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Abstract A vector-borne disease model with general incidence rates is proposed and inves-
tigated in this paper, where both vector and host are stratified by infection ages in the form of
a hyperbolic system of partial differential equations coupled with ordinary differential equa-
tions. The existence, uniqueness, nonnegativeness, and boundedness of solution of the model
are studied for biologically reasonable purpose. Furthermore, a global threshold dynamics of
the system is established by constructing suitable Lyapunov functionals, which is determined
by the basic reproduction number Ry: the infection-free equilibrium is globally asymptoti-
cally stable when Rog < 1 while the endemic equilibrium is globally asymptotically stable
when Rg > 1.
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1 Introduction

The infectious disease transmission between hosts and vectors is one of the dominant themes
in epidemic dynamics. Vector-borne infectious diseases are emerging or resurging as a result
of changes in public health policy (Brand et al. 2016). Vector-borne diseases are transmitted
by arthropod insects such as mosquitoes, ticks, flies, midges, and fleas. They account for
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about 17% of the estimated burden of all infectious diseases affecting humans, and they also
exert pressure on food security through their impacts on animal health and plants (Caminade
et al. 2016).

Among all the vector-borne diseases, mosquito-borne types such as malaria, dengue fever,
and West Nile Virus are of recent particular interests due to their serious impact on the public
health in the world. For example, dengue virus infection is the most commonest mosquito
borne viral disease and is a major public health problem (globally). More than 2.5 billion peo-
ple in over 112 countries of the world are at risk from dengue virus (Tahir 2017). One recent
estimate indicates 390 million dengue infections per year (95% credible interval 284-528
million), of which 96 million (67—136 million) manifest clinically (with some severity of the
disease) (Bhatt et al. 2013). West Nile virus was discovered in 1937 in the West Nile region
of Uganda. Since its first incursion into North America in 1999 (Nash et al. 2001), numerous
cases of WNV infection in humans have been recorded in the USA (see details in Bowman
et al. 2005; Centers for Disease Control and Prevention 2002). As one of the most important
parasitic diseases in the world, Malaria is endemic in over 100 countries and it leads to 214 mil-
lion cases and 438,000 deaths in WHO (2016). Up to now, there is no effective and safe vaccine
for malaria. It is well recognized that the successful control of vector-borne diseases depends
on our understanding of its transmission dynamics of them (Hollingsworth et al. 2015).

Mathematical models have been widely used to provide an explicit framework for under-
standing dynamics of vector-borne diseases in the last 20 years (see, for instance, Altizer
et al. 2006; Avila-Vales and Buonomo 2015; Bowman et al. 2005; Forouzannia and Gumel
2014; Hollingsworth et al. 2015; Mandal et al. 2011; McCallum et al. 2001; Ngwa and Shu
2000; Saul 1996). A fundamental issue of epidemic modeling is the incidence rate of disease
transmission, which is defined as the number of infection per unit time at which suscepti-
ble individuals contract the infection (Avila-Vales and Buonomo 2015; Maidana and Yang
2008; McCallum et al. 2001), and it plays an important role in the study of mathematical
epidemiology. Since host—vector models were first developed at the beginning of the 20th
century, the ‘mass action’ (if the density of susceptible hosts is represented as S, and that
of infected hosts as 7, then the number of new infected hosts per unit area and per unit of
time is S (Anderson and May 1978; Anderson and May 1978, where § is the transmission
coefficient)) assumption has been commonly used. If susceptible and infected hosts were ran-
domly mixed, this would lead to the following frequency-dependent (or density-independent)
transmission 2 AS,I (Antonovics et al. 1995; Begon et al. 1999), where N is total host density.

In many works, the infection rate is assumed to proportional to the size of the infec-
tious compartment (Lutambi et al. 2013; Maidana and Yang 2008). However, Capasso et
al. (1977, 1978) have considered the importance of introducing a nonlinear incidence rate.
From then on, various forms of nonlinear incidence rates have been proposed (Feng et al.
2015; Georgescu and Hsieh 2006; Korobeinikov 2009, 2007; Novoseltsev et al. 2012; Park
2004; Roop-O et al. 2015; Vargas-De-Ledn et al. 2014; Wang et al. 2017a). For example, an
asymptotic relationship between the contact rate and host density is proposed, which includes
BSPI1 (0 < p < 1,0 < g < 1) (Hochberg 1991; Knell et al. 1996), kS In(1 + %) (neg-
ative binomial. Here, small k corresponds to highly aggregated infection. As k — o0, the
expression reduces to the mass action) (Barlow 2000; Briggs and Godfray 1995), %
(a, b > 0 are constants) (Diekmann and Kretzschmar 1991; McCallum et al. 2001). In
general, Korobeinikov (2007, 2009) assumed the incidence rate to be a more general form
e(S(), 1(2)).

The Ross—Macdonald model on vector-borne diseases was described by ordinary dif-
ferential equations (Macdonald 1952; Ross 1910, 1911). Macdonald (1952) established a
threshold condition on the invasion and persistence of infection, which is determined by the
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basic reproduction number (defined as the average number of secondary cases produced by
an index case during its infectious period). Most of the existing vector-borne disease models,
especially those on malaria that investigate complications arising from host superinfection,
immunity, and other factors, are based on this fundamental model (Dietz et al. 1974; Feng and
Velasco-Hernandez 1997; Hethcote 2000; Lashari and Zaman 2011; Qiu 2008; Ruan et al.
2008; Tumwiine et al. 2007; Vargas-De-Le6n 2012). The obtained results greatly helped us
to understand the underlying mechanisms on disease spread and to make appropriate control
strategies.

Furthermore, infection age of a vector and/or host can affect the number of secondary
infections resulting from introducing an infected individual (Hollingsworth et al. 2015; Rock
etal. 2015), and hence infection-age structures of vector and host may change the transmission
dynamics. As a matter of fact, malaria burden differs due to infection age and gender in
humans. Therefore, infection age becomes an important inter-related factor for transmission
of malaria in a population. Many epidemiological studies (Browne and Pilyugin 2013; Chen
et al. 2016; Forouzannia and Gumel 2014; Iannelli 1995; Inaba and Sekine 2004; Kuniya
2014; Liu et al. 2006; Magal et al. 2010; Melnik and Korobeinikov 2013; Soufiane and
Touaoula 2016) have focused on this important aspect by including age structure of the
epidemic models and obtained results including threshold dynamics. Up to now, a general
vector-host infection model with nonlinear incidence rate and infection-age-dependence in
both vector and host is not common. As a result, it is necessary and meaningful for one to
construct novel models with infection ages in both vector and host and consider their effects
on the transmission dynamics.

Motivated by the above discussions, in this paper we will introduce infection ages into both
host and vector in the vector-host models studied in Aron (1988), Bowman et al. (2005),
Brand et al. (2016), Lashari and Zaman (2011), Kuniya (2014), McCallum et al. (2001),
Melnik and Korobeinikov (2013), Qiu (2008), Ruan et al. (2008), and Tumwiine et al. (2007)
and we assume that the forces of infection are generally nonlinear (we refer to Feng et al.
2015; Georgescu and Hsieh 2006; Korobeinikov 2009; Korobeinikov 2007; Novoseltsev
et al. 2012; Park 2004; Vargas-De-Leodn et al. 2014; Wang et al. 2017a for justifications). For
the modeling methods on infection-age-dependent incidence rate of age-structured epidemic
models, we refer to Chen et al. (2016), Wang et al. (2017a,b,c,d), Wang et al. (2015), and
Yang et al. (2017). Our model will be described by a system of ordinary differential equations
coupled with two partial differential equations, which is very challenging in analysis. The
main purpose of this paper is to consider the transmission dynamics of vectors that infect
hosts due to the infection-age-dependent incidence rate.

