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Abstract We study a recovery problem for an unknown boundary coefficient relating to one
material characteristic in an eddy current field. The field equations are represented in terms
of the potential field method (T — ¥ method) and can be solved numerically by the nodal
finite element method. We introduce a measurement as an additional condition and prove the
existence and uniqueness of the weak solution. Further, we present an iteration algorithm for
the recovery problem and validate its efficiency by two numerical experiments.

Keywords Eddy current equations - Inverse problem - 7' — i method - Impedance boundary
condition
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1 Introduction

Owing to increasing requirements for high performance devices, it is indispensable to get an
accurate evaluation of material characteristics during designing of electromagnetic devices.
Usually, these material characteristics include the permeability ., the conductivity o and the
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intrinsic impedance 7. 1 plays an important role when the penetration “skin” of the conductor
is narrow in comparison with its geometric dimensions. In this case, the electromagnetic fields
are closely concentrated near the conductor boundaries and decay very fast in directions
normal to these boundaries. To describe these speedy spatial variations accurately, people
come up with the idea of impedance boundary condition (cf. Fabrizio and Morro 2000). This
boundary condition is based on the local penetration of electromagnetic fields, i.e. at each
boundary point, tangential components of electric and magnetic fields (denoted by E and H,
respectively) are related to each other, which can be expressed mathematically as follows:

nx E=—nnxmxH), (1.1)

where n is the unit outer normal vector.

Our work in this contribution is to establish a mathematical model to evaluate intrinsic
impedance. Let us consider the following time dependent eddy current approximation of
Maxwell’s equations in a simple-connected bounded convex polyhedron € C R3(cf. Monk
2003):

VxH(x,t)=0cE(x,t), (x,t)eQx][0,T], (1.2)
VXE(@x,t)y=—-0puH (x,t), (x,t)eQx][0,T]. (1.3)

We assume that @ and o are positive constants. This assumption helps us to build our model
as simple as possible with aim to focus our attention on the evaluation.

Maxwell’s equations are usually transformed into the E or H equation and solved approx-
imately by edge finite element method. Besides, it can also be changed into potential
formulations by means of a decomposition of the field E or H (the so-called A — ¢ or
T — ¥ method). Then, nodal finite elements are used to solve the equation numerically.

There are several advantages for the potential field method. For example, it can deal with
the possible discontinuity between different mediums very well and has good numerical
accuracy. The method avoids spurious solutions by adding a penalty function term in the
dominant equation. Moreover, it also has attractive features including natural coupling to
moment and boundary element methods, and global energy conservation. There are many
relative works (cf. Chew 2014; Chen et al. 2014; Chovan et al. 2017; Kang et al. 2015 and
references therein). Moreover, Mur (1994) gives some results of comparison between the
edge element and the nodal element. It claims that the linear nodal element is more accurate
than the Nédélec’s first-order edge element. With regard to the storage requirements, the
Nédélec’s first-order edge element is cheaper than the linear nodal element.

Solving electromagnetism problem defined in convex domain or C!-! domain by nodal
elements is classical (cf. Kang and Kim 2009; Zeng et al. 2009). Recently, some methods
allowing nodal elements to apply in reentrant domain are found, such as weighted method
(cf. Costabel and Dauge 2002) and the L? projection method (cf. Duan et al. 2009, 2012,
2013a,b, 2016). We only consider the convex domain in this contribution to simply our
analysis, and we will handle the reentrant one in the future work.

Now, we transform (1.2), (1.3) into T — ¢ formulation. Taking divergence of both sides
of (1.2) yields

V.(0E)=0,

so there exists a vector potential 7' such that

1
E=—-VxT. (1.4)
o

@ Springer f bMA



Boundary coefficient determination for an eddy current problem... 3983

By substituting (1.4) into (1.2), we have
Vx(H-T)=0,
and then a scalar potential ¥ can be introduced satisfying
H=T+Vy. (1.5)

Now, taking (1.4), (1.5) into (1.3), we get the following formulation:
1
(T +Vy)+V x <7V><T> =0. (1.6)
o

The use of nodal elements comes from regularizing (1.6) by adding a penalty term
—V (LV - T) (cf. Jin 2014). Take divergence of both sides of (1.6) to get that

V0 (T 4 Vi) =0,

and then add the penalty term in (1.6),
1 1
o (T +Vy)+V x <—V>< T) —V(—V-T) =0.
o o

Now, we divide the time interval [0, T'] into N sub-intervals [ti_ 1 ti] fort; =it,i =
1,2,3,..., N, where T = % N =1,2,3,.... Based on backward Euler’s method, we get

the following time discretization scheme:

T; + Vv 1 1 T Vi, _
w (T; + WZ)+VX(fVX]})+V<fV~Ti):M(l1+ v 1)’
T o o T

v. w(Ti + Vi) _ v. w(Ti— +V1/fi71)’
T T

We give a pair of nonzero initial value Ty and ¥ to begin the computation. For convenience,

we eliminate the index i in this paper.

