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Abstract The purpose of this paper is to propose an efficient numerical method for solving
Lane-Emden type equations arising in astrophysics using Hermit polynomials. Our method
depends on collocation method. This method based on first taking the truncated Hermite series
of the solution function in the Lane—Emden equation and then, transforms Lane—-Emden type
equation and given conditions into a matrix equation and then, we have the system of linear or
nonlinear algebraic equation using collocation points. Then, solving the system of algebraic
equations and we have the coefficients of the truncated Hermite series. Some illustrative
examples are given to demonstrate the efficiency and validity of the proposed algorithm.

Keywords Lane—Emden equation - Astrophysics equation - Mathematical model -
Hermite polynomials - Collocation method - Approximation method
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1 Introduction

In recent years, the studies of singular initial value problems in the ordinary differential
equations have attracted the attention of many mathematicians and astrophysics. One of
the equations describing this type is the Lane—-Emden-type equation, which describes the
equilibrium density distribution in self-gravitating sphere of polytrophic isothermal gas, and
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132 Y. Oztiirk, M. Giilsu

has a singularity at the origin and is of fundamental importance in the field of stellar structure,
radiative cooling and modelling of clusters of galaxies.

Let P(r) denote the total pressure at a distance r from the center of spherical gas cloud.
The total pressure is due to the usual gas pressure and a contribution from radiation:

1, RT
P=—¢T +— 1)
3 v

where &, T, R and v are, respectively, the radiation constant, the absolute temperature, the
gas constant, and the specific volume (Parand and Pirkhedri 2010). Let M (r) be the mass
within a sphere of radius  and G the constant of gravitation. The equilibrium equations for
the configuration are

dp GM(r)
= 2
dr r2 @
dmM
— = 471',0r2 3)
dr
where p is the density, at a distance r from the center of a spherical star.
Eliminating M yields:

1d (r*dP G @

=) = —an

r2dr \ p dr P

. . L
Pressure and density p = v~! vary with r and P = Kp'*» where K and m are constant.
We can insert this relation into Eq. (2) for the hydrostatic equilibrium condition and from
this rewrite the equation as:

Km+1_ 1 N 1d [ ,dy
—\m _— — ) = —y" 5
( 47 G )err (r dr Y ©)

where A representing the central density of the star and y is dimensionless quantity that are
both related to p through the following relation:

p=1" (6)

and

r=ax

1
a::(élﬂj;Qk%A)z
4 G

Inserting these relations into our previous relations we obtained the Lane—Emden equation
(Parand and Pirkhedri 2010; Dehghan and Shakeri 2008)

1 d d
G%l)z—w )

x2 dx dx
and simplifying the previous equation we have
4 2 ’ m
y £y +y" =0 x>0 ®)
with the boundary conditions:

y0) =1, y(©) =0 ©9)
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An approximation algorithm for the solution 133

In this paper, we consider the most general the Lane—Emden type equations as:

Py(0)y (1) + Pr(1)y (1) + f(1.y) = g(1) (10)

with initial conditions
y0) =ag. ¥ (0) =0, (11)
where «g and o are constant, P>(t) = 1, Pi(t) = %, f(t,y) is a continuous real val-

ued function and g(¢) € CIO0, 1]. In Biles et al. (2002), the authors proved local existence
of solutions and under additional assumptions, uniqueness of the solutions for the initial
value problem Eq. (10). Since, Lane—-Emden type equations have significant applications in
many fields of scientific and technical world, a variety of forms of f(¢, y) and g(¢) have
been investigated by many researchers. A discussion of the formulation of these models
and the physical structure of the solutions can be found in the literature. For example, for
f,y) = y™, g) = 0, Eq. (10) is the standard Lane—-Emden equation that was used to
model the thermal behaviour of a spherical cloud of gas acting under the mutual attraction of
its molecules and subject to the classical laws of thermodynamics (Agarwala and O’Reganb
2007; Shawagfeh 1993; Davis 1962) and for f (¢, y) = e”, g(¢) = 0, Eq. (10) is the isother-
mal gas sphere equation, where the temperature remains constant (Agarwala and O’Reganb
2007; Shawagfeh 1993).

Several methods for the solution of Lane—Emden equations have been presented, which
are sinc-collocation method (Parand and Pirkhedri 2010), the variational iteration method
(Dehghan and Shakeri 2008), Hermite functions collocation method (Parand et al. 2010),
the modified Homotopy analysis method (Singh et al. 2009), the variational iteration method
(Yildirim and Ozis 2009), the Adomian decomposition method (Hasan and Zhu 2009), Legen-
dre operational matrix method (Pandey et al. 2012) and other methods (Kumar and Singh
2010; Varani and Aminataei 2010; Benko et al. 2009; Aslanov 2008; Yildirim and Ozi§ 2007,
Wazwaz 2001; Pandey and Kumar 2012).

