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Abstract In this paper, we propose a primal-dual interior-point method for semidefinite
optimization problems. The algorithm is based on a new class of search directions and the Ai-
Zhang’s wide neighborhood for monotone linear complementarity problems. The theoretical
complexity of the new algorithm is calculated. It is investigated that the proposed algorithm
has polynomial iteration complexity O (4/nL) and coincides with the best known iteration
bound for semidefinite optimization problems.
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1 Introduction

Semidefinite optimization (SDO) problems are a special class of convex programming, which
have been recently intensively studied because of their applicability to various areas, such as
combinatorial optimization (Alizadeh 1995), system and control theory (Boyd et al. 1994)
or mechanical and electrical engineering. Due to importance of this class of optimization
problems, various algorithms have been proposed for solving and finding their optimal solu-
tions. Among these algorithms, interior-point methods (IPMs) are one of the most efficient
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and applicable class of iterative algorithms which solve SDO problems in polynomial time
complexity.

The first IPMs for SDO problems were developed by Alizadeh (1991) and Nesterov and
Nemirovskii (1994). Primal-dual IPMs for SDO problems have been widely studied by
Wolkowicz et al. (1999) and Klerk (2002). Several authors such as Helmberg et al. (1996),
Vandenberghe and Boyd (1995), Wang and Bai (2009), Mansouri and Roos (2009) and Man-
souri (2012) have proposed some interior-point algorithms for solving SDO problems. Wang
et al. (2014) proposed an interior-point algorithm and improved the complexity analysis
of IPMs for SDO problems using the Nesterov—Todd (NT) direction as the search direc-
tions. However, among iterative algorithms, Mehrotra’s predictor—corrector (MPC) algorithm
(Mehrotra 1992) is the most computationally successful iterative algorithm for SDO prob-
lems and because of its practical efficiency, it is the base of the most IPMs software package
such as SeDuMi (Sturm 1999).

Ai (2004), introducing a new wide neighborhood of the central path, proposed an interior-
point algorithm for linear complementarity problems (LCPs) and show that their algorithm
enjoys the low iteration bound O (ﬁL) where n is the number of variables and L is the
input data length. Later, several authors, based on this wide neighborhood, proposed some
interior-point algorithms for various class of optimization problems. For instance, Li and
Terlaky (2010) generalized the Ai et al.’s (2005) idea for LCP to SDO problems and proved
that the iteration complexity of their algorithm is the same as that of Ai and Zhang (2005).
Liu and Liu (2012) proposed the first wide neighborhood second-order corrector algorithm
with the same complexity as small neighborhood IPMs for SDO problems.

Yang et al. (2013) suggested a second-order MPC algorithm for SDO problems and proved
the convergence and polynomial complexity of their algorithm based on using an important
inequality. Liu et al. (2013) presented a new wide neighborhood infeasible interior-point
algorithm for symmetric cone optimization and proved that their algorithm has the same
theoretical complexity bound as the best short step path-following algorithms. Feng and
Fang (2014) proposed a predictor—corrector path-following interior-point algorithm for SDO
problems. Their algorithm enjoys the low iteration bound O(y/nL) which is better than
that of usual wide neighborhood algorithm O (nL). Some wide neighborhood interior-point
algorithms for sufficient LCPs have been proposed by Potra (2014) in which the proposed
algorithms produce a sequence of iterates in the wide neighborhood of the central path given
by Ai and Zhang (2005).

Recently, Feng et al. (2014) proposed a new primal—dual path-following interior-point
algorithm for second-order cone programming using the Ai and Zhang (2005) wide neigh-
borhood instead of classical wide neighborhood. Motivated by Feng et al. (2014), the main
aim of this paper is to present a wide neighborhood feasible interior-point algorithm for SDO
problems. The algorithm uses a new class of search directions and the wide neighborhood
given by Ai and Zhang (2005). Furthermore, replacing the right-hand side of the complemen-
tarity equation in the system of KKT condition for SDO problems by a new term leads to a
new class of search directions in our algorithm. We prove that by starting from an initial feasi-
ble point (X 00, SO) in wide neighborhood of the central path, all generated iterations also
belong to this wide neighborhood. Although, the algorithm belongs to the class of large-step
algorithms we prove that the proposed algorithm enjoys the low complexity bound O (4/nL)
and it coincides with the best complexity bound in the context of wide neighborhood IPMs
for SDO problems.

