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Abstract We consider amodel initial- and Dirichlet boundary- value problem for a linearized
Cahn-Hilliard—Cook equation, in one space dimension, forced by the space derivative of a
space—time white noise. First, we introduce a canvas problem, the solution to which is a
regular approximation of the mild solution to the problem and depends on a finite number of
random variables. Then, fully discrete approximations of the solution to the canvas problem
are constructed using, for discretization in space, a Galerkin finite element method based on
H? piecewise polynomials, and, for time-stepping, an implicit/explicit method. Finally, we
derive a strong a priori estimate of the error approximating the mild solution to the problem
by the canvas problem solution, and of the numerical approximation error of the solution to
the canvas problem.

Keywords Finite element method - Space derivative of a space—time white noise - Spectral
representation of the noise - Implicit/explicit time-stepping - Fully discrete approximations -
A priori error estimates
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1 Introduction

LetT > 0, D := (0, 1), and (€2, F, P) be a complete probability space. Then, we consider
the model initial- and Dirichlet boundary- value problem for a linearized Cahn—Hilliard—Cook
equation formulated in Kossioris and Zouraris (2013), which is as follows: find a stochastic
function u : [0, T] x D — R, such that
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Up + Uyyer + Py = R W(t,x) Y(t,x) € (0,T] x D,
u(t, )|, =uw(t.)|,, =0 Yt e 7], (1.1)
u0,x)=0 VxeD,

a.s. in ©, where W denotes a space-time white noise on [0, T'] x D (see, e.g., Walsh 1986;
Kallianpur and Xiong 1995) and w is a real constant. We recall that the mild solution to the
problem above (cf. Debussche and Zambotti 2007) is given by

t
u(hX)z/O /\Vz—s(x,y)dW(s,y), (1.2)
D
where
Vi, y) = = 3 hee R T g () g ()
k=1
= —0,Gi(x,y) Y(t,x,y)€(0,T]x D x D, (1.3)

M = km fork € N, g(z) := +/2 sin(rg z) and or(z2) = V2 cos(Ar z) for z € D and
k € N, and G;(x, y) is the space—tige Green kernel of the solution to the deterministic
parabolic problem: find w : [0, T] x D — R, such that

Wi+ Wyxnx Wy =0 V(,x)e(0,T] x D,
w(t, )|, = w(t,)],, =0 Vi e©T], (14)
w(0, x) = wo(x) VYx e D.

In the paper at hand, our goal is to propose and analyze a numerical method for the
approximation of u that has less stability requirements and lower complexity than the method
proposed in Kossioris and Zouraris (2013).

1.1 A canvas problem

A canvas problem is an initial- and boundary- value problem the solution to which: i) depends
on a finite number of random variables and ii) is a regular approximation of the mild solution
u to (1.1). Then, we can derive computable approximations of u by constructing numer-
ical approximations of the canvas problem solution via the application of a discretization
technique for stochastic partial differential equations with random coefficients. The formu-
lation of the canvas problem depends on the way which we replace the infinite stochastic
dimensionality of the problem (1.1) by a finite one.

In our case, the canvas problem is formulated as follows (cf. Allen et al. 1998; Kossioris
and Zouraris 2010, 2013): Let M,N € N, Ar = %, and 1, := nAt forn = 0,...,N,
T,:= (ty_1,t,) forn=1,...,N,andu: [0, T] x D — R, such that

Uy + Uprxx + U Uy = W in (0,T] x D,
Ut )|, = Ut ], =0 Vi€ ©,T], (1.5)
u@0,x)=0 VxeD,
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where

M
WX, =25 »_Rl¢itx) YxeD, n=1,....N, (1.6)

i=1

Rl’?:://ga,-(x)dW(t,x):Bi(t,,+1)—Bi(t,,), i=1,...,M, n=1,...,N,
Tn YD
(1.7)

and B/ (1) := [y [, ¢i(x) dW(s,x) fort > 0andi € N. According to Walsh (1986), (B)%2,

M
is a family of independent Brownian motions, and thus, the random variables ((erl):ﬂ) -
=1),_

are independent and satisfy
R! ~N(©,Ar), i=1,....M, n=1,...,N. (1.8)

Thus, the solution u to (1.5) depends on NM random variables and the well-known theory
for parabolic problems (see, e.g, Lions and Magenes 1972) yields its regularity along with
the following representation formula:

t
e = [ [ Grmstr 2w v asdy
D

t
= / / W, (x, y)W(s, y)dsdy V(t,x)€[0,T] x D. (1.9)
0 Jp

Remark 1.1 In Kossioris and Zouraris (2013), the definition of WV is based on a uniform
partition of [0, T'] in N subintervals and on a uniform partition of D in J subintervals. At
every time-slab, YV has a constant value with respect to the time variable, but, with respect
to the space variable, is defined as the L?(D)-projection of a random, piecewise constant
function onto the space of linear splines, the computation of which leads to the numerical
solution of a (J + 1) x (J + 1) tridiagonal linear system of algebraic equations. Finally, W
depends on N (J + 1) random variables and its construction has O (N (J + 1)) complexity,
which must to be added to the complexity of the numerical method used for the approximation
of u. On the contrary, the stochastic load W of the canvas problem (1.5) which we propose
here is given explicitly by the formula (1.6), and thus, no extra computational cost is required
for its formation.

