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Abstract This paper proposes a new approach to solving
the multistage transmission line expansion planning prob-
lem. The proposed formulation incorporates decisions about
where and when reinforcements should be placed to fit the
desired demand. To accomplish that a expansion decision
variable (ED) is incorporated into an integer, coupled and
extended DC optimum power flow (I-COPF). The proposed
I-COPF problem can be solved by using any commercial
software for integer programming, but to reduce the compu-
tational complexity of this integer problem, a new heuristic
method is presented. So, the integer problem is broken by
adopting two steps: (i) the I-COPF is transformed into a
continuous problem (C-COPF) by using a ED as continuous
variable. This step provides a set ofEDand theLagrangemul-
tipliers for all planning period. The step (ii) uses the response
provided by (i) to determine the optimal reinforcement set.
These two steps are solved interactively during the planning
horizon. To demonstrate the effectiveness of the proposed
methodology, the results of three systems will be compared
with a numerical-based approach provided by a commercial
software and other academic researches.
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1 Introduction

The static transmission system expansion planning (S-TSEP)
consists of determining, among all possibilities, whatever set
of reinforcements is able to attend a given demand consider-
ing all technical criteria with minimum investment cost. In
this type of analysis, each studied reinforcement set presents
constraints such as reactive and active power flows, mul-
tiareas power interchange and voltage limitations. These
characteristics make S-TSEP a very complex process that
deals with continuous and integer variables, which is classi-
fied as a nonlinear mixed-integer programming. The S-TSEP
defines only the optimal locations and type of investments.

Combinatorial methods are able to deal with several
variables producing interesting results; however, the com-
putational time still remains an issue. Moreover, although
nonlinear optimization methods have shown high computa-
tional efficiency, they are not suitable to deal with high-scale
discrete systems.

There are four major groups of algorithms that have been
proposed in the literature to solve mixed-integer program-
ming with electrical power applications. They are based on:
(i) nonlinear programming (Wu et al. 1994); (ii) combinator-
ial (Gil and Da Silva 2001; Binato et al. 2001); (iii) heuristic
(deOliveira et al. 2005; Bustamante-Cedeño andArora 2009;
da Silva et al. 2008); and (iv) evolutionary methods (Leite da
Silva et al. 2011; de la Torre et al. 2008).

If the chronological placement is taken into account, the
problemwill be evenmore complex and it will become amul-
tistage transmission system expansion planning (Ms-TSEP).
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Themathematicalmodel for this optimization problem isNP-
hard, and the convergence time suits a polynomial function
in which parameters are the number of years considered in
the planning horizon and the number of reinforcements. This
means that Ms-TSEP is a large-scale combinatorial problem
and the number of options associated with local minimum
solutions increases exponentially along with the size of the
input parameters.

References (Leite da Silva et al. 2011) and (da Rocha and
Saraiva 2011) studied multistage expansion planning using
meta-heuristics. Reference (da Rocha and João Tomé Saraiva
2012) shows the application of evolutionary particle swarm
optimization to deal with multiperiod planning as well as (da
Rocha and João Tomé Saraiva 2013). Reference (Hinojosa
et al. 2013) proposed a constructive heuristic model based on
a local controlled random search to mitigate the complexity
of the multistage problem.

Analysingnonlinear programming, theyproduce results in
very short computational time, but they are not able to directly
solve mixed-integer programming. For that, it is necessary
to treat discrete variables as continuous ones and, at the end
of the optimization process, round them off to their nearest
discrete values (Liu et al. 2002). However, this strategy does
not provide good results, so the constructive heuristic algo-
rithms have been used to increase the quality of solutions as
shown in references (deOliveira et al. 2005) and (Hinojosa
et al. 2013).

Finally, evolutionary and combinatorial-search approaches
are commonly used to solve mixed-integer programming
models, but as stated before, the problem is NP-hard and
these methods respond to the Ms-TSEP in polynomial time,
indicating that they all suffer from the dimension of large-
scale applications.

To solve theMs-TSEP, this paper presents a new approach
that treats the temporal reinforcements decision by a coupled
DCoptimal power flow that comprises all periods of the plan-
ning horizon. In addition, for reducing the computational
effort, this work presents an constructive algorithm com-
posed of a continuous and an integer steps that are linked by
an iterative process using appropriate sensitivity indexes to
decide where and when the reinforcements should be placed.
Therefore, themain contributions of this paper are a new cou-
pled model for the multistage expansion planning associated
with a suitable constructive heuristic algorithm to solve this
NP-hard problem. The proposed methodology is applied to
a tutorial case and other two well-known test systems.

2 Proposed Formulation

Traditionally, the S-TSEP is modelled using the linear DC
power flow formulation technique, in which the voltage and
stability constraints are represented via active power flow

limits. In this approach, the active power flow ( fi j ) in a given
line i − j is expressed by (1):

fi j = γi j · θi j (1)

where γi j is the susceptance of branch i − j and θi j is the
angular difference between busbars i − j . The decision to
include or not a candidate transmission line to be constructed
requires the modification of equation (1) leading to (2) as
shown in reference (deOliveira et al. 2005):

f Ci j = EDi j · (
γi j · θi j

)
(2)

where f Ci j represents the active power flow in candidate
branch i − j and (EDi j ) is an integer variable (1 or 0) which
represents the decisionof constructingor not the transmission
line i − j .