Nowadays, collocation method is very useful for solving differential equations, difference
equations, delay-difference equations, pantograph equations, integro-differential-difference
equations and nonlinear problems such as Abel equation (Sezer 1996; Gulsu and Sezer
2005; Giilsu et al. 2010, 2011a,b,c; Dascioglu and Yaslan 2011; Oztiirk et al. 2011; Oztiirk
and Giilsu 2010). This method is based on matrix relation and matrix equation. Given the
Lane-Emden equation transforms the matrix equation. Using collocation points, we obtain
the system of algebraic equations. Then, solving this system, we obtain the coefficients of
truncated Hermite series.

The aim of this study is to get solution as truncated Hermite series defined by

N
IN() =D ayHy (1) (12)
n=0
where H, (¢) denotes the Hermite polynomials, @, (0 < n < N) are unknown Hermite
coefficients and N is chosen any positive integer.

2 Fundamental Relations

Let us consider the Eq. (10) and find the matrix forms of the equation. We first consider the
solutions yy (x) and its derivatives yl(\l,‘)(x) defined by a truncated Hermit series. Then, we
can write the truncated Hermit series in the matrix form

@) =HnOA and yP @) =HPHA k=0,1,2 (13)
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134 Y. Oztiirk, M. Giilsu

where

H(t) = [Ho(t) Hi(?) ... Hy(1)]
A =Jaga; ... aN]T.

Then, we know that the relation between " and H,,(¢) is
on _ (2n)! Zn: Hy; (1)

oo e CONCES

(14)

and

r

2+l 2n+1)! Z Hyiq1(1)
T2+l Qi + Dn —i)’

n=0,1,2... (15)
i=0

By using Egs. (14-15) and takingn = 0, 1, ..., N we find the corresponding matrix relation
as follows:

XT(r) =MHT () and X(r) = HO)MT (16)
where
X)=[1+t ... tM]
and for even N
oo -
200101 8 0 e
2 2N 2 0
M=| mom O 2o 0
! N N
2N0!(¥)! 2N2!(ﬁ_1)| 2N N10! ]
for odd N
-0 -
200101 ?' 0 0
g 211 g 0
M= | 2?0 0 222111 0
e
2Nl!(¥—l)! Cr 2NN

Then, by taking into account (16), we obtain
H(t) = X(HM") ™! (17)
and
H® @) =XO@oMH™ k=0,1,2 (18)

To obtain the matrix X®(7) in terms of the matrix X(r), we can use the following relation
(Sezer 1996; Gulsu and Sezer 2005; Giilsu et al. 2010, 2011a,b,c; Dascioglu and Yaslan 2011;
Oztiirk et al. 2011; Oztiirk and Giilsu 2010)
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An approximation algorithm for the solution 135
X! (1) = X(1)B!
: 19)
X2(r) = X' (1)B = X(1)B?
where
0 1 0 0
0o 0 2 0
B= 0 0 O 0
0 : 0 N
0 0 O 0

Therefore, the matrix representation of the solution and its derivatives can be given by

YW =XBF M)A, k=0,1,2 (20)

3 Method of solution

In Eq. (10), we assume that f (¢, y) = Po(t) thatis f(¢, y) is linear. For t = 0, Pi(¢) = %
has a singular point. Since t + & — f as ¢ — 0 then lim._.¢ PJ(r + &) = Pi(¢), where
Pi(t+¢&) = Pi(t +¢).
We using collocation points #; defined by
li = (21)

b l =

1
N
and we get the matrix equations
(P(t)X()B2 MY ™ + PF (4 + )X (t)BMD) ™ + Po(t) X ()M ™ HA, = g(1) (22)

So, the fundamental matrix equation is gained

PXB* M) + PIXBM') ™! + PX(MT) " HA, =G (23)
where
[ Pog) 0 0 - 0 Pitlg+e) O 0 .. 0
0 Pyty) O . 0 0 Pi(t1 +¢) 0 0
po=| © 0 Pyr)--- O P = 0 0  Pitate) 0
L 0 0 0 ~~P0('tN) 0 0 0 --~P](Z‘1\}+S)
_ 1 xo xé xév
P> (xp) 0 0 0 1 2 N g(x0)
0 Pxp) 0 - 0 AT g(x1)
p=| O 0 PG 0 x| 12| o_| sk
L O 0 0 - Py(xy) 1 xy XIZV XII\\// gxn)
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Hence, the fundamental matrix Eq. (22) corresponding to Eq. (10) can be written in the
form