The rest of the paper is organized as follows. In Sect. 2, we introduce the SDO problem and
review some basic concepts of IPMs such as central path and NT-search direction. We also
introduce a wide neighborhood of the central path for SDO problem which plays an important
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role in convergence analysis of the algorithm. In Sect. 3, we present a new class of search
directions and describe a general description of the proposed algorithm for SDO problem.
Some technical lemmas and important results will be stated in Sect. 3.1. The convergence
analysis and the proof of the polynomial complexity of the proposed algorithm are established
in Sect. 4. Finally, the paper ends with some concluding remarks in Sect. 5.

We will use the following notations in the paper. R” denotes the space of vectors with
n components. Moreover, S denotes the set of n x n real symmetric matrices. S’ | (Si)
denotes the set of all matrices in S” which are positive definite (positive semidefinite). For
Q € §", we write Q > 0(Q > 0) if Q is positive definite (positive semidefinite). The
Frobenius and the spectral norms are denoted respectively by ||-||  and ||-]|. For any matrix
A, 1 (A) denotes the ith eigenvalue of A, Apin(A) the smallest eigenvalue of A and det(A)
its determinant whereas Tr(A) = Z:’: 1 Ai (A) denotes its trace.

The symmetric positive definite square root matrix of any symmetric positive definite
matrix X is denoted by X 2. The notation A ~ B &= A = SBS~! for some invertible
matrix S means the similarity between A and B, and the identity matrix is denoted by /. For
a given matrix Q € §", we show its eigenvalue decomposition as Q = UAU?. For any
p X g matrix A, vecA denotes the pg-vector obtained by stacking the columns of A one
by one from the first to the last column. The Kronecker product of two matrices A and B is
denoted by A ® B (see Helmberg et al. 1996 for the more details of the Kronecker product).
Finally, assuming the matrix Q € S”, A(Q) indicates the vector of eigenvalues of the matrix
Q while Q" and Q™ denote the positive and negative parts of Q as follows

0%t := UDiag (D", ..., ) T)UT, Q7 := UDiag (A1), ..., (k) ") UT,
where (A;)T = max{};, 0} and (A;)~ = min{};, 0}.
2 Interior-point methods for SDO problems
We consider the standard form of the SDO problem:
min [Tr (CX) st Tr (AiX)=bi, i=1,2,....m, X» o}, )

and its dual

m
max{bTy s.t. Zy,-A,-—i—S:C, SzO}, 2)
i=1

where C, X, A; € §" fori = 1,2,...,m and y € R™. We assume that the relative interior
set

f():[(X,y,S)eSierRm x 8% Tr (A;X) =b;,
m
> vidi+S=C, i=1,2,-~,m]’
i=1
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is nonempty. Under this assumption, both problems (1) and (2) are solvable and the optimality
conditions for them can be written as follows:

(Ai, X)=b;, i=12,...,m,
m
D viAi+S=C,
i=1

X$=0, X,5>0, 3

where the last equality is called the complementarity equation. The basic idea of primal—dual
IPMs is to replace the complementarity equation XS = 0 by the parameterized perturbed
equation XS = tpul with u > 0 and 7 € (0, 1). By this substitution, we have the following
parameterized system

(Ai, X)=b;, i=1,2,...,m,
m
> viAi+S=C,
i=1
XS=1twul, X,S>0, “4)

If 70 # (), system (4) has a unique solution denoted by (X (u), y(1), S(u)) for any positive
parameter w. The set of all such solutions constructs a guide curve, so called the central path,
which converges to optimal solution pair of problems (1) and (2) as i reduces to zero (Kojima
etal. 1997; Halicka et al. 2002). Since the left-hand side of (4) is a map from §” x R” x §" to
R™™" x R™ x §", it follows that system (4) is not a square system when X and § are restricted
to S”. To remedy, assuming P € R"*" as a nonsingular matrix and using the symmetrization
scheme

