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Abstract

The invariant v-number was introduced very recently in the study of Reed-Muller-type codes.
Jaramillo and Villarreal (J. Combin. Theory Ser. A 177:105310, 2021) initiated the study of
the v-number of edge ideals. Inspired by their work, we take the initiation to study the v-
number of binomial edge ideals in this paper. We discuss some properties and bounds of the
v-number of binomial edge ideals. We explicitly find the v-number of binomial edge ideals
locally at the associated prime corresponding to the cutset ). We show that the v-number
of Knutson binomial edge ideals is less than or equal to the v-number of their initial ideals.
Also, we classify all binomial edge ideals whose v-number is 1. Moreover, we try to relate
the v-number with the Castelnuvo-Mumford regularity of binomial edge ideals and give a
conjecture in this direction.

Keywords v-number - Binomial edge ideals - Castelnuovo-Mumford regularity -
Initial ideals - Completion set
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1 Introduction

Let R = K|[x1,...,x,] = @20:0 R, denote the polynomial ring in n variables over a field
K with the standard grading. For a graded ideal I of R, the set of associated prime ideals of
I, denoted by Ass(/) or Ass(R/I), is the collection of prime ideals of R of the form (I : f)
for some f € Ry;. In 2020, Cooper et al. introduced a new invariant, called v-number, for
graded ideals of R during the study of Reed-Muller-type codes [7].

Definition 1.1 ([7, Definition 4.1]) Let I be a proper graded ideal of R. The v-number of I,
denoted by v(I), is defined by

v(I) :=min{d > 0|3 f € Ry and p € Ass(I) with (I : f) = p}.
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For each p € Ass(/), we can locally define v-number as
Vp(I) :=min{d > 0|3 f € Rg with ({ : f) =p}.
Then v(I) = min{vy (1) | p € Ass(])}.

This invariant of 7 helps us understand the asymptotic behaviour of the minimum distance
function §; of projective Reed-Muller-type codes (see [7]). So far, very little is known about
the v-number, and [3, 11, 16, 32] are the only papers written in this direction. The first paper
entirely devoted to the v-number was written by Jaramillo and Villarreal [16], where they
studied the v-number of edge ideals. Motivated by their work in Jaramillo and Villarreal [16],
we take the initiation to study the v-number of binomial edge ideals.

Definition 1.2 Let G be a simple graph on the vertex set V(G) = [n] = {1, ..., n} with the
edge set E(G). Consider the polynomial ring § = K[x1, ..., X, y1,..., yo] over afield K.
Then the binomial edge ideal of G, denoted by Jg, is an ideal of S defined as

Jg = <f,-j =x;y; —x;yi | {i, j} € E(G) with i < j)‘

The study of binomial edge ideals was started in 2010 independently through the articles
[13] and [26]. Since then, this has become an intensive research topic in combinatorial
commutative algebra. A binomial edge ideal has a natural determinantal structure in the
sense that it can be seen as an ideal generated by a set of 2 x 2-minors of a 2 X n matrix
X of indeterminates. One of the primary motivations behind studying these ideals is their
connection to algebraic statistics, particularly their appearance in the study of conditional
independence statements [13, Section 4]. Moreover, it is proved in Conca et al. [4] that
binomial edge ideals belong to the class of Cartwright-Sturmfels ideals, which was introduced
in Conca et al. [5] inspired by the work of Cartwright and Sturmfels [2] and has many nice
properties.

Generally, people study algebraic properties and invariants of binomial edge ideals by
investigating the underlying graphs’ combinatorics. So far, lots of studies have been done
on binomial edge ideals in several directions (see the survey paper [29] and the references
therein). In this paper, we give a new direction in the study of binomial edge ideals by
investigating their v-number. We discuss some properties of the v-number of binomial edge
ideals and their initial ideals. There are many papers ([9, 18, 19, 21, 28]) on the upper bound
of (Castelnuovo-Mumford) regularity of binomial edge ideals, but the general lower bound
of the regularity of binomial edge ideals is only given by Matsuda and Murai [24]. We try to
establish a new lower bound on the regularity of binomial edge ideals using the v-number and
give a conjecture on the relation between v-number and regularity of binomial edge ideals.
The paper is organized in the following manner:

In Section 2, we discuss the necessary prerequisites. In Section 3, we study some properties
of the v-number of binomial edge ideals. For a vertex v of a graph G, we denote by G, the
following graph:

V(Gy) = V(G) and E(G,) = E(G)U{{i, j} | i,j € No(v),i # j}.

Corresponding to a vertex v of a graph G, we have the following exact sequence (see [8,
Proof of Theorem 1.1]):

0— S/Jg — S/Jg, @S/(]G\{U},xv, yv) — S/<JGU\{U},xv,yv> — 0.

The graphs G \ {v}, Gy, G, \ {v} play an important role in the study of binomial edge
ideals. These graphs and the above exact sequence help inductively to study the invariants
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The v-Number of Binomial Edge Ideals

(like regularity, depth, etc.) and properties (like unmixed, Cohen-Macaulay, etc.) of Jg. In
Proposition 3.3, we show how v(Jg) is related to v(Jg,) and v(JG\(v}). Then we define
completion set of G (Definition 3.4) with minimum and maximum completion number of G
(denoted by min-comp(G) and max-comp(G), respectively) to find some bounds on v(Jg).
We explicitly find vy (G), the v-number of J locally at Py(G), and get a combinatorial upper
bound of v(Ji) in the following theorem:

Theorem 3.6 Let G be a simple graph. Then vy (Jg) = min-comp(G). In particular, we have
v(Jg) < min-comp(G).

As a corollary of Theorem 3.6, we get y (G) < vy(G) in Corollary 3.9, where G is a con-
nected non-complete graph and y (G) denotes the domination number of G. In Theorem 3.11,
we prove the additivity of v-number for some radical ideals, and as an application of Theorem
3.11, we get the additivity of v-number of binomial edge ideals as follows:

Corollary 3.12 Let G = G U Gy be a graph. Then v(Jg) = v(Jg,) + v(Jg,).

Next, we try to establish a relation between the v-number of binomial edge ideals and their
initial ideals. We show that under some circumstances, v(Jg) < v(in(Jg)) in Theorem 3.15
and as an application we getin Corollary 3.17 that v(Jg) < v(in<(J¢)) for Knutson binomial
edge ideals. In Example 3.18, we show that the v-number of initial ideals of binomial edge
ideals depends on the labelling of vertices. Finally, we end up this section by classifying all
binomial edge ideals with v-number 1 as follows:

Theorem 3.20 Ler G be a simple connected graph. Then v(Jg) = 1 if and only if G =
cone(v, H) for some non-complete graph H.