The proposed extend DC power flow equations include
the year when the transmission line will be built as well as
the active power losses, as shown in Eq. (3):

f C y
i j = EDy

i j · f yi j (3)

where:

f yi j =
(

γi j · θ
y
i j + 1

2
· gi j ·

(
θ
y
i j

)2)

The parameter gi j is the conductance of line i − j and y
represents each year in the transmission planning horizon.
In this formulation, the variable EDy

i j is an integer (1 or 0)
that couples the decisions among the years of the planning
period. For an already existing transmission line, the active
power flow is given only by ( f yi j ).

The integer, coupled and extended DC optimum power
flow (I-COPF) problem for the multistage transmission plan-
ning can be formulated using Eq. (3) as follow:

Min
ny∑

y=0

⎛

⎝
ng∑

n=1

Gcyn · PGy
n +

∑

(i, j)∈C
I cyi j · EDy

i j

⎞

⎠ (4a)

Subject to:

y = 0 : PG0
i −

∑

j∈�Ei

f E0
i j −

∑

j∈�Ci

ED0
i j · f 0i j = D0

i

(4b)

y = 1 : PG1
i −

∑

j∈�Ei

f E1
i j −

∑

j∈�Ci

ED0
i j · f 1i j

−
∑

j∈�Ci

ED1
i j · f 1i j = D1

i (4c)
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y = 2 : PG2
i −

∑

j∈�Ei

f E2
i j −

∑

j∈�Ci

ED0
i j · f 2i j

−
∑

j∈�Ci

ED1
i j · f 2i j −

∑

j∈�Ci

ED2
i j · f 2i j = D2

i (4d)

y = ny : PGny
i −

∑

j∈�Ei

f Eny
i j −

∑

j∈�Ci

ED0
i j · f nyi j −

−
∑

j∈�Ci

ED1
i j · f nyi j ... −

∑

j∈�Ci

EDny
i j · f nyi j = Dny

i (4e)

i = 1, 2, 3, . . . , nb

| fi j | ≤ f i j ,∀(i, j) ∈ E,C (4f)

PGy
i ≤ PGy

i ≤ PG
y
i (4g)

EDy
i j ∈ I|EDy

i j = [0, 1],∀(i, j) ∈ C (4h)

I cyi j = I c0i j
(1 + r)y−y0

,∀(i, j) ∈ C (4i)

where:

E set of existing branches of the network;
C set of transmission lines that are candidates to

expansion;
I cyi j investment cost of the transmission line i − j at

year y (US$);
I c0i j unit investment cost for the reinforcements in

branch i − j (US$);
r discount rate. In this paper, the cost is reduced in

10% per year as adopted in reference (Leite da
Silva et al. 2011);

y − y0 numerical difference between the year stage y and
the first base year y0;

ng number of active power generations in the system;
nb number of busbars in the system;
ny last year of the transmission planning;
PGy

i active power generation at busbar i at year y
(MW);

Gcyi generation cost of unit i at year y (US$/MWh-
year);

PGy
i inferior limit of PGi at year y;

PG
y
i superior limit of PGi at year y;

Dny
i demand at bus i at year y. In this paper Dny

i
increases linearly per year;

f E y
i j active power flow for the existing line i − j at year

y;
f C y

i j active power flow for the candidate line i − j at
year y;

f i j active power flow limit of existing or candidate
transmission line i − j ;

�Ei set of existing transmission lines connected with
bus i ;

�Ci set of candidate transmission lines connected with
bus i ;

Fig. 1 Two-bar system

The first term of the objective function (4a) represents oper-
ational costs of the generation plants, and the second term
represents the investment costs in power system transmis-
sion line for all years of the planning horizon. Equations from
(4b) to (4e) correspond to the extended expressions of theDC
power flow. In the proposed model, all the transmission lines
that are candidates to expansion are included in the network
structure during the I-COPF solution process. These equa-
tions are coupled by the expansion decision variable (EDy

i j ).
This formulation comprises all years of planning in a unique
I-COPF problem.

The constraints (4f) are related to the active power flow
limits of both the existing and candidates transmission lines.
The expression (4g) represents the lower and upper limits
of the active power generation variables. The constraints
(4h) represent the integer expansion variables. Equation (4i)
represents the annualized investment cost of the candidate
transmission lines.

The proposed multistage transmission planning increases
the computational complexity by enlarging the network
orders necessary to represent all the expansion period in an
unique I-COPF problem. For example, suppose a two-bar
system shown in Fig. (1) composed by one existing line
and one candidate line for expansion in year 0 or year 1
or year 2 to suit a load that increases every year of the plan-
ning. In this case, there are three expansion decision variables
(ED0

i j ,ED
1
i jandED

2
i j ) to represent this candidate line in the

I-COPF problem. In general, there are (ny) expansion deci-
sion variables (EDy

i j ) for each candidate transmission line.
Equations. (4b), (4c) and (4d) represent the coupled

expansion network associatedwith the two-bar systemshown
in Fig. (1). It can be observed that the decision to build or not
to build the line in year 0 (ED0

i j = 1or0) is engaged in the
subsequent years 1 and 2 through Eqs. (4c) and (4d), respec-
tively.Then, (ED1

i j ) is engaged in the year 2 through equation
(4d) and so on. Thus, the solution of unique I-COPF problem
brings the lower cost of investment in a long-term vision.

