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Abstract The improved element-free Galerkin method (IEFG) is presented to deal with
thermo-elastic problems. This mesh-free method is a combination between the element-
free Galerkin method and the improved moving least-square approximation. It has not the
Kronecker delta property, and the penalty method is used to impose the essential bound-
ary conditions. In this paper, linear and stationary thermo-elasticity is treated. To solve the
thermo-elastic problem, this latter is decoupled into two separate parts: first, the heat transfer
problem is analyzed to reach the temperature field, which is used as input in the mechanical
problem to calculate the displacement field and then the stress fields. Numerical examples
with different boundary conditions are illustrated. The performance and the accuracy of the
IEFG method are approved when obtained results are compared to finite-element results and
analytical solution.
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free Galerkin method (IEFG) - Moving least square approximation (MLS) - Improved

moving least square approximation (IMLS) - Linear thermo-elasticity
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1 Introduction

Thermo-elasticity and especially structure’s failure due to thermal stresses is related to many
engineering problems (Takeuti and Furukawa 1981; Hibbitt and Marcal 1973). Thermo-
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elasticity has for purpose to compute the behavior of an elastic body under thermal and
mechanical loads. The linear or weakly coupled thermo-elasticity is solved in two steps:
first, the temperature field is computed when solving the heat transfer problem, and then, it is
introduced in the mechanical equation to calculate the displacement and stress fields (Parkus
1968).

The lack of analytic solution for thermo-elastic problems, justify the fact that most of
thermo-elastic problems are treated using numerical methods. In this way, several numerical
methods have been used and developed. Beginning with finite-element method (FEM) which
has been the most widely and successfully used for long time (Huebner and Dewhirst 2008;
Zenkour and Abbas 2014; Reza Eslami 2014), coming to mesh-free methods which has,
recently, attracted much attention thanks to their ability to deal with conventional method’s
limitations. These latter are in fact always related to remeshing and adaptive analysis. Hence,
varieties of mesh-free methods have been presented, and have shown their ability to solve
thermo-elastic problems. For instance, Local Boundary Integral Equation (LBIE) method has
been used by Sladek to solve 2D stationary thermo-elasticity (Sladek et al. 2001). Functionally
Graded materials under thermal and mechanical stresses have been studied with different
mesh-free methods (Ching and Yen 2005; Feng and Cui 2013). In this way also, to study 2D
solid under thermo-mechanical loads, Ching developed the Meshless Local Petrov-Galerkin
method (MLPG) (Ching and Chen 2007). Zheng and Gao used the MLPG method too to
treat the thermo-elastic shock modeling (Zheng and Gao 2015). The EFG method, one of
the famous and widely used mesh-free methods, has shown its ability to solve thermo-
mechanical problems: the shape sensitivity of thermo-elastic solid has been treated by Bubaru
and Mukherjee (Bobaru and Mukherjee 2002). Likewise, this method had been successfully
utilized by Singh to treat first, crack problems under thermo-mechanical load (Pant and Singh
2010, 2011) then, after studying the Fatigue crack growth under thermo-elastic loading with
an extended finite-element method, he developed the EFG method to investigate the fatigue
crack growth (Pathak and Singh 2013, 2014). In this context, Bouhala used an extended
EFG method to study the thermal and thermo-mechanical influence on the crack propagation
(Bouhala and Makradiand 2012).

Close to the EFG, The Improved Element-Free Galerkin (IEFG) method is a combination
of the EFG method with the Improved Moving Least-Square (IMLS) approximation. This
meshless method has improved its efficiency and computational speed in many works (Zhang
and Zhao 2009; Zhang and Wang 2013; Cheng and Liew 2012). Indeed, in the IMLS approx-
imation, weighted orthogonal basis functions are used to construct the shape functions; for
this reason, the problem’s solution is obtained without matrix inversion in the system’s equa-
tions, and hence, the computational speed of the method is justified (Liew and Cheng 2005;
Zhang and Liew 2014; Zeng and Peng 2011; Debbabi and Sendi 2015). Despite its efficiency
and computational speed, the IEFG method has not been applied to treat thermo-elasticity;
for this reason, the IEFG method is presented to study linear thermo-elasticity in this work.