Section 4 of this paper is devoted to study the relation between regularity and v-number
of binomial edge ideals. In [6, Corollary 2.7], Conca and Varbaro showed that for a graded
ideal 7 in a polynomial ring R with a square-free initial ideal in- (/) for some term order <,
we have reg(R/1) = reg(R/in-(1)). Using this fact and looking at the initial ideal, we try
to give a relation between the v-number and regularity of binomial edge ideals. One of the
main results of this section is the following:

Theorem 4.5 Let G be a chordal graph. Then max-comp(G) < reg(S/Jg). In particular, we
have v(Jg) < vg(Jg) < max-comp(G) < reg(S/Jg).

Also, we show that vy(Jg) < reg(S/Jg) in Theorem 4.6 for some classes of graphs,
including whisker graphs (see Corollary 4.8). In Example 4.9, we show that vy (Jg) could
be a better lower bound for reg(S/Jg) than the lower bound given by Matsuda and Murai
in [24]. Also, we show in Example 4.10 that this lower bound is tight by providing a graph
G, which satisfies v(Jg) = vg(Jg) = reg(S/Jg). At the end, we show that for a given
n € N, there exists a graph G satisfying reg(S/Jg) — v(Jg) = n (see Theorem 4.11), i.e.
the difference between v-number and regularity of Jg can be arbitrarily large. In the last
section (Section 5), we put some open problems to give a future direction on the study of
v-number of binomial edge ideals. Also, due to Theorems 4.5, 4.6, and some evidence from
our computations, we conjecture the following:

Conjecture 5.3 Let G be a simple graph. Then vg(Jg) < reg(S/Jg). In particular, we have
v(Jg) < reg(S/Jc).

N.B. Some of the results presented in this article bear resemblance to those found in
Jaramillo-Velez and Seccia [17], it’s worth noting that our approaches were distinct and
undertaken independently.
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2 Preliminaries

Let R = K|[xi, ..., x,] be a polynomial ring over a field K, with the standard gradation.
An ideal I of R is said to be a monomial ideal if I is generated by a set of monomials and
the unique minimal generating set of / is denoted by G (/). A monomial ideal / is said to
be square-free if G(I) consists of only square-free monomials. It is a well-known fact that
square-free monomial ideals are radical ideals and their associated prime ideals are generated
by a set of variables. Let < be a monomial order on R. For a graded ideal / € R, we denote
the initial ideal of I with respect to < by in. (/). For a monomial m € R, the support of
m, denoted by supp(m), is defined as supp(m) := {x; | x; divides m}. In this article, every
ideal is assumed to be graded.

In this paper, we assume all graphs are simple and whenever applicable connected also.
For T € V(G), we write G \ T to denote the induced subgraph of G on the vertex set
V(G) \ T. Again by G[T], we mean the induced subgraph of G on the vertex set T'. For a
vertex v € V(G), we say Ng(v) = {u € V(G) | {u, v} € E(G)} the neighbour set of v in
G. We write Ng[v] := Ng(v) U {v}. A path from u to v of length n in G is a sequence of
vertices u = vg, ..., v, = v € V(G), such that {v;_1,v;} € E(G) foreach1 <i < n, and
Vi 75 vj if i 7& j
Definition 2.1 A path graph on n vertices, denoted by P,, is a graph whose vertex set can
be ordered as vy, ..., v, such that E(P,) = {{vi, vi+1} | 1 <i < n — 1}. The length of P,
is the number of edges in P,, which is n — 1. An induced path of a graph G is an induced
subgraph of G, which is a path graph. We denote by £(G) the maximum length of an induced
pathin G.

Definition 2.2 A cycle of length n, denoted by C,, is a graph with n vertices vy, ..., v, such
that E(G) = {{vi, vit1} | 1 <i <n—1}U {{v1, v,}}. A graph is said to be chordal if it has
no induced cycle C, forn > 4.

Definition 2.3 A graph is said to be complete if there is an edge between every pair of vertices.
We denote a complete graph on n vertices by K,.

Remark 2.4 A vertex v € V(G) is said to be a free vertex of G if N (v) is a complete graph.
It follows from [27, Proposition 2.1], that, v is a free vertex of G if and only if v ¢ T for all
T € €(G). Also, from [8, Proof of Theorem 1.1] it is observed that T € ¥’ (G,) if and only
ifvé Tand T € €(G).

Definition 2.5 Let G be a graph with V(G) = [n]. A path 7w : i = i, i1,...,i, = j fromi
to j withi < j in G is said to be an admissible path if the following hold:

1. iy #ijfork #1,

2. Foreachk € {1,...,r — 1}, we have either iy < i oriy > j;
3. The induced subgraph of G on the vertex set {ip, ..., i,} has no induced cycle.
Remark 2.6 Corresponding to an admissible path 7 : i = iy, i1, ..., i = j fromi to j with

i < jin G, we associate the monomial
o= (I ) (1)
ik>j i]<i

Then G = {uy f;; | m is an admissible path from i to j with i < j} is a reduced Grobner
basis of Jg with respect to < by [13, Theorem 2.1]. Therefore, we have

G(in<(Jg)) = {uzx;y; | 7 is an admissible path from i to j with i < j}.
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The v-Number of Binomial Edge Ideals

Primary Decomposition of Binomial Edge Ideals

Avertex v € V(G) is said to be a cut vertex of G, if removal of v from G increases the number
of connected components. Let G be a graph on the vertex set V(G) = [n]. Aset T C [n]is
said to be a cutset of G if each t € T is a cut vertex of G \ (T \ {t}). We denote by %' (G)
the set of all cutsets of G. For T C [n], we denote the number of connected components of
the graph G \ T by ¢ (T) (or sometimes by c(7) if the graph is clearly understood from the
context). Let G, ..., G(r) be the connected components of G \ T'. For each G;, we denote
by Gi, the complete graph on the vertex set V (G;). We set

Pr(G) = <U{xln Vit Jgys e Jéc(r>>'

ieT
Then Pr(G) is a prime ideal. By [13, Corollary 2.2], J; is a radical ideal and from [13,
Corollary 3.9], the minimal primary decomposition of Jg is

o= () PrG.

Te% (G)

Note: Instead of writing vp,(G)(J), the v-number of Jg locally at an associated prime
Pr(G), we will denote it by v7 (Jg).

Remark 2.7 For a prime ideal p in R, we have (p : 1) = p and hence, v(p) = 0. Note that
for a graph G, Py(G) is a disjoint union of binomial edge ideals of complete graphs. Hence,
we have v(Jg,) = 0 and if G is a disjoint union of complete graphs, then also v(Jg) = 0.

Remark 2.8 Let / be aradical ideal with I = p; N ---Npg as a primary decomposition. Then
we have by [1, Exercise 1.12, Lemma 4.4] that ({ : ) = p; ifand onlyif f ¢ p; and f € p;
for all j # i. We will use this fact frequently in our proofs.

