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Abstract In this paper, the dynamical behaviors for a five-dimensional virus infection
model with diffusion and two delays which describes the interactions of antibody, cytotoxic
T-lymphocyte (CTL) immune responses and a general incidence function are investigated.
The reproduction numbers for virus infection, antibody immune response, CTL immune
response, CTL immune competition and antibody immune competition, respectively, are
calculated. By using the Lyapunov functionals and linearization methods, the threshold con-
ditions on the global stability of the equilibria for infection-free, immune-free, antibody
response, CTL response and antibody and CTL responses, respectively, are established if the
space is assumed as homogeneous. When the space is inhomogeneous, the effects of diffusion,
intracellular delay and production delay are obtained by the numerical simulations.

Keywords Virus infection model - Delay - Adaptive immune response - Diffusion - General
incidence function - Global stability
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1 Introduction

Mathematical models have been developed to explore mechanisms and dynamical behaviors
in host virus infection process, and these provide insights into our understanding of HIV
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and other viruses; for example, HBV, HCV, influenza, SARS and Ebola are formulated and
studied in many articles. Mathematical analysis for these models are necessary to obtain an
integrated view for the virus dynamics in vivo. Nowak and Bangham (1996) pointed out that
cytotoxic T-lymphocyte (CTL) immune responses play a critical part in antiviral defense by
attacking virus-infected cells in most virus infections. They proposed the basic mathematical
model describing immune responses against infected cells

db;i’) = & — dut) — Pu(v(),

dw(t)

20 = o) — aw (o) - puoz(),

; (1)
v _ kw(t) — t
2L =k — muo),

% — cw(n)z(t) — ba(0),

where the uninfected susceptible host cells u are produced at a rate A, die at rate d, and
become infected at rate 8. Infected host cells, w, die at rate @ and are killed by the CTL
response at rate p. Free virus v are produced from infected cells at rate k and are removed at
rate m. The variable z denotes the magnitude of the CTL response, which expands in response
to viral antigen derived from infected cells at rate ¢, and decays in the absence of antigenic
stimulation at rate b.

Usually the rate of infection in most virus infection models is assumed to be bilinear in the
virus v and the uninfected cells u. However, the actual incidence rate is probably not linear
over the entire range of v and u. Thus, it is reasonable to assume that the infection rate is given

by the Beddington—-DeAngelis functional response, %, where aj,a; > 0 are

constants. The functional response % was introduced by Beddington (1975) and
DeAngelis et al. (1975). It is similar to the well-known Holling type II functional response
but has an extra term apv in the denominator which models mutual interference between
virus. When a; > 0; a; = 0, the Beddington-DeAngelis functional response is simplified
to Holling type II functional response (Li and Ma 2007). And when a; = 0 and a; > O, it
expresses a saturation response (Song and Neumann 2007). They obtained some criterion
for the local asymptotic stability of the positive equilibrium of model (1) and gave the global
stability of the positive equilibrium by constructing Lyapunov functions. Balasubramaniam
etal. (2015) and Pawelek et al. (2012) performed detailed qualitative and bifurcation analysis
such as the stability of equilibria and Hopf bifurcation.

Note that it is implicitly assumed that cells and viruses are well mixed, and the spatial
mobility of cells and viruses has been ignored in model (1). Model (1) has been traditionally
formulated in relation to the time evolution of uniform population distributions in a habitat
and areas such governed by ordinary differential equations. However, as discussed by Wu
(1996), in many biological systems, the species under consideration may disperse spatially
as well as evolving in time. The mobility of susceptible cells, infected cells and immune cells
is further neglected under normal conditions, but viruses move freely in body in McCluskey
and Yang (2015), Gourley and So (2002), Xu and Ma (2009), Hattaf and Yousfi (2013, 2015),
Wang et al. (2011, 2014) and Zhang and Xu (2014). They introduced the random mobility
for viruses into model (1) and assume that the motion of virus follows the Fickian diffusion.
Yang and Xu (2016) proposed the following virus infection model with spatial dependence

du(x,t) Bu(x, t)v(x,t)

= A—du(x,t) — )
ot 1+aulx,t)+av(x,t)
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ow(x,1) e *TBu(x,t —t)v(x,t — 1)
Jat o 14+ aiux,t —1)4+ayvx,t —1)
—aw(x,t) — pw(x, t)z(x, 1),
av(axt, D _ pav, 1) + kwix, 1) — muGe, 1), @)
82(8)6[, ) =cw(x, )z(x,t) — bz(x, 1),

where u(x,t), w(x,t), v(x,t) and z(x,t) represent the densities of uninfected cells,
infected cells, free virus and immune cells at location x and time ¢, respectively. The Laplacian
operator and the diffusion coefficient are denoted by A and D, respectively. It is demonstrated
in model (2) that by constructing Lyapunov functionals and using LaSalle’s invariance prin-
ciple, the global stability of the model is established. More recently, the global dynamics of
diffusive virus dynamic models have been studied in McCluskey and Yang (2015), Gourley
and So (2002), Xu and Ma (2009), Hattaf and Yousfi (2013, 2015), Wang et al. (2011, 2014)
and Zhang and Xu (2014).

During viral infections, the immune system reacts against virus. The antibody and CTLs
play the crucial roles in preventing and modulating infections. The antibody response is
implemented by the functioning of immunocompetent B lymphocytes. The CTL response has
the ability to suppress the virus replication in vivo. Hence, an effective vaccine to prevent virus
infection needs both strong neutralizing antibody and CTL responses (Balasubramaniam et al.
2015; Wodarz 2003; Yan and Wang 2012; Wang et al. 2014). Therefore, some of the typical
HIV infection models are described by delay differential equations, considering the dynamics
of target cell, virus populations and immune response has been studied in recent years (Nelson
and Perelson 2000; Yan and Wang 2012; Zhu and Zou 2009; Shu et al. 2013; Yuan and Zou
2013; Balasubramaniam et al. 2015; Wang et al. 2012, 2014; Pawelek et al. 2012; Huang
etal. 2011;Ji2015; Lu et al. 2015; Xiang et al. 2013). There are some models which include
intracellular delay (Nelson and Perelson 2000; Yan and Wang 2012; Zhu and Zou 2009; Shu
et al. 2013; Wang et al. 2012, 2014; Pawelek et al. 2012; Huang et al. 2011); some authors
believe that time delays cannot be ignored in models for production viruses (Shu et al. 2013;
Wang et al. 2014; Ji 2015; Xiang et al. 2013). Therefore, it is more realistic to investigate
delayed virus infection models with antibody and CTL responses and nonlinear incidences.
However, to our knowledge, there are few works on diffusive virus dynamics model with
time delay and adaptive immune response.