In this paper, the IMLS approximation is first introduced, and then, the IEFG method
is discussed for linear thermo-elasticity and governing equations are presented. Finally, the
accuracy and the efficiency of the method are illustrated using 2D numerical examples. To
validate the capacity of the IEFG method, results are compared to analytic solution when it is
available. In the case of the lack of the analytical solution, results are compared to a reference
solution obtained using the FEM commercial software “ABAQUS” in which a large number
of fine meshes is adopted.
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2 The IMLS approximation

In the IMLS approximation for a field variable u(x) defined in the domain €2, the approxi-
mation of u(x) denoted u"(x) is

m
Wh(x) =D pinai(x) = p'(ralx) M
i=1
where m is the number of terms in the basis weighted orthogonal vector p(x) and a(x) is a
vector of coefficients of the basis functions.
In the IMLS, the basis function sets pj(x), p2(x), ..., pm(x) are considered to be weighted
orthogonal polynomials set with the weight function {w;} about point {x;} if the condition
(2), given in the following, is satisfied:

(Prspj) = Zwi pr(xi)pj(xi) = ‘gk kkijj (k,j=1,2...m) )

i=1

To reach the vector of coefficients a’ (x) = (a; (x), az(x), .. ., am(x)) and obtain the approx-
imation of u(x), the difference between u"(x) and u(x) is minimized using a weighted
least-square method.

J is a function defined as follows:

J@x) =3 w—x) [u" (v, x) — u )]
1

n m 2
= > w(x—x) [Z pi (x) @i (x) —u (xo] ©)
1

i=1
where W (x — x;) is the weight function associated with the node 1, this weight function is
nonzero only over a small neighborhood of a node x; called the domain of influence and

x7, I = 1,2,...n are nodes in this domain of influence that cover x. In the present work,
the fourth-order spline weight function is chosen (Li et al. 2013):

1 — 652 + 853 — 354, <1
e P

where s = in which ||x — xg|| is the distance from a sampling point x to a node x,
and d is the size of the domain of influence of the /th node.

In the case of a circular domain, d = a.d;, where a. is a scaling parameter, and d; is the
average distance between nodes.

A matrix formulation of Eq. (3) is given by

llx—xl
d

J(a,x) = (pa(x) —uw)" W (x) (pa (x) — u). (5)
Knowing that
ul = (uy,up,...,uy) and wu; = u(x;) (6)
pi(x1) p2(x1) Pm(X1)
p1(x2) p2(x2) o pm(x2)
p= : . . D
p1(xn) p2(xn) 0 pm(xn)
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w(x — x1) 0 0
0 wx —x2) --- 0
Wx) = : . . ®)
0 ' 0 . w(x — Xn)
By setting % = 0, the following system equations are obtained:
A(x)a(x) = B(x)u C))
where A(x) is called the moment matrix and B(x) is a vector defined by
A@) = p"W()p (10)
B(x) = p" W(x). (11

When the condition (2) is considered, Eq. (9) can be written as follows:

(p1, p1) 0 0 ap (x) (p1, uy)
0 (p2, p2) 0 az (x) (p2, ur)

) . ) = . . (12)
0 0 ~++ (Pm, Pm) am (x) (pm, u1))

The moment matrix becomes diagonal and coefficients a; are obtained directly using the
following expression:

a oy = P0Gy (13)
(pi» pi)
Then
a(x) = A(x)B(x)u (14)
where
1
(p1,p1) 0 0
= 0 (pzlpz) 0
A(x) = o . . (15)
0 0 1

(Pm.pm) "

Going back to the u" approximation, this latter can be given as follows:
n
W' (x) = d)u =Y By (16)
1

where ®(x) is the vector of IMLS shape functions defined by
®() = p' AW B). (17

When compared to the presented IMLS approximation, the main difference between the
traditional MLS approximation, where the same approach is used to get shape functions,
is that basis functions in the MLS approximation are not weighted orthogonal, so that the
condition (2) is not satisfied. This difference leads to a non-diagonal moment matrix in Eq.
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(9) when traditional approximation is adopted. When the moment matrix is not diagonal, its
inversion is not simple and it is a time-consuming operation (Zhang and Zhao 2009).

3 Governing equations of linear thermo-elasticity

The IEFG method is a Galerkin scheme using the IMLS shape functions, and the numerical
integration is evaluated on background cells (Belytschko and Lu 1994). This method is
applied to the above 2D thermo-elastic problem, which will be solved in two separates parts,
the heat transfer problem followed by the mechanical one.