3 Properties of the v-Number of Binomial Edge Ideals

In this section, we study some properties of the v-number of binomial edge ideals. We
explicitly find vy (Js) and give a combinatorial upper bound of v(Jg). We try to establish the
relation between v(Js) and v(in< (Jg)). Finally, we classify all binomial edge ideals with
v-number 1.

Proposition 3.1 Let G be a simple graph on the vertex set [n]. Then for any vertex i € [n],
we have (Jg : x;) = Jg, and (Jg : y;) = Jg;.

Proof We first prove Jg, € (Jg : x;). Note that Jg, = Jg + (qu | p,g € Ng(i),p <
q,{p.q} ¢ E(G)). Since Jg € (Jg : x;), it is enough to show that f),, € (Jg : x;) for
p,q € Ng(i) with p < g and {p, q} ¢ E(G). Now we can write

Xi fpqg = Xi(XpYq — Xq¥p)
= XiXpYg — XpXqYi T XpXqYi — XiXqYp
= Xpfig +Xq fpi-
Since {p, i}, {i, q} € E(G), we get x; fq € Ji. Hence, Jg; € (Jg : x;).

Now, we will show (Jg : x;) € Jg,. Let f € (Jg : x;). This implies fx; € Jg. We
know that J¢ € Jg, € Pr(G;), forall T € €(G;). Thus, we get fx; € Pr(G;), for
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all T € 4(G;). By Remark 2.4, €(G;) = {T € €(G) | i ¢ T}. Thus, x; ¢ Pr(G;)
for all T € %(G;). Therefore, we get f € Pr(G;) for all T € ¥(G;), which implies
fe mTE%’(G,-) Pr(Gj) = Jg, . Hence, (Jg :xi) C JG;-

Similarly, one can show that (Jg : y;) = Jg,. The proof follows same as the above, where
for the first part of the proof, we get f,qyi = Y4 (fpi) + yp(fig)- m}

Proposition 3.2 Let G be a simple graph on vertex set [n]. Then for i, j € [n] we get
(G))j = (G))i.

Proof 1t is enough to prove that J(G,); = J(G,),- By Proposition 3.1, we can write Jg,);, =
(Jg; txj) = ((Ug = xi) 1 xj) = (Jg  xixj) = (Jg  xjxi) = ((Jg : xj) 1 xi) = (Jg; :
Xj) = J(Gj)i' O

Proposition 3.3 Let G be a simple graph. Then the following hold:

(a) For any v € V(G), we have v(Jg) < v(Jg,) + L.

(b) Foravertex v of G, if there exists a cutset T of G such thatv ¢ T andv(Jg) = vr(Jg),
then v(Jg,) < v(Jg).

(c) Foravertex v of G, if there exists a cutset T of G suchthatv € T andv(Jg) = vr(Jg),
then v(Jg\(v}) < v(JG).

Proof (a): Weknow ¢ (G,) = {T € €(G) | v ¢ T}byRemark2.4.Let f be ahomogeneous
polynomial and T € € (G,) such that (Jg, : f) = Pr(G,) and deg(f) = v(Jg,). Note
that T € €(G) and Pr(G) = Pr(Gy) asv ¢ T. Then (Jg, : f) = Pr(G,) implies
(Jg : xy f) = Pr(G) by Proposition 3.1. Hence, v(Jg) < v(Jg,) + 1.

(b): Let f be a homogeneous polynomial such that (Jg : f) = Pr(G) and v(Jg) =
deg(f). Since v ¢ T, we have T € ¥ (G,) by Remark 2.4. Now (Jg : f) = Pr(G)
implies f € Py/(G) forall T’ € €(G) with T’ # T and f ¢ Pr(G). Note that for every
T' € €(G,), we have Pr/(G,) = Pr/(G). Therefore, f € Pr/(G,) forall T’ € €(G,) with
T" #T and f ¢ Pr(Gy). Hence, (Jg, : f) = Pr(G,) and so, v(Jg,) < v(Jg).

(c): T is a cutset of G implies every ¢t € T is a cut vertex of G \ (T \ {t}). Then every
t € T\ {v}isacutvertex of G\ (T \ {t}) = (G \ {v}) \ (T \ {v}) \ {¢}), which gives
T\ {v} € €(G\ {v}). Since v € T, we have Pr(G) = (xy, yu) + Pr\(}(G \ {v}). Since
Xy, Vv € Pr(G), wecanchoose ahomogeneous polynomial f € K[{x;, y; | i € V(G\{v}}]
suchthat (Jg : ) = Pr(G)andv(Jg) = deg(f).Now fPr(G) C Jg implies f Pr\(,}(G\
{vh) S Jo\y as f € K[{xi, yi | i € V(G \ {vDh}]. Thus, Pr\py(G \ {v}) € (Je\(y * f)-
Let g € (Jg\(v} : f)- Then fg € Jo\(v) € Pr\(v}(G \ {v}). Since (Jg : f) = Pr(G), we
have f ¢ Pr(G) andso, f ¢ Pr\(v}(G \ {v}). Thus, g € Pr\(41(G \ {v}). Therefore, we get
(Je\} : ) = Pr\y(G \ {v}). Hence, v(JG\(v}) < v(JG). |

Definition 3.4 (Completion set) Let G be a simple graph. For a set V. = {vy, ..., v} C
V(G), we write Gy = Gy vy...vy := (... ((Gy;)vy) - - )y - Due to Proposition 3.2, Gy does
not depend on the ordering of the elements of V, and thus, the definition of Gy is well-
defined. A set W C V(G) is said to be a completion set of G if G is a disjoint union of
complete graphs. A completion set W is said to be a minimal completion set of G if Gy is
not a disjoint union of complete graphs for every U C W. The minimum (respectively, max-
imum) cardinality among all the minimal completion sets of G is denoted by min-comp(G)
(respectively, max-comp(G)) and we call it the minimum completion (respectively, maximum
completion) number of G.
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The v-Number of Binomial Edge Ideals

Lemma3.5 Let G be a graph. Let Ty, . .., Ty € €(G) \ {#} be some collection of cutsets of
G. Write I; = (x;, yi | i € Tj)foreach1 < j < k. Then

(It + Pp(G)) N --- N (I + Py(G)) = (L N -+ - N Ix) + Py(G).