Motivated by the works of Yang and Xu (2016), Yan and Wang (2012), Wang et al.
(2014) and McCluskey and Yang (2015), we propose a delayed virus infection model with
generalized incidence rate and spatial diffusion

g—l: =A—du(x,t) — fulx, 1), wlx, 1), v(x, ))v(x, 1),
ath;) =e M flu(x,t — 1)), wx,t —11),v(x,t —1))v(x, 1 —17)
—aw(x,t) — pw(x, )z(x, 1),
. o 3)
5, = DAvix ) +ke Pwx, t — 1) —mu(x, 1) — qu(x, H)y(x, 1),
% =cw(x,t)z(x,t) — bz(x, 1),
d
8—)[] =gv(x,t)y(x,t) —hy(x,t),
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fort > 0,x € Q, where y(x, t) represents the densities of antibody cells at location x and
time ¢, h represents the death rate of the antibody response, ¢ is the antibody cells neutralize
rate, g is the birth rate of the antibody response. And the other parameters are the same
meaning as model (1).

In model (3), based on the epidemiological background, to incorporate the intracellular
phase of the virus life cycle, we assume that virus production occurs after the virus entry by
the intracellular delay 7. The recruitment of virus-producing cells at time ¢ is given by the
number of the uninfected cells that were newly infected at time # — 71 and are still alive at
time ¢ (Nelson and Perelson 2000; Yan and Wang 2012; Zhu and Zou 2009; Shu et al. 2013;
Wang et al. 2012, 2014; Pawelek et al. 2012; Huang et al. 2011). The constant a; is assumed
to be the death rate for newly infected cells during time period [t — 71, £]. e~“!™! denotes the
surviving rate of infected cells during the delay period. Virus replication delay 7, represents
the time necessary for the newly produced viruses to become mature and then infectious, that
is, the maturation time of the newly produced viruses (Shu et al. 2013; Wang et al. 2014; Ji
2015; Xiang et al. 2013). The constant a; is assumed to be the death rate for new virus during
time period [t — 17, t]. e~ “2™2 denotes the surviving rate of virus during the delay period.

We assume that the contacts between target cells, infected cells and viruses are given by
an incidence function f(u, w, v), which is assumed to satisfy the following conditions:

(A1) Function f : ]Ri — R is continuously differentiable; f (0, w, v) = Oforallw > 0
and v > 0; 2w o o L) < gpg V@D < forally >0, w > 0and v > 0.

From assumption (A;), we easily obtain that there are no new infected cells (i.e.,
f(u,w,v) = 0) without healthy cells (# = 0) or virus (v = 0). If the total number of
virus is constant, the more the amount of cell is, then the more the average number of cells
which are infected by each virus in the unite time will be. If the total number of cells is
constant, the more the amount of infected cells or virus is, then the less the average number
of cells which are infected by each infected cell or virus in the unite time will be.

It is easy to check that class of functions f(u, w, v) satisfying (A;) include incidence

functions such as f (i, w, v) = l’i‘bvv (Wangetal.2013), f(u, w, v) = Hm% (Huang et al.
2011) and f(u, w,v) = Haw{% (Zhou and Cui 2011), where constants 8, a, b, ¢ > 0.

‘We consider model (3) with initial conditions

u(x,0) = ¢1(x,0) =0, wx,0) =¢(x,0) >0,
v(x,0) = $3(x,0) =0, z(x,0) =¢s(x,6) >0, 4)
y(x,0) = ¢5(x,0) >0, xeQ, 6el[-1,0],

and homogeneous Neumann boundary conditions

v

an
where T = max{t;, 2}, Q is a connected, bounded domain in R"” with smooth boundary
0. % denotes the outward normal derivative on dR2. ¢; (x,0)(i = 1,2, 3,4, 5) is Holder
continuous in Q x [—t, 0]. The boundary conditions in (5) imply that the virus particles do
not move across the boundary 9€2. A is the Laplacian operator. D is the diffusion coefficient
of the virus particles.

In this paper, our purpose is to investigate the dynamical properties of model (3), expressly
the stability of equilibria. The reproduction numbers for viral infection, antibody immune
response, CTL immune response, CTL immune competition and antibody immune compe-
tition, respectively, are calculated. By using Lyapunov functionals and LaSalle’s invariance
principle, the threshold conditions for the global asymptotic stability of equilibria for
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infection-free Eg, immune-free E|, antibody response E», and infection only with CTL
response E3 and infection with both antibody and CTL responses E4 are established, respec-
tively. By using the linearization method, the instability of equilibria for Eq, E1, E; and E3,
respectively, also is established.

The organization of this paper is as follows. In the next section, the basic properties
of model (3) for the positivity and boundedness of solutions, the threshold values and the
existence of equilibria are discussed. In Section 3, under the additional assumptions (Aj)—
(A»), the threshold conditions on the global stability and instability for Eg, E1, E2, E3 and
E4 are stated and proved. In Sect. 4, the numerical simulations are given to further illustrate
the dynamical behavior of the model. In the last section, we will give a conclusion.

2 Positivity, boundedness and equilibrium

In this section, we show the existence, positivity and boundedness of solutions of model (3)—
(5) as they represent the densities of uninfected cells, infected cells, free virus, CTL immune
cells and antibody cells. Further, we discuss the existence of equilibria of model (3).

Let C = C([—T, 0], X) be the Banach space of continuous functions from [—7, 0] into X
with the norm || ¢ || = maxge[—7,01 l| (@) llx.Inour case, X is the Banach space C(Q2, RY
and C(E, F) denotes the space of continuous functions from the topological space E into
the space F. For convenience, we identify an element ¢ € C as a function from Q x [—t, 0]
into R’ defined by ¢ (x, s) = ¢ (s)(x).

For any continuous function w(-) : [—-t,b) — X for b > 0, we define w; € C by
wi(s) = w(t +s), s € [—1,0]. It is not hard to see that t — w; is a continuous function
from [0, b) to C.

Theorem 2.1 For any given initial data ¢ € C satisfying the condition (4), there exists a
unique solution of model (3)—(5) defined on [0, +00) and this solution remains nonnegative
and bounded for all t > 0.

Proof For any ¢ = (¢1,¢2, $3,¢4,¢05)7 € C and x € Q, we define F =
(F1, Fp, F3, F4, F5) : C — X by
Fir(@)(x) =2 —d¢1(x,0) — f(¢1(x,0), g2(x, 0), ¢3(x, 0))3(x, 0),
B (@) (x) = e ™ f(1(x, —T1), p2(x, —71), p3(x, —71))¢3(x, —71)
—apa(x,0) — pp2(x, 0)pa(x, 0),
F3(¢)(x) = ke” 22 ¢a(x, —12) — mep3(x, 0) — g3 (x, 0)ps(x, 0),
Fa(@)(x) = ca(x, 0)ga(x, 0) — bgu(x, 0),
F5(¢)(x) = g¢3(x, 0)p5(x, 0) — hos(x, 0).
Then, model (3)—(5) can be rewritten as the following abstract functional differential equa-
tion:
o' (t) = Aw+ F(w;), t>0,
w0) =¢ € X, (6)
where w = (u, w, v, 2, V), ¢ = (91, ¢2, ¢3, ¢4, ¢5)T and Aw = (0,0, DAv,0,0)". It is
clear that F is locally Lipschitz in X. From Wu (1996), we deduce that model (6) admits a

unique local solution on [0, Tinax), Where Trax is the maximal existence time for solution of
model (6).
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Therefore, we have u(x,t) >0, w(x,t) >0, v(x,t) >0, z(x,t) > 0and y(x,7) >0
because 0 is a sub-solution of each equation of model (3).
Next, we prove the boundedness of solutions. Denote