1.2 An IMEX finite element method

Let M € N, At := %, and 7, :=mAt form =0,...,M,and A,, := (ty—1, T) for
m = 1,..., M.In addition, for » = 2 or 3, let M}, C H*(D) N H} (D) be a finite element
space consisting of functions which are piecewise polynomials of degree at most » over a
partition of D in intervals with maximum mesh length 4.

The fully discrete method which we propose for the numerical approximation of U uses
an implicit/explicit (IMEX) time-discretization treatment of the space differential operator
along with a finite element variational formulation for space discretization. Its algorithm is
as follows: first, sets

U =o, (1.10)
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and then, form =1,..., M, finds U}’ € M}, such that

(Ur=up ) +ar [ @207 03000+r @20} 000 | = / W, op dT,
v AYII

(1.11)
for all x € M7, where (-, )¢ p is the usual L2(D)-inner product.

Remark 1.2 ltis easily seen that the numerical method above is unconditionally stable, while
the Backward Euler finite element method is stable under the time-step restriction: At /LZ <4
(see Kossioris and Zouraris 2013).

1.3 An overview of the paper

In Sect. 2, we introduce notation and we recall several results that are often used in the rest of
the paper. In Sect. 3, we focus on the estimation of the error which we made by approximating
the solution u to (1.1) by the solution u to (1.5), arriving at the bound

1
g (B[ via, ])7 = € (Mt v ard)
(see Theorem 3.1). Section 4 is dedicated to the definition and the convergence analysis
of modified IMEX time-discrete and fully discrete approximations of the solution w to the
deterministic problem (1.4). The results obtained are used later in Sect. 5, where we analyze
the numerical method for the approximation of u, given in Sect. 1.2. Its convergence is
established by proving the following strong error estimate:

1 _1 _1 ’
max (E[ U} —u(zu, )2, ])? < C <€1 N +e, h57€2>

0<m=<m
for all € € (0, %] and €; € (0, %] (see Theorem 5.3). We obtain the latter error bound, by
applying a discrete Duhamel principle technique to estimate separately the time-discretization
error and the space-discretization error, which are defined using as an intermediate the
corresponding IMEX time-discrete approximations of u, specified by (5.1) and (5.2) (cf.,,
e.g., Kossioris and Zouraris 2010, 2013; Yan 2005).

Since we have no assumptions on the sign, or, the size of u, the elliptic operator in (1.5) is,
in general, not invertible. This is the reason that the Backward Euler/finite element method
is stable and convergent after adopting a restriction on the time-step size (see Kossioris
and Zouraris 2013, Remark 1.2). On the contrary, the IMEX/finite element method which
we propose here is unconditionally stable and convergent, because the principal part of the
elliptic operator is treated implicitly and its lower order part explicitly. Another characteristic
in our method is the choice to build up the canvas problem using spectral functions, which
allow us to avoid the numerical solution of an extra linear system of algebraic equation
at every time-step that is required in the approach of Kossioris and Zouraris (2013) (see
Remark 1.1).

The error analysis of the IMEX finite element method is more technical than that in
Kossioris and Zouraris (2013) for the Backward Euler finite element method. The main
difference is due to the fact that the representation of the time-discrete and fully discrete
approximations of U is related to a modified version of the IMEX time-stepping method for
the approximation of the solution to the deterministic problem (1.4), the error analysis of
which is necessary in obtaining the desired error estimate and is of independent interest (see
Sect. 4).
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2 Preliminaries

We denote by L2(D) the space of the Lebesgue measurable functions which are square
integrable on D with respect to the Lebesgue measure dx. The space L2(D) is provided with
the standard norm ||g|lo.p := (fD |g()c)|2 dx)% for g € L?(D), which is derived by the usual
inner product (g1, g2)0.p := fD g1(x) g2(x)dx for g1, g2 € LZ(D). In addition, we employ
the symbol Ny for the set of all nonnegative integers.

Fors € Ny, wedenote by H* (D) the Sobolev space of functions having generalized deriva-
tives up to order s in L?(D), and by |- |ls.p its usual norm, i.e., [|g]ls.p = (Z;zo ||8fg||§_D) v
for g € H*(D). In addition, by HOl (D), we denote the subspace of H LDy consisting of func-
tions which vanish at the endpoints of D in the sense of trace.

The sequence of pairs {(Al.z, si) }Zl is a solution to the eigenvalue/eigenfunction problem:
find nonzero ¢ € H*(D) N H} (D) and A € R, such that —¢” = A ¢ in D. Since (¢;)% is a
complete (-, -)o p-orthonormal system in L2(D), for s € R, we define by

o0
V(D) = {v eL*(D): Y 2 (.ep, < oo}
i=1
a subspace of L*(D) provided with the natural norm ||v||ys = ( Zﬁl )»izs (v, 8,‘)%_1) )1/2 for
v € V(D). Fors > 0, the space (V*(D), || - |ly») is a complete subspace of L*(D) and we
define (H (D), || - [liw) := (V*(D), || - |lys). For s < 0, the space (H*(D), || - |liws) is defined
as the completion of (V*(D), || - ||ys), or, equivalently, as the dual of HD), || - la-s)-
Let m € Ny. It is well known (see Thomée 1997) that

H" (D) = {veH”’(D): 02y, =0 if 0§2z<m}
and that there exist constants C,, 4, and C, 5, such that
Cooa 10llno < Vllin < C I0llnp Yo € H™(D). 2.1

In addition, we define on L2(D) the negative norm || - ||_,, p by

10l p 1= sup {800+ g € A" (D) and ¢ # 0] Ve L2(D),

for which, using (2.1), follows that there exists a constant C_,, > 0, such that:

10l wp < Com IVljg-n Yv € L*(D). 2.2)

Letl; = (L2(D), (+, -)o.p) and L(ILy) be the space of linear, bounded operators from L, to
L,. An operator I' € £(LLy) is Hilbert-Schmidt, when [|T"[[ss := (}_72; ITe; llﬁa)% < 400,
where ||I'||gs is the so-called Hilbert—Schmidt norm of I". We note that the quantity ||T"||ys
does not change when we replace (¢;)72, by another complete orthonormal system of LL;.
It is well known (see, e.g., Dunford and Schwartz 1988; Lord et al. 2014) that an operator
I € L(ILy) is Hilbert—Schmidt iff there exists a measurable function y : D x D — R, such
that T'[v](-) = fD v (-, y)v(y)dy for v € L2(D), and then, it holds that

1
1T s = (/f 2(x, ) dxdy)z . 2.3)

Let Lys(ILp) be the set of Hilbert—Schmidt operators of L(L» and @ : [0, T] — Lus(Ly).
In addition, for a random variable X, let E[X] be its expected value, i.e., E[X] := fQ XdP.
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Then, the It6 isometry property for stochastic integrals reads

T 2 T
E [H / <I>dWH ] - / @ (1)]|% dt. 2.4)
0 0.0 0
For later use, we recall that if (M, (-, -)7¢) is a real inner product space with induced norm
| - |2, then
2(8 —v. 9w = Igly — I3, +1g —vl7, Vg veH. 2.5)

Finally, for any nonempty set A, we denote by X, the indicator function of A.

2.1 A projection operator

LetO := (0, T)x D, Gy := span(p)M,, Sy := span(X;,)N_; and T : L2(0) - Sy®@Gy,
the usual L2(O)-projection operator which is given by the formula:

= Z (ZXT,, / (g, §0z)ondf) ¢i YgeL*0). (2.6)

Then, the following representation of the stochastic integral of IT holds [cf. Lemma 2.1 in
Kossioris and Zouraris (2010)].

Lemma 2.1 For g € L*(O), it holds that

T
/ / Mg(t,x)dW(t,x) = / W(s,y) g(s, y)dsdy. 2.7
0 D o

Proof Using (2.6) and (1.7), we have

N M
/ /Hg(l AW (. x) =4; Y Z(/ /g(s ») @i (y) dsdy) R}

n=1 i=l1

M
1
At

Mz

</ Xr, (s) R g(s, ¥) i (») dsdy)

n=1 i=1

N M
= f/ g(s.y) (A‘, DI ACY S goi(y)) dsdy
(@)

n=1 i=1

which along (1.6) yields (2.7). ]

2.2 Linear elliptic and parabolic operators

Let T, : L2(D) — H2(D) be the solution operator of the Dirichlet two-point boundary-value
problem: for given f € L?(D) find v; € H2(D), such that v, = finD,ie., T f :=vg. It
is well known that

(Te f, o = (f, Teg)op Y f g€ L*(D), (2.8)
and, for m € Ny, there exists a constant C}? > 0, such that
ITe fllwp < CoNfllwon ¥ f € H™¥Om=2(p)y, 2.9)

Let, also, T : L*(D) — H4(D) be the solution operator of the following Dirichlet
biharmonic two-point boundary-value problem: for given f € L2(D) find vy € H*(D),
such that

vy’ =f in D, (2.10)
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i.e., Ty f := vg. It is well known that, for m € Ny, there exists a constant C}}' > 0, such that

ITs fllwp < Cgll fllnsn ¥ f € H™Om=4 (D). 2.11)
Due to the type of boundary conditions of (2.10), we have
Tyf =T2f VfelL*D), (2.12)
which, after using (2.8), yields
(Tpv1, v2)0.0 = (Tpv1, Tev2)on = (01, Tgv2don Vo1, v2 € LA(D). (2.13)

Let (S(#)wo),cpo.r; be the standard semigroup notation for the solution w to (1.4). Then
[see Appendix A in Kossioris and Zouraris (2013)], for £ € Ny, § > 0 and p > 0, there
exists a constant Cg , ,, 27 > 0, such that

t
2

/ (r — ta)? |3/ S(D)wo |, AT < Cp gy 27 WOl 40262 (2.14)

ta

for all wg € HPH4=26=2(Dy and 1,, 1}, € [0, T] with #, > 1,.
2.3 Discrete operators

Letr =2or3,and MZ C H(} (D) N H%(D) be a finite element space consisting of functions
which are piecewise polynomials of degree at most r over a partition of D in intervals with
maximum length £. It is well known (cf., e.g., Bramble and Hilbert 1970) that

inf [|lv = xllop < C 2 vll,p Yve HS(D)NHJ(D), s=3,....r+1, (2.15)
xeM;,

where C, is a positive constant that depends on r and D, and is independent of /2 and v. Then,
we define the discrete biharmonic operator By, : Mj — Mj by (Br¢, x)op = (8?(,0, 8)%)()0,0
forg, x € M?, the L2(D)-projection operator Py, : L2(D) — My by (P f, xDo.o = (f, XDo.p
for x € M; and f € L2(D), and the standard Galerkin finite element approximation v j €
My, of the solution v to (2.10) by requiring

Bp(vs,p) = Py f. (2.16)

LetTg ) : LZ(D) — MZ be the solution operator of the finite element method (2.16), i.e.,
Tenf :=ven= B;lth forall f € LZ(D). Then, we can easily conclude that