Proof Tt is enough to consider G is connected. Note that (I; N --- N Iy) + Py(G) € (11 +
Py(G))N---N (Ix + Py(G)) is clear. We use induction on k to prove the reverse inclusion.
If k = 1, then there is nothing to prove. Suppose (/1 + Py(G)) N--- N (Ir—1 + Py(G)) =
(IhN---N1Ix_1) + Py(G) holds. Let f € (I1 + Py(G)) N---N (Ix + Pyp(G)) = ((I1 N
N ) + Py(G)) N (I + Py(G)). Since Py(G) C I + Py(G), we have (I; N ---N
Ii—1) + Pyp(G) N (Ix + Py(G)) = (I N --- N Ir_1) N (Ix + Py(G)) + Py(G). Then we
can write f = g+ h, where g € (I1 N--- N Ir_1) N (Ix + Py(G)) and h € Py(G). Note
that {x;, y; | i € Ti} U {fpq | p < q and p,q € V(G) \ Ti} is a reduced Grobner basis of
I + Py(G). Therefore, we can write g = g’ + h’ in the reduced form, such that g’ € I and
h € Py(G).Now g € I} N---N I;_; implies each monomial term of g’ and 4’ belongs to
LiNn---NIx_yas Iy N---N I is a monomial ideal. Thus, g’ € I} N --- N I; and hence,
f=g+h+hein---NIL) + PyG). o

Theorem 3.6 Let G be a simple graph. Then vyg(Jg) = min-comp(G). In particular, we have
v(Jg) < min-comp(G).

Proof Let min-comp(G) = k and {vy, ..., vt} be a minimal completion set of G. Then
JG @ Xy, -+ Xy, = Py(G) due to Proposition 3.1. Therefore, vj(Jg) < min-comp(G). For
the reverse inequality, let f be a homogeneous polynomial such that (Jg : f) = Py(G) and
vg(Jg) = deg(f). Then f € mTe(g(G)\{m} Pr(G) and f ¢ Py(G). Forevery T € 4(G),
we can write Pr(G) = (xl-, vi|lie€ T) + I, where I7 is a binomial edge ideal of disjoint
union of some complete graphs such that I7 € Py(G). Since f ¢ Py(G), using Lemma 3.5,
we can write f = g + h such that (0 #) g € I and h € Py(G), where I is the square-free

monomial ideal given by
I= () f(u.vilier)

Te? (G)\{¥}

Thus, deg(f) > min{deg(m) | m € G(I)}. For every m € G(I), we have

me () Pr(G)andm ¢ Py(G).
Te% (G)\{)

Thus, (Jg : m) = Py(G) for every m € G(I). Therefore, we can choose f such
that f € G(I). Suppose f = Xx; ---x;yj ---yj,- Then by Proposition 3.1, we get
{i1, ..., ir, J1, ..., js} is a completion set of G. Thus, deg(f) = vg(Jg) > min-comp(G).
Hence, vy(Jg) = min-comp(G) and v(Jg) < vy(Jg) = min-comp(G). ]

Remark 3.7 Let G be a graph with connected components G1, ..., Gg. It is easy to see
from Definition 3.4 that min-comp(G) = min-comp(G1) + - - - + min-comp(Gy). Then by
Theorem 3.6, we get vy (Jg) = vp(Jg,) + - - + vp(Jg,)-

Definition 3.8 A dominating set of a graph G is a set D € V(G) such that every vertex not
in D has a neighbour in D. The domination number of G, denoted by y (G), is the cardinality
of a dominating set with minimum vertices.

Corollary 3.9 Let G be a connected non-complete graph. Then y (G) < vg(G).
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Proof By Theorem 3.6, we have vy (G) = min-comp(G). Thus, it is enough to show that any
minimal completion set of G is a dominating set of G. Let V = {vy, ..., vr} be a minimal
completion set of G. Note that V is non-empty as G is non-complete. Suppose there is a
vertex u € V(G) \ V such that u ¢ Ng(v;) foreach 1 <i < k. Then u ¢ Ng, (vi), which
gives a contradiction as Gy is a complete graph. Thus, V is a dominating set of G and hence,
y(G) < vp(G). s

Lemma3.10 Let Iy € Ry = K|[x1,...,xp]and I € Ry = K[y1, ..., ym] be two radical
ideals. Suppose Py € Ass(ly) and 11 + I := IR + LR, where R = R Qg Ry, is
a radical ideal with Ass(I] + 1) = {Q1 + Q2 | Q1 € Ass(Iy), O € Ass(l2)}. Then
(1 +1): P)y=1: P)+ DL

Proof We write J = I1 + 1. Let f € (I; : P1)+ I>. Then f = g+ h forsome g € (I1 : Py)
and h € I. Since gP; € Iy and h € I, we have fP, = gPi+hPi C 1 + 1L = J.
Therefore, f € (J : Py)and (11 : P1)+ 1, € (J : P)).Let f' € (J: P;). Then f'P; C J.
Since G(P1) € R and [ is radical, we have P; Q Q1+ Q> forevery Q1 € Ass(Iy) \ {P1}
and Q> € Ass(lp). Therefore, f' € I{ + I, where I{ = leeAss(h)\{PI} Q1. Then we
can write f' = g’ + A’ suchthat g’ € I{ and i’ € I,. If g’ € Py, then g € I; and hence,
flfedJ (U :P)+1L)Ifg ¢ P,thenl; : g = Pjas g € I'. In this case, we get
f'=¢g +h €(y: P)+ I, and hence, (J : P}) = (I} : P)) + L. O

Theorem 3.11 (The v-number is additive) Let I} € Ry = K[xi,...,x,]Jand I, C Ry =
K[y1, ..., ym] be two radical ideals. Suppose 11 + I, := I1 R+ IR, where R = R ®k R»,
is a radical ideal with Ass(Iy + 1) = {P) + Py | P € Ass(1y), P> € Ass(12)}. Then

v(ly + ) = v(I1) + v(I2).

Proof Let f; € R; be a homogeneous polynomial and P; € Ass(/;) such that I; : f; = P;
and v(I;) = deg(f;), where i € {1,2}. Then f; € P forall P € Ass({;) \ {P;} and f; ¢ P;
fori = 1, 2. It is easy to observe that f1 f> € Q forall Q € Ass(/; + I») \ {P1 + P>} and
fl f2 ¢ P14+ P,. Therefore, (11 4+ I») : f1f2) = P+ Pyandso,v(Il;+ 1) < v(l{)+Vv(l).
For the reverse inequality, we will use [11, Theorem 10]. Let v(I1 4+ 12) = vp,+p, (I1 + I2) for
some Py € Ass(I)) and P, € Ass(ly).LetJ = I1+ D, (I, : P)/Iy = g1+ 11, ... 8 +11)
and (I : P)/Iy = (h1 + I, ..., hy + I2). Consider ¢ : R +— R/J and we write ¢ (x) =X
for any x € R. Then we have
(I + b)) (P1+ P)/J

=((Ihi +h): PON(Lh+1): P)/J

=1 : P)+ L)N((L: P)+11)/J (byLemma 3.10)