Ty(x, 1) = e “Tu(x, t — 1) 4+ wix, 1) + Lz(x, 1).
Cc

So we have
aT)(x,t) .

b
- Ae~UT — _de= T y(x t — 1)) — aw(x. 1) — 22 z(x. 1)
C

<AeTUMH — 1Ty (x, 1),

where /| = min{d, a, b}. Hence,

)\, —alT]
< ,m%{e*‘””qbl(x, 1) + ¢a(x, 0) + £¢4(x,0)]>.
1 xXeR c

T1(x,t) < max (

This implies that #, w and z are bounded for large ¢.
From the boundedness of w and (3)—(5), we deduce that v satisfies the following system

0

o = DAV(. 1) = ke — mu(x. 1) = quix. DY ),
v

2o,

on

v(x,0) = ¢3(x,0) = 0,

where & = max (2, max, g {e™ M ¢ (x, T1) + d2(x, 0) + La(x, O)}).
Let v (¢) be a solution to the ordinary differential equation

dvy
— = ke R2¢ —mv — quy,
a § quy

v1(0) = max ¢3(x, 0).
xeR

Denote

Tyx.1) = e oy (1) + Ly(x, ).
8

So we can get

0T (x,t h
D g 0
at g

<ke R¢ —DL(x, 1),
where /[, = min{m, h}. Hence,

ke~ @272
T(x,t) < max (eié

, max {¢>3(x, 0) + Lops x. 0)}) .
I xeQ g

Then vy (1) < max(**2=5, max, .{3(x, 0) + L¢s(x, 0)}).
From the comparison principle Protter and Weinberger (1967), we get v(x, t) < v(?).
Hence,

ke—@2n2g

v(x, 1) < max <17, max {¢3(x, 0) + g¢5(x, O)}) .
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From the above, we have proved that u(x, ), w(x,t), v(x,t), z(x,t) and y(x,1?) are
bounded on 2 X [0, Tinax). Therefore, it follows from the standard theory for semilinear
parabolic systems (Henry 1993; Redlinger 1984) that Tjhax = 4o00. This completes the
proof. O

Now, we discuss the existence of equilibria of model (3). It is easy to know that any
equilibrium E = (u, w, v, z, y) of model (3) satisfies
A —dux) = fulx), wx), v(x))v(x) =0,
e £ (u(x), w(x), v))V(x) — aw(x) — pw(x)z(x) = 0,
ke 2 w(x) —mv(x) —qu(x)y(x) =0, @
cw(x)z(x) — bz(x) =0,
gu(x)y(x) —hy(x) =0.
It is clear from (7) that model (3) always has a unique infection-free equilibrium Eg =

(140, 0,0,0,0) with ug = 2.
The basic reproductive number of viral infection for model (3) is

A
ro= A (a.0.9) ®)

amed1ti+axt :
If z =0and y = 0, then we get the following equation
¥ < A—du k(A —du) ) _ ame“Ttan

u
T aed Tl ] gmediTitan

A )
A —du k() — du)

w= and v=—7-—7-—.
aedltl amedTita2n

Since w > 0, we have u < g. Denote

F _ A—du k(X —du) amed1Ti+an
1) = f|u, i geartitam ) - )
We have
a)Ti+axt
ROy =-" " o,
k
A amealfl+a2r2 |
F — = — (Ry —
1 <d) k ( 0 )
and
9 d 9 kd 9
Flay =2 _ f i o

du  aev  Jw  amedntan gy
Because of (A1), we know that the function F (i) is strictly monotonically increasing with
respect to u. When Ry > 1, there exists a unique u; € (0, %) such that F(11) = 0. Thus, we
obtain a unique immune-free equilibrium E| = (11, wy, vy, 0,0) with u; € (0, %), wy =
k(r—d
et and vy = G
Ify #0and z =0, we have v = g. From the first and second equations of (7), we have

f (u, A= du ﬁ) = %(x — duw).

aedt g

A—duy
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kg(A—du)—amhe®171T4272 A amhedl 1t

Since y = aghed 7170373 >0, wegetu <5 — N Denote

A—du h g

B =f (u, P g) — Z(k —du).
We have F>(0) = —5% < 0 and F)(u) = Df ueﬁ,,] ‘)f + 7 dg -,
Now, we define the antibody immune reproductive number for model (3) given by
8
Ry = Zvy. 9
1= ©

Note that when Ry > 1 model (3) has a unique immune-free equilibrium E; = (11, wy, vy,
0, 0). This shows that virus infection is successful and the numbers of free viruses at equi-
librium E is vj. Furthermore, we have that % is the average life span of antibody cells, g is
birth rate of the antibody response. Hence, R denotes the average number of the antibody
immune cells activated by virus when virus infection is successful and CTL responses have
not been established.

If Ry > 1, thenv; > %,ul <%—Wand

)

A amhe@nitan A amheMTITRT gppe@ p
m (G- ) = )

d kdg d kdg T kg g
amea1f1+a2f2
-
A amheMTit®Rn
—A (2 ) s R,
1 <d kdg ) > Fi(ur)

Thus, if Ry > 1, there exists a unique infection equilibrium with only antibody response
h aytyt+ax r—d h
amhe BT = Aoy = 1 and

Ex = (uz, wp,v2,0,y;) withup € (0,% — 2

_ kg(h—dup)—amhe171 T2
y - aqhe(1111+0212

Ify:Oandz;éO,wehavew:gandv—kbecm

obtain
b kbe @
f(u,—, © >= P — du).

. From the first equation of (7), we

c cm kbe—®m2

(h— —ayTy _
Asz = c(A—du)e ab abe 171 _Denote

A
b zOthenufg—

Fyw) = £ b kbe %% cm On — du)
u) = u, —, - —dau).
3 c cm kbe—®T2
We have F3(0) = — 2 < 0 and Fj(u) = & + 54 > 0. Denote
C
Ry = —w, 10
2= w (10)

which R; denotes the average number of the CTL immune cells activated by infected cells
when virus infection is successful and antibody immune responses have not been established.
Note that the number of infected cells at equilibrium Ej is wy, % is the average life span of
CTL cells and c is the rate at which the CTL responses are produced.
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We see that Ry > 1 is equivalent to w; > g, up < % — Cde‘i% and
A ab A ab b kbe %™ ame®1 Tt
Fl%-———)=F(5- = -
<d cde*”m) f (d cde~1t ¢ cm ) k
ame® Tt
> fuy, wy,vy) — — % =0.