(Tonf>8)op = 07 (Tonf) 07 (T5.08))yp = (f: T508),, Y Srg€LX(D) (217

and
182(Tss Fllon < Cllfllan ¥ feL*D). (2.18)

Finally, the approximation property (2.15) of the finite element space M;, yields (see, e.g.,
Proposition 2.2 in Kossioris and Zouraris 2010) the following error estimate:

ITsf = Tsnfllon < CH NI fll-ip ¥ f€L*(D), r=23. (2.19)

3 An approximation estimate for the canvas problem solution

Here, we establish the convergence of u towards u with respect to the L?O(L%(LJZC)) norm,
when Ar — 0 and M — oo (cf. Kossioris and Zouraris 2010, 2013).
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Theorem 3.1 Let u be the solution to (1. 1) u be the solution to (1.5), and k € N, such that

K2n? > w. Then, there exists a constant Ccgr > 0, independent of At and M, such that
max © < G (At%+M‘%) VM > «, G.1)

where ©(t) := (E [|lu(z, ) — u(, -)||§,D])% fort €0, T].

Proof In the sequel, we will use the symbol C to denote a generic constant that is independent
of At and M and may change value from one line to the other.
Using (1.2), (1.9), and Lemma 2.1, we conclude that

T ~
u(t,X)—U(t,X)=/O /[X(o,n(S) Vg (x,y) =V, x;s, )| dW (s, y), (3.2)

for (1,x) € [0, T] x D, where W : (0, T) x D — L2(D) is given by

M
Vit xis,y) =2 [/ Xo0.0(s) (/ Vg (6, YD) i (V) dy’) dS’] i ()
i=1 LY b

for (s,y) € T, x D,n=1,...,N,and for (¢, x) € (0, T] x D. Now, we use (1.3) and the
L?(D)-orthogonality of ()2, to obtain

U(r, xis,y) = f?f(ol)(s)(zxe P =g, (xm(y)) " (33)

i=1

for (s,y) € T, x D,n =1,...,N, and for (¢, x) € (0, T] x D. In addition, we use (3.2),
(2.4), and (2.3), to get

e<r>=< / / / (X)) Vi (rr y) — (1. x5, 9] dxolydls)E
0 DJD

=S VOL() +Op(1) Vie(0,T], 3.4

where
N 2
eA(r):fo/ [X«m(v)w, s(x,y) = /X«m(s)wt o (x, y)dv} dxdyds
n=1 DT
and

N 2
Op(t) = Z/ / / [i / Xo.n () V_y(x, y)ds" — W, x; s, y)i| dxdyds.
n=1vP DI Tn

Proceeding as in the proof of Theorem 3.1 in Kossioris and Zouraris (2013), we arrive at
JO,() < CA1s Vie(0,T]. (3.5)
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Combining (3) and (3.3) and using the LZ(D)-orthogonality of (ex)72 and (g);2, we have

N M 2
a Z / f { ) Xm,,)(s/)<wf_s/<x,y)—2x,~eA?“?”“S”a(x)w,»(y)) ds} dxdy
=% Z/fU X(m)(S)( Do e O e(x)go,(y)) ds} dxdy

i=M+1
'/;)‘/[) |:t =M+1

N 2
2032
= %Z Z (/ X0, (s") Ay eHi i W= A)ds> Yie(,T].

n=1 i=mM+1

Op(t)

2
(/ X0.0)(s') Aje ™ K= ds’) sl-(xm-(y)} dxdy

I
&~
N

For M > «, using the Cauchy—Schwarz inequality, we obtain

1

oo

2
NCHOE [ > ( [ oot d)}
0

i=m+1
1

(5)

i=M+1

IA
=
§+
==
=
-
1
3
2=
~——
[N}

< ﬂ% M~z Ve (0,T]. (3.6)

The error bound (3.1) follows by observing that ®(0) = 0 and by combining the bounds
(3.4), (3.5) and (3.6). O

4 Deterministic time-discrete and fully discrete approximations

In this section, we define and analyze auxiliary time-discrete and fully discrete approxi-
mations of the solution to the deterministic problem (1.4). The results of the convergence
analysis will be used in Sect. 5 for the derivation of an error estimate for the numerical
approximations of U introduced in Sect. 1.2.

4.1 Time-discrete approximations

We define an auxiliary modified-IMEX time-discrete method to approximate the solution w
to (1.4), which has the following structure: First, sets

WO = wy 4.1)
and determines W! € H4(D) by

w!—wo+Aratw! =o. (4.2)
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Then, form =2,..., M, finds W" ¢ H4(D), such that
W — W4 AT (W + paiwm ) = 0. 4.3)

In the proposition below, we derive a low regularity priori error estimate in a discrete in
time L,Z(L)Z()—norrn.

Proposition 4.1 Let (W’")%:0 be the time-discrete approximations defined in (4.1)—(4.3),
and w be the solution to the problem (1.4). Then, there exists a constant C > 0, independent
of At, such that

M 2
(At > —w’"ug_D) < C AT |wolyuo— VO €[0,1], Ywy e HX(D), (4.4)

m=1
where wt (") == w(ty, Sfort =0,..., M.