=((I: P)+D)/JN((L2: P)+ 1)/J (by][l5, Lemma 3.2])

=((Lh:P)+N/IN((L: P)+ )/

=((I1: P)NUy: Py)+J)/J (by][l5 Lemma 3.2])

=((I1 : Py)(I2 : P)+ J)/J (by[12, Lemma 3.1])

=(((U1: PO+ D)/DHUAU: P+ )T

~(zr..... 3. )

=(gihj|1<i<r,1<j<s)
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The v-Number of Binomial Edge Ideals

By [11, Theorem 3.2], we have
vp+p,(J) =min{deg(gih;) | 1 <i <r,1 < j<sand (J:gh;)= P+ P}
Suppose vp,+p,(J) = deg(gih;) = deg(g;) + deg(h;) for some g; and ;. Since J, Iy, I
are radical, J : g;hj = Py + P, implies I : g; = Py and I : hj = P>. Thus,
v(I1) +v(h) < vp (I1) + vp,(I2) < deg(g;) +deg(h;) = vp+p, (11 + I2).
Since v(I1 + ) = vp,+p,(I1 + I2), we have v(I1 + ) = v(I1) + v(I2). ]

Corollary 3.12 Let G = G1 U G2 be a graph. Then v(Jg) = v(Jg,) + v(JG,).

Proof Since binomial edge ideals are radical ideals and Ass(Jg) = {Pr,(G1) + Pr,(G2) |
T\ € €(G1), T» € €(G>)}, we have v(Jg) = v(Jg,) + v(Jg,) by Theorem 3.11. ]

Now, we will establish the relation between v(Jg) and v(in-(Jg)) for certain class of
graphs. For that, let us first discuss the primary decomposition of v(in< (Jg)).

Let G be a simple graph. Let T € ¢ (G) and Gy, . .., G¢(r) be the connected components
of G\ T.Forv = (v1,...,v.r)) € V(G1) X --- x V(G(T)), We consider the following
prime ideal:

c(T)
Prov)=(xiyili e T)+ Y (lx,yj | i,j € V(Gr)i < v, j > wl).
k=1
By [22, Lemma 1], we get
in_(Pr(G)) = N Pr(v).
VeV (G1)x-xV(Gery)
Since in (Jg) is radical, by [4, Corollary 1.12], we have
in_(Jg)= [ in<(Pr(G)).
Te? (G)
Proposition 3.13 ([31, Proposition 3.3]) Let G be a simple graph. Then we have
Ass(in< (Jg)) ={Pr(V) | T € €(G) and v € V(G1) x --- x V(G¢r1))}-

Lemma3.14 Let py, ..., px be graded prime ideals of R. Ifin<(ﬂf:1 pi) is a square-free

monomial ideal, then
k

k
in<<(-1 pz) = m (1D<(Pz))
i=1 i=1
Proof We have in<(ﬂ{»<=1 p;) € m{-;] (in<(p;)). Let m € ﬂf:](in<(p,-)) be a monomial.
Then there exists f; € p; such that in_(f;) = m for eachi € {l,..., k}. Consider the
polynomial f = fj--- fx. Note that f € ﬂf-‘zl p; and thus, in_(f) = m* € in<(ﬂf=1 pi).
Itis given that in<(ﬂ§‘=1 p;) is square-free, i.e., aradical ideal. Therefore, m € in- (ﬂf=1 pi)
and the equality follows. O

Theorem 3.15 Let G be a graph. If there exists T' € € (G) such that v(in-(Jg)) is attained
for some Pr/(V') and in<(ﬂTE<g(G)\{T/} Pr(G)) is radical, then

v(Jg) < v(inc(Ji)).

Sew
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Proof Let G/, ..., G/C(T,
there exists a square-free monomial m such that (in.(Jg) : m) = Pr/(v') for some v/ €
V(G)) x -+ x V(Gi,(T,)) and v(in<(Jg)) = deg(m). Then

) be the connected components of G \ 7’. By the given hypothesis,

(inc(Jg) : m) = Pr/(v)
= < () ina(Pr(G)): m) = Pri(v)
TeC(G)
= [ (n(Pr(G) :m) = Pr(V)

TeC(G)

= ) (( N Pr(v)) :m) = Pp/(v)

TeC(G) ~ veV(G)xxV(Gery)
= N (Pr(v) :m) = Pp(¥).
TeC(G)

veV(G)x--xV(Ger))

Therefore, by Proposition 3.13, we getm € Pr(v) for all Pr(v) € Ass(in=(Jg)) \ {P7'(Vv)}
andm ¢ Pr/(V'). This gives us thatm € ("7 4 in< (Pr(G)), where A = € (G) \ {T"}. Since
in. ((ye4 Pr(G)) is radical, it follows from Lemma 3.14 that

() in<(Pr(G)) = in<( N PT(G)).

TeA TeA

Thus, we have m € in_((\yc4 Pr(G)) and so, there exists f € (.4 Pr(G) such that
in.(f) = m. Suppose f € Pr/(G). Then in.(f) = m € in.(Pr/(G)), which implies
m € Pr/(V') and this gives a contradiction as m ¢ Pr:(v'). Therefore, f ¢ Pr/(G) and we
get Jg : f = Pr/(G). Hence v(Jg) < v(in<(Jg)). ]

Conca and Varbaro in [6] introduced the notion of Knutson ideals inspired by the work of
Allen Knutson [20] on compatibly split ideals and degeneration.

Definition 3.16 (Knutson ideals) Let f € R = K[xy, ..., x,] be a polynomial such that its
leading term in. (f) is a square-free monomial for some term order <. Define C s to be the
smallest set of ideals satisfying the following conditions:

1. (f)eCy;
2. If I € Cy,then ] : J € Cy for every ideal J C R;
3. If I and J arein Cy, thenalso I + J and I N J mustbe in Cy.

If I is an ideal in C s, we say that I is a Knutson ideal associated with f. More generally, we
say that I is a Knutson ideal if I € Cy for some f.

Matsuda introduced the notion of weakly closed graphs [23, Definition 2.1] as a general-
ization of closed graphs and studied the F-purity of binomial edge ideals of weakly closed
graphs. Later, Seccia [33, Theorem 4.1] proved that a graph G is weakly closed if and only
if Ji is a Knutson ideal. As an application of Theorem 3.15, we give the following corollary
regarding the v-number of binomial edge ideals of weakly closed graphs.

Corollary 3.17 Let G be a weakly closed graph. Then v(Jg) < v(in<(Jg)).