Many epidemic models including infection-age-dependent incidence rates have been stud-
ied (Chen et al. 2016; Kuniya and Oizumi 2015; Wang et al. 2017a,c,d, 2015; Yang et al.
2017). The results there implied that decreasing the initial transmission rate and drawing up
efficient prevention ways played a very importantrole on controlling the spreading of diseases.
In addition, humans can influence the outcome of a host-parasite interaction in multiple ways
(for example, environmental degradation). But, the relationship of the conditions for extinc-
tion or uniform persistence of the vector—host model with general infection-age-dependent
incidence rates still remains unclear. Analysis of such a model is not trivial. To the best of
our knowledge, our work is likely the first study on the effects of both infection ages and
general incidence rates on vector-borne disease models.

The rest of the paper is organized as follows. In the next section, we will formulate
the vector-borne disease model with both infection ages and general incidence rates. We
also present results on the existence, uniqueness, non-negativeness, and boundedness of
solutions of the model system. In Sect. 3, we study the existence of equilibria and their local
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stability. We establish the threshold dynamics (which is determined by the basic reproduction
number) in Sect. 4. The global stability of the disease-free equilibrium is obtained by applying
the fluctuation lemma while the global stability of the endemic equilibrium is obtained by
constructing an appropriate Lyapunov functional. The paper ends with a brief conclusion.

2 Model formulation

Motivated by the vector-borne compartmental models in Aron (1988) and Lashari and Zaman
(2011), we propose an age-structured vector—host model with permanent immunity for recov-
ered hosts and general nonlinear incidences between vectors and hosts. The model is based
on the following assumptions.

(A1) The host population size (Nj) is divided into three subclasses, the susceptible class
Sh, the infected class I, and the recovered class Rj, (to be permanently immune and
hence there is no need to consider the evolution of Rj), while the vector population
size (Ny) is divided into two subclasses, the susceptible class S, and the infected class
I,,. The infected vectors are assumed to never recover until their death and hence there
is no recovered class for the vector population.

(A2) There is a constant recruitment rate, A, for the susceptible host. The natural death rate
of the host is ;. The susceptible hosts can be infected by infectious vectors with a
general nonlinear incidence ¢ (S (1), fooo k(a)i,(t,a)da). Here, i, (¢, a) is the density
of infected vectors of infection age a at time ¢ and k(a) is the age-dependent biting
rate of a susceptible host by an infected vector. Note that I,,(¢) = fooo iy(t, a)da is the
total number of infected vectors at time ¢. We assume that the per capita recovery rate
of the infected host at infection age a is y (a).

(A3) The vector population size N, is assumed to be constant and hence the birth rate
and the natural death rate are the same, denoted by p,. The susceptible vectors
can be infected by biting an infected host and the transmission rate is taken as
Y (Sy(1), fooo B(a)iy(t, a)da), another general incidence. Here, ij, (¢, a) is the density
of the infected hosts of infection age a at time ¢ and f(a) is the age-dependent biting
rate of an infected host by a susceptible vector. Notice that I, (1) = fooo in(t,a)da is
the total number of infected hosts at time 7.

The above assumptions lead to the following vector-borne disease model:
B0 = % — unSu(0) — @ (Sn(®). [5° k(@)iy(t, a)da) ,
dlh(t a) + dzh(t a) _ 8(a)ih(t,a),

in(1,0) = p(Su(0), fy~ k(@)iy(t, a)da),

2.1
31L(t a) + ()lu(t a) _ ( )

= —uyiy(t, a),
iy(t,0) = Y (N, _fo iy(t, a)da, foooﬂ(a)ih(t a)da),
$n(0) = Suo € Ry, in(0,-) = ino € LL(0,00),i,(0, ) = ivo € LL(0, 00),

where §(a) = up+y(a)and Ry = [0, 00). For (2.1), there should be an inherent relationship
between the initial values and the boundary values, that is, i5, (0, 0) = iz0(0) and i, (0, 0) =
i,0(0). Therefore, in the sequel, we always assume that

¢(Sho,/(; k(a)ivo(a)da) = ino(0)
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and
Y (Ny —/0 iuo(a)da,/o B(a)ipo(a)da) = iyo(0).

To study the dynamics of (2.1), we make the following hypotheses.

(Hp) k and B are bounded and uniformly continuous functions from R to R.
(H2) ¢(u, v) and v (u, v) are differentiable such that ¢ (u, v) > 0 and ¥; (u, v) > O for
u > 0andv > 0, and @2 (u, v) > 0 and Y2 (u, v) > O for u > 0 and v > 0. Moreover,
ow,0) = ¢0,v) = Y,0) = ¥(0,v) = 0 forall u, v € R;. Here, ¢(u, v) and
@2 (u, v) represent the first-order partial derivatives of ¢ (u, v) with respect to u and v,
respectively; while ¥1 (#, v) and ¥ (u, v) represent the first-order partial derivatives of
¥ (u, v) with respect to # and v, respectively.
(H3) ¢2(u, v) and 2 (u, v) are continuous, respectively, at (ﬁ, 0) and (N,, 0). Further-
more, % §0and% <Oforu >0andv > 0.
(Hy) @ (u, v) and ¥ (u, v) are locally Lipschitz continuous on R2 , namely for any C > 0,
there exist L, (C) > 0, L,(C) > 0, K,(C) > 0, and K,(C) > 0 such that
|¢(u7 U) - gu(ﬁl’ U)| S Lu|u - ﬁ'a
|(p(u, U) - SD(M, :J)| = Lv|v - ’1\)‘|,
[V (u, v) — ¥ @, v)| < K,lu—1ul,
[V (u, v) — ¥ (u, V)| < Kylv -7

forallO <u,u,v,v <C.

It is obvious that ¢ (u, v) and V¥ (u, v) are always positive for u > 0 and v > 0, ¢(u, -) and
¥ (u, -) are strictly increasing for u > 0, and ¢(-, v) and ¥ (-, v) are strictly increasing for
v > 0 by hypotheses (H»).

According to the methods of characteristic lines, the following two partial differential
equations

dip(t, Aip (1, .
B+ M = S (@)in(r.a).