3.1 Formulation of the heat transfer problem
Governing equations of the stationary heat transfer problem for an isotropic domain
bounded by I' = I'y U I'; U I'3 are given as follows:

kV2T+0=0 (18)

where T define the temperature field, & is the thermal conductivity, and Q is the heat source.
The boundary conditions associated with this problem are
Dirichlet boundary conditions:

T=T, onl. (19)
Neumann boundary
nVT =g, onl;. (20)
Robin boundary
nVT = h(T — Ts), onI'z (21)

where 7 is the outward normal to the boundary I'. / is the convective heat transfer coefficient,
q is the prescribed heat flux, and T, represents the surrounding fluid’s temperature.

After multiplication of Eq. (18) by the test function 7% and using the flux- divergence
theorem in addition to the integration by parts, the variational formulation based on the IEFG
discretization is given as follows:

/VT*kVTdQ=/T*QdQ+/T*cde+/T*h(T—Too)dF. (22)
Q Q r I3

The shape functions of the IMLS approximation do not have the Delta Kronecker property,
so to impose the boundary conditions, penalty technique is used (Zhu and Atluri 1998) and
Eq. (22) becomes

/VT*kVTdQ—I—y/T* (T —-7) dr:/T*qu +/T*h(T —Tso)dI'  (23)
Q Iy r, I,

where y used in the latter equation is the penalty coefficient, which can be considered as
10413 x max(diagonal elements in the stiffness matrix) (Liu 2003).

The use of the discretization (16), the system equation of the heat transfer problem, is obtained
as

[K1(T} = {F) 24)

@ Springer f DMAC



1384 I. Debbabi, H. BelhadjSalah

[K] = [K] + [H] + [K"] (25)
{F} = (F} + {F"} (26)
where
KIJ:/q_)I,xlkq_)J,xl+q_>I,x2kq_>J,x2dQ 27
Q
Hpy :/é,hcﬁ,dr (28)
I3
K}, =/<13,yq$,dr (29)
I
F; =/<151Qd§2+/<131cjdf+/051h ToodI” (30)
I I3
F} :/qS,der. (31)
I

3.2 Formulation of the thermo-elastic problem

The temperature field is obtained using Eq. (24) and it can be used in the following linear
thermo-elastic problem:

Vo + f—avh=0, inQ (32)
u=1u, in I} 33)
on=t+abn, in I} (34)

inwhicho, f,0, «, u, i, n and 7 are, respectively, the stress tensor, the body force, the change
in temperature, the coefficient of linear thermal expansion, displacement field, the imposed
displacement, the outward normal vector, and the stress boundary.

Proceeding in the same way as in the heat transfer problem, using the test function v* and
imposing the boundary conditions (33) and (34), the variational formulation of the thermo-
elastic problem is obtained as

/Us*dQ—l—y/uv*dF =/fv*dQ+/t_v*dF—y/ﬁ*v*dF
Q

Fu nl

Q I;
+ /ﬂediv(v*)dsz—/ﬂenv*dr (35)
Q I,

where

{o} = [H®]{e) . (36)
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Introducing
u={U}=[¢]{Uy} and v*={V*}=[s]{V,)}.
The strain-displacement relation is

{e} = [B*]{U,} and {e*} =[B°]{V,;}

where
20
B=(p]d=| 0 &[5 & % 0w 0]
- s L0 e 0 g ... 0 4,
Jdy  ox

In plane stress:

In plane strain
E 1-9 % 0
[H)]=————| ®» 1-9 0 and =142
(1=2%)+1v) 0 0 1-29
2

where E is the Young’s modulus and ¢ is the Poisson’s ratio.
The discretization (16) allows us to have the above system matrix:

/Q[Be]T [H¢] [B¢] {U,,}dQ—l—y/F [$]T [¢] {U,}dD

=/Q[$]de52+/9ﬂ9 5] dusz+/n [6] 7ar
—}-y/u [$]Tﬁdr—/ruﬁe [6]" ndar

in which

axy dxy’ ax1 9xo

. A1 pr Opn 0y
[ﬂz[mw ? ¢]
The matrix equation system resulting from Eq. (42) is
[K]{va) = {F})
where
[K] = 1K1+ [£7]

(F) = tF1+ {#7)
k1= [ [5] [#°] [£] 00
(k"] = [[o]"v[6]ar

(37

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)
(46)

47

(48)
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{F}:/[E]desw/,se 5] dsz+/[$]der—/,39[$]Tndr (49)