1
Hp(X$) = 5 (PXSP™!+ PTISXPT),

proposed by Zhang (1998), we replace the perturbed equation XS = tiul by Hp (X S) = Tl
where the matrix P belongs to the specific class

C(X,S):=(Pe€ Si+|PXSP_] e S} 5)
Thus, system (4) can be rewritten in equivalent form as follows:

(A, X)=b;, i=1,2 ... m,
m
> viAi+S=C,
i=1
Hp(XS) =wul, X,S$>0. (6)

As it is well known, Newton’s method is a perfect procedure to solve a system of nonlinear
equations. Replacing (X, y, S) by (X+AX, y+Ay, S+AS) in (6) and deleting the nonlinear
term Hp(AXAS) from the third equation of (6), we can derive a new linearized Newton
search direction system as follows

(Ai, AX) =0, i=1,2,...,m,
m
D AyiAi+AS =0,

i=1

Hp(XAS + AXS) = tul — Hp(XS). (7)
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Different choices have been proposed for the nonsingular matrix P. However, in our analysis,
we use the matrix P = W2 proposed by Nesterov and Todd (1998) where

W=x"2 (X%SX%)% X"7 =52 (S%XS%)% S7. 8)
Let us further define
X=pPxP, §=P7'sP7!, AX=PAXP, AS=P'ASP7! )
Then, the third equation in system (7) can be rewritten as
H(XAS + AXS) =tul — HXS), (10)

or equivalently as in Monteiro and Zhang (1998), in terms of the Kronecker product, it
becomes

EvecAX + FvecAS = vec (ml - H()?S)) , (11)
where
Ezl(§®1+1®§), ﬁzl(ff®l+l®f(). (12)
2 2

As in (Monteiro and Zhang 1998), for the choice P = W% ,itis easy to check that PXSP ! e
$" and X = § and therefore E = F.

As it is well known, the classical path-following interior-point algorithms for SDO prob-
lems are based on the following usual central path neighborhoods

Nr(z) = ‘(X,y,S) e 70 ”m _Xxisx?

Q= w],
and
N@ = {(X.5.9) € 0 dmin(XS) = 711},

where T € (0, 1) is a constant and 1 = X5 g the normalized duality gap corresponding

to (X, y, ). In this paper, we define a new wide neighborhood as follows:

N, B) = [(X,y, S)e 7. ’ (ml —X%SX%)+

Eﬂw],

F

where 8, T € (0, 1) are given constants. The new neighborhood is similar to the proposed
neighborhood by Ai and Zhang (2005). The following lemma indicates that the neighborhood
N (z, B) is indeed a scaling invariant wide neighborhood. For the proof and more details see
Sect. 2 in Feng and Fang (2014).

Lemma 2.1 If 8, t € (0, 1) are given constants, then N (t) < N (t, B) and N (z, B) is
scaling invariant. That is, (X, y, S) is in the neighborhood if and only if ()A(, v, 3’) is.
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3 Search directions and algorithm

In this section, motivated by Feng et al. (2014), we replace the right-hand side of the third
equation in system (7) by a new term and obtain a class of new search directions for solving
SDO problems. We also present a general description of feasible wide neighborhood interior-
point algorithm for SDO problems.

Let V be a matrix related to the current iterate (X, y, S) as follows:

V= (tul — Hp(XS)T +n(zpul — Hp(XS))™ + Hp(XS), (13)
where
T (tpul — Hp(XS)*
Tr (tpul — Hp(XS)™
According to (13) and (14), it is clear that

(14)

Tr(V) = Tr (Hp(XS)) = Tr (H()?S)) —Tr (XS) —Tr (XS) =nu. (15

Introducing the new matrix tV — Hp (X S) with ¢ € [0, 1] and replacing the right-hand side
of the third equation in (7) by tV — Hp (X ), this system can be rewritten as follows:

(Ai, AX) =0, i=12,...,m,

m
D AviAi+AS =0,
i=1

Hp(XAS + AXS) =tV — Hp(XS), (16)
or equivalently, in terms of the scaled search directions and Kronecker product
(A, AX) =0, i=1.2....m,
m
> Ayidi+AS =0,
i=1

EvecAX + FvecAS = vec (zV — H(XS‘)) , (17)

where E and F are defined as in (12) and A; = P~ A; P~1. After taking a full Newton step
along (AX, Ay, AS), the new iterate is given by

(X(), y(1), $()) = (X, y,S) + (AX, Ay, AS). (18)

Below, we describe more precisely the wide neighborhood feasible interior-point algorithm
for SDO problems.
The wide neighborhood feasible algorithm for SDO problems

o Input parameters: Required precision ¢ > 0, neighborhood parameters B, t € (0, %]
and initial solution (X, %, $%) € N (z, B).
e Output: A sequence of iterates (Xk, yk, S‘k) fork=1,2,...

e step 0: Set k := 0.
o step 1: If nuu* < ¢, then stop. Otherwise go to step 2.

e step 2: Let ()2, y, S‘) = (}?k, yk, S’k) and u© = /Lk. Compute V = vk from (13) and
(Af(, Ay, AS) (t) from (17).
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Let ()A((t), y(t), S’(t)) = ()A(, v, 3) + (A}A(, Ay, AS‘) () and find the smallest 7 such
that (f((r), (1), S(z)) e N(z, B), forany 1 € [f, 1].

o step3:Let /K = fandset (XK+1, yk+1 §k+1y — (X (15, y(t%), S(#%)) and k! = 5 k.
Then, go to stepl.

Remark 1 In practice, we do not need to obtain an exact value for the parameter 7. Similar
to Ai (2004) and Feng et al. (2014) we only find an approximate value  of 7 such that
()A((t), y(), S(t)) e N p),f<1-— % and f < yf, where y > 1 is a constant. This
approximate value ensures the O (y/nL)-iteration complexity as we prove in Theorem 4.1.
An efficient method to find such an approximate value  is the bisection method on the interval
[0,1— %], in which case we have 7 < 2¢ and we can choose y =2.

3.1 Technical results

In this subsection, we present some technical lemmas which will be used in proof of conver-
gence analysis of the proposed algorithm. According to (13) and (14), we have the following
lemma.

Lemma 3.1 Let V and n be defined as (13) and (14). Then, n € [0, 1) and

V =tul.

Proof The first part of the lemma can be easily concluded as follows:

Tr (tpl = Hp(XS)® _ Tr (tul — Hp(XS)) = Tr (xpul — Hp(XS))~

OEU:_Tr (til — Hp(XS))™ Tr (tpl — Hp(XS))™

- A=onmp
Tr (tpl — Hp(XS))

On the other hand, using the definition of V', we have

V—tul = (epl — Hp(XS)' +n(tul — Hp(XS)™ + (Hp(XS) — )
=@0—1(ul —Hp(XS))” =0,

which concludes that V > tul. This follows the second claim and completes the proof. O

Lemma 3.2 After a full Newton-step one has

(i) Hp (X(1)S(1)) =tV + Hp (AXAS),
(i) p() = rpe.

Proof To prove the first claim (i), due to (18) and the third equation of (16), we have

Hp (X()S(t)) = Hp (X + AX) (S + AS))
= Hp (XS + (XAS + AXS) + AXAS)
= Hp (XS) + Hp (XAS + AXS) + Hp (AXAS)
=tV + Hp (AXAS). (19)
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On the other hand, due to (19), the orthogonality of the search directions AX and AS and
(15) we have

) = Tr (X(H)S@)) _ Tr (Hp (X(1)S@))) _ tTr(V) +Tr (Hp (AXAS))
H = n N n N n
tTr(V)
= =1,
n

which proves the second part of the lemma and ends the proof. O
Lemma 3.3 Ler (X, y,S) € N (z, B). Then

Tr (rul - X%SX%)_ < (r = Dy, (20)

+
Tr (ml - X%SX%) < JnBru. Q1)

