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Abstract A control point form of quadratic trigonometric function is developed which obeys
all the properties of Bézier curve. To preserve the shape of data, the quadratic trigonometric
functions are transformed into GC'-interpolating functions. The G C!-interpolating func-
tions have two free parameters in each subinterval to control the magnitude and direction
of the tangent at the end points interval. Constraints are derived on these free parameters to
interpolate positive, monotone and convex data. The order of approximation of developed
interpolant is investigated as O (hl.3 ).
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1 Introduction

Bernstein—Bézier interpolating functions are used for the generation of smooth curves and
surfaces. The Bézier functions interpolate first and last control points, and the interme-
diate control points determine the shape of the curve between the data points. However,
these interpolating functions even in rational form do not preserve the intrinsic properties of
data (positivity, monotonicity and convexity). The only possibility is to change the value of
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412 M. Z. Hussain et al.

intermediate control points as hit and trial until the desired shape is obtained. The user is
forced to go through this painstaking process for each data.

There exist sufficient polynomial interpolation techniques to preserve the positive,
monotone and convex shape of data. Butt and Brodlie (1993) developed a simple algorithm to
create positivity-preserving cubic Hermite interpolant. The data consisted of positive values
and slopes at the data points. The authors in Butt and Brodlie (1993) interpolated the positive
data values and associated slopes in each subinterval by the cubic Hermite interpolant. If
in a subinterval the cubic Hermite interpolant failed to preserve positivity, then one or two
extra knots were inserted into the concerned interval so that the resulting piecewise cubic
Hermite interpolant preserved positivity. Duan et al. (2009) used rational cubic interpolant
with two free parameters to control the value, convexity and inflection point of the interpolant
at a point. The constraints were developed on these free parameters to acquire the desired
results. Fuhr and Kallay (1992) used linear rational B-spline to interpolate monotone data
with derivatives as monotone curves. Higham (1992) modified the method of inserting knot,
proposed by Fritsch and Butland (1984), to preserve the shape of the monotone data. The
monotonicity-preserving scheme presented in Higham (1992) was more efficient and less
memory consuming as compared to Fritsch and Butland (1984). Higham (1992) claimed that
the proposed algorithm was well suited for the data arising from the discrete approximate
solution of an ODE. Hussain and Sarfraz (2008, 2009) developed a piecewise rational cubic
function in the most generalized form with four free parameters to preserve the positive as
well as monotone shape of the data. In the developed schemes, out of four parametres, two
were constrained to preserve the shape of positive data and monotone data, whereas the other
two were free to modify the shape of curve if desired. Lamberti and Manni (2001) used cubic
Hermite for shape preservation of parametric data. In Lamberti and Manni (2001), the step
length was constrained to preserve the shape of the data. Sarfraz (1992) developed a C! and
Verlan (2010) developed a C? interpolation scheme to preserve the convex shape of the data.

Han et al. (2009) presented a cubic trigonometric curve in Bézier form. It was comparable
to cubic Bézier curve, but somehow more efficient. In the cubic trigonometric Bézier curve,
shape modification was made possible by shape parameters, keeping the control polygon
unchanged. It was closer to the given control polygon than the cubic Bézier curves. Moreover,
it could exactly represent ellipses.

The study of this paper develops a GC! trigonometric interpolant to preserve the three
shapes (positive, monotone and convex) of data, since an interpolant preserves the positive,
monotone and convex shapes of data if the interpolant, and its first and second derivatives
are positive over the entire domain. Keeping this in view, all the possible geometric config-
urations of interpolants and their first and second derivatives are discussed. The constraints
are developed on parameters to ensure that the minimum value of the GC' trigonometric
interpolant and its derivative remain positive for each shape.