Additionally, I-COPF is also a nonlinear and mixed-
integer optimization problem. Any appropriate toolbox from
existing optimization packages could be used to solve the
proposed approach. However, these toolboxes are highly
time-consuming for this class of problem and, therefore, not
suitable to solve large systems. On the other hand, this paper
proposes a specialized multistage transmission planning
algorithm (Ms-TPA) to increase computational efficiency.
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3 The Proposed Ms-TPA Design

This section describes a specialized algorithm based on
continuous and discrete steps to determine, iteratively, the
optimal reinforcements during the planning horizon. This
heuristic algorithm adopts a search process close to work
(deOliveira et al. 2005) and (de Oliveira et al. 2014) that also
use sensitivity indexes associated with a step-by-step process
tomitigate the integer variables. The advantage of these algo-
rithms is that they have foundhigh-quality solutions spending
low computational effort. These solutions can even be used
as initial generation into a meta-heuristic process, as shown
in (de Mendonça et al. 2014).

The integer formulation (4h) is converted to continuous
one by using theEDvariables ranging from0 to 1, resulting in
a continuous coupled optimal power flow (C-COPF) instead
of I-COPF. As consequence, the NP-hard optimization prob-
lem and computational time explosion are eliminated in
C-COPF problem. Then, C-COPF can be solved many times
with low computational effort.

It can be emphasized that C-COPF can be solved by using
many optimization packages. In this paper, the continuous
coupled optimal power flow is solved by using nonlin-
ear continuous optimization toolbox from LINGO package
(Copyright © LINDO SYSTEMS INC.).

Although the continuous results cannot be used directly
in a expansion decision, these information can be just used
to indicate the direction of the optimum solution. The main
information provided from C-COPF solution is related to
the presence or not of a reinforcement in a given year. The
value of (EDy

i j )will select the most attractive reinforcements
considering all years of the planning horizon. Therefore, the
EDy

i j could be considered as a sensitivity index used to indi-
cate good transmission investments. Equation (5) shows this
index evaluation.

I D1yi j = EDy
i j ,∀(i, j) ∈ C (5)

Another index to enhance the best choice for possible rein-
forcements uses the sensitivities related to the Lagrangian
multipliers (LM). The LM are given by the solution of
C-COPF and provide the marginal costs of a constraint
regarding the objective function. In this case, the LM rep-
resent the sensitivity of the objective function to active
power flow in the branches and it can be used to indicate
interesting places to reinforce the system. Thus, the second
index presented in Eq. (6) evaluates the sensitivity, normal-
ized by the financial costs, of constructing the transmission
line.

I D2yi j = λ
y
i − λ

y
j

I cyi j
(6)

where λ
y
i and λ

y
j are the Lagrangemultipliers associatedwith

the extendedDC power flow constraint for buses i and j (line
i − j), respectively, for year y.

It is important to emphasize that both indexes incorporate
the impact in the long-term decisions because they are calcu-
lated using a coupled problem. This feature of these indexes
results in an efficient search process.

The flowchart of the proposed Ms-TPA is shown in
Fig. (2). The following comments help to explain the pro-
posed algorithm:

Step-1: The algorithm sets the candidate transmission
linesC to be constructed from a user-defined data file. In
addition,REy represents a set of reinforcements at each
year of the planning horizon that starts empty.
Step-2: In this step, the continuous coupled optimal
power flow (C-COPF) is solved by using a nonlinear con-
tinuous optimization toolbox.The results for all years are:
EDy

i j for all (i,j) in C and λ
y
i for all buses of the system.

The sensitivity indexes are computed by Eqs. (5) and (6).
Step-3: Using the values of EDy

i j , it is possible to
determine at which year the reinforcements should be
available. For example, consider that all ED0

i j and ED1
i j

are equal to zero. Then, years y = 0 and y = 1 do not
require reinforcements due to the fact that the existing
transmission lines are able to operate the system. On the
other hand, if at least one ED1

i j is greater than zero, year
y=1 will need reinforcements thus y f will be equal to 1.
Step-4: This step analyses the year y f that needs rein-
forcements. For that, it constructs a dynamic ordered list
for year y f (DOLy f ) based on both sensitivity indexes
I D1

y f
i j and I D2

y f
i j . The two greatest elements of each

index indicate the transmission line candidates to com-
pose the list (DOLy f ). Then, the elements ofDOLy f are
sorted in ascending order regarding the investment costs
I c0i j of its respective transmission line. If two or more
elements of DOLy f have the same cost, the decision is
accounted by the descending order of ED. In addition,
in this step the number of C − COPF simulations is
initialized equal to 0 (N y f = 0).
Step-5: The first element ofDOLy f represents the lowest
investment, and it is always chosen to be tested as an
option. This is done by making the corresponding ED

y f
i j

equal to one in theC−COPF formulation. Considering,
for example,DOLy f = {T L1, T L5, T L2, T L9} leads to
ED

y f
LT1

= 1.
Step-6: SolveC−COPF considering the choice of rein-
forcement suggested in the previous step and increments
N y f . Because first element ofDOLy f was done equal to
one, this step provides a new values of EDy

i j , I D1yi j and

I D2yi j for all years. Two cases may occur as described in
the next step.
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Fig. 2 Flowchart of multistage
transmission planning algorithm
(Ms-TPA)