Proof Due to similarity of the matrices X S and § 1XS %, we have
- +
Tr (ml - X%SX%) —Tr (ml - X%SX%) ~Tr (r,ul - X%SX%)
<Tr (ml - X%Sx%) — (t = DTr(XS) = (r — Dap,

which results (20). To prove (21), noticing the facts Tr(Q™) = |A (Q*), and |Ix]l; <
/1 || x|l for x € R", we obtain

L, oI\t L, oI\t L oI\t
’IT(TMI—XZSX2) :”A(rul—XZSXZ) ’ A(TMI—XZSXZ)

<vn
1

o0

<n

1 1\ +
A (r,ul X2 SXf) H

+
—Jn (ml - X%SX%)

</nBru,
F

where the last inequality follows from (X, y, S) € N (z, B). This follows the inequality (21)
and completes the proof. O

Corollary 1 Let (X, y, S) € N(t, f) and B, © € (0, 3. Then, n < 5/ £~

Proof Considering the definition of 7, similarity of matrices XS and X 15X % and using
Lemma 3.3 we immediately derive

11\t
T eud — Hpxsyt Tr (WI—XQSXZ) _ BT

Tr (tpl —Hp(XS)™ (znr - xtsxt)” — (=omu
_ Bt BT - 1 /Bt
T 11—tV =2V’
where the last inequality follows from 8, T € (0, %]. This follows the result. O

Now, we recall the following technical lemma from (Li and Terlaky 2010) which directly
uses in Proof of Lemma 3.5.
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Lemma 3.4 (Lemma 5.10 in Li and Terlaky 2010) Ler X, S € S, P € C(X, S), X and §
be defined by (9) and E,F be defined as in (12). Then

|(7) 7 e (ewr = 55) ] = e (35). @
Lemma 3.5 Ler (X, y,S) € N(z, B). Then
" Ivee (zut HP(XS))*]H2 < %ﬂm. (23)

Proof Using Lemma 3.4 with E = F and Corollary 1, we have
. 2 . =12
HnE’l[Vec (Tl — Hp(XS))*]” = HnEl[vec (t,u] — XS) ]”

= | e (vur - 23) 7]
< i%'ﬁ‘ ()A(S‘) = %ﬂ‘[ﬂ,

where the last equality is obtained because of Tr ()A( 3’) = nu. This follows the desired
result. O

Lemma 3.6 Let (X, y,S) € N(t, B). Then we have
~ 2 1
| £ vee (xut = Hp (X)) < SBru. (24)

Proof Since Amin(éz) = )\min(f(S’) > (1 — B)tpu, it follows that
. 2 - R
HE— [vec (tjul — HP(XS))JF]H - HE— [vec (uu _ XS) ]

A2 |2
<|£- H vec (wl —XS)
12 ~ 1
- [ (o -59
F
R
e (S
()\min(E)) r
1 e
Amin (XS) F
2.2,2
S Bt = B,
(- Py 2
where the first inequality is obtained because of the properties of norms and the last inequality
follows because of f < % This completes the proof. O
Corollary 2 Let (X, y, S) € N(z, B). Then
~ 2
HE*lvec v - Hp(XS))H < Bru (25)
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Proof According to the definition of the matrix V, we have
V — Hp(XS) = (tpl — Hp(XS) " +n(zl — Hp(XS))™ .
Therefore, due to the orthogonality of the vectors vec (-)* and vec ()~ and Lemmas 3.5
and 3.6, we have
~ 2 ~
HE—lvec V- Hp(XS))H - HE_lvec [(r,u — Hp(XS)*

2
+n(tpl - HP(XS))i]

A 2
- HE—lvec (rul — HP(XS))+H
2 || -1 2
1 HE— vec (1l — Hp(XS))~ H

1 1 3
< Eﬂw + Zﬂw = Zﬂw < Bru.