9a
in(1,0) = p(Sp(0). [5° k(@)iy(t, a)da),
in(0,0) = ino,
and
g+ P = — i (1 ),
iv(1,0) = Y (Ny — [57 iv(t, a)da, [§° B(@)in(t, a)da),
iy(0,0) = iy,

can be solved, respectively, as:

o(a)p(Sy(t —a), foook(a)iv(t —a,a)da), 0 <a <t,

S sinola — 1), a>1>0,

in(t,a) = {

and

{n(a)w(zvu — [ vt —a,a)da, [;° B@)ip(t —a,a)da), 0 <a <1,
iy(t,a) =

(a)
w(a—t)

ivola —1), a>1t>0,
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where o (a) = exp(— [y 8(s)ds) and 7(a) = exp(— [y pyds), which are, respectively, the
survival probabilities of an infected host and an infected vector to age a. Then, (2.1) can be
rewritten as the following equivalent integro-differential equation:

SO — 5 S — @(Sh(0), [ k(@)i(t, a)da),
ih(t’ ll) = O'(ll)QD(Sh (t - a)’ fOoo k([l)iv(l a, a)da)1t>a + or(raa)t)lhO(a f)1a>ta
iy(t,a) = w(a)Y(Ny — fooo iy(t —a,a)da, fo B(@)ip(t —a,a)da)l,~,

+ﬂ7(1a(li)l) ivo(@— ) 1gsr,

2.2)
where

0ift >a >0,

1 _Jlift>a=>0
r>a = lifa>r>0.

Oifa>r>0 2d 1“>’:{

Let
X4 = Ry x LL(0,00) x L} (0, 00),

which is a positive cone of the Banach space X = R x L0, 00) x L1(0, 0o) with the
product norm || - ||. The following result on the existence and nonnegativeness of solutions
to (2.2) and hence to (2.1) can be proved with a modification of the proofs of Theorem 2.1
and Lemma 2.2 in Browne and Pilyugin (2013). Therefore, we omit the proof here.

Theorem 2.1 Suppose (Hy), (Ha), and (Ha) hold. Then, for any initial value x € X 4, system
(2.1) has a unique solution on R, which depends continuously on the initial value and time
t. Moreover, (Sy(t),in(t,-),iy(t,-)) € X4 fort € Ry and they are bounded.

In fact, let
G(t) = S,(t) + /"O ip(t,a)da.
0
Then

dG(t)

dr

=k — wnSu() — (S, / k(@)iy (1, a)da) + / wda

0
=k — wnSi (D) — (Sh(), /0 k(@)iy (1. a)da) — fo (W +8(@)in(r, a))

—h— S0 =950, [ " k@is(r, e + i1, 0) —intr. )|
— /OOO S(a)ip(t,a)da

S A — pupSp(t) — pp /Oooih(t,a)da

— = (i) + fom in(t, ayda).

It follows that

A
limsupG(¢) < —.
M

—00
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Moreover,
o0
/ iy(t,a)da = Ny — Sy(t) < N,.
0

Then, one can easily see that €2 is a positively invariant and attracting subset for system (2.1),
where

Q= {x = (x1, p1, p2) € X+‘x1 +

A
o1l < —, llp2llh < Nu}-
Mh

In the sequel, for the purpose of global dynamics of (2.1), we always assume that the initial
values are in 2. Moreover, L,, L,, K,,, and K, are the constants in (H4) corresponding to

_ A A
C = max {2 IBlow s Iklloo N |-

3 Equilibria and their local stability

Obviously, system (2.1) always has the disease-free equilibrium E0 = (SO, i}?, ig), where
Sg = ﬁ i,? =0,i 8 = 0. For convenience of notation, we introduce
o0 oo
&= / k(a)yr(a)da and n= / B(a)o (a)da.
0 0

Define the basic reproduction number R by

Ro = Y2 (Ny, 0)¢2(SP, 0)En. (3.1)

In fact, Y2(N,, 0)n is the number of infected vector produced by introducing an infected
host in the system and (pz(Sg, 0)& is the number of infected host produced with one infected
vector in the system. Therefore, Rg is the number of infected host when an infected host
is introduced into the system, which agrees with the definition of the basic reproduction
number.

Now, we study the existence of other equilibria. If E* = (S}, i;l‘, iy) € Qisanequilibrium,
then it must satisfy

b= 1S — 9(Sg [ k(@i (a)da) = 0,
dij(a) _

b= =i (a),
di* .
l(,i;ll) — —le:;(a), (32)

ir(0) = o(Sk. Jo~ k(@)it(a)da),
i5(0) =¥ (Ny — [y it(a)da, [~ B()if(a)da).

Solving the second and third equations of (3.2) gives us

ij(a)=1i;0)o(a) and i}(a) =1i,(0)m(a).
These, together with the first equation of (3.2), yield

A= unSy —(S;, §i;(0) = 0.
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By the property of ¢ and the implicit function theorem, there exists a function f : R — R
such that

Sp = f(i;(0)

with £(0) = S and f/(i3(0)) = — S 2V LLEORELON By the last two equations of (3.2),
we get

[e.¢]
i) = ¢ (S;;, /0 k(a)iif(a)da)
= ¢(f(i;(0)), &iy(0)),
1
i,(0) =y (Nv - —iy(0), ﬂiZ(0)>
230
1 - - -
= (Vo = i3 (0). 9 (£ (00, €65 (0)n)-
My
Clearly, i;(0) = 0 if and only if i;;(0) = 0. This tells us that an equilibrium is endemic if it is

not the disease-free equilibrium E°. From the above discussion, we see that an equilibrium
(Sy, i), i3) is an endemic equilibrium if and only if i} (0) is a positive zero of F, where

1
FO =y = (N =3, 0(f ). E0n). (3.3)
First, assume Ry < 1. Then, for y > 0, by (H) and (H3),

F(y) >y — YNy, o(Sp, £y))
>y — Y2 (Ny, 0)p(Sh. Ey)1
>y — Y2 (Ny, 0)pa(S), EV)Eny
=(1—Rp)y >0.

This implies that there is no endemic equilibrium when Rg < 1.
Next, suppose Ro > 1. Note that

F(0) = =¥(Ny,0) =0 and F(uyNy) = ity Ny > 0.

Moreover,

1
FI(0) = L =41 (N0, 0) = Y2(Ny, 0) (157, 00 (0) + 9255 008 )

=1 —v2(Ny, 0)pa(SY, 0)En
=1- R() < 0.

Then, F(y) < 0if y > 0 and is close enough to 0. By the Intermediate Value Theorem, F
has at least one positive zero and hence there is at least one endemic equilibrium. Now, we
prove that (2.1) has a unique endemic equilibrium. By way of contracdiction, we assume that
there exists another endemic equilibrium (Eh, in, lTv). Without loss of generality, we assume

iy > i. Denote b = i%i(> 1). Then by (H») and concavity of ¢ in (H3), we get

@ Springer f bMA



Global dynamics of a vector-borne disease model with infection... 4063

i5(0) = o(f(i;(0)), i;(0)§)
1-
=9 (f(i;‘(O)), Ziu(O)éE)
- 1-
> ¢ (f(iv(O)), Eiu(0)5>

=

9(Sn, 1v(0)8)

S

= th(O).

Then
1
iy(0) =y <Nv — ;Ti:(o)’ niZ(O))

1 — 1 -
> Y <NU — —1iy (0), fnih(O))
My b

%

1 1 — _

lef (Nv - —1iy (0), ﬂih(0)>
My

= %;v(o)’

which is a contradiction.
To summarize, we have obtained the following results.

Theorem 3.1 (i) If Rg < 1, then (2.1) only has the disease-free equilibrium E°.

(ii) If Ro > 1, then besides E° (2.1) also has a unique endemic equilibrium, denoted E* =
Sy, iy, i%), where S; = f(i7(0)), i) (a) = (S}, &iy(0)o(a), iy (a) =iy (0)m(a) with
i7(0) being the unique positive zero of F defined by (3.3).