Hence, R, > 1, there exists a unique infection equilibrium with only CTL response

. —arT

E3 = (u3,w3,v3,23,0) with uz € (0, % — b vy = K22 and
_ c(A—dw)e "1 —ab

3 = b .

Ifz #0and y # 0, we have w =

ab
WL w3 =

oS

and v = g. From the first equation of (7), we have

b h g
flu,— —)==A*—du).
c g h
According to z = %:M > (), we deduce that u < % — “be "I Define

( b h) g
Fau) = flu,—, — ) — = —du).
c g h

We have F4(0) = —%8 < 0 and F4(u) = m + dg > 0.
The CTL immune competitive reproductive number for model (3) is
Ry = <2 (11)
b

In fact, when R; > 1, model (3) has a unique infection equilibrium with only antibody
response Ey = (uz, wy, v2, 0, y2). This predicates that CTL immune responses have been
established, and the number of infected cells at equilibrium E3 is w». Hence, R3 denotes the
average number of the CTL immune cells activated by infected cells under the condition that
antibody immune responses have been established.

b A abe?171
If R3 > 1, thenwy > 2, up < 5 — “*7— and

s A abet™ y A abe®™ b h abget™
*\a cd 7 \d cd 'cg ch

A abet™
= F2 <7 — ) > F2(I/£2) =0.

d cd

Thus, there exists a unique usq € (O 5 — ahe;m) such that F4(uq) = 0. From the third
equation of (7), we obtain that y4 = Z‘ (R4 1), where R4 is the antibody immune competitive
reproductive number defined by
gv3
P
In fact, when R, > 1, model (3) has a unique infection equilibrium with only CTL response
E3 = (u3, ws, v3, z3, 0). This predicates that antibody immune responses have been estab-
lished, and the numbers of the viruses at equilibrium E3 is v3. Hence, R4 denotes the average
number of the antibody immune cells activated by viruses under the condition that CTL
immune responses have been established.
When R3 > 1 and R4 > 1, model (3) has a unique infection equilibrium with CTL and

Ry = (12)

. apt
antibody response E4 = (u4, w4, V4, 24, y4) With ug € (0 £ — “be ! l) = %, I
h _ (A—dug)e™ ™71 —qwy m _
R T e— and y4 = (R4 1).
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3 Stability analysis

In this section, we discuss global stability of equilibria for infection-free, immune-free,
antibody response, and infection only with CTL response and infection with both antibody
and CTL responses, respectively.

We further introduce the following assumption

(Ap) (1 — f((u”u'f 5’)))( )}(?uwu’) 5’) — ) = 0forallu, w, v > 0, where w; and v; are the
components of equilibrium E; (i = 1,2,3,4).

For convenience, for any solution (u(x, t), w(x, t), v(x, t), z(x, 1), y(x, t)) of model (3)
we let

u(x,t) =u, u(x,t — 1) =g, wkx,t) =w, wx,f — 1) = Wy,

v(x, 1) = v, v(x,f — 1) = Vg, 2(x,1) =2z, 2(x,t —T2) = Zqy,

y, ) =y, y(x,t =) =y, fulx, 1 — 1), wx, 1 —11),
v(x,t —Tt))v(x,t —11) = fr,.

3.1 Stability of equilibrium E

Theorem 3.1 (a) If Ry < 1, then the infection-free equilibrium Ey is globally asymptotically
stable.
(b) If Ry > 1, then the equilibrium E is unstable.

Proof Consider conclusion (a). Define a Lyapunov functional L (t) = fQ(Vl (x, 1) +
Vo (x, t)) dx, where

u ayt a T
f(u(),0,0) aed1Titarn
Vi(x,t) =u —ug — 7 Cds+ e w 4+ ———v
w [(5.0,0) k
ed1 Tl aged1titazn
+ P Z+ q y
c kg

and
T
Va(x,t) :f f(ug, we, vo)vg do
0

1)
+ae“"‘/ wg dé.
0

By calculation, we have

oVi(x,t)  oVa(x, 1) f(up,0,0)
+ =(l-—"—F—F—"—" | —du— , W,
ot o1 < 7@.0.0) )& du= S w v
+eT (e N fr, —aw — pwz)
aealf|+azfz
k
ed1TI aged1titazn
(cwz —bz) + 6Ii(gvy — hy)
kg
+ flu, w,v)v— fr; +ac”"'w —ae”"Mwy,

u f(up,0,0) aqhealfH-aztz
=dug|(1—— 1 — _ ;
4o f(u,0,0) kg
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f(MO, 0,0) ame®1TItan
+v<f(u,w,v) 0.0 y
pbealrl aDea‘rH'”ZfZAv
- Z
¢ k

u f(up, 0,0) pbet ™
=dug|(1—— 1— — Z
uo f(,0,0) c
aqhea1f1+a2f2

kg Y

k

k

amet1 T t@Rn <f(u w, v) aDeM T Ay
. m_Q abelth R Ay

S, 0,0)

ajTi+axt
< dug 1_1 1_f(uo,(),O) +ame
up f(u,0,0) k
aqhea1r1+a2r2 pbe”"' aDe“lfH'“ﬂZAv
B kg y- c ‘ k

v(Ry — 1)

Calculating the time derivative of L (¢) along any positive solution of model (3) and noticing

that ug = %, we can obtain

d“mgfmml—i O_ﬂwﬁm)m
dr Q uo f(u,0,0)
ajtitaxmn
+/ e (Ro—1)dx
o k

aqhealTH’HZTZ
— / —_— Yy dx
Q kg

bedi Tl Ded1t1+azt A
- / P2 o+ / Rty
Q@ ¢ Q k

Using the divergence theorem and the homogeneous Neumann boundary conditions, we get

d
/Avdx:/ —de=0.
Q aq 0n

L
dLy(t) S/duo - 1_f(bto,O,O) dx
dr Q uop f(ua 0, 0)
amea1T1+azfz
+/ ——— v(Ro — 1) dx
Q k

aqhea|f1+azfz
— / —_—y dx
Q kg

bed1Tl
—/ P zdx.
Q C

Thus,

Obviously, if Ry < 1, then % < 0 for any (u, w, v, z,y). We have % = 0 if
and only if u = ug,v = 0,z = 0O and y = 0. Let M be the largest invariant set of

SdLi0)

{(x,y,v,z,w) € Ri DT }. From the third equation of model (3), we easily obtain
M = {Ep}. It follows from LaSalle’s invariance principle Hale and Verduyn (1993) that the

equilibrium E( of model (3) is globally asymptotically stable when Ry < 1.
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Next, we consider conclusion (b). To do so, we determine the characteristic equation about
the equilibrium Ej.