The shape-preserving interpolation scheme developed in this paper is beneficial due to
the following reasons:

e The trigonometric functions are considered unsuitable for shape-preserving interpola-
tion due to their oscillatory behaviour. The trigonometric interpolant developed in this
paper has two free parameters in each subinterval. These parameters are used to rein the
oscillatory behaviour of trigonometric functions where needed.

e The shape-preserving interpolation schemes developed in [Hussain and Sarfraz (2008,
2009), Sarfraz (1992)] used rational polynomial, but the trigonometric interpolant devel-
oped in this paper is non-rational. It requires less memory usage as compared to [Hussain
and Sarfraz (2008, 2009), Sarfraz (1992)].
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Shape-preserving trigonometric functions 413

e In [Butt and Brodlie (1993), Fritsch and Butland (1984), Fuhr and Kallay (1992), Higham
(1992)], the non-rational interpolant (cubic Hermite) was used to preserve the shape of
the data. The authors in [Butt and Brodlie (1993), Fritsch and Butland (1984), Fuhr
and Kallay (1992), Higham (1992)] inserted extra knots in the subinterval where cubic
Hermite failed to preserve the shape of the data. The trigonometric interpolation scheme
proposed in this paper does not need to insert an extra knot.

e The authors in Lamberti and Manni (2001) constrained step length to preserve the shape
of the data, whereas the trigonometric interpolation scheme developed in this paper is
equally applicable to both uniform and nonuniform data.

e The proposed interpolation scheme produces a unique curve for the given data and
selected values of parameters.

e The developed trigonometric interpolant inherits all the properties of the Bézier curve.
It can be termed as trigonometric Bézier function.

e Unlike Verlan (2010), the degree of interpolant is same for all the data points.

e An alternate scheme is developed to preserve the shape of the data.

The rest of the paper is organized as follows. Section 2 presents Bézier-like trigonometric
functions. Section 3 develops GC! trigonometric functions with two free parameters to
control the shape of data. Section 4 addresses the problem of positive, monotone and convex
data interpolation. Section 5 is of numerical examples and Sect. 6 concludes the paper.

2 Quadratic trigonometric functions

Let{(x;, fi),i =0,1,2,...,n}bethe given set of data points defined over the interval [a, b],
where a = x9 < x1 < x2 < --+ < x, = b. The piecewise quadratic trigonometric function
is defined as:

3

Si(x) =D Bu(x)Pi, Vx € lxi,xit1l, e0)
k=0

where

Bo(x) = (1 —Sin)%, Bj(x) = 2Sinf(1 — Sinf), Ba(x) = 2Coso(1 — Cosh),

B3(x) = (1—Cos)%, hi = xit1—xi, 5:x;xi, 9:%5, i=0,1,2,...,n—1.
i

Br(x), k=0,1,2,3 are the quadratic trigonometric basis functions and P,k =0, 1,2, 3
are the control points.
The quadratic trigonometric functions defined in (1) have the following properties:

1. End point interpolation: The quadratic trigonometric functions (1) interpolate the first
and last control point, i.e. S; (x;)|o=0 = Po and S; (x;+1)],_ = Ps.

2. Convex hull property: The sum of the basis functions is one, i.e. Zi:o Bi(x) =1, also
the basis functions By (x), k = 0, 1, 2, 3 are non-negative. Hence the graphical display
of quadratic trigonometric functions (1) is bounded in the convex hull of control points
Py, k=0,1,2,3.

3. Invariance under the affine transformation: The quadratic trigonometric functions are
invariant under the affine transformations.
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Let T be an affine transformation defined as: T(X) = AX + T,
where X is the vector to be transformed, A is the transformation matrix and 77 is the translation
vector.

Applying the affine transformation 7 to the quadratic trigonometric functions (1), we have

3 3
T(S;(x)) = T(Z Bk<x>Pk) =AY Bi(0)P+ T @)

k=0 k=0

Since Z}E:o By (x) = 1, the expression (2) can be written as:

3 3 3 3
T(Si(x) =A> Be)Pe+ D Bi()Ti = D Be(x)(APy + T1) = D Bi(x)T (Py).

k=0 k=0 k=0 k=0

It can be easily observed that quadratic trigonometric functions (1) behave like Bézier func-
tion, but enjoy four control points instead of three in quadratic structure.