Step-7: Case (i), if all values of ED
y f
i j (at year y f )

become zero or one, itmeans that the suggested reinforce-
ments are enough for the year y f . So these reinforcements
will be stored in REy f through Step-9, and the first ele-
ment of DOLy f remains equal to one for the rest of the
process as well as the existing transmission line. The next
year will be analysed until the last year (ny) is achieved
as checked in Step-10. If y f is equal to ny , the Step-11
will indicate the final transmission expansion planning
and the process will end.
Step-7: Case (ii), in this case at least one ED

y f
i j is greater

than zero and less than one, which means that the rein-
forcement proposed in the Step-5 is not enough for the
year y f . Then, a new reinforcement option should be
investigated for year y f . This is done in Step-8 described
next.
Step-8: This step is responsible for increasing theDOLy f

to improve the investment options. For this purpose, it
uses the values of ED

y f
i j , I D1

y f
i j and I D2

y f
i j that have

just been calculated in Step-6 in order to choose four
new candidate to reinforce the previous transmission line
investment that was not enough as described in Step-7
case (ii). From this point, the algorithm goes to Step-5
again.

It should be emphasized that dynamic ordered list (DOLy f )

can change during the evaluation of each year y f by adding
others transmission lines options and ranking new best rein-
forcement to be tested. Therefore, the algorithm always
searches for the less expensive reinforcement that attends
operational constrains. This process of updating theDOLy f

and the successive tests prevent the algorithm from being
trapped in a sub-optimal solution. This is the most important
contribution of the proposed methodology.

4 Results

The proposedMs-TPAwas applied to three test systems. The
first one, the six-bus system (Leite da Silva et al. 2011), was
also used as a tutorial case where all steps of the algorithm
were duly demonstrated and the results were compared with
reference (Leite da Silva et al. 2011). The other case stud-
ies, which are well- known Garver system and the equivalent
networks of the South Brazilian systems, represents a real
large expansion planning scenario. In all test systems, the
generation capacity increases at the same rate as demand.
All simulations were obtained using a PC core I7 with
2.93 GHz.
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Fig. 3 Six-bus system diagram

Table 1 Main data for six-bus
system Bus D8 (MW) PG

8
i (MW)

01 – 360

02 – 210

03 – 210

04 210 –

05 210 –

06 210 –

4.1 Six-Bus System

Figure 3 shows the diagram of the six-bus system where
the dashed lines are candidates for the multistage expansion
planning problem. This system presents three generations
and three load buses connected by 11 double-transmission
circuits in the base network. Three candidate transmission
lines per path can be constructed during the planning period
of 8years starting at year 0.

Table 1 shows, for each busbar, the corresponding demand
at the last year, i.e. year 8 (D8), and the generation limits

(PG
8
i ) for the same year. The demand and the generator limits

have a linear increase of 25% per year. These values of the
demand and generator limits come from reference (Leite da
Silva et al. 2011). In addition, Table 2 shows themain data set
of line (C) candidates to the multistage expansion planning.

The process begins in Step-1; after all data were set, the
Ms-TPA goes to Step-2 to run the C-COPF problem. This
simulation results in a continuous ED’s values for all candi-
dates for all planning horizon. Table 3 shows the ED’s values
for the six lines which had at least one ED greater than zero.

Table 2 Six-bus candidates transmission lines

Candidate Resistance Reactance (I c0i j ) Capacity
line (p.u.) (p.u.) (106 US$) (MW)

1–2 0.10 0.40 25 25

1–4 0.10 0.40 25 25

1–5 0.15 0.60 20 20

2–3 0.13 0.50 20 20

2–4 0.05 0.20 40 40

2–5 0.15 0.60 20 20

2–6 0.10 0.40 25 25

3–5 0.13 0.52 20 20

3–6 0.05 0.20 40 40

4–5 0.20 0.80 15 15

5–6 0.15 0.60 20 20

Table 3 ED’s from C-COPF solutions (Step-2)

Year 1–4 1–5 2–4 2–5 3–5 3–6

0 0.00 0.00 0.00 0.00 0.00 0.00

1 0.00 0.00 0.00 0.00 0.00 0.00

2 0.02 0.02 0.00 0.00 0.00 0.00

3 0.41 0.61 0.00 0.00 0.00 0.17

4 0.40 0.62 0.00 0.00 0.00 0.43

5 0.56 1.00 0.00 0.00 0.00 0.27

6 0.03 0.75 0.45 0.00 0.00 0.49

7 0.56 0.00 0.16 0.55 0.28 0.48

8 0.75 0.00 0.00 1.00 0.03 0.43

The other five candidates, not showed in the table, have pre-
sentedED’s equal to zero for all years of the planninghorizon.

The first information that comes from C-COPF solution is
related to the values of ED’s. It can be seen from Table 3 that
all ED’s values are null at years 0 and 1, meaning that the
existing transmission lines are enough for operation in these
periods. However, from year 2 there aremany nonzero values
for ED’s, indicating that multistage expansion planning must
be started in the year 2. From Table 3, year two needs 2%
of reinforcement at lines 1–4 and 1–5, year 3 needs 41%
of reinforcement at lines 1–4, 61% at lines 1–5 and 17% at
lines 3–6 and so on.