Ii

(F7} :/yW]Tadr. (50)
Iy
To evaluate the integrals, the studied domain €2 is discretized into background cells: quadran-

gles cells used only for integration. Using the Gauss quadrature rule, the global integration
can be written as

ne ne g
/GdQ:Z/G dQ =" w; Gxg) |17 (51)
Q k=1, k=1 i=1

where . is the number of quadrangles cells and €2 represents the domain of the k' quad-
rangle cell in which n, is the number of Gauss points used. G is the integrand and the
Gauss weighting factor, associated with the i*” Gauss point at XQi,is w; and |Jl.1,? represents
the Jacobian matrix for the integration area of the quadrangle cell k. Similarly, the Gauss
quadrature rule is used on the boundary I".

4 Numerical examples

To improve the performance and the accuracy of the present mesh-free method for linear
thermo-elasticity, some numerical examples are investigated. In the first one, the problem
is chosen with analytical solution, and then, the treated thermo-elastic problem do not have
analytical solution and results are compared to a reference FEM ones, obtained with a large
number of fine meshes. The efficiency of the IEFG is validated for both regular and irregular
node distributions.

4.1 A hollow cylinder

As a first example, we consider a hollow cylinder under thermal gradient discussed by Sladek
using LBIE on 2001. The temperatures imposed on the internal and external surfaces of the
hollow cylinder are constant but different. This cylinder can be treated as a thermo-elastic
problem with plane strain condition. Thanks to the symmetry of the proposed problem, we
compute only a quarter of the cylinder, as shown in Fig. 1.

Analytical solution of this problem is given for temperature and hoop stresses as follows
(Sladek et al. 2001):

,
T()=T . 52
(n="+ (%) n(Rl) (52)

1+ —
T 14+ Ln(2
Ggp () = AT 22 (%) (%) (53)

_l’_
2(1-19) R\’ (&)
(®) e
In computation, cylinder radii’ are Ry = 1 mm and R, = 3 mm. Material’s characteristics
are elasticity modulus E = 2E5 MPa, poisson ratio 9 = 0.25, and coefficient of thermal

expansion o = 1.67E — 5°K~!. For the numerical analysis, we used a regular repartition of
41 x 41 nodes, as presented in Fig. 2.
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25
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n
0 05 1 1.5 2 25 3

Fig. 2 Regular nodes repartition

The size of the domain of influence used in computation is d = 0.06 mm using a scaling
parameter a. = 1.2 for thermal analysis and d = 0.095 mm with a. = 1.8 for mechanical
analysis. Next, we use polar coordinate system (r, ¢) to present different results.

To validate the developed IEFG program, L2 relative error norm is verified for temperature
and hoop stress all over the studied domain: for temperature field, L2 relative error norm is
equal to 5.26710~%, and for hoop stress field, it is equal to 1.2921072.

From Fig. 3, the efficiency of the IEFG method to treat the heat transfer problem and give
a temperature evolution in good agreement with the analytical one is proved. Indeed, the
relative error begins about 0.05% and it decreases to be under 0.01% for ¢ = 0.

The expression of the relative error used in the following curves is given by

|MIEFG _ amzl|

u

Relative error = 54)

maX(|u|ana1) :

In case of the lack of analytical solution, we use a reference solution to calculate the relative
error.
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Fig. 3 a Temperature evolution for ¢ = 0, b Relative error for temperature distribution at ¢ = 0
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radial direction(mm)
(b)

Fig. 4 a Hoop stresses evolution for ¢ = 0. b Relative error for hoop stress for ¢ = 0

——IEFG solution

—s— analytic solution

radial direction(mm)

(b)

Fig. 5 a Hoop stresses evolution for ¢ = %. b Relative error for hoop stress for ¢ = %

To show the performance of the IEFG method for thermo-elastic resolution, hoop stress
evolution forp =0, ¢ = %, and g = % along radial direction are, respectively, as presented
in Figs. 4, 5, and 6. The error begins relatively high near the internal radii, and it decreases to
be less than 1% in the rest of the domain. Since the relative error has been under 4% for the
three presented cases, we can conclude that the IEFG method agree well again with analytic
results.