WA, =Gor [We;Gl, We=[w;;1,i,j=0,1,...,N (24)
where
W, =P XB* M) ™! + PIXBMT) ™! + PoX(MT) !
On the other hand, the matrix form for conditions can be written as
¥(0) = XO)M") A, = [ugo uor -+ wuon] = [eo]
y D) = XOBDH A, = [u10 ui uiv] = [o] (25)

To obtain the solution of Eq. (10) under conditions (11), by replacing the row matrices (24)
by the last 2 rows of the matrix (23), we have the new augmented matrix

™ woo wol won 5 g(o)
w1 wiy wiy 5 g
[VNVS;F]= (26)
WN_20 WN-2] WN-2N gtn-2)
ugo uo| uon ao
[ uio up uiN ap

The Eq. (25) is a system gf (N+1) Jingar algebraic equations with (N + 1) unknown
Hermit coefficients. If rankW = rank[W; F] = N + 1, then we can write

A, = (W) 'F

Thus the matrix A; is uniquely determined. Also the Eq. (10) with conditions (11) has a
unique solution. This solution is given by truncated Hermit series

yN,e(t) = Ty()A, and so )’N([):gi_l)l}))’N,a([)~

Let assume that f (¢, y) = y™(¢) thatis f(¢, y) is nonlinear. Now, we construct the matrix

form of the nonlinear term.

Yy =y"ly 27)
where
y" @) yi) 0 0
y" ) _ 0 y@ 0
Y" (1) = . Y= | .,
y" ) 0 0 (1)
and using collocation points in Egs. (20, 21)
Y=TA (28)
where
T@) 0 0 A 0 0
_ 0 T() 0 o 0 A 0
T= . . , A= . .
0 0 T(t;) 0 0 A
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An approximation algorithm for the solution 137

then, we construct the following matrix relation
yu) = yu @)y = y" T #)y() = (TA)" ' XMyA (29)

After we obtained the matrix form of nonlinear part, we apply the above procedure.

We can easily check the accuracy of the method. Since the truncated Hermit series (12) is
an approximate solution of Eq. (10), when the solution yy (¢) and its derivatives are substituted
in Eq. (10), the resulting equation must be satisfied approximately; that is (Sezer 1996; Gulsu
and Sezer 2005; Giilsu et al. 2010, 2011a,b,c; Dag¢ioglu and Yaslan 2011; Oztiirk et al. 2011;
Oztiirk and Giilsu 2010), for ¢ = t; €[0,1], ¢=0,1,2, ..

E(tq) = !PZ(tq)y”(tq) + Py (tq)y/(tq) + P(tq)y - g(tq)| =0 (30)
On the other hand, the error can be estimated by the function as

En() = P(0)y" (1) + PL(1)y'(t) + P(t)y — g(1) €19}

4 Tllustrative Examples
In this section, several numerical examples are given to illustrate the accuracy and effective-
ness properties of the method and all of them were performed on the computer using a program

written in Maple 13. The absolute errors in Tables are the values of N, = |y(t) — yn(2)] at
selected points.

Example 1 Let us first consider the following linear homogeneous Lane—-Emden equation
(Parand et al. 2010)

8
v+ ;y’ +ty =10 —1* + 441> — 30t (32)
subject to initial conditions
y(0) =0, y'(0) =0.

Then, Po(1) =1, P{(t) = 72, Pa(1) = land f(1) = 1> — t* + 4412 — 301,

Now, we can apply our technique described in Sect. 3 for N = 4 that is;

4
va(t) = D anHa(0).

n=0

Fundamental matrix relation of this equation is
(PZXBZ(MT)’I +PIXB' M~ + POX(MT)*I)A =F (33)
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where
0 0 0 0 0 0
—4.752929 0 025 0 0 0
F=|-4031250 | Pp=|0 0 050 0 0
2.170898 0 0 0 075 0
14 0 0 0 0 1
1 0 0 00 0
01 00 0 —4.752929
P,=|0 0 1 0 0| F=| —4.031250
000 1 0 0
0 0 0 0 1 0
1 0 0 0 0 50 0 0 0
1 1/4 1/16 1/64 1/256 0 gz O 0 0
X=|1 12 1/4 1/8 1/16 Pi=0 0 g3= 0 0
1 3/4 9/16 27/64 81/256 0 0 0 e O
1 1 1 1 1 0 0 0 0 IL

Also, we have the matrix representation of conditions as,
y0)=[1 0 =2 0 12]A =[0]
Y(©0)=[0 2 0 —12 0]A = [0]
We solve the new augmented matrix with conditions of Eq. (26), we obtain the approximate
solution

) =t*— ¢
which is the exact solution of Eq. (32).