£a
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The v-Number of Binomial Edge Ideals

Proof Since G is weakly closed, Jg is a Knutson ideal. Then by the definition of Knutson
ideals, it follows that any associated prime of Jg is Knutson. Let v(Jg) = v/ (Jg) for some
T" € ¥(G). Then ﬂTG%(G)\{T,} Pr(G) is Knutson by condition (3) of Definition 3.16. It
has been proved in Knutson [20] that the initial ideal of any Knutson ideal is radical. Thus,
G satisfies the hypothesis of Theorem 3.15 and hence, v(Jg) < v(in<(Jg)). O

Example 3.18 Consider the graph G in Fig. 1 with the labelling shown in (a). Then using the
reduced Groner basis of Js discussed in Remark 2.6, we get

in_(JG) = (X4y5, X3Y6, X3Y4, X2V4, X2Y3, X1 Y2, X4Y3 Y6 X5Y3 Y4 6)-

By [11, Procedure Al] and Macaulay2 [10], we get v(Jg) = 3 and v(in<(Jg)) = 4.
Therefore, in this case, we have v(Jg) < v(in-(Jg)).

Similarly, considering the same graph G in Fig. 1 with the labelling given in (b), we get
v(in.(Jg)) = 3. Thus, v(Jg) = v(in-(Jg)) in this case.

Since the primary decomposition of Jg does not depend on the labelling of V(G), v(Jg)
remains the same for any labelling of a given graph. But, v(in.(Jg)) may not remain the
same with different labelling of V (G).

We will now classify those graphs whose binomial edge ideals have v-number 1.

Definition 3.19 Let G be a graph and v ¢ V(G) be a vertex. The cone of v on G, denoted by
cone(v, G), is the graph with vertex set V (G)U{v} and edge set E(G)U{{u, v} | u € V(G)}.

Theorem 3.20 Let G be a simple connected graph. Then v(Jg) = 1 if and only if G =
cone(v, H) for some non-complete graph H.

Proof Suppose v(Jg) = 1. Then there exists a homogeneous linear polynomial f such that
(Jg : f) = Pr(G) for some T € ¥(G). Suppose T # (. Then there exists i € T and
so0, Xi, yi € Pr(G). Therefore, fx; € Jg € Py(G). But, P4(G) cannot contain any linear
polynomial, and this gives a contradiction. Therefore, the only possibility is T = ¢, i.e.,
JG : f = Py(G). Since Jg = Nrew (G)Pr(G), we have f € Pr(G) forall T € ¢(G) with
T # @ and f ¢ Py(G). Now each Py (G) can be written as Pr(G) = (xi, yilie€ T) + I,
where I7 is an ideal generated by degree two homogeneous binomials. Since f is linear and
I7 is a homogeneous binomial ideal of degree two, we have

fe m (xi,yi|i€T).

Te% (G\{#}

(a) Graph G with v(in< (Jg)) =4 (b) Graph G with v(in< (Jg)) =3
Fig.1 Graph G with different labelling and different v(in<(Jg))
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Now, f belongs to a square-free monomial ideal and degree of f is 1 together imply there
exists v € V(G) such thatv € T for all T € (G) \ {A}. Suppose there exists u € V(G)
such that u ¢ Ng(v). Take T € Ng(v) such that there is no path from u to v in G\ T
and 7T is minimal with such property. Then it is clear that T € €(G) and T # ¥ as G is
connected. But, v ¢ T and T is non-empty give a contradiction. Hence, Ng[v] = V(G), i.e.,
G = cone(v, H), where H is the induced subgraph of G on Ng (v). Suppose H is complete.
Then G is complete and in this case, v(Jg) = 0 as Jg is prime. Therefore, H is non-complete
asv(Jg) = 1.

Conversely, let G = cone(v, H) for some non-complete graph H. By Proposition 3.1,
we get Jg : xy = Jg,. Since G = cone(v, H), G, is complete and Jg, = Py(G). Thus,
v(Jg) < deg(x,) = 1. Now H is non-complete, G is also non-complete, and so, Jg is not a
prime ideal. Therefore v(Jg) > 1, which gives v(Jg) = 1. ]

4 The v-Number and Castelnuovo-Mumford Regularity

In this section, we try to establish a relation between the v-number and Castelnuovo-Mumford
regularity of binomial edge ideals. For certain classes of graphs, we show that the v-number is
less than or equal to the regularity of binomial edge ideals. Our main technique is to observe
the induced matchings of the hypergraphs corresponding to the initial ideals of binomial edge
ideals.

Definition 4.1 A simple hypergraph H is a pair (V (H), E(H)), where V (H) is a set of finite
elements, known as the vertex set of H and E (H) is a collection of subsets of V () such that
no two elements of E () contain each other, called the edge set of H. Elements of V (H)
are called vertices of H and elements of E () are called edges of H.

Let H be a simple hypergraph on the vertex set V(H) = {x1,...,x,}. For A € V(C),
we consider X4 := [],,c4 X as a square-free monomial in the polynomial ring R =
K[x1,...,x,] over a field K. The edge ideal of the hypergraph H, denoted by /(H), is
an ideal of R defined by

I(H) = (X, | e € E(H)).

In this sense, the family of square-free monomial ideals are in one to one correspondence
with the family of simple hypergraphs. For a square-free monomial ideal I of R, we denote
by H(I) the corresponding simple hypergraph.

Definition 4.2 An induced matching in a simple hypergraph H is a set of pairwise disjoint
edges eq, ..., e, such that the only edges of H contained in Ule e;areeq,...,er.

Proposition 4.3 ([25, Corollary 3.9]) Let H be a simple graph and M = {ey, ..., e;} be an
induced matching in H. Then > ";_ (le;| — 1) = O_i_; lei]) — r < reg(R/I(H)).

Lemma4.4 Let {vy, ..., v} form a minimal completion set of a connected graph G such
that vi € Ng(v1) U ---UNg(vi_1) forall2 < i < k. Then for each 2 < i <k, there exists
u; € Ng(v;) such that u; ¢ Ng(v1) U ---UNg(vi—1) and there is no path from u; to vy in
Gl{vi, ..., 0, ..., v, ui}l.

Proof If Ng(vi) € Ng(vi) U -+ U Ng(vi—1), then it is clear that Gy,...5;..., 1S com-
plete, and this gives a contradiction to the fact that {vy, ..., vx} is a minimal completion
set of G. Therefore, NG (vi) € Ng(vi) U -+ UNg(vi—1). Let Ng(vi) \ Wg(v) U---U
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The v-Number of Binomial Edge Ideals

NG wi-1)) = {ui,, ..., u; }. Suppose for each 1 < j < r, there is a path from ui; to v in
Gl{vi, ..., 0iy ..., Uk, ui;}]. Then u;; € Ng(vs;) for some s; € {i +1,..., k} and there is
a path from vg; to vy in G[{vi,..., 0, ..., v}l Leti’ = max{sy,...,s,} (s;’s need not be
distinct). Then {u;, ..., u; } € NGUI...U*,-...U,, (v;7). Since there exists a path from v;» to vy in
Gl{vi, ..., i, ..., v}, we have Gy, ...5;.., is complete, which contradicts the minimality
of {v1, ..., vg}. This completes the proof. ]

Theorem 4.5 Let G be a chordal graph. Then max-comp(G) < reg(S/Jg). In particular,
we have v(Jg) < vg(Jg) < max-comp(G) < reg(S/Jg).