@ Springer f bMA



Analysis of thermo-elastic problems using the improved... 1389
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Fig. 6 a Hoop stresses evolution for y direction for ¢ = % b Relative error for hoop stress for ¢ = %
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Fig. 7 Geometry, nodes distribution, and boundary conditions of the problem

4.2 An infinite plate with a circular hole under thermal and mechanical loads

In this section, an infinite plate subjected to a unidirectional traction load is discussed to
validate the applicability of the IEFG method for 2D thermo-elasticity. The infinite plate
is computed as a quarter finite one due to the symmetry of the problem. Both thermal and
mechanical boundary conditions are imposed. All sides of the plate are subjected to a constant
temperature of 600°K. On the left and bottom edges, symmetry conditions are assumed. The
inner boundary is traction free, and Neumann mechanical boundary conditions assumed are
shown in Fig. 7 and given as follows:

2 4
3 3
P ‘r’—z (E cos (6) + cos (49)) + 5‘r’—4cos(49) (55)
2 1 3 4
Oyy = _% (5 cos (260) — cos (49)) — E%COSMG) (56)
a? (1 a*
Oxy = -3 (E sin (20) + sin (49)) 54 sin(40). 57
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Fig. 8 Temperature evolution for 700 -
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(a) (b)

Fig. 9 a Stress o1 for y = 0 mm b relative error for y = 0 mm

Material’s parameters used in the computation are Young modulus E = 2ESMpa, Poisson
ratio % = 0.25, and coefficient of thermal expansiona = 1.2E—5 °K~!. Plain strain condition
is considered for this problem.

A number of 810 Irregular nodes distribution are presented: a large number of nodes are
localized near to the hole and regular one in the rest of the domain, as presented in Fig. 7.
The scaling parameter for thermal problem is equal to 1.2, and it is equal to 2.1 for thermo-
mechanical analysis. To verify the efficiency of the IEFG method, results are compared to a
reference solution, obtained with ABAQUS using very dense mesh.

The accuracy of the developed IEFG method is verified, first, by calculating the L2 relative
error norm between reference solutions, FEM solution calculated with a very dense mesh,
and the IEFG ones, and then stress and displacement examined throughout several paths.
Hence, the L2 relative error norm is equal to 6.244102 when stress is checked and it is equal
to 2.71810™* when displacement is studied. For the temperature, as shown in Fig. 8, curves
are combined and the relative error is inconsiderable.

The stress 011 obtained using the IEFG method is compared to the reference one for several
paths: Figs. 9 and 10 represent the evolution of oy, respectively, for y = 0 mm and x = 0
mm. For these two cases, the relative error between the IEFG and the FEM methods is less
than 2%. In addition, the evolution of o1 on the hole’s boundary (inner boundary), plotted
on Fig. 11, shows that the IEFG method is able to reproduce good stress with a relative error
under 3% all over the inner boundary.

The ability of the IEFG to give accurate results for displacement is also discussed. This
mesh-free method gives displacements with relative error under 2.1E-6. Indeed, displace-
ment u, for y = 0 mm and displacement uy for x = 0 mm are plotted with reference
displacements, respectively, in Figs. 12a and 13a and it is clear that mesh-free results are in
excellent agreement with reference ones.
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Fig. 10 a Stress o1 for x = 0 mm. b Relative error for x = 0 mm
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Fig. 12 a Displacement u, for y = 0 mm, b Relative error for y = 0

To demonstrate the numerical performance of the IEFG method, u, evolution and 02>
evolution all over the plate are presented, respectively, in Figs. 14a and 15a, close agreement
is detected when results are compared to the reference ones, and FEM solution obtained
using a very dense mesh is presented, respectively, in Figs. 14b and 15b.
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5 Conclusions

In the present paper, the IEFG method is presented for the analysis of linear thermo-elasticity.
This mesh-free method which is a combination between the IMLS approximation and the
EFG method does not have the delta Kronecker property, so that penalty technique is used to
impose essential boundary conditions. Linear thermo-elasticity is solved in two steps: first,
heat transfer problem is solved to get temperature field, and then, this latter is used in thermo-
elastic problem as input to reach displacement and stress fields. The capacity of the IEFG
to treat linear thermo-elasticity is proved using 2D problems with both, regular and irregular
node distributions. Numerical results, such as computed temperature, displacement, and
stress, are in good agreement with analytic solution and reference FEM solution. Comparison
shows that relative error norm given by the IEFG is always under 6.24410~2 for stress and
it is under 5.26710~* for temperature and displacement. Therefore, the ability of the IEFG
to solve thermo-elastic problems is proved.
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