Although continuous ED’s values are not acceptable,
they bring important information to obtain sensitive indexes
related to the decision to build or not a given candidate line.
In addition, continuous ED’s values indicate when the rein-
forcement will start. In this case, it will start at year 2. So y f

is initially set to 2 at Step-3.
Another information that come from the C-COPF are the

Lagrange multipliers (LM) related to long-term investment
cost. Table 4 shows the values of these coefficients for year
2, and they will also assemble the set of possible reinforce-
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Table 4 LM from C-COPF solutions (Step-2)

Year 1 2 3 4 5 6

2 0.00 5.74 6.47 7.61 7.63 6.67

Table 5 y f = 2 and linesi j

Index Line1−4 Line1−5 Line2−4 Line3−6

I D12i j 0.02 0.02 0.00 0.00

I D22i j 0.36 0.46 0.05 0.01

Table 6 ED’s from C-COPF solutions (Step-6)

Year 1–4 1–5 2–4 2–5 3–5 3–6

0 0.00 0.00 0.00 0.00 0.00 0.00

1 0.00 0.00 0.00 0.00 0.00 0.00

2 0.00 1.00 0.00 0.00 0.00 0.00

3 0.29 0.00 0.00 0.00 0.00 0.18

4 0.54 0.25 0.00 0.00 0.00 0.43

5 0.56 1.00 0.00 0.00 0.00 0.27

6 0.03 0.75 0.45 0.00 0.00 0.49

7 0.56 0.00 0.16 0.55 0.28 0.48

8 0.75 0.00 0.00 1.00 0.03 0.43

ments for year 2 by using the two highest values of sensitivity
indexes I D12i j and I D22i j , calculated from Eqs. (5) and (6),
respectively.

Table 5 shows I D12i j and I D22i j values where it can be
observed that both indexes indicate lines 1–4 and 1–5 as
reinforcements. As stated in Step-4, the dynamic ordered list
for y f equal to 2 should beDOL2 = {1− 5, 1− 4}, because
lines 1–5 have lower cost than lines 1–4, as shown in Table 2.

Step-5 choose the first element ofDOL2 (Line1−5) to be
tested as possible reinforcement by setting ED2

1−5 = 1 in
the C-COPF formulation that will be run in Step-6. Table 6
shows the ED’s values for the simulation of C-COPF in Step-
6 considering the construction of the lines 1–5 at year 2. It
can be observed that all ED’s values became zero for year 2,
indicating that the option to build the lines 1–5 was enough
for a proper system operation at this year. Therefore, this
reinforcement was stored in (RE2) in Step 9. An important
observation is that ED2

1−5 = 1 does not change for the rest of
the simulation because the lines 1–5 have became equivalent
to an existing line from year 2.

As the planning is not over because there are many ED’s
values between zero and one, the algorithm must return to
Step-3 to identify the next year that needs reinforcements. In
this case, from the C-COPF previously performed at Step-6,
there are twoED’s values greater than zero at year 3, as shown

Table 7 Indexes for y f = 3 and linesi j

Index Line1−4 Line1−5 Line3−6 Line4−5

I D13i j 0.29 0.00 0.18 0.00

I D23i j 0.36 0.21 0.23 0.33

Table 8 Main ED’s from C-COPF Solutions

Year 1–4 1–5 2–4 2–5 3–6 4–5

2 0.00 1.00 0.00 0.00 0.00 0.00

3 0.17 0.00 0.00 0.00 0.11 1.00

4 0.61 0.12 0.00 0.00 0.43 0.00

5 0.57 1.00 0.00 0.00 0.27 0.00

6 0.08 0.88 0.41 0.00 0.43 0.00

7 0.39 0.00 0.28 0.39 0.54 0.00

8 0.76 0.00 0.00 1.00 0.43 0.00

in Table 6, indicating that a reinforcement is necessary, so y f

should be equal to 3.
Similarly, Table 7 shows the sensitivity indexes for year

3 calculated from the results of C-COPF. It can be seen that
for index 1 lines 1–4 and 3–6 present the two highest values,
while index 2 indicated lines 1–4 and 4–5. Therefore, the
dynamic ordered list for year 3 is DOL3 = {4 − 5, 1 −
4, 3 − 6}, based on the line costs of Table 2.

For this DOL3 set, Step-6 is performed again to solve
C-COPF aiming to analyse the lines 4–5 as a possible
reinforcement for year 3. As stated before, this is done con-
sidering ED3

4−5 = 1 in a C-COPF. As shown in Table 8, the
lines 4–5 do not meet all constraints at year 3 and another
reinforcement must be found to be joined with lines 4–5. The
new sensitivity indexes were then calculated again. From the
new index I D13i j , lines 1–4 and 3–6 are selected to compose

the reinforcement for lines 4–5 and the index I D23i j indicates
lines 1–4 and 2–3.