In the following, we study the local stability of the equilibria of (2.1) by the technique of
linearization. For the details on the theory, we refer to lannelli (1995).

Theorem 3.2 (i) The disease-free equilibrium E° of (2.1) is locally asymptotically stable
if Ro < 1 and it is unstable if Ro > 1.
(ii) The endemic equilibrium E* of (2.1) is locally asymptotically stable if Ry > 1.

Proof (i) Note that <P1(52, 0) = ¥1(Ny,0) = 0. Then, the characteristic equation at the
disease-free equilibrium EC is

T+ 0 @2(SP,0) [ k(a)m(a)e ™da
0 -1 92(8Y,0) [ k(a)m(@)e **da | = 0.
0 Y2(Ny,0) [5° Bl@)o(a)e "da —1

Clearly, the stability of E° is determined by the roots of the following equation:

a®21-050.0) [ kam@eda- 124,00 [ oo @eda=0.

If Ro > 1, then g1(0) = 1 — Rp < 0. Noting that lim; . g1(r) = 1 > 0, by the
Intermediate Value Theorem, we know that g; has a positive zero and hence E? is unstable.
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Now, suppose R < 1. It suffices to show that all zeros of g; = 0 have negative real parts.
Otherwise, let 7y be a zero of g1 (t) with Re(tg) > 0. Then, we have

1=

2(S}, 0) /Ook(a)ﬂ(a)e_”’“da Y2 (Ny, 0) /Oo B(a)o (a)e”™"da
0 0

< 02(8%, 0 (N, 0) /0 ~ k@) (a)da /0 ” p@o @da
=Ry <1,

which is a contradiction.
(ii) For E*, the characteristic equation is

0= (t+4un+¢i1(S};. [y k(@)i}(a)da)I(7)

—(z + ) (@2t [ k@it @)da) [ k@m@e“da)Ty(r), O

where

L@ = v (Nv - [ i@ [ Ooﬂ(a)i;;‘(ama) [ p@o@e

D@ =1+ (m - / " it @da, / Ooﬂ(a)i,t(a)da) / % r@e"da.
0 0 0

We claim that (3.4) has no root with a nonnegative real part. Otherwise, suppose that it has
aroot t° with Re(z%) > 0. Then

_1E + ) @2(Sp fo” k@i @)da) [5° k@ @e~™ “dal ()
(20 + i + @1(S}. fo k(@)if(a)da)) o (x0)) '
It follows from (Hj3) that

2 (SZ /OO k(a)i*(a)da) < (p(S;f,fOook(a)i:(a)da)
A < ,

1

Jo~ k()i (a)da
[ o Y (N, — [ i (a)da, [ B@)if(a)da)
m(zvv /0 i* (a)da, fo ﬁ(a)zh<a)da>s B e -
Thus

o0 o0
/ k(a)iy(a)da f B(a)ij (a)da
0 0
0 + 1n)e(Sj. Jo° k@i (@da) [5° Ka)m@e™™ " day (N, — [5¥ it @da, [§° B(@)i} (@)da) 5 pa)o (@)e™ “dal
120+ n + @1 (S} f5° K@iz (@da) (1 + Y1 (Ny — [5° i (@)da, [5° B@)it(a)da) [5° w(@)e= "ada)|
_ 120 4 )iz 0) f5° k(@) (@)da - i (0) [y Bla)o(a)dal
170+ |

= /00 k(a)iif(a)da/‘ao B(a)ij (a)da,
0 0

<

a contradiction. This completes the proof. O

4 The global dynamics

In this section, we first prove the global stability of the disease-free equilibrium E° using the
Fluctuation Lemma.
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For any function f : Ry — R, we set

foo =liminf f(1), f* =Timsup f(r).

—00

Lemma 4.1 (Fluctuation Lemma Hirsch et al. 1985) Let f : Ry — R be a bounded and
continuously differentiable function. Then, there exist two sequences {s,} and {t,} such that
Sp —> 00, Iy —> 00, f(sn) = foor f/(sp) = 0, f(ty) = f*and f'(t,) — 0asn — oo.

The following estimate is useful in the coming discussion.
Lemma 4.2 (Tannelli 1995) Supposek € L ﬂr(O, oo)and B : Ry — R isabounded function.

Then

—00

13
lim sup/ k(©)B(t — 0)do < B®|k||;.
0

Theorem 4.3 If Rg < 1, then the disease-free equilibrium E° of (2.1) is globally asymptot-
ically stable.

Proof By Theorem 3.2, we only need to show that E? is globally attractive in £2. To this end,
let (S, (2), in(t, ), iy(t, -)) be a solution of (2.1) with initial value (S0, in0, ivo) € 2. Recall

that
o(@)By(t—a), 0<a<t
in(t,a) = 4.1
S sinola—1), a=1>0
and
w(a)By(t —a), 0<a<t,
iy(t,a) = 4.2)
' %ivo(a—t), a>t>0,
where

By (1) = in(1,0) = ¢ (Sh(l), /ook(a)iv(t, a)da) ;
0

By(t) = iy(1,0) = <NU - /oo iv(t, a)da, /Ooﬁ(a)ih(t, a)da) .
0 0

Obviously, B, and By, are nonnegative, bounded, and differentiable.
Firstly, we show Bgo = BII"/o = 0. Note that
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By(1) < w(s,?, /O cm/«(cz)z'v(t,cl)cicz)

w(a)

t
/ k(a)m(a)By (t —a)da + /OO k(a) iyo(a — t)daj|
0 t

w(a —1t)

r rt [e¢]
= wz(Sg,O) /0 k(a)m(a)y (Nv,/o B(s)ip(t —a,S)dS> +€7“”'|Ik||oo||iv0||1}

t o0
/0 k(a)n(a)(«pz(zvu,m /0 ﬂ(s)iha—a,s)ds)da+e*“v’||k||oo||ivo||1}

r t t—a
Y2 (Ny, 0)/0 k(a)ﬂ(a)[/o B(s)o (s)By(t —a — s)ds

* o) . ot .
+/ ﬁ(S)mlho(S -+ a)dS]da +e ||k||oo||lv0||1]
t—a

t t—a
< ¢2<S§3, 0) [llfz(Nv, 0)/0 k(a)n(a)[/(; B(s)a(s)By(t —a —s)ds
+e D) B oo llipo 1 1da + e Ilklloollivolll]'

Applying Lemma 4.2 twice, we get

t
B < ¢a(S), 0)¥2(Ny, 0)€ lim sup / B($)o (s) By (t — 5)ds
t—00 0
< 02(S). 0)Y2(Ny, 0)EnB®
= RoB°,

which implies that B)® = 0 since Ry < 1. Similarly, one can show that B = 0.
Next, we show lim;_, o ||lix (2, -)||1 = lim;— o ||liy (¢, ) |1 = 0. In fact, using (4.1), we get

o o(a)

t
i e, -)||1=/0 Bw(z—a>a(a)da+/ ino(a — 1)

———da
t o(a—t)

t
= / By (1 — a)o (a)da + e~ "M lipol1.
0

By Lemma 4.2,

limsup [lix(t, )t < B ol =0
11— 00

and hence lim;_,  ||i5 (¢, -)||1 = 0. Similarly, we have lim;_,  ||iy (¢, -)||1 = 0.
Finally, we show lim; . S; () = SJ. It suffices to show (S)oc > ) since (S,)> < SJ.