The direct problem of this type is usually accompanied by the following standard boundary

conditions:
1
nx|—-VxT)|=0,
o

Similar to Kang and Kim (2009), we can prove that the finite element approximate solution
of (1.5) converges on the magnetic field in the case of the potential field formulation with
this kind of boundary conditions.

Next, we denote the boundary of 2 as I', and split I" into two complementary, non-empty
and non-overlapping parts, I' = T'ney + 'oss- On Tioss, the impedance boundary condition
(1.1) is defined. Considering v is homogeneous on the whole boundary, we rewrite (1.1) as:

1
nx(—VxT):n(nxT)xn.
o

Above all, considering that © and o are positive constants, the T —  formulation reads
as follows:
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e The dominant equations are given by

K(T+VY)+Vx(VxT)—V(V-T)=f, inQ; (1.7)
KV-(T+Vy)=V.f, inQ, (1.8)

T, 1+Vy_
WhereK:%,f:‘w(’ 1: Vi 1).

e The boundary conditions are

nx (VxT)=0, onlNey; (1.9)
nx (VxT)=A(nxT)xn, onl; (1.10)
n-T=0, onl; (1.11)
Y =0, onl, (1.12)

where A = no.

Our object of interest is to determinate the boundary coefficient A describing the intrinsic
impedance. The paper (Slodicka and Van Keer 2000) discusses some relevant results on
boundary coefficient determination for linear elliptic boundary value problem. Zemanova
et al. (2010) provide a measurement function to identify the boundary coefficient in terms
of the magnetic field equation; The analysis is made in the space H (curl, €2), and Whitney’s
edge elements are used in the numerical experiment. The aim of this paper is to introduce the
mathematical model in terms of the potential field method. We first prove the well-posedness
of the problem in a suitable space. Then, we use linear nodal elements to solve the boundary
value problem numerically.

The paper is organized as follows. In Sect. 2, we first give some notations and results.
Then, we present a recovery problem for an unknown coefficient in the impedance boundary
condition based on the T — v method. To guarantee the uniqueness of the solution, we
introduce a measurement on the boundary as the additional condition. In Sect. 3, we introduce
areal function m(A) in terms of the weak solution and study its behavior. Further, we prove
the well-posedness of the recovery problem. In Sect. 4, we give two numerical experiments
to validate the efficiency of the proposed scheme. Finally, some conclusions are given in the
last section.

2 Notation and problem setting

For convenience of presentation, some notations are supplied first, which will be used through-
out this paper. Let L*(2)(s > 1) denote the usual s-integrable function space equipped with
the norm || - || zs(). Particularly, L?(S2) is the Hilbert space of square integrable functions
equipped with the following inner product and norm:

(W, V)2 = /Qu(x)v(x)dx and |lullp2q) = v (u, u).

If m is a positive integer, define H" (R2) := {v € LZ(Q) : Dfy € LZ(Q),O < |&] < m}
equipped with the norm

1

2
el = | 32 [D%ul 30,

|El<m
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where & represents a non-negative triple index. Moreover, boldface notation expresses vector-
valued quantities, such as L%(Q) := (L2(Q)).
Define the Hilbert space
ﬁ&(Q) ={ve HI(Q) :n-v=0o0nTl}.