Proof In the sequel, we will use the symbol C to denote a generic constant that is independent
of At and may changes value from one line to the other.
LetE™ :=w™ — W" form =0, ..., M, and

om () ;:/ (w(tm, ) —w(z,-)) dr +u/ Tp (w(ty—1,-) —w(t,-)) dr,
Am Am

form =1,..., M. Thus, combining (1.4), (4.2) and (4.3), we conclude that
To(E' —E% + ATE' = 01 — At pu Trwy, (4.5)
T(E" —E" Y+ At (E" + uTLE" ) =0, m=2,..., M. (4.6)

First, take the L%(D)-inner product of both sides of (4.5) with E! and of (4.6) with E”™,
and then use (2.13) to obtain

(TE' — TE°, TeE"op + AT [E'G , = (01, ENop — AT p (Tewo, Eop,
(TE™ — TEEm_l, TEEm)U.D + At ||Em||§,n =—uArt (TEEm_l» Em)o,D + (om, Em)(J.D

form = 2,..., M. Then, using that E = 0 and applying (2.5) along with the arithmetic
mean inequality, we get

| T-E! ”(%,D + At ||E! ||§{D <At oy ||§_D — 2 At 1 (Towo, ENop, @7
ITE™ I3, + 3 ATIE™IE, < (14247 AD) | TE" 3,
+AT Howl2,, m=2,...,M. (4.8)

Observing that (4.8) yields
ITE™ 15, < A+ 20> ADITE" G, + At lowls ), m=2,..., M,

we use a standard discrete Gronwall argument to arrive at

M
max (| T:E"5, < C (uTEE1 RIS ||am||%,0) : (4.9)
m=2
Summing both sides of (4.8) with respect to m, from 2 up to M, we obtain
M M—1 M
ITEM I o+ 55 Y NE™ IS, < ITEE S 42 1% AT Y NTE G p+AT " Y llowlls .
m=2 m=1 m=2
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which, along with (4.9), yields

M M
At Y |E"5, < C (HTEE] I3, + ATIEG, + AT ) ||om||§,,)). (4.10)
m=1

m=2
Using (4.7), (2.8), the Cauchy—Schwarz inequality and the arithmetic mean inequality, we
have

ITEM S, + AT IES , <At~ oulls, — 2 AT e (wo, TeE o p
<At ol + 2 AT [l lwollo.o ITE 0.
<At oullg, + 5 IT:E'NS, +2 A7% 12 Jwoll5

which, finally, yields

IT-ENI2, + ATIEYZ, < € (AT |woll2 , + AT lonl2,) (4.11)

Next, we use the Cauchy—Schwarz inequality and (2.9) to get

loml2, <2 AT /

Am

- w(s, 5, ds +2u* AT / I 75 Bz w(s, N2, ds

Am

§C(Ar)3/ o, w(s, |2 ,ds, m=1,..., M. (4.12)

Am

Finally, we use (4.10), (4.11), (4.12), and (2.14) (with B = 0, £ = 1, and p = 0) to obtain

M M
At Y E"5, < C (M lwoll2, + A" Y ||am||§,,,>

m=1 m=1

T

<cC (Ar2 ||wo||§,,)+m2f ||a,w(s,.)||§<,)ds)
0

< CAT w3,

which establishes (4.4) for6 = 1.
From (4.2), (4.3), and (2.12), it follows that:
T,(W' — W% + At w! =0,
Ty(W" =W )+ AT (W + u TW" ) =0, m=2,..., M.
Taking the L2 (D)-inner product of both sides of the first equation above with W and of the

second one with W™, and then applying (2.13), (2.5) and the arithmetic mean inequality, we
obtain

ITeW' I3, — ITeWOIS , + 2 AT (W5, < O, (4.13)
ITeW™ N5, = ITeW™ S, + AT IW™ S, < 1 AT T WG, m=2,..., M.
(4.14)

The inequalities (4.13) and (4.14), easily, yield that
T W™, < A+ 02 AD T WG, m=1,..., M,

from which, after the use of a standard discrete Gronwall argument, we arrive at

max | T,W™|2, < CIIT:WO|2,. (4.15)
0<m=<wm
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We sum both sides of (4.14) with respect to m, from 2 up to M, and then use (4.15), to have

M M—1
AT D W™, S ITeWHIG , + 1? AT Y ITW™ 3,
m=2 m=1
<C (ITeW 2, + 1T WOI12,) . (4.16)

Thus, using (4.16), (4.13), (4.1), (2.9), and (2.2), we obtain

M
AT Y WG, <€ (ITeWHS, + AT IWIG , + I Tewoll5 )
m=1

2
= ClITzwolly p
2
= CllwollZ,

< Cllwollf-. (4.17)

In addition, we have

M M
At Y w" g, =" f (/ 3 [(r = ) wi(r, 1) | dt) dx
m=1 D A\ Jam

m=1

M
= Z / (/ [w2(r,x)+2(r —rmfl)wr(r,x)w(r,x)] df> dx
D Am

m=1

<Y | lw@E )y + @ =t llwe(r, )3 ,) dr
m=1

Am

T T
<2 /O lw(z, )l , d + /0 o lwe (z, )12, de,

which, along with (2.14) (with (8, ¢, p) = (0,0,0) and (8, ¢, p) = (2, 1, 0)), yields

M

AT Y w5, < Cllwollgoa (4.18)

m=1

Thus, (4.17) and (4.18) establish (4.4) for 6 = 0.
Finally, the estimate (4.4) follows by interpolation, since it is valid for @ = 1 and 6 = 0.
]

We close this section by deriving, for later use, the following a priori bound.