3 GC! trigonometric functions

On applying the Cl-continuity conditions, S;(x;) = fi,Si(xix1) = fi+1, Sl.’(x,-) =
d;, Slf (xi+1) = di+1, to the quadratic trigonometric functions (1), it takes the form in the
following subinterval [x;, x;4+1]:

h:

d.
1Y 4+ 2Cos6(1 — Cosh)
e

hid;
X (fz‘+1 — TH) + (1 — Cos6)? fit1. (3)

Si(x) = (1 — Sind)* f; +2Sind(1 — Sind)(f; +

The quadratic trigonometric functions (3) have fixed values of tangents at the end points of
interval. The flexible tangents are achieved by the following replacement in (3)
d; d;
di — % and ding — L
o Bi
The quadratic trigonometric functions (3) become GC! quadratic trigonometric functions
as:

3
Si(x) = D Bi(x)Ag, )
k=0
where
hid; hid; 1 .
Ao=fi, Ai=fi+—L, Ap=fiy1——1 A3=fii1,i=0,1,2,....,n—1.
To; 7 Bi

a;, Bi > 0 are the free parameters.

3.1 Error bounds of quadratic trigonometric function

In this section, the interpolation error of G C! quadratic trigonometric functions (4) is investi-
gated. It is assumed that data are generated from a function f(x) € C 3[x0, x]. The absolute
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Shape-preserving trigonometric functions 415

interpolation error in the subinterval I; = [x;, xj4+1] is:

1 Xit1
If(x) = Si(x)] < E||f<3><r)|| / Re[(x — )% 1dr, Q)

Xi

where R,is known as Peano kernel and (x — ‘L')%L is the truncated power function. The integral
involved in (5) is expressed as:

Xit+1 x Xi+1
|Ry[(x — r)i_]ldr = / |r(z,x)|dt + / |s(z, t)| dr.
Xi

Xi X

For the GC! quadratic trigonometric function (4), we have

r(r,x) = (x —1)* — [(Bz + B3)(xip1 — 1)* — %ﬂ“_”] : (©6)
s(r,x) = — [(32 + By (xip — 1) — %ﬁ‘“_”] . )

where B;(x), i =0, 1, 2, 3 are the quadratic trigonometric basis functions defined in Sect. 2.
It is observed that, for all 6 € [0, %], r(x, x;) = 0. Substituting t = x in (6) and after
some simplification, it takes the form

r(x, x) = —h? [(Bz + By)(1—8) — 28> ] .
7B

The roots of r(x, x) are: § =0, § =1, § = 1 — % Let 1 — %}f” = §*(say).

If B € [35. 2], the roots of r(x,x) in [0, 1]are § = 0,8 = 1, 8" = 1 — %}f” If

Bi ¢ [ﬁ_z, 2], then the roots of r(x, x) in [0, 1] are § = 0 and § = 1. It is observed that
s(x, x;+1) = 0. Hence to calculate the roots of s(x, x), it is rearranged as:

s(e,x) = —h? ((Bz By (1 - 5) - 2 ] .

7B

To compute the roots of r(z, x), it is rearranged as:

By

7Bi

e (72122(1 —8) — (By + B3)(1 - 8)2) :

i

r(t,x) = (1 — By — B3)(x — 1)> 4+ 2I; ( —(By+ By)(1 — 8)) (x—1)

The roots of r(t, x)are

B—D B+ D
rl*zx—f—h,'( 1 ) and r;:x—i-h,-( :: ),
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where

i

B>
A= (1- By — B3), B:(n —(Bz+B3)(1—5)),

\/ B 2 2B>
D= ( — (B2 + B3)( —5)) - —32—33)( —(32+B3)(1—5))~
7B 7Bi

The roots of s(t, x) are
2h;B)
7Bi(By+ B3)

Depending on the values of § and §;, the following observations are made: If § < §* and

™ =x41 and " =2x;41 —

Bie[74.2] o € b xland ¢ [, 4],
Ifs > 6* and B; € %H,Z],then T € [, x1.
Ifo<é§<land B > 2, rl € [x;, x] and 7} ¢ [x;, x].
If0 <6< land B < =4,

If§ <é*and B; € [% 2] ,T* € [x,xH_l]
115 = 8% and fi € [ 2, 2] Lt ¢ [ i

If0<é<1landp; >2, r ¢ [x. xiq1].
If0<s<1landp; <

T, w5 e [xi, x].

- +2, Tt ¢ [x, Xit 1]. The above discussion provides the different

values of absolute error depending on the choice of § and ;.