So at Step-8, DOL3 replaces lines 4–5 by all pairs of
reinforcements composed by lines 4–5 and the lines indicated
by new indexes I D13i j and I D23i j , resulting in newDOL3 =
{(1−4), (3−6), (4−5/2−3), (4−5/1−4), (4−5/3−6)}.
These pairs are placed at the end ofDOL3 because they have
a higher cost than a single transmission line options. Then, the
first element ofDOL3 is now the lines 1–4 and the proposed
algorithm starts to test these lines in Step-6. In this case,
ED3

4−5 goes back to range from zero to one and ED3
1−4 = 1

in a C-COPF.
After running the C-COPF problem (Step-6) again, it is

verified that transmission lines 1–4 are enough to meet the
operational constraints at year 3 because others ED’s in year
3 are equal to zero. Thus, ED3

1−4 remains equal to one for the
rest of the simulation and RE3 = {1 − 4}. So the algorithm
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Table 9 Main ED’s from year 2 to year 4

Year 1–4 1–5 2–4 3–5 3–6 4–5

2 0.00 1.00 0.00 0.00 0.00 0.00

3 1.00 0.00 0.00 0.00 0.00 0.00

4 0.00 0.17 0.00 0.00 0.60 0.00

Table 10 Indexes for y f = 4 and Linesi j

Index Line1−4 Line1−5 Line3−5 Line3−6

I D14i j 0.00 0.17 0.00 0.60

I D24i j 0.12 0.40 0.34 0.23

Table 11 Final multistage expansion planning

Year Reinforcements—RE Cost—millions of US$ N y f

2 1–5 16.526 1

3 1–4 18.782 2

4 1–5 and 3-6 40.980 9

5 1–4 15.523 4

6 1–5, 2–6 and 3-5 36.689 20

7 1–4 and 2–5 23.091 7

8 2–4 and 3–6 37.320 26

Total 12 188.911 69

goes on. This example has shown the dynamism of DOL3

avoiding sub-optimal investment.
The next year that needs reinforcements is the year num-

ber 4 as shown in Table 9. For that, Table 10 shows the
indexes results where the selected possible reinforcements
are DOL4 = {1− 5, 3− 5, 3− 6}. In this case, all the three
possible reinforcements have required new reinforcements.
After running C-COPF to evaluate these options, theDOL4

list became {(1− 5, 3− 6), (3− 5, 2− 4), (3− 6, 1− 4)...}.
Thus, the first element of DOL4 (pair of lines 1–5 and 3–6)
was tested in Step-6, and no more requirements were nec-
essary to operate the system properly. Therefore, RE4 =
{(1 − 5, 3 − 6)}.

The analysis of years 5, 6, 7 and 8 by using the pro-
posed algorithm completes the expansion planning during
the period of 8years. The multistage transmission plan-
ning found by the proposed approach is the same presented
in reference (Leite da Silva et al. 2011). Table 11 shows
the timeline when each selected line must be constructed.
The last column of this table shows the number of the C-
COPF runs to find the best investment for each year. Year
6 spent 20 runs of C-COPF because three lines were nec-
essary for increasing DOL6. Despite year 8 receiving only
two reinforcements, it spent 26 C-COPF runs because these
two reinforcement are more expensive than others and they

required the test of many groups composed for three cheaper
lines.

While reference (Leite da Silva et al. 2011) spent about
23min, the proposed Ms-TPA has spent about 6min to solve
this transmission expansion planning, indicating that theMs-
TPA is suitable to analyse large-scale systems.

Two other simulations were performed with the proposed
algorithm, but using only one index for forming theDOL. In
the first simulation, it has considered only the index I D1yi j ,
resulting in a multistage expansion planning equal to 191.16
million US$. For the index I D2yi j , the cost was US$ 234.92
million. Although these two expansion plans were more
expensive than the previous one shown in Table 11, they
represent good planning options for the planner assessment.

To check the best results obtained usingMs-TPA, another
simulation was carried out using the nonlinear integer opti-
mization toolbox (NLI) from LINGO package (Copyright ©
LINDO SYSTEMS INC.) to solve directly the proposed I-
COPF. However, the information that years 0 and 1 have no
reinforcements and the maximum number of reinforcements
is 3 for each year is added as constraints of the proposed I-
COPF. These additional constraints made the NLI algorithm
able to solve I-COPFby reducing theCPU time.After 18min,
the NLI converged to exactly the same results presented in
Table 11.

4.2 Garver System

This is a well-known system proposed in (Garver 1970)
which has been commonly used in many works that address
the problemof transmission expansion planning. This system
is formed by six busbars, six existing circuits on base topol-
ogy and 15 candidate transmission line paths where three
parallel transmission lines per path are allowed. The Ms-
TPA is tested considering the losses in the circuits as well as
the redispatch of the generating units.

Initially, the proposed methodology was used to simulate
the S-TSEP by considering only the last year of the plan-
ning (year 10). For this simulation, the problem was solved
three times, once for each index and again for both indexes
simultaneously. The results for these simulations are shown
in Table 12. It should be emphasized that the best solution is
the same that was obtained from reference (deOliveira et al.
2005).

For the multistage transmission system expansion plan-
ning (Ms-TSEP) studies, the proposedmethodologyMs-TPA
was applied to the Garver system considering 10years of
horizon planning starting at year 0. Both load and generation
increase linearly from year 0. The demand at year 0 was con-
sidered equal to 10% of the values corresponding to year 10.
For the generation capacity, it was adopted 25%.

