapping generated by Ty, T, ... and L1, A2, . . . for every x € C. For everyi =
1,2,...,N,let A: H— H bea-inverse strongly monotone mapping and B : H — 2" bea
maximal monotone mapping. Assume that Q@ := (A+ B)~'(0) N N2, Fix(T;) N EP(F) #
(. For given initial points xo, x| € H, let the sequences {x,}, {yn} and {u,} be generated by

Yn = Xp + 0n (X — Xp—1)
Fn, ) + Ay = ttn, un — yn) =0, Vy € C,
Xn41 = Xy + B Kyuy + )/nJSB(I —sA)uy,,

where the sequences {o,}, {Bn}, and {y,} C [0, 1] with oy, + By + v = 1, foralln > 1
and {6,} C [0,0],6 € [0,1], liminf, .0 r, > 0and 0 < s < 2a. Suppose that the
following conditions hold:

(i) Yo Onllxn — xu—1ll < 00;
(i) Y0l an <00, lim,eeay =05
(iii) ZZO:I |Fpg1—rp| < 00, Zzi] lotp41—an| < 00, Z;.,o:1 [Bn+1—Bul < 00, Zzozl [Vnt1—
Yal < 00.

Then, sequence {x,} converges weakly to q € Q.

Proof By taking F; = F and A; = A, Vi = 1,2, ... N, in Theorem 3.1, the conclusion of
Corollary 3.1 is followed. O

Corollary 3.2 Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
{T; )2, be an infinite family of nonexpansive mappings of C into itself with ﬂ?i] Fix(T;) # 9,
and let M1, X2, ..., be real numbers, such that 0 < A; < 1 for everyi = 1,2,..., with
Z?& Ai < 00. For everyn € N, let K, be the K-mapping generated by Ty, T>, ..., Ty
and M, A2, ..., AN, and let K be the K-mapping generated by Ty, T», ... and ,i, L2, ...
for every x € C. For everyi = 1,2,...,N, let A : H — H be a-inverse strongly
monotone mapping and B : H — 29 be a maximal monotone mapping. Assume that
Q = (A + B)L0) NN, Fix(T;) # . For given initial points xo,x1 € H, let the
sequences {x,} and {y,} be generated by

{ Yn = Xp + 0 (X — Xp—1)
Xptl = OpXy + ﬂnKnun + VanB(I —sA)uy,

where the sequences {o,}, {Bn}, and {y,} C [0, 1] with oy, + B + v = 1, foralln > 1
and {6,} C [0,0],0 € [0, 1], 0 < s < 2a. Suppose that the following conditions hold:

(i) Y02, Onllxy — xp—1ll < 00;
(ii) Zzozl a, <00, limy oo, =0;
(i) 302 lanst — ol <00, Y02 1Butt — Bl < 00, 02| [¥nt1 — Val < 0.

Then, sequence {x,} converges weakly to q € Q.

Proof By taking F; = 0and A; = A, Vi = 1,2,... N, in Theorem 3.1, the conclusion of
Corollary 3.2 is followed. O
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4 Applications

In this section, we discuss various applications of inertial forward—backward method to
establish weak convergence result for finding a common element of the fixed point set of
infinite family of nonexpansive mappings, solution sets of a combination of equilibrium
problem, and k-strict pseudo-contraction mapping in the setting of Hilbert space. To prove
these results, we need the following results.

Definition 4.1 A mapping T : C — C is said to be a k-strict pseudo-contraction mapping,
if there exists k € [0, 1), such that

ITx — Tyl* < llx — yII> + k(I — T)x — (I = T)y|* Vx,y e C.

Lemma 4.1 Zhou (2008) Let C be a nonempty closed convex subset of a real Hilbert space H
and T : C — C ak-strict pseudo-contraction. Define S : C — C by Sx = ax+ (1 —a)Tx,
for each x € C. Then, S is nonexpansive, such that Fix(S) = Fix(T), for a € [k, 1).