Proof 1t is enough to assume G is connected. Let V = {vy, ..., vx} be a minimal completion
set of G. Since G is connected, after a suitable relabelling of vertices in V we get an order
V1, ..., Ut such that

Vi € NG,y Wim1) =N 1) U+ UNG(vi-1) (1)

foreachi = 2, ..., k. From the Grébner basis of Jg, it is clear that in. (Jg) changes with
the labelling of V (G). Our aim is to find a labelling of G for which there exists an induced
matching M in H = H(in<(Jg)) such that ) ,_,,(le| — 1) > k. We will find such suitable
labelling of V(G) and corresponding induced matching of H in a particular algorithmic
technique. Let us start.

Step-1: (Case-1A) If there exists u; € Ng(vy) such that u; ¢ Ng[v2]U - --UNg[vr], then
label vi =ty = 1 and u; = t; + 1 = 2. In this case, consider the set M = {e;}, where

e1 = {x1, y2}.
(Case-1B) If N (v1) € Ng[v2]U---UNg[vi], then take 1 as vy, and label vy =11 = 1
and u;y = v = rp = t; + 1 = 2. In this case, consider the set M = {e;}, where ¢; =

(X115 Y41} = {x1, y2).

Step-2: By Lemma 4.4, there exists u» € Ng(v2) such that u» ¢ Ng(vi) and there is no
path from u; to vy in G[{vy, 02, ..., Uk, uz}]

(Case-2A) If there exists uy € Ng(v2) such that up ¢ Ng[vi]U /\//G—[v\z] U---UNg[uel,
then we choose such u». In this situation, we label the vertices in the following fashion: If
vy # up, then label v, = #tp = t; +2 = 3 and label u» = #, + 1 = 4. In this case, update
M as M = {ejy, ex}, where ep = {x;,, y,+1} = {x3, y4}. If v2 = uy, then we have from
the previous case u; = vy =t = t; + 1 and label u» = 1, + 1. In this case, update M as
M = {ey, e}, where ex = {x,, i1} -

(Case-2B) Suppose N (v2) € Ngl[vi] U Ng[va] U -+ - U Ng[vk]. Then there exists an
uy € {v3, ..., vy} satisfying the condition of Lemma 4.4, otherwise {vy, 03, ..., vx} will be
a minimal completion set of G. Let up = v24; such that j is the smallest. In this case, we
will relabel V as follows:

Label v as v3,

v3 as vy,

U2+4j—1 aS V245,
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and others will remain the same. Note that the new ordering of vertices in V also satisfies
the property (1). So we can continue with this ordering. Now, label

o 1y — t1 + 1 if u; = vy in step-1
2T t1 + 2 if uy # vy in step-1

and up = v3 = 13 = tp + 1. In this case, we update the set M as M = {ej, ez}, where

€y = {xl‘p Yz2+1}~

Continue this process with the following i-th step:

Step-i: By Lemma 4.4, there exists u; € Ng(v;) such that u; ¢ Ng(v1) U---UNg(vi—1)
and there is no path from u; to vy in G[{vy, ..., U;, ..., vk, u; }].

(Case-iA) If there exists u; € Ng (v;) suchthatu; ¢ Ng[v]U-- -UN/GE] U- - -UNg[vel,
then we choose such ;. In this situation, we label the vertices in the following fashion: If
v; # uj_1, then label v; = t; = t;,_1 + 2 and label u; = t; 4+ 1. In this case, update M as
M U {e;}, where e; = {x;,, y;,+1}. Now if v; = u;_1, then we have from the previous case
uj—1 =v; =t; =ti—1 + 1 and label u; = t; + 1. In this case, update M as M U {e;}, where
e = {xz;a )’t[H}- o

(Case-iB) Suppose NG (v;) € Ng[v1]U---UNG[v;]U---UNg[vg]. Then there exists
au; € {vig1,..., v} satisfying the condition of Lemma 4.4, otherwise {vy, ..., 1;, ..., vx}
will be a minimal completion set of G. Let u; = v;; such that j is the smallest. In this case,
we will relabel V as follows:

Label v;4; as vy,

Vi+1 a8 Vj42,

Vit+j—1 aS Vi4j,

and others will remain the same. Note that the new ordering of vertices in V also satisfies
the property (1). So we can continue with this ordering. Now, label

, ti—1+ 1if u;—; = v; in step-(i-1)

Vi =t —

YT o + 2 if wiy # vy in step-(i-1)

and u; = viy1 = ti+1 = t; + 1. In this case, we update the set M as M U {e;}, where
€ = {xl,'a yti-‘rl}-

After completing k steps, we get a set M consisting of k edges ey, ..., ex of H, where

e; = {xs;, y5;+1}, such that
k
> eil = 1) =k.
i=1

Claim: The set M forms an induced matching in H.

Proof of claim. Let S = UeeM e.Then S = {x;,.... Xy, Y41, - - -~ Yy +1}. By our choice
and labelling of vertices, it is clear that no two elements of M intersect each other. Now we
will show that the only edges of H contained in S are the edges that belong to M. Suppose
{xs, ytj+1} € E(H) forsomei # j and xy,, Vij+1 € S.Thent;j+1>f;i+land{#;,t;+1} €
E(G). We have chosen u j such that u; ¢ Ng(v)U---UNg(vj_1)andso,t; +1 ¢ Ng (1)
ast; < tj, whichis acontradiction. Thus, {x,, y,j“} ¢ E(H)wheni # jandx;, Vij+1 € S.
Hence the only edges of H with cardinality two contained in S are the edges that belong to
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The v-Number of Binomial Edge Ideals

M. Suppose e € E(H) such that e ¢ M and e C S. Then |e| > 2. Corresponding to e there
exists an admissible path 7 : t; = ap, ..., og in G such that supp(u;x; yy,) € S. If one of
ai,...,o (say a,)ist, + 1suchthatz, +1 ¢ {t1, ..., #}, then either o, | or o, cannot
belong to {#1, ..., #x} by our choice of u;’s. Because, if 1, + 1 ¢ {1, ..., 7}, thenz, + 11is
adjacent to only #, among {1, ..., f}. Suppose ey 1 ¢ {t1,...,#} and oy | = 15 + 1 for
some t; € {t1, ..., #}. In this situation, we will get an induced cycle of length greater than 3
containing the vertices {t,, t,+1, t,+1, t,} and some of {t1, . . ., #x }, which is a contradiction
to the fact that G is chordal. Similarly, we will get a contradiction if a1 ¢ {f1, ..., %}
Therefore, we should have {ag, ..., 7} € {t1,...,%}. Now o = u; for some j. Then
vj ¢ {ap, ..., a7} as t; < label of v; < label of u; as per our choice labelling. Thus, there
will be a path from uj to vy in G[{vy, ..., vAj, ..., Vg, u;}], which gives a contradiction due
to Lemma 4.4. Hence, M forms an induced matching in .