According to Lemma 4.1, there exists a sequence {#,} such that #, — oo, S, (t,) = (Sh)co»
and % — 0 as n — oo. Note that

dSh (tn)
dr

@ Springer f bMA

=A—=nSp(ta) — @ <Sh(tn), /0 k(a)iy(tn, a)da>



Global dynamics of a vector-borne disease model with infection... 4067

and lim;_, o fooo k(a)iy(t,a)da = 0 since k is bounded and lim;_, ~ ||iy (¢, -)|[1 = O. Then,
we get

0=2x— un(Sn)oo

and hence (S;)00 = 52-
In summary, we have shown that lim;_, oo (S, (¢), i (¢, -), iy (¢, ) = EY. This completes
the proof. O

In the following, we establish the global stability of the endemic equilibrium E*. We
start with the permanence of (2.1) using uniform persistence theory for infinite dimensional
system developed by Smith and Thieme (2011).

By Theorem 2.1, there is a continuous solution semiflow of (2.1), denoted by ® : Ry x
X+ — X4, where

D(t, (Shos in0, 1v0)) = (Sp(t), in(t, ), iy(t,))  for (¢, (Sho, ino, iv0)) € Ry x X4,

where (S5, (1), i (¢, +), iy (¢, -)) is the solution of (2.1) with the initial value (S0, i50, ivo). The
semiflow is also written as {® (1) };cr, .
Define p : X4 — Ry by

o0
P(Sh,in,iy) :f k(a)iy(a)da  for (Sp,ip,iy) € X 4.
0
Let

Q0 = {(Sho, ino, ivo) € 2| there exists 7o € Ry such that p(P(to, (Sho, ino, ivo))) > 0}.

If (Sho, ir0, ivo) € 2\ R0, then lim;_, » Sy (1) = Sg and a little modification of the proof of
Theorem 4.3 will yield lim;—, oo ® (2, (Sko, ino, iv0)) = EY.

Definition 4.1 System (2.1) is uniformly weakly p-persistent (respectively, uniformly
strongly p-persistent) if there exists an r > 0, independent of the initial conditions, such
that

lim sup p(®(t, (Sho, ino, ivo))) > r (respectively, lilrn inf p(®(t, (Sho, ir0, 1v0))) > 1)
—00

—00

for (Sro, ih0, iv0) € Q0.
Proposition 4.4 If Ry > 1, then system (2.1) is uniformly weakly p-persistent.

Proof By way of contradiction, for any & > 0, there exists an x* = (S}, i, i5;) € 2o such
that

oo
lim sup/ k(a)ii(t,a)da < e.
—00 0
Since Ry > 1, we can choose g9 > 0 such that
_ A — Lyeg

g = —— —¢9 >0,
Kh

I < @a(e1, £0) Y2 (Ny — &3, ||/3||c>o82)/0 k(a)ﬂ(a)efa"”dafo Bla)o(a)e **da,
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where g7 = ((pz(Sh, 0)|lo|l1 + 1)ep and &3 = W + 0. For %, there exists x 2 ,
for simplicity of notation denoted by x = (Sp0, i50, 1v0), such that

. o° . £0
lim sup/ k(a)iy(t,a)da < >
0

t—>0o0

In the following, we shall use Laplace transforms to get a contradiction.

On the one hand, there exists fyp € R such that

o
/ k(a)iy(t,a)da < gy fort > 1.
0
Without loss of generality, we can assume fyp = 0 since we can replace x with ® (7, x).
These, together with the first equation of (2.1), (H»), and (Hy), give us

dSu (1)
dr

= A= upSp(t) — (w(Sh(t), /0 k(a)iy(t, a)da) — @(Sp(1), 0))

oo
> A= upSp(t) — Lv/ k(a)iy(t, a)da
0
> A — Lygo — MhSh(t)

which implies that lim inf, _, o S;(¢) > h“F 0. Again, without loss of generality, we assume
Sn(t) > g1 fort € Ry. On the other hand, for r € R4,

By(t) < 9(SY, £0) < ¢2(SY, 0)eo. (4.3)

Then, from (4.3) and the arguments in the proof of Theorem 4.3, lim sup,_, o, [lix(t, )|l1 <
goz(S}?, 0)eollo|l1- Again, without loss of generality, we assume that ||i5 (¢, )| < &> for
t € R.. It follows that

iv(1,0) < Y (N, [IBlloollin (@, )I1) < Y2 (N, OIBllocllin(t, It < Y2(Ny, 0)[| Bllooe2

for t € R.. Similarly as before, we have lim sup,_, . [liy (¢, )[l1 < W Again,
without loss of generality, we assume that ||i, (¢, -)||; < &3 fort € Ry.
Now, under assumptions (H) and (H3), with the help of (4.1) and (4.2), we get

o0 o0
By(t) = go(el, /0 k(a)iv(t,m) > g3(e1. €0) fo k(@i (1, a)da
t
> pa(e1. €0) f k(@i (1, a)da
0
t o0 o0
= ga(er, 80)/ k(a)m(a) (df(Nv - / iy(t —a, s)ds,/ B(s)ip(t —a, s)ds)da
0 0 0
t o0
> @o(eq, 80)/(; k(a)rr(a)(xb(Nv — 83,/(; B(s)ip(t — a, s)ds)da
t o0
> o261, ) W2 (Ny — 3. [ Bllooe2) fo k(a)n(a)( /O B()in(t — a, s)ds)da
t t—a
> pa(e1. £0)¥2(Ny — 3. [ Blloot2) /0 k(a)n(a)( /O B(s)in(t — a, s)ds)da
t t—a
= o261 002Ny — €3, [1Blloce) /0 k(a)n(a)( /0 B(5)0 (5) Byt —a — s)ds)da
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for t € R, . Taking Laplace transforms of the both sides of the above inequality produces
By(6) = ¢a(e1, 202 (Ny — £3, | Blloce2) By Ok (9)Bo (6)  for 6 > 0,

where denotes the Laplace transform of a function. As By (-) is not identically zero on R,
we have Bw (0) > 0 for 6 > 0. Therefore, in particular,

@21, £0) W2 (Ny — &3, || Bllocs2)kr (50)Ba (g0) < 1,

a contradiction with the choice of &g. ]

Now, we consider the uniform strong p-persistence of (2.1). To this end, we only need
to show that ® has a global compactor in €2p. A global compact attractor A is a maximal
compact invariant set in 2o such that for any open set that contains A, all solutions of (2.1)
that start at zero from a bounded set, are contained in that open set, at least for sufficiently
large time. The existence of a global attractor is established by applying the following two
results.

Lemma 4.5 (Hale 1988) If ®(t) : X — X, t € Ry is asymptotically smooth, point
dissipative and orbits of bounded sets are bounded, then there exists a global attractor.

Definition 4.2 (Smith and Thieme 2011) A semiflow is asymptotically smooth if each for-
ward invariant bounded closed set is attracted by a non-empty compact set.