Case 1: For0 < § < 6%, B; € [ﬂiﬂ, 2], the absolute error in /; = [x;, x;4+1] is

1
|f(x) — Si(x)] < E||f(3>(r>||h,<3wl(oz,», Bi. 8,

where
Xi+1
] = /Ir(r x)|dr + / |s(t, x)|dt
Xi x
T x * Xig1
= —/r(r,x)dr—i—/r(r,x)dr —/s(r,x)dr—i— / s(t,x)dt
Xi T X T*

—2(1— B, — B;) { B— D\’ B, B— D\’
[0t (222 (2 s ma-0) (22)

_ 2B; o 2 B—D _(1—32—33)3
z(ﬂﬂi(l 8) — (B2 + B3)(1 5))( 2 ) 3 3

B> 2B,
—( — (B2 + B3)(1 —5)) ( (1=8)—(B2+ B3)(1 —9) )
Bi B

1

853 By 2 (Bz+33) B 3]
ey By sl T T )
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Case2:Ford* <8 <1, B [ﬂiﬂ, 2], we have

1
If(x) — Si(x)| < E||f“)(r>||h?wz(oz,», Bi. 8),

where
X Xit1
a)2=/|r(r,x)|d1'+ / Is(T, x)|dt
X x
T ) X Xit+1
:/r(t,x)dr—/r(r,x)dt+/r(r,x)dt + / s(t,x)drt
Xi T 23 X

_|2a4-B,-B3) (B-DY’ B, B — D\?
PR (R) (e ma0) ()

2B, S\ (B-D\ 2(1—B,—B3) (B+D)°
+(7Tﬁi(1_8)_(B2+BS)(1_8))( 1 )— 3 ( 1 )

B, B+ D\? 1 =By — B3\ 3
+2(7T,8i_(32+33)(1_8))( A )+( Bi )8

-2 (282(1—5)—(32+Ba)(1—5)2) (B ; D) + (fg — (B, + By)(1 — a)) 52

3By—mBi(B2 + B3)(1 — 3))]
37 B '

1

& ?)sea-o(
+ (1—8)—(Ba+B3)(1—8)2 ) 64+(1-96)
7B

i

Case3:For0 <6 <1, B > 2, we have
1
|f(x) = Si(x)] < Enf“)(r)nh?wg(ai, Bi, ), ws(ai, Bi,8) = wi(ai, Bi, d).

Case4:For0 <6 <1, B < %Jrz,wehave

1
If(x) — Si(x)] < Ellf“) (Ol ws(ei, Bi, 8), wala, Bi, 8) = wr(e, Bi, 8).

Theorem 1 The error of GC' quadratic trigonometric function (4) in each subinterval
Ii = i, xi1] for f(x) € CPLxo, %] is

1
| f(x) = Si(x)] < Ellf“)(r)llh?ci, ¢i = max w(a, B, 5),
0<é<l1

max i (e, B;,8) 0<8<6* A5 <p <2

max wp (e, B;,8) 8* <8 <1 5 <pi <2
(i, Bi,8) =
max w3(a;, Bi,8) 0<8=<1 fi>2

max wa(ei, fi.8) 0<8<1 fi< iy
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4 Shape-preserving curve interpolation

In this section, the three shape properties, positivity, monotonicity and convexity, of 2D data
are discussed. Constraints are developed on free parameters «; and f; in the description of
GC' quadratic trigonometric function to preserve the shape of data.

4.1 Positive curve interpolation

Let {(x;, fi),i =0,1,2,...,n} be the positive data defined over the interval [a, b] with
partitiona =xg <x; <x2 <---<x,=b, f;>0,i=0,1,2,...,n.
The GC' quadratic trigonometric functions (4) preserve the positivity if

Si(x) >0, Vx € [xj,xj+1], i =0,1,2,...,n— 1.
S;i (x) has one of the following graphical representations:

1. S;(x) is either increasing or decreasing V x € [x;, x;+1]. Extrema lie at the end points
of the interval [x;, x;11]. In this case, if minima lie at one of the end points then maxima
will lie at the other.