By [6, Corollary 2.7], we have reg(S/Jg) = reg(S/in<(Jg)). Again by Proposition 4.3,
k < reg(R/in<(Jg)) as M is an induced matching in H with ) ,.,,(le] — 1) = k. The

completion set V' is chosen arbitrarily and hence, max-comp(G) < reg(S/Jg). O
Theorem 4.6 If a graph G has a minimal completion set {v1, ..., v} such that for each

1 < i < k there exists u; € Ng(v;) such that u; ¢ Nglvi]u---uNg[vi]lu---uNglvel,
then vy(Jg) < k < reg(S/Jg).

Proof Letuslabel the vertex v; asi and the vertex u; ask+i foreach 1 < i < k. Theremaining
vertices can be labelled arbitrarily. Let H be the corresponding hypergraph of the in.(Jg)
with respect to our choice of labelling. Now consider the set M = {eq, ..., e} S E(H),
wheree; = {x;, yk+i} € E(H)foreachi =1, ..., k. Looking at the Grobner basis of J, itis
easy to see that M forms an induced matching in H ask+i € Ng(i),butk+i ¢ Ng[1]u---U
NGlilu-- - UNGIK]. Thus, reg(S/I(H)) > 3*_,(le;| — 1) = k by Proposition 4.3. Hence,
by [6, Corollary 2.7] and Theorem 3.6, we get vy(Jg) < k < reg(S/I(H)) =reg(S/Jg).O

Definition 4.7 Let G be a graph with V(G) = {vy, ..., v,}. The whisker graph of G, denoted
by Wg, is the graph attaching n new vertices {uf, ..., u,} to G as follows:

[ V(W(;) = {vl,...,vn,ul,...,un},
e E(Wg)=EG)U {vj,u;}|i=1,...,n}

Corollary 4.8 Let G be a graph with V(G) = [n]. Then vg(Wg) = n < reg(S/Jw,).

Proof Note that {1, ..., n} is contained in every completion set of Wg. But, {1, ..., n} itself
is a minimal completion set of W¢. Thus, {1, ..., n} is the only minimal completion set of
Wg. Hence, we get the desired result by Theorems 3.6 and 4.6. O

Example 4.9 Let G be the graph given in Fig. 2 and S = Q[xy, ..., x10, Y1, - - ., y10]. Using
Macaulay2, we get reg(S/Jg) = 6. Also, we see that £(G) = length of the longest induced
path in G = 4. By Corollary 4.8, we get vg(Jg) = 5. Thus, we have £(G) < vyg(Jg) <
reg(S/Jg). This example shows that vy (Jg) can be a better lower bound for regularity of
binomial edge ideals than the lower bound given by Matsuda and Murai [24].

Example 4.10 Let G be the graph shown in Fig. 3 and S = Q[xy, ..., xg, y1, ..., y8]. Using
[11, Procedure Al] and Macaulay2, we get v(Jg) = 4 and reg(S/Jg) = 4. On the other
hand, {1, 2, 3, 4} is a completion set of G. Therefore, vj3(J5) = 4 by Theorem 3.6. In this
example, we get v(Jg) = vg(Jg) = reg(S/Jg). Hence, our given bound in Theorem 4.6 is
sharp.
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Fig.2 Graph G with
UG) < vg(Jg) <reg(S/Jg)

Theorem 4.11 For every n € N, there exists a graph G such that reg(S/Jg) — v(Jg) = n.
Moreover, for every n € N, there exists a graph G such that reg(S/Jg) — vg(Jg) = n.

Proof Forn = 0, the result follows from Example 4.10. Letn € N*. Consider the graph H =
P, 12, apath graph onn+2 vertices. Then by [14, Corollary 7.35], we havereg(S/Jp) = n+1.
Now, let G = cone(v, H), where v ¢ V(H). Then v(Jg) = vy(G) = 1 by Theorem 3.20.
Also, using [30, Theorem 2.1], we getreg(S/Jg) = n+1. Thus, we getreg(S/Jg)—v(Jg) =
(n 4+ 1) — 1 = n. In this case, v(Jg) = vg(Js) and the further hypothesis follows. m}

5 Some Open Problems on v(Jg)

In Section 3, we discuss some properties of v-number of binomial edge ideals and give a
combinatorial bound. In [16], the authors managed to give a combinatorial description of
v-number for edge ideals of graphs. We ask the following question on the combinatorial
aspects of the v-number of binomial edge ideals.

Question 5.1 Let G be a simple graph. Can we find some homogeneous polynomial f just
using the combinatorics of the graph G such that v(Js) = deg(f)? Equivalently, does there
exist any graph invariant of G which is equal to v(Jg)?

In Theorem 3.15, we prove that v(Jg) < v(in<(Jg)) for some classes of binomial edge

ideals and as an application, we get in Corollary 3.17 that v(Jg) < v(in<(Jg)) hold for

Fig.3 Graph G with
v(Jg) = vp(Jg) =reg(S/JG)
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weakly closed graphs. Also, we see in Example 3.18 that v(in (Ji)) depends on the labelling
of vertices and v(Jg) can be strictly less than v(in- (Jg)). With the virtue of these results
and our computation, we put the following question.

Question 5.2 Is it true that v(Jg) < v(in<(Jg)) for all graphs G with all possible labelling
of V(G)? If not, then can we say that for a graph G, there exists a labelling of V(G) for
which v(Jg) < v(in<(Jg)) holds?

In Section 4, we try to relate the v-number with (Castelnuovo-Mumford) regularity of
binomial edge ideals. In Theorems 4.5 and 4.6, we show that vy(Jg) < reg(S/Jg) for
some large classes of graphs including chordal and whisker graphs. Using [11, Procedure
Al] and Macaulay? [10], we investigate many graphs from several classes and witness that
vg(Jg) < reg(S/Jg) hold for all of those graphs. Our strong intuition forces us to give the
following conjecture.

Conjecture 5.3 Let G be a simple graph. Then vy(Jg) < reg(S/Jg). In particular, we have
v(Jg) = reg(S/Jg).
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