Lemma 4.1 Let (W™)Y _, be the time-discrete approximations defined by (4.1)—(4.3). Then,
there exist a constant C > 0, independent of At, such that

M 2
<A‘L’ > ||83W'"||§_D) < Cllwolly Ywo € H'(D). (4.19)

m=1

Proof In the sequel, we will use the symbol C to denote a generic constant that is independent
of At and may changes value from one line to the other.
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Taking the (-, -)o p-inner product of (4.3) with 32W" and of (4.2) with 32W!, and then
integrating by parts, we obtain

(aew' —a, WO a,wh)  + AT |a}w!3, =0, (4.20)
(@eW™ — 9, W™ B W) 4+ AT [0 W™ 5, + 1 W™, 9, W™ o p ] =0
(4.21)

form =2, ..., M. Using (2.5) and the arithmetic mean inequality, from (4.20) and (4.21),
it follows that:

19 WG, — 19 WOIS , + 2 AT 193 W5, <0, 4.22)
19 W™ N5 = 10 WS, + AT 03 W™ 5, < AT 19, W5, m=2,..., M.
(4.23)

Now, (4.23) and (4.22), easily, yield that
[0 W™ 5, < A4 @ AD) WG, m=2,.... M,
which, after a standard induction argument, leads to

[max (W5, = CloW!IE . (4.24)

After summing both sides of (4.23) with respect to m, from 2 up to M, we obtain

M M-1
AT Y NIWIT, < 10WHIE , + 12 AT Y 0 W™ 5,
m=2 m=1
which, after using (4.24), yields
M
AT Y 3w e, < € (1. W5, + AT IZWT, ) - (4.25)

m=1

Finally, we combine (4.25), (4.22), and (2.1) to get

M
AT Y WS, < ClaWOIIS ,
m=1
2
<C ”wO”],D

2

<C llwoll%,

which, easily, yields (4.19). O
4.2 Fully discrete approximations

The modified-IMEX time-stepping method along with a finite element space discretization
yields a fully discrete method for the approximation of the solution to the deterministic
problem (1.4). The method begins by setting

W) := Pywo (4.26)
and specifying W,ﬁ € M}, such that

W) — W) + At B, W) = 0. (4.27)
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Then, form =2, ..., M, it finds W;" € Mj, such that
W — w4 At [BhW,:”—i—uPh(afW}f’"l)] —0. (4.28)

Adopting the viewpoint that the fully discrete approximations defined above are approx-
imations of the time-discrete ones defined in the previous section, we estimate below the
corresponding approximation error in a discrete in time L%(L)%)—norm.

Proposition 4.2 Let r = 2 or 3, (W™)}_ | be the time-discrete approximations defined by
(4.1)—(4.3), and (W;")¥ _, C M), be the fully discrete approximations specified in (4.26)—
(4.28). Then, there exists a constant C > 0, independent of At and h, such that

1
M 2
(At o wm - W{[’Hén) < CH? Jwollgo—2 Ywo € HY(D), V6O €l0,1].
m=1

(4.29)

Proof In the sequel, we will use the symbol C to denote a generic constant which is inde-
pendent of At and /4, and may changes value from one line to the other.

LetZ" := WM — Wy form =0, ..., M. Then, from (4.2), (4.3), (4.27), and (4.28), we
obtain the following error equations:

Ty, (Z' = 2% + At Z' = Ag!, (4.30)
Tpi@Z" —Z" )+ AT [Z7" + p Ty, (332" ] = ATE™, m=2,....M, (431

where
EM = (Ty — Ty p)dW™, m=1,....,M. (4.32)

Taking the L?(D)-inner product of both sides of (4.31) with 2", we obtain

(T @Z" =Z"1). 20 + ATZ" I3, = — AT (T54(372"7). 27),
+AT(E™, 20 p, m=2,..., M,

which, along with (2.17) and (2.5), yields

182(T5. 22 ) = 182 (T, Z" D2, + 182 (Tos (2" = Z"7)) 112,

+2AT (272, = AT + AT, (4.33)
form =2,..., M, where
-Arln =2At @ma Zm)o,na

AL = =2 AT (Tyy, (832’"—1) , Zm)(w )
Using (2.17), integration by parts, the Cauchy—Schwarz inequality, the arithmetic mean

inequality, we have
A< At (1212, + 1E™12 ) (4.34)
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and

AP = 2w AT (322", Ty Z™)on

= 2u AT (", 0 (T50Z™))op

=-2uAt (Zm_], 92 (Tpu (2" — Zm_])))
—2u AT (2" 0 (T 2" Yo

<21ul ATIZ" o 87 (Tun (2" = 2Z771))|
+21ul ATIZ" oo 02 (TaaZ™ )],

< AT W12+ 197 (Ton (2" =277 13
+ 502G + 2 AT WP N0 (T s Z" DGy m =2, M. (435)

0.D

0,D

Now, we combine (4.33), (4.34) and (4.35) to get

182(Ty yZ™)I2 , + ATIZ™ 2, < 102(TpsZ" D2, + AF 1277112, + AT 1E™)12,

+2 AT i (02T Z" 2, + AT 1Z7712,)
(4.36)

form =2,..., M.Let Y* := |02(T5,Z9|2 , + At 28] , for £ = 1, ..., M. Then, (4.36)
yields
T" < (1+2p2 A0 Y AT E™2,, m=2,..., M,

from which, after applying a standard discrete Gronwall argument, we conclude that

M
max Y" < C (Tl +AT Y ||.§'”||§D). (4.37)
1<m<wm 2 ’

Since TMZ0 = 0, after taking the L2(D)-inner product of both sides of (4.30) with Z!, and
then, using (2.17) and the arithmetic mean inequality, we obtain