II. S;(x) is concave over the whole interval [x;, x;+1]. In this case, minima lie at the end
points of the curve.

III. S;(x) is convex over the whole interval[x;, x;41]. In this case, local minima lie in the
interior, i.e. at points x € (x;, Xj4+1)-

IV. There are inflection points in the interval (x;, x;4+1) (function changes it concavity). In
this case, local extrema lie at the points x € (x;, Xj41)-

In case (I) and (II),S; (x) is positive Vx € [x;, x;41] if S;(x) > O at the end points of the
interval [x;, x;4+1]. SinceS; (x;) = f; and S;(xj+1) = fi+1, then S;(x) > 0, Vx € [x;, xj4+1]-
In cases (III) and (IV), we shall determine the critical points of (4). These critical points will
be points of relative minima or maxima. We shall determine constraints on free parameters
«; and B;to ensure the positivity of quadratic trigonometric function at all extrema.
To determine the critical points of S;(x), it is more convenient to express S;(x) as a
function of two variables. Let u = Sinfand v = Cos8, (4) takes the form:

Si(u,v) = (1 —u)?Ag 4+ 2u(1 —u)Ay + 2v(1 — v)As + (1 — )% A3, (8)

The critical points of S; (u, v) are obtained from W =0and w =0.

The crit.ical points are u, = :00__{);1 and Vi = 23__2”}422 .

Since Sinf, Cosé € [0, 1], we shall determine the values of free parameters «; and S; for
which u,, v, € [0, 1]. If u, = 0, then v, = 1 and vice versa. In either case S; (u, v) = 0.
Hence, we shall verify the range of «; and g; for which u,, v, € (0, 1).

u, > 0 if either of the following possibilities is true:
(@) If Ag— A > 0 and Ag — 24, > 0, then o < =2,
(b) Ag— A1 <0 and Ag — 24 <0, then o; > =2k,

uy < 1, then the possible cases are:

(a) A1 < 0 provided that Ag —2A; > 0. It is true only if o; < _:}fl" .
(b) Ay > 0 provided that Ag — 2A; < 0. It is true only if a; > %

Thus, it can be concluded that u, € (0, 1) if

() @ < Min{=%, =2y when d; < 0.
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(i) a; > Max{j’;;ff, —i’gdf }, when d; > 0.

In a similar way, it can be observed that v, € (0, 1) if

: . s orhidigr 2hidig
D B < Min{Z72 S

1) B: hidiy1 2hidiqy .
(i) Bi > Max{ T Afisl }, whend;y; < 0.

}, when d; 1 > 0.

After substituting the values of u, and v, (8) becomes as follows:
Si (it ve) ALY @41 — Ag) + (2 2 (242 — A3) ©)
; , U = _— — _— — .
i (U, U Ao — 24, 1 0 As —2A, 2 3

From (9), it is clear that S; (i4, v4) > 0if 2A; — Ag > 0and 2A, — A3 > 0.2A1 — A > 0
and 2A2 - A3 > Qif

—hidi —2hid;
xf; = nf;

All the above discussion can also be summarized as:

o > Max‘

h;d; 2h;d;
]and ﬂ[>Max’ idi+1 ll-‘rl].

nfiv1’ Tfi

Theorem 2 The piecewise GC' quadratic trigonometric interpolant S; (x), defined over
the interval [a, b] in (4), is positive if parameters «; and B;in each subinterval satisfy the
following conditions

—hid; —2h;d; h;d; 2h;d;
a,->Max(O, ll, 1[] ﬁi [O, ll+1’ ll].
7 fi Tfi Tfi+1 i1
The above constraints can be rearranged as:
—hid; —2h;d; hid; 2h;d;
ai:li+Max[O, i ”] ,3,»:m,-+‘0, il ”},l,->0,mi>0.
fi fi Tfivt Tfit

4.2 Monotone curve interpolation

Let {(x;, fi),i =0,1,2,...,n} be the monotone data defined over the interval [a, b]. The
necessary conditions for the monotonicity of data are

(i) A; =0 thend, =0 and d;j4+; = 0;
(il) A; # 0 thensgn(d;) = sgn(di 1) = sgn(A;).

In this section, we assume that the data under consideration is monotonically increasing
(A; > 0,d; > 0,d;+1 > 0). The monotonically decreasing data(A; < 0,d; < 0,di+1 < 0)
can be treated in a similar way.