Under these conditions, Table 13 shows the Ms-TSEP
results where it can be observed that the best planning
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Table 12 Planning at year 10 for Garver system

Selected paths I D110i j I D210i j I D110i j and I D210i j

04–06 3 2 2

02–06 1 1 1

03–05 1 2 1

02–03 1 1 1

Total cost 106 US$ 160.00 150.00 130.00

Table 13 Results for multistage Garver system

Years I D1yi j I D2yi j I D1yi j and I D2yi j
Plan-1 Plan-2 Plan-3

2 04–06 04–06 04–06

5 02–06 04–06 02–06

6 03–05 – 03–05

7 – 03–05 –

8 04–06 02–06 04–06

10 02–03 02–03 02–03

Total Cost 106 US$ 198.20 195.54 198.20

was obtained by using only the index I D2yi j , Plan-2. In
other words, these results show more than one long-term
investment option. For example, the Plan-2 performs the
postponement of building lines 03–05 in year 6. Although
it could be the best solution, the planner may adopt another
scenario due to uncertainties or constrains not considered in
the initial settings. This feature allows extending the financial
and budget analysis.

To check the performance ofMs-TPA, it should be empha-
sized that also the best planning has been obtained by using
the NLI from LINGO to solve the proposed problem I-COPF
for Garver system.

4.3 South Brazilian System

The equivalent South Brazilian system comprises the most
important busbars and branches of the respective real system.
In the base network, it presents 46 busbars and 62 transmis-
sion lines. Standard data of this system for static expansion
problem can be found at reference (Romero and Monticelli
1994).

To test the proposed Ms-TPA, the multistage expansion
problem for this case study considers a 10-year planning hori-
zon where each path can receive up to three transmission line
reinforcements during the planning period. The total demand
is 6880.0 MW in the tenth year (D10), and at year 0, (D0)
is equal to 35% of (D10) varying linearly from D0 to D10.

The total generation is 10,545.0MW in the tenth year (PG
10
i ),

and in year 0, (PG
0
i ) is made equal 35% of (PG

10
i ) varying

linearly from PG
0
i to PG

10
i . Under these considerations, two

cases were simulated:
Case 1, without transmission losses by setting all gi j equal

zero in equation (3). For this simulation, the set of candidates
C = {13−20; 20−23; 20−21; 42−43; 46−06; 05−06} and
I c0i j = {7120.0; 6268.0; 8178.0; 8178.0; 16005.0; 8178.0}
times 103 US$ were adopted. The set C was obtained in ref-
erence (Romero and Monticelli 1994) for static planning at
year 10, where generation rescheduling was allowed.

Case 2, with transmission losses by setting gi j to the
respective value given in (Romero and Monticelli 1994).
For this simulation, the set of candidate lines used in case
1 is not able to meet the load without load shedding at bus-
bars BLS = {04; 20; 24}. So the new set of candidates
for case 2 is composed by C and the candidates connected
to BLS is equal to {04 − 02; 04 − 05; 04 − 09; 04 −
11; 20 − 18; 24 − 25; 24 − 33; 24 − 34}. The transmis-
sion investment cost associated with these new candidates
is {5965.0; 4046.0; 6217.0; 14,247.0; 12,732.0; 8178.0;
9399.0; 10,611.0} times 103US$, respectively. Thus, the
number of candidate increased to 14 lines.

Table 14 shows the results for these cases by using both
indexes at the same time. The first column indicates the year
the reinforcement lines were added. As expected, the inclu-
sion of losses has resulted in a major investment cost to
reinforce the system by anticipating the operation of some
transmission lines as well as by demanding the construction
of more expensive lines 18–20 instead of lines 13–20 as seen
at year 10. These aspects show the importance to consider the
active transmission line power losses to evaluate the planning
in a more realistic way. However, the largest set of candi-
dates lines and the fact that transmission losses introduces
nonlinear equations lead the C-COPF formulation difficult
to be solved, requiring more computational time. While case
1 spent 4min running a total of 16 C-COPF, case 2 has spent
34 minutes of CPU time running a total of 14 C-COPF.

Other simulations were carried out by using NLI from
LINGO to directly solve the proposed I-COPF. These sim-
ulations have considered the same candidates transmission
lines and adding information from previous results of Ms-
TPA as follows: (1) the planning begins at year 1, and (2)
the maximum number of expansion transmission lines to be
constructed in each year is equal to the number given by
Table 14. These constraints are enough tomake theNLI algo-
rithm able to solve I-COPF by reducing the CPU effort to a
suitable computational time.

For case 1, NLI spent 12 hours of simulation and 28 hours
for case 2. However, for both cases the results are the same
as shown in Table 14. As expected, the inclusion of nonlin-
earities imposed by transmission losses and the larger set of
candidates lines have led the NLI to spend more computa-
tional time to solve the problem.
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Table 14 Results for case 1 and
case 2

Years Case 1 Cost Case 2 Cost
lines 106 US$ lines 106 US$

1 20–21 19.283 20–21 19.283

2 – – 42–43 17.530

3 42-43 15.936 05-06 and 46–06 47.125

4 – – – –

5 46–06 and 05–06 38.946 05–06 13.170

6 05-06 11.973 – –

7 – – 20–23 and 20–21 19.227

8 20–23 and 20–21 17.479 – –

9 – – – –

10 13–20 7.120 18–20 12.732

Total 8 110.739 8 129.067

5 Conclusion

This paper has presented a new technique for multistage
transmission system expansion planning considering the
coupled time investment. From the results obtained, the fol-
lowing aspects can be emphasized:

The multistage optimal power flow (I-COPF) proposed
in this work has allowed the treatment of the nonlinearities
and integer variables introduced by the transmission active
losses and coupled expansion planning variable. In addition,
the I-COPF problem can be solved for a small systems using
an integer optimization package.