182(Tp,ZH1I2 5 + BT 1212, < AR 1EM12,, (4.38)

which, along with (4.37), yields

M
m m 2
lgna;;MT < CAr E 1 NE™NG - (4.39)
m=

Now, summing both sides of (4.36) with respect to m, from 2 up to M, we obtain

M M—1
AT Y NZME, <102 (TeaZHIE, + 55 > 127105,
m=1

m=2
M M—1
+AT Y EMIE, +2uP AT YT,
m=2 m=1
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which, along with (4.39), yields

M
B 125 < 103 (TeaZlg » + ATIZMS
m=1
M—1

M
+AT Y NEMS, 20 AT Y X"

m=2 m=1

M
<C " A m 2
< (1552;_1 + At E & IIO,D)

m=2
M
<CAT Y IE™ (4.40)
m=1

Combining (4.40), (4.32), (2.19), and (4.19), we obtain

M M
AT Y NIZMG, < CH AT Y W5,
m=1 m=1

< Ch* [lwoll,. (4.41)

Thus, (4.41) yields (4.29) for 6 = 1.
From (4.27) and (4.28), we conclude that
Ts (W) — WD) + At Wl =0,
T, (W — WD+ At W' =~ At T, Q2WY, m=2,..., M.

Taking the L?(D)-inner product of both sides of the first equation above with Wh1 and of the
second one with W}", and then, applying (2.17) and (2.5), we obtain

183 (Tas WiDIG » = 1183 (Tas WG » + 2 AT WG,

103 (Tos Wi 5.5 + 195 (T (W' = WD,

F2AT (W2, = 102(T W DI2 ) + AT, m=2,..., M,  (443)

<0, (4.42)

where
A= =2 A (To (3W01) W)

0.D

Using (2.17), integration by parts, the Cauchy—Schwarz inequality, and the arithmetic mean
inequality, we have

A =2 At (Wt 02 (Teu Wy )

0,D
e (w2 (o (47 w5)
—2u At (W;:"il, 33(7"3_11 WZnil))o.u
< AT 2 W2+ 1003 (Ten (Wi = W) 12,
+ AW, A 2 AT (T W) DG m=2,... M. (444)
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Combining (4.43) and (4.44), we arrive at
182(Ty, WiM2, + 2 AT W12, < 18T, W DI2, + S5 W12,

+2 A7 2 ( 182(Ty, W12, + AT ! ||§D) Com=2.....M. (445

LetY} := 02(T, WHI2, + At W2, for € = 1,..., M. Then, we use (4.42), (4.26),
(2.18), (2.2), and (4.45) to obtain

YL < 1102(Tp s Pawo) 12,

< 192(Tswo) 12,

< llwol?,,
< llwoll-» (4.46)
and
T < (A2 2A0)T " m=2,..., M. (4.47)

From (4.47), after the application of a standard discrete Gronwall argument and the use of
(4.46), we conclude that

max Y;'<C T}}
l<m<m

< Cllwoll-2. (4.48)

Summing both sides of (4.45) with respect to m, from 2 up to M, we have

M M-1 M—1
AT Y WIS 5 S I0FTasWdlia p + 55 Y IW IS, +201* AT YTy,
m=2 m=1 el
which, along with (4.48), yields
M M-1
85 N IW e, < Th+ 207 AT Y T

m=1 m=1

< Cllwollf»- (4.49)

Thus, (4.49) and (4.17) yield (4.29) for 6 = 0.
Thus, the error estimate (4.29) follows by interpolation, since it holds for & = 1 and
6 =0. O

5 Convergence analysis of the IMEX finite element method
To estimate the approximation error of the IMEX finite element method given in Sect. 1.2,
we use, as a tool, the corresponding IMEX time-discrete approximations of u, which are

defined first by setting
U =0 (5.1)

and then, form = 1, ..., M, by seeking U™ € H4(D), such that

Um —uUm !+ Az (U™ + patum ) = f dWdr as.. (5.2)
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Thus, we split the total error of the IMEX finite element method as follows:

1
2
omax E[ " —Up12,])? < max 5TDR-|-0max Em s (5.3)

where U™ = U(ty, -), Em o= (E[lu™ — U™ II(%,D])I/2 is the time-discretization error at T,,,
and &%, = (E[IU™ — U2 ,])""" is the space-discretization error at z,,.

5.1 Estimating the time-discretization error

The convergence estimate of Proposition 4.1 is the main tool in providing a discrete in time
L;’O(L%,(L)%)) error estimate of the time-discretization error (cf. Yan 2005; Kossioris and
Zouraris 2010, 2013).

Proposition 5.1 Let u be the solution to (1.5) and (Um)r"z:0 be the time-discrete approxi-
mations of U defined by (5.1)—~(5.2). Then, there exists a constant Crpg, independent of At, M
and At, such that

Oinai( EM. < Crpr € -3 A‘L'3 € Vee (O, %] (5.4)

Proof In the sequel, we will use the symbol C to denote a generic constant that is independent
of At, M, and A7, and may change value from one line to the other.
First, we introduce some notation by letting | : L*(D) — L*(D) be the identity operator,
Y : H3(D) — L%(D) be the differential operator Y := | — At Maf, and A : L2(D) —
H4(D) be the inverse elliptic operator A := (I + At 8;‘)_1. Then, form =1,..., M, we
define the operator Q™ : L%(D) — H*(D) by Q" := (Ao Y)"=1 5 A. In addition, for
given wy € HZ(D) let (S (wo))M m—o be time-discrete approximations of the solution to the
deterministic problem (1. 4) defined by (4.1)—(4.3). Then, using a simple induction argument,
we conclude that
SV (wo) = Q" (wg), m=1,...,M. (5.5)