Example 2 Consider the following linear Lane—Emden equation which is the isothermal gas
spheres equation (Dehghan and Shakeri 2008; Agarwala and O’Reganb 2007; Parand et al.
2010; Wazwaz 2001; Pandey and Kumar 2012)

2
Y+ Ty @4+ 6)y =0

with y(0) = 1 and y’(0) = 0. The exact solution of this problem is y(¢) = exp(tz). The
solution of the is obtained forN = 10, 15, 20. For numerical results, see Table 1. Moreover,
we compare the numerical results with Parant (Parand et al. 2010), Wazwaz (Wazwaz 2001)
and Pandey (Pandey et al. 2012; Pandey and Kumar 2012) in Table 2.

Example 3 Consider the following nonlinear Lane—Emden equation which is the temperature
variation of a spherical gas cloud under the mutual attraction of its molecules and subject to
the laws of classical thermodynamics. It also describes the variation of density as a function
of the radial distance for a polytrope. The polytropic theory of stars essentially follows out
of thermodynamic considerations, that deal with the issue of energy transport, through the
transfer of material between different levels of the star (Dehghan and Shakeri 2008; Davis
1962; Parand et al. 2010).

2
Vit Sy =0 (34)

with y(0) = 1 y’(0) = 0. This equation is linear for m = 0, 1 and nonlinear otherwise.
Exact solutions exist only form =0, 1, 5.
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Table 1 Error analysis of Example 2 for the ¢ value

t Exact solution Ne = 10 Ne =15 Ne =20

0.0 1.00000000000000 0.180000E—12 0.28300E—16 0.285000E—18
0.1 1.01005016708416 0.926598E—5 0.140766E—8 0.903323E—11
0.2 1.04081077419238 0.166454E—4 0.193930E—8 0.111835E—11
0.3 1.09417428370521 0.202093E—4 0.219637E—8 0.123630E—11
0.4 1.17351087099181 0.229425E—4 0.243068E—8 0.135491E—11
0.5 1.28402541668774 0.258188E—4 0.270160E—8 0.149890E—11
0.6 1.43332941456034 0.292556E—4 0.304136E—8 0.168347E—11
0.7 1.63231621995537 0.335950E—4 0.347999E—8 0.192421E—1
0.8 1.89648087793049 0.392217E—4 0.405399E—8 0.224083E—11
0.9 2.24790798667647 0.466002E—4 0.481241E—8 0.266033E—11
1.0 2.71828182845904 0.564832E—4 0.582241E—8 0.322054E—11

Table 2 Compare of some methods for Example 2

t Parand et al. (2010) Wazwaz (2001) Pandey et al. (2012) Pandey and Kumar (2012)
0.0 0.0000000000 0.00000000000 0.924E—17 0.000E—0
0.1 —0.0016664188 —0.00166658339 0.528E—9 0.373E—12
0.2 —0.0066539713 —0.00665336710 0.337E-7 0.954E—10
0.5 —0.0411545150 —0.04115395680 0.812E—5 0.143E—6
1.0 —0.1588281737 —0.15882735370 0.493E—3 0.335E—4
Table 3 Numerical result for Example 3
t Exact solution Present method

N =5 Ne=5 N=6 Ne =6 N=17 Ne =17
0.0 1.000000 1.000000 0.000E—0 0.999999 0.100E—9 1.000000 0.000E—0
0.2 0.993346 0.993351 0.479E—5 0.993346 0.163E—6 0.993346 0.162E—7
0.4 0.973545 0.973555 0.951E—5 0.973546 0.279E—6 0.973545 0.243E—7
0.6 0.941070 0.941081 0.112E—4 0.941071 0.311E—6 0.941070 0.263E—7
0.8 0.896696 0.896706 0.117E—4 0.896695 0.319E—6 0.896696 0.265E—7
1.0 0.841470 0.841482 0.115E—4 0.841471 0.314E—6 0.841470 0.257E-7

Case I: Form = 0, Eq. (34) has exact solution y(t) = 1
in Sect. 3 for N = 2, we obtain the exact solution.

Case II: For m = 1, Eq. (34) has exact solution y(¢) =

sin(t)
t

— % . Applying the method developed

We solve the equation approximately, we have the approximate solutions in Table 3.