LetO =1 < p2 <--- < u, < --- be the eigenvalues of the operator —A on Q with
the homogeneous Neumann boundary conditions, and E(u;) be the eigenfunction space

corresponding to u; in Cl(Q). Let {eij: j=1,2,...,dimE(u;)} be an orthonormal basis
of E(ui), X = [C' ()P, and X;j = {cg;j : ¢ € R3}. Then

dimeE (u)

oo
X=Px ad Xi= P X
i=1 i=1

Let E*(u*, w*, v*, z*, y*) be an arbitrary equilibrium, and consider the following change

Ux,t) =u(x,t) —u*,
Wx,t) =w(x,t) —w*,
Vx,t) =v(x,t) —v",
Zx, 1) =z(x,t) — "
Y(x,t) = y(x,t) — y*.

By substituting U (x, t), W(x, ), V(x,t), Z(x,t)and Y (x, t) into model (3) and linearizing,
we obtain the following system

%:—(d-}-g—fv*)U(x,t)— of VW (x, 1)

( of v+ f(u¥, v*)) Vix,t),

aw a
— e_“'” f ViU (x,t — 1)) +e U = 2 VW (x,t —11) — pw*Z(x,1)
Jt ow
+eialrl ( f *+f(l/l *,U*)> V(xvt_fl)_(a—i_pz*)w(x»t); (13)
aV
i DAv(x,t) + ke ™22 W(x,t — 10)

— (m+qy")V(x,1) —qv'Y(x,1),

0Z N .
m =cz W(x,t)+ (cw™ —b)Z(x,1),

£)4
i gy Vix,n) + (gv* — Y (x, 1),

This system is equivalent to

7
o =DAZ + AZ(x,t) + BZ(x,t — 11) + CZ(x,t — 12),
where
—(a+%v) = (B s et en) 0 0
0 —(a+ pz") 0 —pw* 0
A= 0 0 —(m + qy¥) 0 —qv* |
0 cz* 0 cw* —b 0
0 0 gy* 0 gu* —h
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0 0 0 00
%v*e—aﬂl %U*e—altl (%v* + fu*, w*, v*)) e~T ()
B = 0 0 0 00}
0 0 0 00
0 0 0 00
00 0 00
00 0 00
C=]100 ke7®2™ 0 0], D =diag(0,0,D,0,0).
00 0 00
00 0 00

We put LZ = DAZ + AZ(x,t) + BZ(x,t — 1) + CZ(x,t — 15). Foreachi > 1, X is
invariant under the operator I, and s is an eigenvalue of LL if and only if it is a root of the
characteristic equation det(s/ — A — Be ™ — Ce™*2™ + u;D) = 0 for some i > 1, in
which case, there is an eigenvector in X;.

From (13), by computing, we obtain the characteristic equation of the corresponding
linearized system of model (3) at the equilibrium Ej as follows

(s+h(s+b)(s+d)fis) =0, (14)
where
fi(s) = s>+ (a+m + ;i D)s + a(m + ;D)
—kf <3 0, 0) e (@F)n—(@+)n, (15)
Obviously, s; = —d, so = —b and s3 = —h are the roots of this equation. It is easy to prove

that Eq. (15) has a real positive root when Ry > 1.

When Ry > 1, we have f1(0) = am(l — Ry) < 0, as u; = 0 when i = 1. Since
limg_s 1 o0 fi(s) = 400, there is a s* > 0 such that f;(s*) = 0. Therefore, when Ry > 1,
the equilibrium Ej is unstable. This completes the proof. O

Biologically, Theorem 3.1 shows that the viruses are cleared and the infection dies out.

3.2 Stability of equilibrium E;

Theorem 3.2 Assume (A3) holds, if Ry > 1 (a) Ry < 1 and Ry < 1, then the immune-free
equilibrium E| is globally asymptotically stable.
(b) If Ry > 1 or Ry > 1, then the equilibrium E is unstable.

Proof Define firstly function H(§) = & — 1 — In&. We have that H(§) > O forall £ > 0
and H(¢) = 0if and only if £ = 1. Consider conclusion (a). Define a Lyapunov functional

Ly(t) = / Vi(x, 1) + Va(x, 1)) dx,
Q

where
“ fluy, wy,v w
Vikx,t) =u—uy — Mds—f—e‘“”uuH(—)
w S5, wi,v1) wi
aea1t1+a212 v pealtl aqea111+a2r2
— v H|— |+ Z+ y
k v c kg
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and

Va(x,1) = f(ul,wl,m)vl/ ' (w) W
0 fur, wy, v)v

%) w
+ aeamwlf H <i> de.
0 wi

It is obvious that L, (t) > 0 for all (u(z), w(t), v(t), z(¢), y(¢)) > 0 and (u(t), w(t), v(t),
z(1), y(@)) # (w1, wy, v1, 0, 0).

Calculating the time derivative of Vi(x,t) and V»(x, t) along any positive solution of
model (3), we can obtain

AZICIN (1 7f(“1’w"”1)) (h—du — fu, w, v)v)

o1  fw v
w
+ e (1 - Ul) (e " fr, —aw — pwz)
aeaer—azQ v
— (1- i) (DAY + ke 2,
v
aty
—mv — quy) + (cwz — bz)
aqea1r1+a2f2
+ T(gv)’ — hy)
and
oVo(x,t) fa
L. = u,w,v)v — + f(uy, wy, vy)vyIn ————
o1 f( U — fo + fur, wi, v w0
+ aew — ae" M wy, + ae” M w; In Wn
w
By using
_ an _ amea1r1+a2r2
Sy, wy, v)vy = ae” wy — U
Since
A Vv ||
/Avdx:O, [—vdx=/|| Z” dx,
Q Q v Q v
we have

dLy(1) / aVi(x,t) dVa(x,t)
= + dx
dr Q ot dt

:/dul(1—1> (1_M> i
& U1 fu, wi,vy)
ff] wq M

+f(M1,w1,v1)v1/ [4—7.7_
Q

S, w,v)or wo fu, wy, )
v Wy, f(u,w1,v1):| d aDea111+u2r2Av (1 Ul)

vwi f(u, w, v) k v
f(u, wy, vy) v vf (u, w, v)
+f(”1’w"”””1/9[_1+ F s w,v) _71+v1f(u,w1,v1)]
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b ajti+axn h
—i—/peam (w1—7>zdx+/aqe7<v1—f>ydx
Q c Q k 8

+f(u1,w1,v1)v1/ 111#.@] dx
QL

f(ul, w],U])U] w
=/du1<1—i><1_M> "
@ ui f(u7 w],vl)

_f(ul,wl,vl)vlf 'H(MHH(#,E)
QL

flu, wi,vp) flur, wi, v w

, Wi, b
+H w + H M dx+pealfl w; — — /de
vwi f(l/l, w, v) C Q
ajT+at h Ded1T1+axt v 2
+7aqe v — — / ydx — are o / I Vol dx
k 8 Q k Q v2

+f(u1,w1,v1)v1/ (]_ ff(u,w,v) )(f(u,wl,m) _i) dr.
Q .