Theorem 4.1 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Foreachi = 1,2,...,N, let F; : C x C — R be a bifunction satisfying Assumption 2.1.
Let {T;}72 | be an infinite family of k;-strictly pseudo-contractive mappings of C into itself.
Define a mapping Ty, by Ty, = kix + (1 —k;)T;x, Vx € C,i € Nwith ﬂ?il Fix(Ty,) # 9,
and let Ay, A, ..., be real numbers, such that 0 < A; < 1 for every i = 1,2, ..., with
Y2 ki < oo. Foreveryn € N, let K, be the K-mapping generated by Ty, , Ty, , . . ., Tx,
and Ay, A2, ..., Ay, and let K be the K-mapping generated by Ty, , Ty,, ... and Ay, A2, . ..
for every x € C. For everyi = 1,2,...,N, let A; : H — H be a;j-inverse strongly
monotone mapping with n = min;—,_ ny{o;} and B : H — 28 be a maximal monotone
mapping. Assume that Q := ﬂlNzl(Ai +B)"L0) N ﬂ?il Fix(T;) N ﬂlNzl EP(F;) # 0. For
given initial points xo, x1 € H, let the sequences {x,}, {y,} and {u,} be generated by

Yn = Xp + Op (X — Xp—1)
S @i Fi () + Ay — g,y — yu) 2 0, Vy € C, 4.1
Xnt1 = OpXn + By Knun + VnJSB (I - Z,N:1 biAi) Uy,

where the sequences {oy,}, {Bn}, and {y,} C [0, 1l witha,, + By + vn = 1, foralln > 1 and
{6n} C[0,0],0 €[0,1], liminf, .07, > 0and 0 < s < 2n, where n = min;—1,_ y{o;}.
Suppose that the following conditions hold:
(i) Y2 Onllxn — xn—1ll < 00;
(i) Y02, an <00, lim,ocay =0;
(iii) ZEO:I [Fne1 — ral < 00, Z,C;il ltpt1 — an| < o0, Z?zil [But1 — Bul <
o0, Z?;l [Vn+1 — Vul < 00.

Then, sequence {x,} converges weakly to q € Q.

Proof For every i € N, by Lemma 4.1, we have that T, is a nonexpansive mapping and
N, Fix(Ty,) = (72, Fix(T;). From Theorem 3.1 and Lemma 2.8, the conclusion of The-
orem 4.1 is followed.

Now, we consider a property of finite family of strictly pseudo-contractive mappings in
Hilbert space as follows: O

Proposition 4.1 Fan et al. (2009) Let C be a nonempty closed convex subset of a real Hilbert
space H.
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(i) For any integer N > 1, let, foreach 1 < i < N, S; : C — H is k;-strict pseudo-
contraction for some 0 < k; < 1. Let {b,'}lN is a positive sequence, such that ZlNzl b, =
1. Then, ZlNzl b; S; is a k-strict pseudo-contraction, with k = max;—; .. n{ki};

(i) Let {S,-}lN and {bi}fV be given as in (i) above. Suppose that {S,-}lN has a common fixed
point. Then

N N
Fix (Z b,-S,~> - ﬂFix(Si).
i=1 i=1

Theorem 4.2 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
For each i = 1,2,...,N, let F; : C x C — R be a bifunction satisfying Assump-
tion 2.1. Let {S,'}lN: | be an finite family of k;-strictly pseudo-contractive mappings of
..... niki}. Let {T;}72, be an infinite family of nonexpan-
sive mappings with ﬂ?il Fix(T;) # O, and let A1, A2, ..., be real numbers, such that
0 < A < 1 foreveryi = 1,2,..., with Zfil)»i < o00. For every n € N, let K,
be the K-mapping generated by T, Ty, ..., T, and 1, L2, ..., Ay, and let K be the K -
mapping generated by Ti, Ty, ... and Ay, A, ... for every x € C. Assume that Q =
ﬂfvzl Fix(S) N N2 Fix(T) N ﬂlNzl EP(F;) # @. For given initial points xo, x| € H,
let the sequences {x,}, {yn} and {u,} be generated by

Yn = Xp + Op (xn — Xp—1)
Zf\’:laiFi(unay)'i'%(y_un,un_yn)ZO’ VyecC, (4.2)
Xng1 = ApXp + BuKuty + v ((1 —S)uy +§ ZlNzl biSiun) s

where the sequences {o,}, {Bn}, and {y,} C [0, 1] witha,, + By + vn = 1, foralln > 1 and
{6,} C [0,0],6 € [0,1], lim inf r, > Oand 0 < s < 1 — k. Suppose that the following
n—o0

conditions hold:

(1) Z:O:I Onllxn — xp—1ll < 005

(i) Y02 an < 00, limyeoay = 0;
(iii) Zzil 1 — ral < 00, Z;?L lap1 — an| < o0, Zgil |Bn+1 — Bnl <

oo, Z;.,Ozl [Vna1 — ¥ul < 00.
Then, sequence {x,} converges weakly to q € Q.