Moreover, we display the approximate solutions and exact solution in Fig. 1 and errors is
given in Fig. 2.
Case III: For m =5, Eq. (34) has exact solution y(¢) = (1 + %)_1/2. Applying the method
developed in Sect. 3 with Eq. (29), we solve the nonlinear Lane—~Emden equation for some N.
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T
Exact solution
N=5

N=6 H

e e
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P14 14

09 -

0.88 -

0.86 b

0.84

1
0 0.1 0.2 03 0.4 0.5 06 07 0.8 0.8 1

Fig. 1 Approximate solution functions of the Example 3 for Case II
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0 01 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 2 Error function of Example 3 for Case II

Figure 3 compare the approximate solutions and exact solution and Fig. 4 shows errors
functions of the approximate solutions for various N.

Example 4 Consider the following nonlinear Lane-Emden equation which is the isothermal
gas spheres equation (Dehghan and Shakeri 2008; Davis 1962; Parand et al. 2010; Wazwaz
2001)

2
y”+;y’+ey:0
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1.05

A
—— Exact solution *
075 | % Nt %
—#— N=6
07 i i i i i
0 0.1 0.2 0.3 0.4 0.5 06 07 08 09 1
Fig. 3 Plotof yy(x) for N =4, 5, 6 and exact solution for Case III
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Fig. 4 Plot of absolute errors at N = 4, 5, 6 for Case III

withy(0) = 0, y’(0) = 0. In this problem f(x, y) = ¢”. Using Taylor series we can write

T~

+ ...
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Table 4 Error analysis of

Example 4 for the 7 value ! N=5 N=56 N=7
0.0 —0.11000E-5 —0.1390E—-10 —0.2000E—13
0.1 —0.00166967 —0.00167342 —0.00167582
0.2 —0.00666898 —0.00667971 —0.00668593
0.3 —0.01496722 —0.01498441 —0.01499351
0.4 —0.02651361 —0.02653539 —0.02654615
0.5 —0.04123893 —0.04126344 —0.04127508
0.6 —0.05905724 —0.05908324 —0.05909535
0.7 —0.07986759 —0.07989441 —0.07990679
0.8 —0.10355566 —0.10358297 —0.10359544
0.9 —0.12999554 —0.13002301 —0.13003544
1.0 —0.15905132 —0.15905132 —0.15909091

::gzeéetgsgigfgx\;ﬁi C:‘f t Parand Wazwaz Error Parand
0.0 0.0000000000 0.00000000000 0.000000
0.1 —0.0016664188 —0.00166658339 0.585E—06
0.2 —0.0066539713 —0.00665336710 0.604E—06
0.5 —0.0411545150 —0.04115395680 0.558E—06
1.0 —0.1588281737 —0.15882735370 0.820E—-06

-0.02 -

-0.04

144

-0.06 |-
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0.4 05 06

0.7 0.8 0.9

Fig. 5 Approximate solution functions of the Example 4 for various N

We give the numerical results in Table 4 and it is obtained the numerical results by Parand
et al. (2010) and Wazwaz (2001) in Table 5. We plot the approximate solutions in Fig. 5
and errors functions in Fig. 6. Moreover, the numerical results of Parand et al. (2010) and
Wazwaz (2001) is plotted in Fig. 7. The numerical results is the same line in Figs. 5 and 7.
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Fig. 6 Error function of Example 4 for various N

Fig. 7 Approximate solution of 0
the Example 4 by Parand and
Wazwaz

-0.24

-0.4-

-0.61

-0.8 1

|[—HFC ° Wazwaz]

5 Conclusion

A method for the solution of the Lane-Emden equation has been proposed and investigated.
The method was illustrated by accurately solving Lane—Emden equations. Also, efficiency
of this method has been shown in the examples. In recent years, the studies of Lane—~Emden
equation have attracted the attention of many mathematicians and physicists. The Hermit
collocation methods are used to solve the Lane-Emden equation numerically. Illustrative
examples are included to demonstrate the validity and applicability of the technique and per-
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formed on the computer using a program written in Maple 13. To get the best approximating
solution of the equation, we take more forms from the Hermit expansion of functions; that is,
the truncation limit N must be chosen large enough. In addition, an interesting feature of this
method is to find the analytical solutions if the equation has an exact solution that is a polyno-
mial functions. Illustrative examples with the satisfactory results are used to demonstrate the
application of this method. Suggested approximations make this method very attractive and
contributed to the good agreement between approximate and exact values in the numerical
example.
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