The piecewise quadratic trigonometric functions (4) are monotone if

Si(x) >0, Vx € [x;, xi41],
where

Si(x) = (1 — Sin#)Cosh Cp + SinfCosd C; + (1 — Cosh)Sind Cy,

d; di d; d;
Co= - ClznA,-—(—‘Jr l*‘), Cr=—2
Lt o P Bi

S/ (x) also have any one of the graphical representations (I)—(IV) discussed in Sect. 4.1.
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In case (I)—(II), S/ (x) is either increasing or decreasing or concave over the whole domain.
The monotonicity can be established by assuring the positive value of S} (x) at the end points

of the interval. Since S;(x;) = %’ Si(xip1) = dE] , 8/(x) is positive over the whole domain.

In case (III)—(1V), S[f (x) is convex over the whole domain or has inflection points in the
interval; then we shall determine the critical points of Slf (x). The constraints will be derived
on ¢; and f; to assure a positive value of Slf (x) at the critical points. In this case, Slf (x) will

be positive if the minimum value of S/ (x) is positive in the whole interval.

S{(u,v) = —u)vCop+ uvCi + (1 —v)uCsy, (10)

where u = Sinf, v = Cosf.

.. . , . _ Co Cy
The critical point of S; (i, v) is (uy, vs) = (C0+C2—C1 , CO+C2_C1) .

(@) uy > 0and vy > 0, if Co + Cp — C; > 0 where Cy + C; — C; =_”A"+%+
Mt Co+ Cr— Cr> 0 ife; < i and f; < TRE
(b) u*<landv*<lifﬁ<lorCz—Cl >07WhereC2_C1:_ﬂAi+%+

2(1[+1 _ . . 2d; . 4dit 1
5 C,—Cy>0ifa; < A and §; < TA -

From the above discussion it can be concluded that u,, vy € (0, 1) if

2d;  4d; 2d; 4d;
o; < Min L, ! and f; < Min '+1, i+l .
JTA,‘ JTA,‘ JTA,' JTA,‘
CoCy
S/ (U, =— 11
() = v e — e b

S/ (s, v4) > 0if Co + C2 — C1 > 0.
All the above discussions can be summarized as:

Theorem 3 The piecewise GC' quadratic trigonometric interpolant S; (x), defined over the
interval [a, b], in (4), is monotone if the parameter «; and B; in each subinterval I; =
[xi, xi+1] satisfy the following conditions:

2d;  4d; 2d; 4d;
o <Min{ =1 L ang g < Min | L 2L
ﬂAi ﬂAi JTA,' JTA,‘
The above constraints can be rearranged as:
.| 2d; 4d; . [ 2dig 4dig
i = Cj M , s i =d; M ) s
®=c+t m’nAi nAl-] bi i+ m[ TA;  TA;

for any real number c;, d; < Q.

4.3 Convex curve interpolation

Let {(x;, fi),i =0,1,2,...,n} be the convex data defined over the interval [a, b]. The
necessary conditions for the convexity of data are

di <diy1, A; < Ajy1 and di < A; <djy.
The piecewise GC! quadratic trigonometric functions defined in (4) are convex if

S/(x) >0, Vx € [xi, xiq1],
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Shape-preserving trigonometric functions 421

where

S/(x) = ——[Cos?8 Dy + Sin®6 Dy — Siné Co + Cosé C1], (12)

2h;
with Dg = C; — Cop — Ca and D1 = Cyp + Cy — C.
Si (x) will be convex in the whole interval [x;, x; 1], if Slf’ (x) is positive at local minimas.
Compute theoretical points of S7'(x) and derive the constraints on the free parameters o;
and f;, such that the value of S (x) is positive at the critical points. S/ (x) is written as:

Sl(/(u’v) = v2D0+u2D1 —uCop+vCq, (13)

where u = Sinf and v = Cosf.
The critical points of S/ (u, v) are u, = 2%’1 and v, = g—gg.