(1, wr, vy) S, w,v) v

Obviously, we always have 420 < 0, and 20 = 0 if and only if u(r) = u1, w(t) =
wi, v(t) = vy, z(t) = 0 and y(r) = 0. From LaSalle’s invariance principle Hale and Ver-
duyn (1993), we finally have that the immune-free equilibrium E; of model (3) is globally
asymptotically stable when Ry > 1, Ry < land R, < 1.

Next, we consider conclusion (b). From (13), by computing, we obtain the characteristic

equation of the corresponding linearized system of model (3) at the equilibrium E as follows

(s+h—guv)(s+b—cw)f(s) =0,

where
3 f] 9
s+d+£v1 %vl (%v1+f(u1,w1,v1))
f($) =] _e—(@+s9)u %Ul s+a— %vle—(alﬂ)fl _e—(@+s9)T (%Ul + fur, wy, Ul)) .
0 —ke~ (@t s+m+u;D

When R; > 1, we have 7 — gv; < 0. Hence, there is a positive root 51 = gv; — h. When
Ry > 1, there is also a positive root s = cwy — b. Therefore, when Ry > 1 or R, > 1, the
equilibrium E is unstable. This completes the proof. O

Biologically, Theorem 3.2 implies that when Ry > 1, Ry < 1 and Ry < 1 then the
establishments of both CTLs and antibody immune responses are unsuccessful.

3.3 Stability of equilibrium E»
Theorem 3.3 Assume (Ay) holds, if Ry > 1 and Ry > 1 (a) If R3 < 1, then the antibody
response equilibrium E» is globally asymptotically stable.

(b) If Rz > 1, then the equilibrium E3 is unstable.

Proof Consider conclusion (a). Define a Lyapunov functional L3(¢) as follows
L3(t) = / (Vi(x, 1) + Va(x, 1)) dx,
Q
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where
Y f(uy, wy, v w
Vitx,t) =u —up — Mds-l—e“mwzH <—)
uy, f(s, w2, v2) w)
aea1t1+azrz v pealrl aqea1r1+a212 y
+ ———wH|{— |+ Z+ »nH | —
k v c kg »
and

Vax, 1) = flu, wa, vz)vzf" H (w) w0
0 Sz, wa, v2)va

%)
+aet™ wzf H <%> do.
0 wy

It is obvious that L3(¢) > 0 for all (u(z), w(t), v(t), z(¢), y(¢)) > 0 and (u(t), w(t), v(z),
2(1), (1)) # (u2, wa, v2, 0, y2), where us, wa, v2 and y; satisfy the following equations
a(m + gys)ernen
k

Calculating the time derivative of L3(7) along any positive solution of model (3), we can

artly, —

S u2, wa, v2)vy = ae V).

obtain
dL3(1) u fuz, wa, v2)
dt /Qdu2< _E) (1_ f(bhwz,vz))dx

+ f(u2, wa, vz)vz/ 4 200
al vwy
B Ju cwy fup,wa, ) f(u, wz,vz)] dx
fluz, wa, ) w [, wa, v) [, w,v)
flu,wa,v2) v vf (u, w, v)
-i-f(ldzau)z,vz)vz/Q __H_if(u o) 5 71)2][(“’“)2,”2)} dx

+
N / ( é)deaDe“"‘ Aot
Q c k v

+ fu2, wa, v2)v2 [

o r-2)(

ﬁ:| dx
f(uz, w2, vz)vz w

fuz, wa, v2)

f(u,wz,v2)>

— f(u2, wa, Uz)v2/ [H <%)
Q vwy

+H (M) L H

fu, wa, v7)

( fu ﬂ) T H (f(u, wz,vz))] dr
fuz, w2, v2)vy w S, w,v)

aDe® 0Ty, | Vo |2 d

b
+ ped™ (w2—7>/‘ zdx —
C Q k

+ fuz, wy, vz)vz/ (1 -
Q

Obviously, we always have % < 0, and %

wy, v(t) = vy,z(t) = 0 and y(7)

f(l/t, w’ U) ) <f(u7 w2, U2) _ E) dx
fu2, wa, v2) fu,w,v) v '

= 0 if and only if u(t) = uz, w(t) =

= y. From LaSalle’s invariance principle (Hale and
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Verduyn 1993), we finally have that the equilibrium E> of model (3) is globally asymptotically
stable when Ry > 1, Ry < land R, < 1.

Next, we consider conclusion (b). From (13), by computing, we obtain the characteristic
equation of the corresponding linearized system of model (3) at the equilibrium E; as follows

(s —cwr+b)f(s) =0,

where
ajp a2 a;3 0
_|az1 ax a3 O
fls) = 0 ,
azy azy a4
0 0 a4 au
where

b
ap =S+d+%:vz,

0
af
ap = —uvy,
2= 5 02
of
a3 = ——v2 + f(u2, wa, v2),
v
= —e—@tom
du

a
an =s+a— ivze*(alﬁv)fl ,
ow

a
ay = —e” (@A (a*];vz + f(uz, w2, v2)> ,

az = — ke~ (@t ,

a3 =s+m+ u;D+qy2, aza = qua, as3 = —gy2, asa =5 — gua + h.

When R3; > 1, we have s = cwp — b > 0. Therefore, when Rz > 1 equilibrium E; is
unstable. This completes the proof. O

Biologically, Theorem 3.3 implies that when Ry > 1, Ry > 1 and R3 < 1, the antibody
response can be established, but the infected cells are too weak so that it cannot stimulate
CTL immune response.

3.4 Stability of equilibrium E3

Theorem 3.4 Assume (Aj) holds, if Ro > 1 and Ry > 1 (a) If R4 < 1, then the infection
equilibrium E3 with only CTL response is globally asymptotically stable.
(b) If R4 > 1, then the equilibrium E3 is unstable.

Proof Consider conclusion (a). Define a Lyapunov functional L4(¢) as follows
L4(t) = / Vi(x, 1) + Va(x, 1)) dx,
Q
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where

“ f(uz, w3, v3)
uy f(s,w3,v3)

ealrl
+ e“MusH <1> + P 3H (i>
w3 c 73

a|ti+axn
n (a + pz3)e ol (i)
k V3

(a + pz3)qed1t1+a21’2
+ y
kg

Vilx,t) =u —u3z —

and

fuz, w3, v3)v3

Valx, 1) = f(u3, w3, v3)v3 /Orl H <w) a0

153 wy
+ (a + pzz)e™™ w3/ H (—) do.
0 w3

We easily prove that L4(¢) > O forall (u(t), w(t), v(t), z(t), y(t)) > 0and (u(?), w(t), v(z),
z(2), y(1)) # (u3, w3, v3, 23, 0).
By using

f(uz, w3, v3)v3 = (@ + pz3)e“ ™ ws
m(a —+ pz3)ealfl+a2r2
N k

V3.