Further, we denote V := ﬁol (R2) x HOl (L2) endowed with the sum-norm

1@, DT = 1QlI51 ) + 1172,
In addition, we show the following lemmas, which will be used in the consequent sections
(cf. Kang and Kim 2009). A direct application of these lemmas yields that the V-norm is

. 1
equivalent to the norm (| @ + V@[3, o, + IV x Qll72q, + IV - Q727

Lemma 2.1 Let Q be a bounded convex polyhedron. Then, there exists a constant C > 0
such that

1Q + VoliTaq) + 1V X Q2 + 1V Qll7ag = CIQ. P, ¥(Q.¢)eV.
Lemma 2.2 There exists a constant C > 0 such that

(P + V(/), Q + V¢)L2(Q) + (V x P,V x Q)LZ(Q) + (V -P,V. Q)LZ(Q)
SCIP,oly 1(Q. Dy, YV(P,9),(Q,¢) € V.
Now, we can define the weak solution to (1.7)—(1.12) in suitable spaces. First, we assume
that
0 < Knin < K < Kpax a.e.in,
f e L*Q). 2.1)
We take the scalar product of (1.7) with Q € ﬁol (£2) and the scalar product of (1.8) with
v e Ho1 (2). Afterwards, we integrate the results over 2 and apply Green’s theorems. Then,

the resulting formulations are added together. The following variational formulation can be
stated.

Problem 1 Find (T, ¢) € V, such that

K(T+VYy, 0+ Vg + (VT VX Qg +(V-T,V-0)2q,
+rmxT,nx Qpar,.o = Q+Vd)rg, V(Q,9)eV. (2.2)

According to the Lax—Milgram theorem, Problem 1 has an infinite number of solutions
depending on the free positive parameter A at ['joss. From now on, we denote (7}, ;) to
show the relationship between A and the solution to Problem 1. To guarantee the uniqueness
of (A, (Ty, ¥»)), we need an additional condition independent to (2.2).

In this contribution, the uniqueness is guaranteed by means of the following tangential
component measurement along Nogs:

/ |anA|2:/ Inx Th>=M > 0. (2.3)
1_‘loss I‘loss

Remark 2.1 Note that Vi should be included as the integrand in the measurement. We omit
this term since ¥ is homogeneous on the whole boundary. In Sect. 4, we give the complete
T — ¢ formulation of the measurement and verify its effect on the uniqueness of the solution
by two experiments.
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3 Well-posedness

In this section, we will prove some properties for the solution (X, (7;, 1)) first.
The following lemma gives the uniform estimate of (7}, ;) in the V-norm and its trace
with respect to A > 0.

Lemma 3.1 Let the assumption (2.1) be satisfied. Then, there exists a positive constant C
such that

(T, Iy + Al X Tollgag, <€

Proof Taking Q = T, ¢ = v, in (2.2), using Cauchy inequality, Young inequality and
Lemma 2.2, we obtain
KT+ Vil + IV X Tillja g + IV - Tl o) + 2 lm X Tiljagr,
< W flle2e) 1Tx + Vil < C U2 IS ¥y
< CellfIa g +& 1T W - 3.1)

On the other hand, considering Lemma 2.1, we get

KT+ VYl o + IV X Tillfa g + 1V - Till7a ) = C (T ¥ -

(€2)
From the above two inequalities, we have

C T DIy + 2 ln x Tillfa g, ) < Co If 72, + & 1T WY

Considering a suitable & concludes the proof.

To make use of the measurement (2.3), we define a real value function m : [0, 00) —
[0, co) given by

m) = lnx Tllop, -

This function m (1) is defined in terms of the weak solution to (2.2) depending on the free
positive parameter A.
First, let us study the continuous behavior of the introduced function m (A).

Lemma 3.2 (Continuity) Let (2.1) be satisfied. Then, the function m () is continuous on
(0, 00).

Proof |m (A) —m (L +¢€)] — 0(e¢ — 0) needs to be shown according to the definition of
continuity. For any A > 0, we choose a small parameter ¢ satisfying |¢| < A. Subtracting
(2.2) from (2.2) for A = A + &, we obtain
K ((Tte +Vinae) = (M +VYa), 0+ Vé) 2 + (VX (Tige — 1), V X Q)p2(g)
+ (V- (e —TH), V- Q)LZ(Q) +A( X (Thye —Th), 0 X Q)LZ(Floss)
e X Thye, n X Q)Lz(rm) =0. 3.2)

This can be written equivalently as:

K (Do + Vige) = (T + VY3), @+ V)2 + (V X (e — T0) . V X Q)2
+ V- De =T, V- D2+ A+ ) (X (Thge — 1) 0 X Q)p2(ryy,)
temxTy,nx Qrer =0 3.3)
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Summing up (3.2) and (3.3) and choosing Q = T4 — Ty, ¢ = ¥y — ¥, We obtain
2K |(Tate + Vinge) — (T + Vl/fA)Hiz(Q) + 2V X (Th4e — TA)||2Lz(Q)