This completes the proof. O
Lemma 3.7 Ler (X,y,85) € N(1,8),0 <1 < B < % and 1 — % <t < 1 such that
o < %\/E Then, we have

Hé”vec v — Hp(XS))”Z < 2B = 2BTut). (26)

Proof We may write
Hﬁ’lvec (tV — Hp(XS))H2 = ”Eilvec (t(V — Hp(XS) + (t — I)HP(XS))HZ

< [z ”E—lvec - Hp(XS))H
+(1—-1 Hlé”vec (Hp(XS)) H T

2 2
s(z ﬂru—i—%\/ﬁ) s(t\/HJr% ﬂw)

2
= (t + %) Bru <2tBru =2Btu(t),

where the last inequality follows from the fact (t + %)2 < 2t for1 — % <t < 1 that
a < %«/ Bt. This follows the desired result. O

4 Convergence analysis

In this section, we investigate the proposed feasible algorithm is well defined and its complex-
ity is O (y/n). To this end, let us to state the following lemma which is useful for obtaining
the iteration bound of the algorithm.
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Lemma 4.1 Let P(1) = (W(1))? where

W) = X(1)"2 (X(r)%S(r)X(t)%)% X(1)"?
Moreover, suppose that (AX, Ay, AS) is the solution of system (16). Then
| Hpw (AXAS)|, < priuce). @7)
Proof Using the third equation of system (17) and the fact E = F, we have
vecAX + vecAS = £~ 'vec (tV — H()?S')) .

Taking Euclidean-norm squared of both side of the above equation, applying the orthogonality
property of vecAX and vecAS and using Lemma 3.7 we get

| Hpay (AXAS)| HH(A)‘(AS) HF < HA)?HF HA)?HF - HvecAf(H HvecAS”

IA

% (”vecA)A(H2 + HveCASHZ) = % HvecA)? + VecASH2
1L a A\ 12
=3 HE—lvec (zV _ H(XS)) H < Bru(),
which completes the proof. O
We are ready to present the main result of the paper as follows.

Lemma 4.2 Assume that the current iterate (X, y, S) € N(t,8). Let 0 <t < 8 < % and
1— % <t < 1suchthato < %«/,81:. Then, the new iterate (X (t), y(t), S(t)) generated by
the feasible wide neighborhood algorithm belongs to N (t, ).

Proof Using (19) and the facts ”(M—i—N)"'HF < |m* ”F + ”N'*'”F and ”M+||F <
H (Hp (M)t ||  (Lemmas 3.1 and 3.3 in Li and Terlaky 2010), we have

(zui - X0 50X 0F) HF < |(Hpw 1 - x5Ot
= | crr = Heo x5 *|
- H (ttil =1V — Hpg (AXAS))+HF
< e @ut =)+ | (~Hew axa9)*|
sy,

- ” (Hpa) (AXAS))’HF
< |Hpw) (AXAS) | < Br(0), (28)

where the third equality follows because of the fact H (Tl — V)+|| p = 0 and the last
inequality is due to Lemma 4.1. On the other hand, due to (28) and similarity of matrices

X(1)S(t) and X (1) S(1)X (t)? we conclude

2 ((XOSO) =21 (XOISOXDT) = (1 = frop® > 0,

@ Springer f DMAC



156 M. Pirhaji et al.

which reveals X (z)S(¢) is non-singular matrix and further implies that X (¢#) and S(¢) are
non-singular as well. Using continuity of the eigenvalues of a symmetric matrix, it fol-
lows that X(¢) and S(¢) are positive definite matrices for all + € [0, 1], since X, S are
positive definite matrices. This proves that (X (1), y(t), S(1)) € N(z, B) and completes the
proof. O

Theorem 4.1 The proposed feasible wide neighborhood algorithm terminates in at most
0 ¢0
o (ﬁL) iterations where L = élog w and a = % Brt.

Proof According to Remark 1, wehave f;, >~ fi < 1 — % Since u(t) = tpu, it follows that

k
k< 1- - 0
it (1= )
which implies nuk < ¢ for k > 4/nL. This follows the desired result and completes the
proof. O

5 Concluding remarks

In this paper, we proposed a new path-following wide neighborhood feasible interior-point
algorithm for SDO problems. The algorithm is based on using a wide neighborhood and
a new class of search directions. Although, the proposed algorithm belongs to the class of
large-step algorithms, its complexity is coincide with the best iteration bound obtained by
the short-step path-following algorithms for SDO problems.
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