Lemma 4.6 (Hale 1988) For each t € Ry, suppose ®(t) = O1(t) + Pa(t) : X — X
has the property that ®(t) is complete continuous and there is a continuous functlon f
Ry x Ry — Ry suchthat f(t,7) — Oast — oo and |1 (t)x| < f(t,7) if |x| <F. Then,
®(t),t € Ry is asymptotically smooth.
Lemma 4.7 For any ¢ > 0, there exists § > 0 such that

|Bi(t +h) — Bi(1)| < &1 fort € Ry, h €(0,8), (Sho, ino, ivo) € L0,
wherei = @, V.

Proof We only show the case where i = ¢ as the other can be dealt with similarity.

Obviously,
o0
By(t) < ¢ (S,B, /0 k(a)iv(r,mda)

o0

< 2(8), 0) / k(a)iy(t, a)da
0

< 02(S), O)llkllco Ny 2 M,.

It follows that

s
‘ MO 25 - S+ By (1) < 25+ My 2 M,

Moreover, By (1) < ¥ (Ny, |18 IIOOS,?) = My, . Note that M, Mg, and My, all are independent
of ¢ and the initial values.
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Now, fort € Ry and h > 0, we have

|By(t 4 h) — By (1)]

= ‘ga (Sh(t + h), /Ook(a)iv(t + h, a)da) — @ (Sh(t), /Ook(a)iv(t, a)da)
0 0

=

[0 (Sh(t + h), /00 k(a)iy(t + h, a)da) —@ (S;,(t), /OO k(a)iy(t + h, a)da)‘
0 0

+ ‘q) <Sh(t), /‘00 k(a)iy(t + h, a)da) - (Sh(t), /‘00 k(a)iy(t, a)da)
0 0

< LulSn(t +h) = Sp()] + Ly

/ k(a)iy(t + h, a)da — / k(a)iy (1, a)da‘
0 0
h
< L,Mgsh+ L, / k(a)iy(t + h,a)da
0

+Ly

oo o0
/ k(a)iy(t + h,a)da — / k(a)iy,(t, a)da‘.
h 0
Note that
h h
LU/ k(a)iy(t + h,a)da = Lv/ k(a)m(a)By (t +h —a)da < Ly|kllccMyh
0 0
and

’/ook(a)iv(t+h,a)da—/ook(a)iv(t,a)da‘
h 0

= ‘/OO k(a4 h)iy(t +h,a + h)da — /Ook(a)iv(t, a)dal|.
0 0

It follows from (4.2) that iy (f + h, a + h) = Z&t0; (¢ a). Therefore,

(a)

‘/ook(a)iv(t—l—h,a)da—/Ook(a)iv(t,a)da’

h 0

’/ook(a e 9tn, o da - /Ook(a)iu(t,a)da‘
0 m(a) 0

< ’ foo k(a + h)(w — l)iv(t, a)da‘ n /oo k(a + h) — k(a)iy(t, a)da
0 7(a) 0

- ) /oo k(a + h)(e*ﬂvh _ l)iv(t, a)da‘ n [oo k(@ + ) — k(a)|iy(t, a)da
0 0

< RNy + [ k@ )~ K@i, a)da
since0 < 1—e """ —1 < pyh.In summary,
|By(t +h) — By(t)| < (LuMs + LyMy |lklloc + Loty llklloo No)h
+L, /(;OO |k(a 4+ h) —k(a)liy(t, a)da.
It is easy to see that conclusion holds since k is uniformly continuous. O

Proposition 4.8 If Ry > 1, then there exists a global attractor A for the solution semiflow
® of (2.1) in Q.
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Proof By Lemma 4.5, we only need to show that the induced semiflow on ¢ is asymptoti-
cally smooth. To apply Lemma 4.6, for any t € R4 and x = (Spo, ino, ivo) € L0, we denote
P = P 4+ Py with

@ (1, x) = (0, in(t, ), 1y(t, ) and @z, x) = (Su(1), (2, ), iy (t, ),

where
S 0O<a<t,
(t,a) = .
U‘(Ta(‘i)t) inola—1), 0<t<a,
-~ (t.a) 0, 0<ac<t,
iv(t,a) = .
v ni(Ta(‘i)t)lUO(a —1), 0<t<a,
and

lh(t,a)zlh(t,a)—lh(t,a)z{g(a) ot —a) 0<?<a

m(@)By(t—a), 0=<a<=t,
0, 0<t<a.

Tyt a) = iy(t,a) =iy (t,a) = {
It is obvious that?h,’i\v,?h and TU are nonnegative.

First,

D1 (2, )|l = i (e, A+ i, )l
=/ inola — 1) ()d+/ mm-mﬂELm
t o(a—1) ¢ w(a —

1)
/Ooiho(a)ig(a—“)da—i-/oo ivo(a )n(a—i—t) da
0 o(a) 0 (a)

e M lipolly 4 e Jlivo
e M xll,

=
=

where [t = min{u;,, i, }. This means that ® satisfies the condition of Lemma 4.6.
Next, we show that @, is completely continuous, that is, for any fixed ¢+ € R4 and any
bounded set 21 C Qo, the set

Q £ {@2(I,x) 2 x = (S0, ih0, iv0) € 521]
is precompact. It is enough to show that
Qs 1) = {0,970 ) (S0, T, Tu(0,)) € ]

is precompact.

According to similar arguments in Chen et al. (2016), we only need to verify the second
condition of the Fréchet—Kolmogrov Theorem, that is, the translation operator €2; (iy, i,) is
uniformly continuous or

Wm [[i (1, -) = in(t, -+ By = lim [[iy(t, ) =Ty (1, -+ B[y =0 (4.4)
h—0t h—0t

uniformly in ;(ip, iy).
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It is obvious that (4.4) holds when r = O since ?h 0,-) = 0and 7U (0, ) = 0. Therefore,
we only need to consider the case when ¢ > 0. Concerning with the limit as & — 0", we
assume that & € (0, ¢). Then

[in(t, ) = in(t, -+ )l
OO ~ ~
:/ lin(t,a) —ip(t,a + h)|da
0

t—h t
=/ |B<p(t—a—h)o(a+h)—B¢(t—a)a(a)|da+/. By(t — a)o(a)da
0 —h
t—h t
5/ By(t —a —h)|o(a+h) —o(a)lda
0

t—h
+/ [By(t —a —h) — By(t — a)|o(a)da +hM,
0
t—h
§M¢t||3||00h+/ |By(t —a —h) — By(t — a)|o(a)da +hM,
0
as By(t) < My fort € Ry and |o(a+h)—o(a)| < h||8]co. This, combined with Lemma 4.7,
gives us
lim [[ix(t, ) = in(t, - + W)l =0.
h—0t
Similarly, we can show that limj,_, o+ ||7v (t,-) —zN'U(t, -+ h)||1 =0. O

Now the uniform strong p-persistence follows from (Thieme 2000, Theorem 2.3) and
Propositions 4.4 and 4.8.

Theorem 4.9 Suppose Ro > 1. Then, (2.1) is uniformly strongly p-persistent.

We know that the global attractor .4 only can contain points with total trajectories through
them since it must be invariant. A fotal trajectory of ® is a function x : R — X such
that ®(s, x(¢)) = x(s +¢) forallt € R and all s € R, . For a total trajectory, i, (t,a) =
in(t —a,0)0(a) and iy(t,a) = iy(t —a,0)x(a) forall € R and a € R,. The alpha limit
of a total trajectory x(¢) passing through x (0) = xq is

a(xo) = [ Jx)} € A 2.