(a) uy > 0if either (Cop > 0 and Dy > 0) or (Cyp < 0 and Dy < 0), where Cyp = Z—‘l and
Dy =mA; —2(% + d"—“) Co > 0and Dy > 0, if a; > el ¢y <0
and Dy < 0, ifa; < A and B; < Adiv1

A;
(b) uy < 1 if either (Co < 2Dy and Dy > 0) or (Co > 2Dg and Dy < 0).Co < 2Dy

and Dy > 0, if o; > ;i_ and B; > 4d’+1 .Co >2Dgand Dy < 0, ifo; < ;dA_ and
1 1
4d,+1

Bi < :
Thus u, € (0, 1) if

() > Max { 24, 44 }and,B,
(i) o < Mm{ e }and B <

(@) vy > 0,if (C, > 0and D; < 0)or (C2 < 0Oand D; > 0).C, > 0and Dy < 0, if

@ < 4A and ; < L0y <Oand Dy > 0, if o > 24 and f; > 2L,
d) ve <1, 1f( C2 < 2D1 and D1 > 0) or (—Cy > 2D and Dy < 0). —C2 < 2Dy and
4d

Dy > 0, if o; Sd’“. — Cy > 2D and Dy < 0, if o
’
o i
Bi > TA;

Thus, v, € (0, 1) if

. 4d; 5d, 4d; 4
() o = 73 and ’+l_1<,8, ﬂA L whend;y < 0.
(i) o = jjii and YL < g; < 5"'“ , when dj 41 < 0.

S/ 1ty v3) = C2(13)+C2 1), G
i (XU, Vs 4D2 0 D 2(—D1)'

S (uy, v4) > 0if
Dy>0 and — D; > 0.

Do >0 and —D; > 0 if

4dl‘ 4dl‘+1
P = d B = , A #0.
o i and B; i ;

All the above discussions can be summarized as follows:
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Theorem 4 The piecewise GC' quadratic trigonometric interpolant S; (x), defined over the
interval [a, b], in (4), is convex if the parameter a; and B; in each subinterval I; = [x;, xj41]
satisfy the following conditions:

4d,; 4d; +

d g = , A #O.
<A, o Bi 'y i #

o =

5 Numerical examples

In this section, the shape-preserving trigonometric schemes developed in Sect. 4 are imple-
mented on some positive, monotone and convex data sets.

A positive data set is taken in Table 1. The positive data in Table 1 is interpolated in Figs. 1
and 2 by GC! quadratic trigonometric function (4) for arbitrary values of free parameters
(; =1, B = 1.5). It is clear from Fig. 2 that GC 1 quadratic trigonometric function (4)
fails to preserve the shape of positive data taken in Table 1 for arbitrary chosen values of
parameters. The positive curve in Fig. 3 is produced by interpolating the same data by the
positive curve interpolation scheme developed in Sect. 4.1.

Other positive data sets are taken in Tables 2 and 3. Figures 4 and 6 are produced by
interpolating the positive data in Tables 2 and 3 for arbitrary values of parameters. The GC'
quadratic trigonometric function (4) does not preserve the shape of positive data in Figs. 4
and 6 for randomly chosen values of parameters. Positive curves in Figs. 5 and 7 are produced
by interpolating the positive data of Tables 2 and 3 by the positive curve interpolation scheme
developed in Sect. 4.1.

Three monotone data sets are taken in Tables 4, 5 and 6. The monotone data of Table
4 is interpolated by GC! quadratic trigonometric function (4) in Fig. 8 for arbitrary values

Table 1 A positive data set

=
—_
[\8)

g Sl L B Nprrmsemsoisimress s

35 "

y-axis
w

25

2 - \ ______
1.5 i \

0 1 2 3 4 5 6 7 8 9
X-axis

Fig. 1 Quadratic trigonometric curve and its control polygon
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Fig. 2 Gc! quadratic
trigonometric functions
(@ =1, =15)