Letm € {1, ..., M}. Applying a simple induction argument on (5.2), we conclude that

=Y [ @t e o
e=17"%¢

which, along with (1.6) and (5.5), yields

M N m
U= =3 DD RiM (Z 5, (1) 83 “‘(a)dr)

i=1 n=1 =1

ZR” [/ Xy, (7) (ZXA[(r)S’” ”1(&)) df}

i=1 n=1

yy s [ (Sroscw)a] o
T \e=1

i=1 n=1

In addition, using (1.9) and (1.6), and proceeding in similar manner, we arrive at

= / " S(tm — 7) (0,W(x ) de
0
M N m
_Lt ZZREUW |:/ <ZXAK(T)S(TM_T)(8I')> dri|. (5.7)
i=1 n=1 T\ =1
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Thus, using (5.6) and (5.7) along with Remark 1.8, we obtain

(5;’11)11)2 :iz i

=1 n=1

>

2
i

2
Xy, (0) [SB7H N @) = S — r)(e»]) dr) dx

(=1
M N 2
<> 3R / / (ZXM (1) [Sg";“l(e,-) — S(tm — r)(ei)]) dr dx
i=1 n=1 b JTn

2
=DM / f (ZXM (0) [Su e = S(z — r)(sn]) dxdr
0
M m
<> 4 (Z IS (ei) — S(am — r)(ei)n%,Ddr) :

which, easily, yields
Empr < \/BY + /B (5.8)

M m 2

:ZAIZ (ZAt‘ 00),
i=1 =1 ’
M m

Po= ) A (Z IS (Tm—e41) () — S(tw — DI dr)

= i m—e+1 i m i)llo,p .

i=1 =175t

Proceeding as in the proof of Theorem 4.1 in Kossioris and Zouraris (2013), we get

JBY < C AtE, (5.9)

In addition, using the error estimate (4.4), it follows that:

1
M 2
B <C A7 (ZA% lei ||§14H>
i=1

with

(&i) = S(Tm—e+1)(&)

i

i=1

1
M 2
<CA7? (Zﬂ) Vo € [0, 1].

Setting § = g — e withe € (0, 8] we have

<CATi€e2 (1 - %)7 . (5.10)
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Thus, the estimate (5.4) follows, easily, as a simple consequence of (5.8), (5.9), and (5.10).
O

5.2 Estimating the space-discretization error

The outcome of Proposition 4.2 will be used below in the derivation of a discrete in time
L?O(L%(L?C)) error estimate of the space-discretization error (cf. Yan 2005; Kossioris and
Zouraris 2010, 2013).

Proposition 5.2 Let r = 2 or 3, (U)X _ ) be the fully discrete approximations defined by
(1.10)=(1.11) and (U™) _, be the time-discrete approximations defined by (5.1)—(5.2). Then,
there exists a constant Cspg > 0, independent of M, At, At and h, such that

Jmax £, < Coor €2 h6™¢ Vee (0,1]. (5.11)
Proof In the sequel, we will use the symbol C to denote a generic constant that is independent
of At, M, At, and h, and may change value from one line to the other.

Let us denote by | : L2(D) — L*(D) the identity operator, by Y}, : M) — Mj the
discrete differential operator Yy, := | — u At (P 0 82), Ay, : L?(D) — M, be the inverse
discrete elliptic operator Ay = (I + At Bh)_l o Py. Then, form =1, ..., M, we define
the auxiliary operator Q} : L*(D) - M by Q) := (A o Yi)"= ' o Aj. In addition, for
given wo € Hz(D), let (S} (wo))r’zz0 be fully discrete approximations of the solution to
the deterministic problem (1.4), defined by (4.26)—(4.28). Then, using a simple induction
argument, we conclude that

SP'wo) = Q' (wp), m=1,..., M. (5.12)

Letm € {1, ..., M}. Using a simple induction argument on (1.11), (1.6) and (5.12), we
conclude that

m

p=> " @t @wr. ) dr

1=1"5¢

M N m
=— DD R [/ (ZXAl(r)SZ"”I(ei)) df:|. (5.13)
j I\ =1

After, using (5.13), (5.6), and Remark 1.8, and proceeding as in the proof of Proposition 5.1,
we arrive at

1
M m 2
Elin < [Z 2 (Z AT S ) — S en12, dr) } :
i=1 (=1

which, along (4.29), yields

1

M 2
Elpe < Ch" (ZA? lei ||§3“>
i=1

i=1

1
2
<cnt ( Z }\2169 ) Vo e [0, 1]. (5.14)
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Setting @ = £ — 8 with § € (0, £], we have

M 2

m L—rd 1
Espr = C hs Z e
i=1
1

r M 2
<Chs"® <1+/ x—l—“dx>
1
1
<Ch657 1 (1-M9)2
which obviously yields (5.11) with € = r$. O

5.3 Estimating the total error

Theorem 5.3 Let r = 2 or 3, U be the solution to the problem (1.5), and (UJ)¥ _ . be the
finite element approximations of U constructed by (1.10)—(1.11). Then, there exists a constant
Crm, > 0, independent of h, At, At and M, such that

1 _1 L,
max (E[[U} —u™)2,])? < &m (61 P AT 4 hr€2> (5.15)

0<m=<wm
forall e € (0, %] and €3 € (0, %]
Proof The error bound (5.15) follows easily from (5.4), (5.11), and (5.3). O
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