The complexity of the combinatorial search of I-COPF
is avoided by using a continuous expansion variable to
mitigate integer variable resulting in a continuous and
nonlinear coupled (C-COPF) formulation that can be fast
solved by using any continuous and nonlinear optimizations
packages.

The C-COPF problem provides fast convergence and
quality indexes represented by the continuous variable and
Lagrangemultipliers that are used to indicate good reinforce-
ments during the step-by-step process.

Both the transmission losses and the high number of candi-
date lines make the proposed Ms-TPA more complex. How-
ever, the multistage expansion problem can still be solved in
a reasonable computational time for planning matters.

The Ms-TPA proposed in this paper is very efficient to
handle a large system together with extensive horizon plan-
ning spending low computational effort. This is an important
contribution of this paper because these characteristics are
not obtained in other methods presented in the literature.

Acknowledgments The authors would like to thank CAPES/PNPD,
CNPq and FAPEMIG for the financial support.

References

Binato, S., De Oliveira, G., & De Araújo, J. (2001). A greedy ran-
domized adaptive search procedure for transmission expansion
planning. IEEE Transactions on Power Systems, 16(2), 247–253.

Bustamante-Cedeño, E., & Arora, S. (2009). Multi-step simultaneous
changes constructive heuristic algorithm for transmission network
expansion planning.Electric Power SystemsResearch, 79(4), 586–
594.

da Rocha, M. C. & Saraiva, J. T. (2011). Multiyear transmission
expansion planning using discrete evolutionary particle swarm
optimization. InEnergymarket (EEM), 20118th international con-
ference on the European, IEEE, (pp. 802–807).

da Rocha, M. C., & Saraiva, J. T. (2012). A multiyear dynamic trans-
mission expansion planning model using a discrete based epso
approach. Electric Power Systems Research, 00(93), 83–92.

da Rocha, M. C., & Saraiva, J. T. (2013). A discrete evolutionary pso
based approach to the multiyear transmission expansion planning
problem considering demand uncertainties. Electrical Power and
Energy Systems, 00(45), 427–442.

da Silva, A., da Fonseca Manso, L., de Resende, L., & Rezende, L.
(2008). Tabu search applied to transmission expansion planning
considering losses and interruption costs. In Probabilistic methods
applied to power systems, 2008. PMAPS’08. Proceedings of the
10th international conference on, IEEE, (pp. 1–7).

de la Torre, S., Conejo, A., & Contreras, J. (2008). Transmission expan-
sion planning in electricity markets. IEEE Transactions on Power
Systems, 23(1), 238–248.

de Mendonça, I. M., Junior, I. C. S., & Marcato, A. L. (2014). Static
planning of the expansion of electrical energy transmission sys-
tems using particle swarm optimization. International Journal of
Electrical Power and Energy Systems, 60, 234–244.

de Oliveira, E. J., Rosseti, G. J., de Oliveira, L. W., Gomes, F. V., &
Peres,W. (2014). New algorithm for reconfiguration and operating
procedures in electric distribution systems. International Journal
of Electrical Power and Energy Systems, 57, 129–134.

deOliveira, E., daSilva, I, Jr, Pereira, J., &Carneiro, S, Jr. (2005). Trans-
mission system expansion planning using a sigmoid function to
handle integer investment variables. IEEE Transactions on Power
Systems, 20(3), 1616–1621.

Garver, L. L. (1970). Transmission network estimation using linear pro-
gramming. IEEE Transactions on Power Apparatus and Systems,
20(3), 1688–1697.

123



282 J Control Autom Electr Syst (2015) 26:272–282

Gil, H., & Da Silva, E. (2001). A reliable approach for solving the
transmission network expansion planning problem using genetic
algorithms. Electric Power Systems Research, 58(1), 45–51.

Hinojosa, V. H., Galleguillos, N., & Nuques, B. (2013). A simu-
lated rebounding algorithm applied to the multi-stage security-
constrained transmission expansion planning in power systems.
Electrical Power and Energy Systems, 00(47), 168–180.

Leite da Silva, A., Rezende, L., Honorio, L., & Manso, L. (2011). Per-
formance comparison of metaheuristics to solve the multi-stage
transmission expansion planning problem. Generation, Transmis-
sion and Distribution, IET, 5(3), 360–367.

Liu, M., Tso, S., & Cheng, Y. (2002). An extended nonlinear primal-
dual interior-point algorithm for reactive-power optimization of
large-scale power systems with discrete control variables. IEEE
Transactions on Power Systems, 17(4), 982–991.

Romero, R., & Monticelli, A. (1994). A hierarchical decomposition
approach for transmission network expansion planning. IEEE
Transactions on Power Systems, 9(1), 373–380.

Wu, Y., Debs, A., & Marsten, R. (1994). A direct nonlinear predictor-
corrector primal-dual interior point algorithm for optimal power
flows. IEEE Transactions on Power Systems, 9(2), 876–883.

123


	A Coupled Model to Multistage Transmission Expansion Planning
	Abstract
	1 Introduction
	2 Proposed Formulation
	3 The Proposed Ms-TPA Design
	4 Results
	4.1 Six-Bus System
	4.2 Garver System
	4.3 South Brazilian System

	5 Conclusion
	Acknowledgments
	References