Fig. 3 Positive GC 1 quadratic
trigonometric functions

y-axis

y-axis

(g T
[PL

X-axis
Table 2 A positive data set N 1 5 3 4 5 6 7 9
f 4.5 90.5 5 900 1,200 1,015 450 750
Table 3 A positive data set N 5 4 6 3 10 12 14 16 18
f 05 1 1.1 9.5 10 9.5 1.1 1 0.5

of parameters (; = 0.5, 8 = 5). It is clear from Fig. 8 that GC! quadratic trigonometric
function (4) fails to preserve the shape of monotone data for randomly chosen parameters.
The monotone curve in Fig. 9 is produced by interpolating the same data by the monotone
curve interpolation scheme developed in Sect. 4.2. The monotone data sets of Tables 5 and 6
are interpolated in Figs. 10 and 12 by GC' quadratic trigonometric function (4) for random
values of parameters. It is clear from Figs. 10 and 12 that the trigonometric interpolant (4)
does not preserve the monotone shape of the data. The monotone curves in Figs. 11 and
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Fig. 7 Positive GC 1 quadratic
trigonometric functions

y-axis

Table 4 A monotone data set

0 6 10 19.5 22 25
0 15 15 15.5 16 17

Table 5 A monotone data set N 0 12 15 17 5
f 0.5 2 2.3 2.3 2.3 2.3
Table 6 A monotone data set N 5 6 9 13
f 1.5 2 2.5 3 22

Fig. 8 GC! quadratic
trigonometric functions
(i =05, =5)

y-axis

13 are produced by interpolating the monotone data of Tables 5 and 6 by the monotone
curve interpolation scheme of Sect. 4.2. Hence, the monotone curve interpolation scheme

developed in Sect. 4.2 preserves the shape of the monotone data.
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15

Fig. 9 Monotone GC 1 quadratic

trigonometric functions

¥-axis

25

Fig. 10 GC! quadratic
trigonometric functions
(aj =0.25, 8; = L.5)

sixe-A

0.5

15

0.5

¥-axis

[aN] w — w
— =
sixe-A

Fig. 11 Monotone G c!

quadratic trignometric functions

15

0.5

¥-axis
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Fig. 12 GClquadratic R T
trigonometric functions ; ; . ; ; ;
=094, =19 s
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& W0 : ] : : : :
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T | SR R SR RS w— —
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x-axis
Fig. 13 Monotone GC'! D
quadratic trigonometric functions : ' : : | .
20 proeeeees R s R R o
g P
bl 1 i 1 . 1 1
® 1 i 1 ' i 1
L S e S e e
e
' : . i 5 i E
0 1 1 1 1 1 1
2 4 6 8 10 12 14
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Table 7 A convex data set
x —45 —4 -35 =3 2 25 3 3.5 4 4.5
[ 410.06 256 150.06 81 16 81 39.06 81 150.06 410.06

The convex data sets are taken in Tables 7, 8 and 9. Figures 14, 16 and 18 are produced by
interpolating the convex data in Tables 7, 8 and 9, respectively, by GC! quadratic trigono-
metric functions (4) for arbitrary values of free parameters «; and §;. It is clear from these
figures that GC! quadratic trigonometric functions failed to preserve the shape of the convex
data. The convex trigonometric curves in Figs. 15, 17 and 19 are drawn with the convex data
in Tables 7, 8 and 9, respectively, using the convex curve interpolation scheme developed in

Sect. 4.3.
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Table 8 A convex data set

Table 9 A convex data set

Fig. 14 Gcl quadratic
trigonometric functions
(aj =0.8,8; =2.5)

Fig. 15 Convex GC! quadratic
trigonometric functions
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Fig. 16 GC 1 quadratic
trigonometric functions

(@ =07, =1)

¥-axis

Fig. 17 Convex GC 1 quadratic

trigonometric functions

¥-axis

Fig. 18 GC! quadratic
trigonometric functions

(j = 1,8 =0.5)

¥-a%is
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Fig. 19 Convex Gc! quadratic
trigonometric functions

y-axis

¥-axis

6 Conclusion

This paper gives an alternative approach to preserve the shape of data using a trigonometric
interpolant. Constraints are derived on free parameters to preserve the shape of the data. The
order of approximation of the proposed interpolant is O(h?). The interpolated curves are
unique for the given data and parameters. The degree of interpolant is identical for all data
and the interpolant is equally fruitful for uniform as well as nonuniform data. The derivatives
at the knots can be computed from any efficient numerical scheme. In the proposed schemes,
the derivatives are calculated by arithmetic mean approximation techniques.
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