Calculating the time derivative of L4(¢) along any positive solution of model (3), we can
obtain

dLy(r) _ / dus (1 3 i) (1  flus, w3,v3)> dx
dz Q u3 S, w3, v3)

+f(u3,w3,v3)v3/ [4— bk}
Q vws3
_ iz cwy fluz ws,vy)  fu, ws, U3)}
fuz, w3, v3)vz  w S, ws, v3) S, w,v)
fu,ws, v3) v vf (u, w, v)
s s, ”3)”3/9 [_1 T ww v v v3>}

k v
+f(u3,w3,v3)v3/ [1 S &] dx
Q

! fus, ws,v3)v3 W
= / dus (l—l> (l—if(LB’ w3, US)) dx — f(usz, w3, U3)U3f |:H (71)311){2)
Q u3 Sfu, w3, v3) Q Vw3
+H<f(us,w3,v3))+H( fr _ﬂ)_'_H(f(u,wLw))] dx
fu, ws, v3) fus, w3, v3)vz  w fu, w,v)
+f(u3, w3, U3)U3/ <1 f(u’ v v) > (f(u’ w3 v3) — v ) dx
Q

[ (uz, ws, v3) fa,w,v) v

: h . D a111+a2r2A
+/ (a—+_k7pz3)ea|f1+a2t2 <y3—§>ydx+(a+pz3) € v (1_2)
Q
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_(a+ pz3) Detmteny, / Ivol?
k Q v2

+(a + PZ3)ea]r1+a2r2 <y3 _ ﬁ)/ ydx
k g/ Ja

Obviously, we always have 40 < 0, and Y40 = 0 if and only if u(r) = uz, w(t) =

w3, v(t) = v3,z(t) = z3 and y(t) = 0. From LaSalle’s invariance principle (Hale and
Verduyn 1993), we finally have that the equilibrium E3 of model (3) is globally asymptotically
stable when Rp > 1, R) > land R4 < 1.

Next, we consider conclusion (b). From (13), by computing, we obtain the characteristic
equation of the linearization system of model (3) at the equilibrium E3 as follows

(s +h—gv3) f(s) =0,

where
aj; app a3 0
_|ax axn ax axu
F& =1 azx ay 0 |’
0 ap 0 au
where
d
apy =s—|—d—|——fv3,
ou
af af
app = ——v3, a13 = —v3 + f(u3, w3, v3),
Jw dv
N 0 N 0
ay = —e~ @I lv3, ap =s+a—e @I ivs + pzs,
ou ow

0
ay = —e” @ (%vz + f(uz, wa, vz)) , ax = pws, ap = —ke” @I,

a3 =s+m+u;D, ayp = —cz3, ay4 =5 —cws +b.
When R4 > 1, we have there is a positive root s; = gvs — h. Therefore, when R4 > 1
equilibrium E3 is unstable for any 71 > 0 and 72 > 0. This completes the proof. O

Biologically, Theorem 3.4 implies that, when Ry > 1, R, > 1 and Ry < 1, the CTL
immune response can be determined, but the viral loads are so small that it cannot activate
the antibody responses.

3.5 Stability of equilibrium E4

Theorem 3.5 Assume (A3) holds, if Ry > 1, Ry > 1, R3 > 1 and R4 > 1, then the infection
equilibrium with CTL and antibody responses E4 is globally asymptotically stable.

Proof Define a Lyapunov functional Ls(¢) as follows
Ls@t) = / Vi(x, 1) + Va(x, 1)) dx,
Q
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where

" , Wy, el
Vi t) = i — g — Md5+ealflw4,{<1>+ﬁ w(i)
Uug f(S, wg, 'U4) w4 c 24

(a + pzg)etriitan v (a + pza)ge®TiTan
+ P vaH —+ p 4 y4H l

k v74 kg

and

‘MLQ:ﬂMWmWM/IHC&@EE@E)M
0

fua, wy, v4)vy
12
+ (a + pzq)e™ w4/ H <%> do.
0

w4

It is obvious that Ls5(t) > 0 for all (u(z), w(t), v(t), z(¢), y(¢)) > 0 and (u(t), w(t), v(t),

z(1), y(t)) # (ug, wa, va, 24, ¥4).
Calculating the time derivative of L5(¢) along any positive solution of model (3), we can
obtain

dLs) _ LAY P ACRURCY
e /s2du4 (1 u4) (1 S, wa, vg) ) dx
V4We,
— f(ug, wy, v4)v4/ [H (*)
Q vw4
+H<M>+H<#.ﬂ>
S, wy, vg) fug, wg, v)vy W

+H (f(u, w4, v4)>] d
f(u, w, v)

fu, w,v) f(u, wg, va) v
, W4, 1— ——\d
+ f(ua, wy 114)114/;Z ( 7 (da. wa, v4)> ( T w0 v4) X
_(a + pz4) Det1 T2y, / I Vo ||? d
3 S X.

Obviously, we always have 220 < 0, and 40 = 0if and only if u = us, w = wy, v =
v4. From the LaSalle’s invariance principle Hale and Verduyn (1993), we finally have that the
equilibrium E4 of model (3) is globally asymptotically stable when Ry > 1, Ry > 1, R3 > 1
and R4 > 1. This completes the proof. O

Biologically, Theorem 3.5 implies that, if CTL immune response has not any delay, then
the susceptible cells, infected cells, free virus, CTL immune response and antibody immune
response can coexist in vivo.

4 Numerical simulations

In this section, we perform some numerical simulations to illustrate the results obtained in
Sect. 3. We consider model (3) under the homogeneous Neumann boundary conditions

d
S =0,1>0,x=0, 1 (16)

o
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and initial conditions

u(x,0) =¢1(x,0) =0, w(x,0) = ¢a(x,0) =0,
v(x,0) = ¢3(x,0) = 0, 2(x,0) = pa(x,0) =0, a7
y(x,0) =¢s5(x,0) >0, x €[0,1], 0 € [—7,0].

In model (3), we choose a nonlinear incidence f (u, w, v) = m Further-
more, B, g, h, T1, T2, ¢ and b are chosen as free parameters and all remaining parameters are
fixed as in Table 1.

InFigs. 1,2,3,4 and 5Sa—e are denoted time series figures of u(x, 1), w(x, t), v(x, t), z(x, t)

and y(x, 1).

5 Discussion

In this paper, we have discussed a delayed virus infection model (3) with diffusion, adaptive
immune responses and general incidence rate. During viral infection, CTL immune responses
which attack infected cells, and antibody responses which attack viruses. Hence, we assume
that the production of CTL immune response depends on the infected cells and CTL immune
responses. We see that similar assumption also is given in Nowak and Bangham (1996), Yan
and Wang (2012), Zhu and Zou (2009), Shu et al. (2013), Wang et al. (2013, 2014, 2012)
and Balasubramaniam et al. (2015). Similarly, the production of antibody response depends
on the virus and antibody (Yan and Wang 2012; Wang et al. 2013; Balasubramaniam et al.
2015; Wang et al. 2014). Assumptions (A;) and (A3) for nonlinear function f(u, w, v)v
are introduced and a combination of the basic reproduction number for viral infection Ry,
for CTL response Rj, for antibody immune response R», for CTL immune competition R3
and for humoral immune competition R4 defined by (8)—(12), respectively, also are defined.
Under (A1) and (A»), the global stability and instability of the equilibria of model (3) by
utilizing the method of constructing suitable Lyapunov functionals which are motivated by
recent works of Pawelek et al. (2012), Zhu and Zou (2009), Shu et al. (2013), Yuan and Zou
(2013) and Huang et al. (2011) are completely determined by the basic reproduction numbers
R(), R], Rz, R3 and R4.