Proof Let A; =1 — S; and B = 0 in Theorem 3.1, and then, we have that A; is «;-inverse
strongly monotone with % . Now, we show that ﬂlN:l(Al- + B0 = ﬂlNzl Fix(S;).
Since A; = I — §; and B = 0, therefore, using Theorem 2.1 and Proposition 4.1, we have

—1 N

N N
x e ﬂ(Ai +B)10) o x e <Zb,~Ai +B) 0) < 0e ZbiAix—l—Bx

i=1 i=1 i=1

N N
&0€e Zb,-A,-x &0e Zb,-(l — S)x

i=1 i=1
N N N
& x = ZbiSix & x € Fix (Zb,S,-x) &Sxe ﬂFix(Si).
i=1 i=1 i=1
It follows that

N N
ﬂ(Ai +B)"10) = ﬂFix(Si).
i=1

i=1
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We know that JE(I —s SN biApuy = (I +sB) " (I —s XN biAjuy,.
Since B =0, we have JF (1 =5 XN biA; ) un = uy — s 0L bi Ay

N
=Un — SZbi(I — S)uy
i=1

N
=0 -95u, +stiS,~un.
i=1

Sinces € (0, 1—k) C (0, 1), then (1 —s)u,, +s ZlNzl b;Siju, € H.Therefore, from Theorem
3.1, we obtain the desired result. O
5 Example and numerical results

Finally, we give the following numerical example to illustrate Theorems 3.1 and 4.2.

Example 5.1 Let R be the set of real numbers. Foreachi = 1,2,...,N,let F; :RxR — R
be defined by

Fi(x,y) =i(y?> —2x% + xy + 3x — 3y).

Furthermore, let a; = = + such that ZIN=1 ai = 1,foreveryi = 1,2,..., N. Then,

we have

NSN’

1
Za,F,(x y) = Z( NsN)i(y2—2x2+xy+3x—3y)

= \Il(y —2x? +xy + 3x — 3y),
where W = YV, (gil + NIW)Z

It is easy to check that Z;N=1 a; F; satisfies all the conditions of Theorem 3.1 and
EP( Y1) aiFr) = ML EP(F) = (1).

Foreachi =1,2,...,N,let A; : R — R be defined by A, (x) = wandB:R—)
2R is defined by B(x) = {4x}.

It is easy to observe that A; is i-inverse strongly monotone mapping with n =
..... v} =land O, (4; + B)1(0) = {1}.

Further leth; = 3 + N4N,suchthat Zi:lbl = l,foreveryi =1,2,..., N.Itiseasy to

-1
check that A; and B satlsfy all the conditions of Theorem 3.1 and ( ZlNzl biAi+ B ) 0) =
N1 (Ai + B)71(0) = {1).

Let the mapping 7; : R — R is defined by T;(x) = f%l’ i =1,2,...,. Itis easy to
check that {7;}72, is infinite family of nonexpansive mapping. For each i, let A; = Hr’—l be
real numbers, such that 0 < A; < 1 foreveryi = 1,2, ..., with Zf’il Ai < 00. Since K, is
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K -mapping generated by 71, 7>, ..., and A, A3, . . .; therefore, we obtain

Uoun = uy,

1 (Upu, +1 1
= (250) o B,

2 (Uu, +2 1
Uou, = g <+> + gUlum

N Un_1u, + N 1
K =U = Un— .
nUn NUn N—l—l( N1 )+N+l N—1Un

It is easy to see that ﬂloil Fix(T;) = {1}. Therefore, it is easy to see that

N [e'¢) N
(i + B~ O) () Fix(T) [\ [ ) EP(F) = {1}.
i=1 i=1 i=1

By Lemma 2.9, we have that T,.”Zx, is a single-valued mapping for each x € R. Hence, for
r, > 0, there exist sequences {x,} and {u, }, such that

N
1

D aiFiltn, y) + —(y = ttn,tn = ya) 20, Vy €R,
n

i=1
which is equivalent to
P(y) = \I-'rnyz + (Wuury +up — yp — 3Yr)y +3Vr,u, — uﬁ — Z\Prnuﬁ 4+ upy, > 0.