+2 ”v : (T)»+E - TA)"%Z(Q) + (2)" + 8) ”n X (T)L—HE - T)\.)HZLZ(FIOSS)
te( X (Diye + 1) n X (Thte — 1)) p2(ry) =0 (34

Using Lemma 3.1 for the last term on the left, we deduce

|€ (X (Thye + Tn) s 0 X (Toye — ) p2(rp )
1 n 1
At+e A

T. T 2
p— <
= |8| ‘”" X Ly +e - ”n X )»”[2([*]035)‘ <C |8|

I3
LZ(Floss)

< CI%' — 0(e — 0). (3.5)

Thus, the absolute value of the sum of the first four terms in (3.4) tends to O for ¢ — 0. From
the non-negativity of each of these terms, Lemmas 2.1 and 2.2, we have

[(Thqe = Tn Yave — ¥)lly = Oand |ln X (Tyye — T)llp2(ry,,) = 0(e = 0)
Recalling Cauchy inequality and Lemma 3.1, the following yields

Im(x + &) —m@)| = [lln X Tiqe )~ llmx Til7»

(rloss)|
= 1t % (Tyse + T, 1 % (Tove — T g2ry)|
< n x (Tite + TOll L2017 X (Trte — Dl L2000

I7
Lz(rlnss

IA

c
Ill" X (Tote — Tl L2y
— 0(e = 0),
which concludes the proof. O

Next, the decreasing behavior of the function m (A) is shown.

Lemma 3.3 (Decreasing nature). Let (2.1) be satisfied. Moreover suppose € > 0 and . > 0.
Thenm (AL + &) <m (L).

Proof The first four terms in (3.4) are non-negative and ¢ > 0, thus, from the last term we
obtain

mO+e) = lnx Teloq, < Inx Tl =m@).

At last, the asymptotic character of the function m (1) is given.

Lemma 3.4 (Asymptotic character) Let (2.1) be satisfied. Then it holds that m (A) —
00X — o0).

Proof From Lemma 3.1, we have
Alln x TAHZLZmOSS) <C, VA>0.
Thus, the proof is directly concluded by

Minox To 2,
m(A):%—)O(A—)OO).

[}
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Now, we give the main theorem in this contribution, which shows the well-posedness of
(2.2) and (2.3).

Theorem 3.5 Let (2.1) be satisfied and assume A > 0. Then for any 0 < M <
lim; _, o+ m (), there exists a unique weak solution to the inverse problem (2.2) and (2.3).

Proof The existence of a weak solution is directly guaranteed by Lemmas 3.1-3.4, so we
only need to show its uniqueness.
Suppose there exist two solutions. Then, one of the three following cases can occur:

1. Let (A, (T, v)) and (X, (T, w)) be two different solutions to (2.2) and (2.3). Subtracting
(2.2) for both solutions from each other and setting Q =T, ¢ = , we get
Y 2
()" - )") ”n X T”LZ(FIOSS) = 0

2
L? (Tloss)

2. Now let (A, (T, v)) and (A, (T, J)) be two solutions to (2.2) and (2.3). Using the same
steps as in previous case, butsetting Q =T — T, ¢ = — J, we obtain

Hence, ||n x T|| = 0. It is a contradiction between this result and M > 0.

K +99) = (T + V)20 + |V (T = T)[ 1200,

=N 12 NP
+|v-(T-T) HLZ(Q) +a]nx (T -T) ”LZ(I‘]USS) =0.
Recalling (2.1), Lemma 2.1 and A > 0, the last relations imply (7', ¥) = (f, J)
3. Finally let (&, (T, ¥)) and (A + &, (Ty4¢, ¥aye)) With € > 0 be different solutions to

(2.2) and (2.3). Resulting from (3.4) and considering that each solution satisfies (2.3)
yields

2K [(Trve + Vire) = (T + VY2 i) + 21V X (Tite = TVl g
20V - (Tie = T2 + @1+ 8) 11 X (Tie = T2, , =0 (3.6)
This equation contradicts with (T, ¥;) # (Ti4e, Yite)-

The proof is done on the basis of these three cases. O

4 Numerical experiments

This section will provide a recovery algorithm, which is tested by two numerical experiments.
Let €2 be a unit cube in R3. The boundary I' is split into two pieces as follows: the loss
boundary condition is prescribed on the face z = 0 and z = 1, and other boundary conditions
are considered on the other faces, as shown in Fig. 1.
We design an algorithm based on our analysis to the following test problem. Note that we
change the condition on I'j,gs because i, is inhomogeneous.