1<0s<t

Theorem 4.10 Suppose Ro > 1. Then there exists eg > 0 such that Sy(t), ip(t,0), iy (¢, 0) >
go forallt € R, where (Sy (1), iy(t, -), iy(t, -)) is any total trajectory in A.

Proof Firstly, it follows from
dsSp(2)
——— =2 A — (up + Ly)Sk ()
dr
that lim inf, _, o Sy, (¢) > ﬁ 2. By invariance, Sy (¢) > ¢j, fort € R.
Secondly, by Theorem 4.9 and invariance, there exists €1 > 0 such that

o0
/ k(a)iy(t,a)da > & fort € R.
0

Then, i5 (2, 0) = @(Sy(1), [y k(@)iy(t, a)da > (e, €1) £ &y fort € R.
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Thirdly,

d o *© diy (2, a) o iy (t, a)
— (N, — t,a)da ) = — da = d
m ( v /(; iy(t,a) a) /(; or a A Moy + %a a

o0
= /Lv/ iy(t,a)da +i,(t, 00) — iy(t,0)
0

> Uy /00 iy(t,a)da — 1//(Nv — /ooiu(l,a)da, /wﬂ(a)ih(t,a)da)
0 0 0

o0 )
> Mu/ iy(t,a)da — Ky (Nv - / iy(t, a)da>
0 0

o0
:MUNU_(MU+K14)<NU_[) iv(tva)da)7

which implies that lim inf;_, oo (N, — fooo iy(t,a)da) > ,Z’;NK”“ £ ¢, By invariance, N, —
fooo iy(t,a)da > g, fort € R. Then, fort € R,

iy(t,0) = w<NU — /ooiv(t, a)da, /Ooﬂ(a)ih(t,a)da>
0 0

> 1//<8u, /Ooﬂ(a)ih(t - a,O)U(a)da> > Y ey, £21) = &3.
0

Letting 9 = min{ey, &2, €3} immediately completes the proof. O
Now, we are ready to establish the global stability of E* with the approach of Lyapunov
functionals.

Theorem 4.11 IfRg > 1, thenthe endemic equilibrium E* of (2.1) is globally asymptotically
stable in Q.

Proof By Theorem 3.2, it suffices to show that A = {E*}. To construct a Lypunov functional,
we introduce g : (0, c0) — R defined as g(u) = u — 1 — Inu for u € (0, 00). It is easy to
see that g(u) > 0 foru € (0, oo) and g(u) = 0 if and only if u = 1.

Let x(t) = (Sp(2), in(t, -), iy(t, -)) be a total trajectory in .A. Note that all Sy (), i5(z, 0),
and i, (¢, 0) are bounded above. Furthermore, by Theorem 4.10, they are also bounded below
by a positive number. Therefore, there exists 79 > 0 such that 0 < g(z) < rg with z = Sn(®)

Sy
in(t.a) L(t.a) in(t.a) _ in(t—a.0)
i@ s OF Ty foranyt € Randa € R as o = i0)

We now define a Lyapunov functional

W(t) = W(x(@)) = Wi@) + Wa(t) + W3 (1) + Wa(D),

iy(t,a) _ iy(t=a,0)

and Gy = M0

where

Wi(@) =

I k(@i (a)da 10 (S, Jo k(@)if(a)da)
Jo T8 (Sh(t)—Sif—/ L — de),
@Sk, o k(a)iz(a)da) st 90, fy k@i (a)da)

Jo* k(@)i}(a)da © o <ih @, a))
W) = da,
20 = s P k@i @da Jy MO @y )

Sy (1) * 00 ¥
Ws(t) = $(Sv(t) _ S: _/ v(Sy, f(o)o ﬂ(a)-lh(a)da)d9>
si v, fy B@ij(a)da)

Wa(r) = / t@iy@s( " )aa,
0

iy(a)
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and

00
Sy(t) = Ny _/ iy(t,a)da,
0

s? :NU—/ i*(@da = N — 2O
0

v

na) = /OO ﬁ(@)e’f;) 5(s)ds gg

£(a) = /ook(e)e—/f Hds gg

Then, W(t) is bounded on the solution x (1) = (S, (t), i (t, ), Sy (1), iy (¢, -)). Now we cal-
culate the time derivatives of W one by one as follows.
Firstly,

dwi() [y k@)i}(a)da (1 9 Jo k@if(a)da) )dS;,(z)
dr oSk, Jo° k(a)i*(a)da) (S0, [o° k(@)is(a)da)) dt
 Jo k@i (a)da (1_ oSk, Jo° k(a)it(a)da) )
¢(Si Jo. k@)iy(a)da) P(Sh(0). [o k(@)i}(a)da)

X(k—uhSh(t)—WSh(t),/o k(a)iu(t,a)da)).

Since & = i S§ + @S}, [ k(@)iz(@)da) and o (S5, [7° k(a)it(a)da) = i (0), we obtain

dWi(t)  unSa(®) foook(a)ij(a)da( Si 1) (1 B @(Sk, o7 k(a)i}(a)da) )
de o(SE, [T k(@iz(@)da) \ Su() (Su(1), [° k(a)it(a)da)
o0 . o(Sr. Jo° k(a)i}(a)da) )
+ | k da(1- -
/o @0 (@ a( o(Sn(0), [ k(@i (a)da)
_Jo k@i (@dap(Sh(®), fy° k(@)iy(t, a)da)
oSk, Jo° k(a)i#(a)da)
X<1_ o(St. [o° k(@)i}(a)da) )
Sh(), [o k(a)it(a)da)
Ei:j(O)( S )( oSk, Jo° k(a)it(a)da) )
= S, —1)(1-
HSn O 0y \ 509 o (Sn(). [ k(@)iz(a)da)

_g< (S Jo @iy @da) ) /oo k@it @da
P(Sh(0), [y k(a)ii(a)da) ) Jo

- /°° K@i (@rda | £SO S5 K@it @da)
0 o(S;. % k@it (@)da)
S0, 5 k@iv(ta)da) (S} fy k(@i (@)da) }

Q(Si (), [y~ k(@i (a)da) Q(Sn (), [y~ k(@i (a)da)
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Secondly,
dwa(r) _ I ko(oa)i:(?)da % (a)<1 B .i;:(a) >8ih(t,a)da
dr ne(St. [3° k(@)it(a)da) Jo in(t,a)) ot

_ &) [ _ iy (a) _ dip(t,a) )
_Ui;,k(o) A ﬂ(a)<1 ih(t,a)>< 9 S(a)zh(t,a))da

Note that

w0 (Y (@ o) (i@
’h(“)aa(g< i@ ))‘(1 ih<r,a)> a +<1 ih(z,a>)5(“)’h“’“)'

Thus
W0 —ijhig; @i (s <’h“(a‘)’))>da
{22
+i§higi OOO g(%,;}f)l))(”/(“) — S(@y(@)i} (@)da
oo 59) 9 i)
Then

AWi() | dWa0) _ uhsthi:;(m( S _1) (1_ 9(S}. J5° k@)it(@)da) )
dr a0 \so o(Su(0). J3~ k(@)i3 (a)da)