Since P(y) = ay?+by+c > 0, forall y € R, then b®>—4ac = (up—3Vr,+3Wr,u,—y,)? <
0, which yields (u, — 3¥r, + 3Vr,u, — y,,)2 = (. Therefore, for each r,, > 0, it implies
that

_ yn+ 3V,

>
u, =T, = . 5.1
n rm Yn 14307, (5.1)
By choosing o, = r, = —61’1 ,Bn = 1%'(‘);3, Vo = 123'6;2, 0, = —112 ands =0.1as0 < s < 2n,

where n = min;—;,_n{o;} = 1. It is clear that the sequences {«,}, {B,}, {y»} and {6,} for
all n > 1 satisfy all the conditions of Theorem 3.1. For each n € N, using (5.1), algorithm
(3.1) can be re-written as follows:

Yn = Xp + Op(Xy — xp—1)

U, = yn+3¥r,

n = 11307, 5.2)
oV [ dun—4i=1) | up—di=1 :

Ny = Ly g 183 1202 o ‘Yz’zl( 5 TN )

n+l = ggtn 300 nltn 30n T+4s :

By taking xo = 2, x; = 0 with N = 2 and N = 20 for n = 25 iterations in the algorithm
(5.2), we have the numerical results in Table 1 and Fig. 1.

We can conclude that the sequence {x,} converges to 1, as shown in Table 1 and Fig. 1.
It can also be easily seen that sequence {x,} for N = 20 converges more quickly than for
N =2.

Figure 2 shows that the sequence generated by our proposed inertial forward—backward
method proposed in Theorem 3.1 has a better convergence rate than standard forward—
backward method (i.e., at 6, = 0).

@ Springer f DMAC



6302 S.A.Khan et al.
iTr;l:iI; Lal\fl:l;liz(i g’;gl‘;’v;]hz 0 Iterations for N =2 for N =20
1 2.000000000000000 2.000000000000000
2 0.000000000000000 0.000000000000000
3 0.396175193050193 0.703954515113034
4 0.565586514836466 0.935116619152469
5 0.738167859284712 0.987425727070499
6 0.817565948385566 0.997738072350744
7 0.882698568776565 0.999614774298055
8 0.918904298444017 0.999937291893665
9 0.946103275118548 0.999990198107920
18 0.998132545998109 1.000000000000013
19 0.998705886266841 1.000000000000011
20 0.999101388201502 1.000000000000003
21 0.999375914282270 1.000000000000001
22 0.999565997388127 1.000000000000000
23 0.999698073723197 1.000000000000000
24 0.999789760416796 1.000000000000000
25 0.999853541198729 1.000000000000000
2 V T T
1.8 ! P xn(for N=25)| |
] - x, (for N=2)
16F § SR ——
14k ) 1
|
12 i i
x= 1 ll PR ST - it el I
ost V 4 .7 ’ |
(A
0.6 V1, 1
0.4 P! // J
1 1
0.2 i ]
L | | |
0 5 10 15 20 25

No. of iterations (n)

Fig.1 Convergence of x,

Example 5.2 Let R be the set of real numbers. Foreachi = 1,2,...,N,let F; : RxR - R

be defined by

Fi(x,y) = i(y* — 3x% + 2xy).
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T T T T T T T T T

Algorithm (5.2)
Algorithm (5.2) for 6, =0 |

1.00005

1.000045 |

1.00004 |

1.000035 |

1.00003

1.00002

1.000015

1.00001

1.000005

1 I L L

16 18 20 22
No. of iterations (n)

Fig.2 Error plot for Example 5.1

Furthermore, let a; = = + NSN’ such that Z,N=1 ai = 1, foreveryi = 1,2,...,N

Then, it is easy to check that Zi:l a; F; satisfies all the conditions of Theorem 3.1 and

EP(XN, 4 Fr) = N, EP(F) = {0} '
Let the mapping 7; : R — R is defined by 7;(x) = lexl

check that {7;}72, is infinite family of nonexpansive mapping. For each i, let Ai =

i=1,2,.....1tis easy to
H—l be
real numbers, such that 0 < A; < 1 foreveryi = 1,2, ..., with lel Ai < 00. Since K, is
K -mapping generated by 71, 7>, ..., and A1, A2, .. .; therefore, we obtain