Problem 2 Find (A, (T}, ¥,)) satisfying
T+ V) +Vx(VxD)-V(V-T)=f, inQ,
V(L +Vy)=V- f, inQ,
nxVxT,=g;, onlyNe,
nx (VxT,)—x(nx (T, +Viy)) xn=gy, onllg,
n-T,=h;, onl,
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Fig. 1 Sketch of the domain and boundary conditions of the model. The red surfaces are the loss boundary

Y5 =ha, onT,

/ In x (T, + Vy)|> = M.
1—‘loss

Correspondingly, we define the function m as:
m () = llnx (T + V)l o, -

The nodal finite element method is used to solve the boundary value problem for each
given A, and the following iteration scheme is used to determine the coefficient A,

N m Gu)
(n) k—1
A =g — | = _— =1,2,3,...
k k=t (2) m’ (Ag—1) "

where

mA+h)y—m@—h)
2h

m' (L) =

with & = 0.005. We start with A9 = 0.01, and A = A" when m(A{"") > M. The iteration
ends if [m(ig) — M| < 107°.

Experiment 4.1 The data functions f, g1, g2, h1, ho, and M = 5.333 are defined such that

=Yy
Li=|x—z)|, va=x+y+z, A=124
y—Xx
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(a) (b)

Fig. 2 Exact solution in Experiment 4.1. a || H, ||. b H,

are the exact solutions (see Fig. 2), namely

z—y+1
H, =T,+Vy, =x—z+1
y—x+1

Figure 3 shows the behavior of the function, which is consistent with the theory. Its
three properties (continuity, monotonicity and asymptotic character) ensure the existence of
a unique solution for any amount of M on the boundary.

Figure 4 and Table 1 show the convergence of the iteration, which has stopped after five
iterations.

For the last approximations, the errors are

b= happ| = 1.9663 x 1077, | Hy, = Hyapp | 12, = 17012 x 1071,
Experiment 4.2 The data functions f, g1, g2, i1, hp, and M = 3.345 are defined such that

sinx — x cosy
T, =|siny—ycosz |, Y, =sinx +siny+sinz, A =124
sinz — zcos x

are the exact solutions (see Fig. 5), namely

sinx — X cos y + cosx
H, =T, +Vy, = |siny —ycosz+cosy
sinz —zcosx + cosz
Figure 6 also shows the behavior of the function, and Fig. 7 and Table 2 show the conver-
gence of the iteration, which has stopped after seven iterations. The errors obtained for the
last approximations are

| — happ| =3.773 x 1074, |

@ Springer j br\A
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10

mQ\)

0 2 4 6 8 10 12 14 16 18 20
A

Fig. 3 Numerically obtained graph of the function m (1) in Experiment 4.1

Fig. 4 The convergence of the iteration in Experiment 4.1

5 Conclusions

We study arecovery problem for an unknown coefficient relating to one material characteristic
for an eddy current problem based on the T — i method. The coefficient is derived from
the impedance boundary condition. Moreover, a loss boundary condition is introduced as an
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Table 1 Precision of the

iteration in Experiment 4.1 er. * m®) Error in %
1 0.010 9.381 99.2
2 0.907 6.090 26.8
3 1.206 5.402 2.71
4 1.227 5.360 1.07
5 1.240 5.333 0.00

The situation from Fig. 4

(a) (b)

Fig. 5 Exact solution in Experiment 4.2. a || H, ||. b H),

70

60

20

10

Fig. 6 Numerically obtained graph of the iron loss function m (1) in Experiment 4.2
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Fig. 7 The convergence of the iteration in Experiment 4.2
'.I‘able. 2 .Precisio.n of the Iter. i m Error in %
iteration in Experiment 4.2
1 0.010 71.53 99.9
2 1.590 32.03 87.2
3 4.005 14.39 67.7
4 7.724 6.492 37.7
5 10.62 4.183 14.3
6 11.55 3.707 6.82
o . 7 12.40 3.345 0.00
The situation from Fig. 7

additional condition. Later, a real function m (1) is defined in terms of the weak solution. Its
continuity, monotonicity and asymptotic characters ensure the existence of a unique solution
for any amount on the loss boundary condition. According to these characters, we prove that
the recovery problem is well posed. Finally, we design a numerical iteration algorithm and
validate its effectiveness for inhomogeneous problem by two numerical experiments.
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