_ ‘P(S;T’foook(a)i:(a)da)>/oo .
g<¢(5h,f0°°k(a)i§(a)da) ; k(a)i;(a)da

0 G(Sh (D). [ k(@i (t, a)da))
+/ ka)iy@)da- (w(sh(r) 1 k(@)iz (a)da)

s:*<0>/ (m( a))
ni;(0) p@ij@s i (a)

Similarly, noting $5¢@ = 1, Ny — 11, S, (1) =¥ (Su (1), [5° B(@)in(t, a)da), we can obtain

dWs (1)
dt

S 1)(1_ V(S;. Jy” B@iz(a)da) )
Su(1) V(S (0), [ B(@if (a)da)
. . W (S, [ @it (a)da) )
HEY(SE, day( 1 - L h
VG, /0 play@da) ( V(S (1), [ B@)ii(@)da)
V(S [y B@)if(a)da) )
VS, (0), [ Bl@if (@)da)
S Y (Sy, o Bla)iy(a)da) )
= £y Syt —1)(1- L h
= ()<S o )( VS, (0), [ B@if(@)da)

. . (S5, [ Bla)it(a)da) )
- S ’ d o0 .
sl/'( v /0 Py @ ”)g(wsv(z),fo B(a)i* (a)da)
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Y (Su(D), Jy B@in(t, a)da)
Y (SE oS B@if(a)da)

VSO 5 B@int ada) (S5 [ B@if@)da) }

_eyst, /O B(@)it (a)da) [

Y (Sy(0), [5° B@)if(a)da) Y (Su(0), 57 B@)if(a)da)
and

dWy(n)
dr

Y (Su(0), Jo Bl@in(t, a)da))

= cu(s:. / B@yij(@da)s( s S @i

. U(t!a)
_/0 k(a)lv(a)g( o )da

It follows that

dWs(D) | dWa()
dr dr

( s )( V(S5 [ Bl@if(a)da) )
—%“ My v(t) -1 1 — %) X
Sy(1) Y (Su(), [y B@)ij(a)da)

. . WSt [ Bla)ii(a)da) >
- S ’ d 9] .
W( v fo Pl “>g<w(5v(z), I Bl@)it (@yda)

T (S, (), f0°°ﬂ<a>ih<t,a>da>>
+ A d < .
51/’( v fo P @ ”)g ( VS0, Jo° B@)ii(@)da)

o . iy(t,a)
—/ k(a)l;k(a)g( ~ >da.
0 iy(a)

From the concavity and monotonicity of the functions ¢ (u, v) and ¥ (u, v) on v, we have
the following inequalities:

{ X o< ¢(u,v) Y (u,v) < l, 0<v < v*7

v¥ — ou,v*)’ Yu,v*) —

| < 2wy Yy - v

3k
= w(u,v*)’ w(u‘v*) = vTv v 2 v > 0

Then, g ((;ﬂ(;u,,vv*))) g(%)and g (1;{’(;“1)”2)) g (%) forany u > 0,v > 0, and v* > 0.

This, combined with the Jensen’s Inequality, yields

/oo k()i (a)da - g<‘/’(5h(t), Jo k@i, a)da)>
0 (p(Sh(l),fo k(a)l{f(a)da)

o foook(a)iv(z,a)da)
5/0 Hn@da-s ( JiZ k@)ig(@)da

00 7 k(@)i(a) - Had
:/ k(@)i*(@)da - g (fo a)il(a *(a) a)
0

Jo~ k(@)iz(a)da

< o0 k - iy(t,a)

< (@)iy(a)g| — da
0 i(a)

and similarly
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I w(sv<r),fowﬂ(a)ih(z,a)dw)
WS”’/ P (a)”’(a)d“)g< VS, (1), [ Bla)it(@)da)

éji*(O)/ (h(t a))
27 (0) B(a)i;(a)g ()
Moreover, by the monotonicity of ¢(u, v) and ¥ (4, v) on u, we have
( Sy 3 1) (1 3 (p(S;’foooof(a)ii(a)da) ) <0
Sp (1) eSr (@), [y k(a)iF(a)da)

( S _1)<1_ V(S5 Jy® B@if(a)da) )50,

Sy (1) P(Su (1), 5~ B@)iy(a)da)

and, using the equilibrium equations, one gets

EY (S, o B@ir(@da)  &ix(0)

12 Blaiz (a)da nij(0)
Therefore,
dW (1) Ei0) [ S} ) ( O(SE, [ k(a)it(a)da) )
i S —1){1-
a =S 0% 6 (Sh(t) o(Si(0), ¥ k(@)it (a)da)

- Ook(a)i:f(ama.g( ?(8} Jo~ k@i @da) )
0 w(Sh(t), fo k(a)l;r(a)da)

Sy _1)<1_ W(Sfafoooﬂ(a)i;f(a)da)>
Sv(®) V(S (1), [ Bla)it(a)da)

L[ (St [ Bla)it(a)da) )
- Sy d ) .
W( v / Pl ”)g (wsv(r), I Bla)it (@yda)

EY(SE, 37 (a)i,f(a)da)_gi,f(O))/oo . ( Wt a))
+< fo° B@if(a)da ni¥(©) ) Jo B(a)iy(a)g )

+'§/'Lvsv(t)(

<0,

which implies that W is non-increasing. Since W is bounded on x(-), the alpha limit set
of x(-) must be contained in the largest invariant subset M in {dW(’) = 0}. It is easy to
see that M = {E*}. From the above discussion, we find that a(xo) = {E*} and hence
W(x()) < W(E*) for all t € R. This yields x(t) = E* and hence A = {E™*}, which
completes the proof. O

5 Conclusions

Infection age is a very important factor in malaria disease transmission. In this paper, we
incorporated infection ages into both infected hosts and infected vectors in our model (2.1).
The vector population size is assumed to be a constant. The incidence between susceptible
hosts and infectious vectors takes a general nonlinear form ¢ (S, fooo k(a)iy(t,a)da), where
k(a) is the age-dependent biting rate of a susceptible host by an infected vector; while
that between susceptible vectors and infected hosts takes another general nonlinear form
Y (Sy, fooo B(a)iy(t, a)da), whichis the probability of a susceptible vector becoming infected
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inaunitof time. Here, B (a) is the age-dependent biting rate of an infected host by a susceptible
vector. By employing some recently developed techniques on global analysis in Magal et al.
(2010) and Melnik and Korobeinikov (2013), we have successfully coped with the great
challenge brought by the introduction of infection ages and general nonlinear incidence
rates. With the applications of the fluctuation lemma and Lyapunov functionals, a global
threshold dynamics is established, which is completely determined by the basic reproduction
number Ry. Precisely, the disease-free equilibrium is globally asymptotically stableif Ro < 1
(Theorem 4.3) while the endemic equilibrium is globally asymptotically stable if Rg > 1
(Theorem 4.11).

From the expression (3.1) for the basic reproduction number R, we see that the nonlinear
incidence rates ¢ and i as well as infection ages have combined effects on Rg. This, in turn,
indicates that these factors introduced in this paper have profound impact on the dynamics of
vector-borne disease models. In this paper, we established rigorous results on the qualitative
dynamics of (2.1). However, how the nonlinear incidence rates as well as infection age change
the quantitative behaviors of (2.1) remains open, which we leave as our future work.
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