Uouy = uy,

1\’ 1
Uiu, = (E) Uou, + EUOum

2\? 1
Uruy, = (g) Uiuy + gUluns

K N 2U + ! U
Up = —— Uy + ——Un_1up.
nln N—1Un N+1 N—1Un
Foreachi =1,2,..., N, letamapping S; : R — R is defined by
—ix, x € [0, 00)
Si(x) =
x, x € (—00,0),

i

be a finite family of 87 +

such thatz i b = 1,foreveryi = 1,2, ..., N.Itis easy to see that ﬂl  Fix(8;) =
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Table 2 Values of {x,} with

initial values xg = 4 and Iterations for N =4 for N =20

xp =45 1 4.000000000000000 4.000000000000000
2 4.500000000000000 4.500000000000000
3 1.576972852434431 1.562907563025210
4 1.492661063741572 0.777545434177588
5 0.889217299128382 0.363630189959213
6 0.701950790348523 0.179497233213674
7 0.489846159899863 0.089171093105929
8 0.371993649959412 0.044958545086448
9 0.274087030573037 0.022850080252797
18 0.024288784733220 0.000063921626604
19 0.018776329242411 0.000033703541445
20 0.014537081975031 0.000017799072803
21 0.011269866145140 0.000009413387070
22 0.008747676862031 0.000004984976315
23 0.006797440864107 0.000002643008673
24 0.005287361741074 0.000001402840999
25 0.004116570600244 0.000000745339455

{0}. Therefore, it is easy to see that

N [} N
() Fix(S) () Fix(T) () (| EP(F) = {0},

i=1 i=1

By Lemma 2.9, for each x € R, a single-valued mapping

computed as

i=1

Yn

T%: X

as Example 5.1, can be

>
u, =T, = — ) 5.3
n rn Yn 1+ 45,7, (5.3)
where §; = ) 1N=1(% + ﬁ)i. By choosing o, = 1, = é,ﬂn = 12’6;3, Vo = 123'6;2,

0, = %, and s = 0.1 as0 < s < 2, where n = min;—;,  ny{o;} = L. It is clear that the
sequences {o,}, {Bn}, {yvn} and {6,} for all n > 1 satisfy all the conditions of Theorem 4.2
For each n € N, using (5.3), algorithm (4.2) can be re-written as follows:

Yn = Xn + O (Xp — Xp—1)
Un = 7% (5.4)

1 18n—3 12n—2 N 7 1
Xn+1 = g Xn + 3r(l)n Kyu, + 3%n ((1 — Sy —§ Zi:l (87’ + NSN)Si”n)-

By taking xo = 4, x; = 4.5 with N = 4 and N = 20 for n = 25 iterations in the
algorithm (5.4), we have the numerical results in Table 2 and Fig. 3.

We can conclude that the sequence {x,} converges to 0, as shown in Table 2 and Fig. 3.
It can also be easily seen that sequence {x,} for N = 20 converges more quickly than for
N =4.
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1
1
1
1
1
1
1
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Fig.3 Convergence of x,

05F '

T T T T T

Algorithm (5.4)

0.45 1 Algorithm (5.4) for 6, =0 |

0.4}

0.35

011

0.05

0 1 1 1 1 1 e | 4
2 4 6 8 10 12 14 16 18 20 22
No. of iterations (n)

Fig.4 Error plot for Example 5.2

Figure 4, shows that the sequence generated by our proposed inertial forward—backward

method proposed in Theorem 4.2 has a better convergence rate than forward—backward
method (i.e., at 6, = 0).

6 Conclusion

In this work, we established weak convergence result for finding a common element of
the fixed point sets of a infinite family of nonexpansive mappings and the solution sets
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of a combination of equilibrium problems and combination of inclusion problems. It has
been illustrated by an example with different choices that our proposed method involving
the inertial term converges faster than usual projection method. Finally, we discussed some
applications of modified inclusion problems in finding a common element of the set of fixed
points of a infinite family of strictly pseudo-contractive mappings and the set of solution
of equilibrium problem supported by numerical result. The method and results presented in
this paper generalize and unify the corresponding known results in this area (see Cholamjiak
1994; Dong et al. 2017; Khan et al. 2018; Khuangsatung and Kangtunyakarn 2014).
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