By the analysis, we have shown that when Ry < 1, the infection-free equilibrium Ej is
globally asymptotically stable, which means that the viruses are cleared and the infection
dies out. When Ry > 1, Ry < 1 and R, < 1 the immune-free equilibrium E is globally
asymptotically stable, which means that immune response would not be activated and viral
infection becomes vanished. When Rgp > 1, R; > 1 and R3 < 1, the infection equilibrium
with only antibody cells response Ej is globally asymptotically stable. As respect to the
analysis of infection equilibrium E3 with only CTL response, when Ry > 1, Ry > 1
and R4 < 1, E3 is globally asymptotically stable, which means that the antibody response
would not be activated and viral infection becomes vanished. About the stability of infection
equilibrium E4 with both CTL and antibody response we have obtained that when R3 > 1
and Ry > 1, Ey4 is globally asymptoticallgf stable. We see that (A;) is basic for model (3).
Particularly, when f(u, w, v) = m then (A1) naturally hold. But (Aj) is a
mathematical assumption. It is only used in the proofs of theorems on the global stability of
equilibria E1, E>, E3 and E4 to obtain % for the Lyapunov function L, (see the proofs
of Theorems 3.2-3.5). Furthermore, the numerical simulations given in Sect. 4 show the
stability. Moreover, the effect of diffusion is considered as an important factor, which will
be closer to reality. Compared to the case without diffusion, the approach is to construct

@ Springer f bMA



3801

Global stability of a diffusive and delayed virus infection...

pawnssy 10 JUSIOYJI0D UOISNPFI a
pawnssy 10°0 [7¢C2 — j] SuLINp SNIIA MAU 0] )kl e W
pawnssy 100 [2¢12 — 7] SuLnp S[[00 PAJOAJUT J0F eI YIea(] Ip

(T107) 'Te 10 Jo[omed pue (€00T) ZIEPOAL 1—Kepl g Apoqnue jo ajer SurziennaN b

(Z107) "B 12 Ya[amed pue (£007) ZIePOM _I\Amn ¢ STUITA 931J JO dJeI dURIBI[D w

(Z107) T8 19 Yo[amed pue (£107) ‘Te 10 Suepy 1—Kep [_1199 0 SIIIA 991J JO )1 UONINPOI] b

pawnssy 100 JUQTOYJO00 UIRIN—KS[MOID) lu

pawnssy 100 JUQTOYJO00 UnIRN—K3[MOID) &7

(T102) Te 12 Yopemed pue (¢107) & 10 Suepm —Aeprd 1 SSQUOANIRY LD d

(T100) '[& 12 Yo[emed pue (¢107) ‘e 12 Suep 1—Kep 60 S[[99 P23o2Jul JO Akl frea D

(#002) "[& 12 Meys[n) pue (¢107) ‘e 12 Suep 1—£ep 10°0 S[[99 pajoajuiun JO el yresaq p

(#007) ‘Te 12 meys[n) pue (¢661) ‘T8 12 uos[aId ‘(€107) 'Te 10 Suep T\Amﬁ -1 o1 S[[2 Pajo_juIuN JO JJBI UOIONPOIJ Y
RN onfeA uonmuyad Io)owereq

s1ojowered Jo IS | J[qeL,

JBINAC

pringer

&Hs



3802 H. Miao et al.

Fig. 1 Taking 8 = 0.01, ¢ = 0.1, b = 0.15, g = 1.5, h = 0.1, 7y = 10, o = 5, we have
Ry = 0.2087 < 1, the infection-free equilibrium Eq (1000, 0, 0, 0, 0) is asymptotically stable

v

— 087
1

) <

Fig. 2 Taking B = 0.15, ¢ = 001, b = 02, ¢ = 05, h =15 1 =3, ©n = 15 we
have Rgp = 3.0373 > 1, R}y = 0.7098 < 1 and Ry = 0.9277 < 1, the immune-free equilibrium
E1(44.0253, 18.5544,2.1293, 0, 0) is asymptotically stable

Lyapunov functionals for partial differential equations (PDEs) or delayed partial differential
equations (DPDESs) using Lyapunov functionals for ordinary differential equations (ODEs)
or delayed differential equations (DDEs). Research on diffusion will be more complicated.
Moreover, all the five state variables are influenced by multi-time delays and diffusion can
better impact the virus infection problems. Therefore, research in this paper can be seen as
an improvement and a supplementary of model (2), and it might be helpful to understand
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e

Fig. 3 Taking p = 0.25, ¢ =001, b =0.18, g =15, h =1, 1y =10, ©p = 5, we have Ry =
5.2164 > 1, Ry = 3.3682 > | and R3 = 0.8899 < 1, the infection equilibrium only with CTL immune
response Ep(114.8758, 16.0179, 0.6667, 0, 6.1420) is asymptotically stable

Fig. 4 Taking B = 0.35, ¢ = 0.1, b =0.15, g =15, h =1, 11 =10, ©p = 5, we have Ry =
7.3030 > 1, Ry = 11.8885 > 1 and Ry = 0.2854 < 1, the infection equilibrium only with antibody
response E3(455.1241, 1.5000, 0.1902, 2.7868, 0) is asymptotically stable

the virus infection model. Finally, under homogeneous Neumann boundary conditions, our
results imply that diffusion, the intracellular delay and virus replication delay have no effect
on the global behaviors of such virus dynamics model.

Observing all obtained results in this paper, we can directly put forward the following
open question which need to be further studied in the future.
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d) (e

Fig. 5 Taking 8 = 045, ¢ = 0.15, b = 0.15, g = 0.1, h = 001, 71 = 2, p = 5, we have
Ry = 10.1716 > 1, R3 =7.5777 > 1 and R4 = 1.2683 > 1, the infection equilibrium with both antibody
and CTL immune responses E4(613.4595, 1.0000, 0.1000, 3.2889, 0.8049) is asymptotically stable

In this paper, we only discuss a five-dimensional diffusive virus infection model with
intracellular delay, virus replication delay and general incidence rate. Based on different
practical backgrounds, the immune response delay and mitotic proliferation terms for both
uninfected and infected target cells are considered in modeling the viral infection of disease.
Therefore, whether the results obtained in this paper also can be extended to five-dimensional
diffusive virus infection model with mitosis transmission and immune delay. In other words,
with immune delay as a bifurcation parameter, whether we also can obtain that the global
asymptotic stability of equilibria for infection-free, immune-free, antibody response, infec-
tion with CTL response and infection with both antibody and CTL response, respectively,
will also be a very estimable and significative subject.
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