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Abstract

We study the problem of reconstructing an unknown source term in parabolic equations
from integral observations. It is reformulated into a variational problem in combination with
Tikhonov regularization and then a formula for the gradient of the objective functional to
be minimized is computed via a solution of an adjoint problem. The variational problem
is discretized by the splitting method based on finite difference schemes and solved by the
conjugate gradient method. A numerical scheme for numerically estimating singular values
of the solution operator in the inverse problem is suggested. Some numerical examples are
presented to show the efficiency of the method.
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regularization - Conjugate gradient method
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1 Introduction

The problem of determining a source term in parabolic equations from some observations
plays an important role in practice [4, 9, 10]. Because of its importance, many researchers
devoted their attention to it [1-3, 5, 7, 8, 12, 14, 17, 18, 22, 24]. For more details, let £2 be
a bounded domain in R” with boundary 2. Denote the cylinder Q := £2 x (0, T'], where
T >0and S := 098 x (0, T]. Let

ajj, i,jef{l,2,...,n},b e L®(Q), (1)
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vel*(2), FelLl*Q), ()
A and A be positive constants and @1 > 0. 6)

Consider the initial boundary value problem

n
o (@ D) + bl u = Fx, 1), (1) € 0,
i j=1

ulx,t)=0, (x,1)es, )
u(x,0) =vkx), xes.
Let F have either one of the following forms
F(x,1) = fx, Do, 1) +g(x, 1), (®)
F(x,1) = f)ex, 1)+ g(x, 1), ©))
F(x,n) = fOex. 1) +g(x, 1) (10)

with ¢(x, 1) € L?(Q) and g(x, 1) € L>(Q) being given.
We consider the problem of determining f from N integral observations of the solution u

l,-u:/ wiux, dx = zi(t), te©,T), i=1,...,N (11)
2

with w; (x) € L°°(£2), nonnegative almost everywhere and f o wi(x)dx > 0, being weighted
functions. Suppose that z;, i = 1,2, ..., N are approximately given by z? satisfying

)
llzi — z§ “LZ(O,T) <.

These inverse problems may have many solutions, especially in the case f depends on x
and 7. Indeed, suppose that the coefficients of (7) are sufficiently smooth. If ¢(x, ) # 0 and
u(x,t)is given for all (x,t) € Q = 2 x (0, T), the inverse problem has a unique solution

ou

at

e

g (@i (. D FE) + bx, Du = g, 1)

i 1

flx, 1) =

@(x,1)

We show that if there is a u satisfying (11), then there are infinitely many u € C*°(Q), u|s =
0 satisfying (11). Indeed, for v(x) € C*°(£2) satisfying (11), consider the following equation

(Wi, V) 200y = / wi(x)v(x)dx =0,i=1,2,...,N. (12)
Q

Denote P = span{wi, w2, ..., wy}. Then P is a subspace of Lz(.Q) and dimP < N. So
Q = P1 is an infinite-dimensional space. Moreover, we have presentation v = vl + 02,
where v! € P, v2 € Q and f_Q v (x)v2(x)dx = 0. It concludes that there are infinite
functions v € C™(£2) satisfying equation (12). So, there are infinitely many functions
u(-, 1) € C*(£2) satisfying equation

/ wi(Xulx,t)dx=0,i=1,2,...,N.
Q
Or, there are infinite functions u(-, 1) € C°°(£2) satisfying (11). We conclude that the inverse

problem of finding f from (11) has infinite solutions. Therefore, we have to introduce a
notion to its solution.

£a
=0 0
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Source Identification for Parabolic Equations... 285

This paper is organized as follows. In Section 2 we will describe the variational method
with the splitting finite difference scheme to solve the inverse problem. In Section 3 we
present the discretized the variational problem and the conjugate gradient method. Finally in
Section 4 we simulate the proposed algorithms for some concrete examples.

2 Variational Problem

To introduce the concept of weak solution, we use the standard Sobolev spaces H 1 (£2),
Hi(£2), H'°(Q) and H'1(Q) [11, 21, 23]. Further, for a Banach space B, we define

LZ(O, T;B)={u:u(t)e B ae.t € (0,T) and ||”||L2(O,T;B) < 00},
with the norm ,
122 0 7. = /0 ()13 dr.
In the sequel, we shall use the space W (0, T') defined as
W(O,T) = {u:ue L*0,T; H}(2)), u, € L*(0, T; (H} (£2)))},
equipped with the norm
b0,y = 1022 0,7, oy + 14622007 i
We note here that (H] (2)) = H~1(£2).

The solution of the problem (7) is understood in the weak sense as follows: A weak solution
in W(0, T) of the problem (7) is a function u(x, t) € W (0, T) satisfying the identity

T T n
du on
/ (ut’n)H’l(Q),HOI(Q)d[_'—/ / Z ajj(x,t) ———+b(x, un | dxdt
0 0 2

P 0x; dx; (13)
T
=/ / (fon+gndxdt, ¥ne L*0,T; Hy (£2))
0o Je
and
ux,0) =v(x), xe€s. (14)

Based on the standard hypotheses (1), (2), (3), (4), (5) and 6, the existence and uniqueness
of a solution, as well as an a priori estimate to the problem (7), can be established. More
precisely, following [23, Chapter IV] and [21, pp. 141-152] there exists a unique solution
in W(0, T') of the problem (7). Furthermore, there is a positive constant c; independent of
a;i, b, f, ¢, g and v such that

lullwo.ry < ca(lfelirzo) + Iglzcg) + IVl 12(2))-

We denote the solution u(x, t) of the problem (7) by u(x, t; f) or u(f) to emphasize its
dependence on f. To identify f from (11), we minimize the misfit functional

1 N
Jo() =52 M) = zilzq ) (15)

i=1
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286 N.T.N. Oanh

with respect to f. However, this minimization problem is unstable and there might be many
minimizers to it. Therefore, we minimize the Tikhonov functional instead of (15). In fact,
we minimize

1 N
I ()= 5D Wau(f) = 2illga ) + g 1f = N2y £* € L2(@) (16)

i=1

for the case F has form (8).

1 N
I (F) = 5D Wiu(f) = zill g + g Lf = f* ooy f5 € La(@) (A7)
i=1

for the case F has form (9).
1Y y
2 2
Iy (f) = 5; lin () = zila + 5 1S = I oy /7 € L20.T)  (18)
i=

for the case F has form (10). Here, y > 0is the Tikhonov regularization parameter, f*is an a

priori estimation of f. By the standard method, we can prove that J,, is Fréchet differentiable

and derive a formula for its gradient. As [;u(f) is affine, the functional J, is strictly convex.

Hence, it attains a unique minimizer which we call f*— least square solution to the inverse

problems (7) and (11). As the inverse problem may have many solutions, we will see that the

choice of f* is crucial for selecting which one among these solutions to the inverse problem.
Indeed, introducing the adjoint problem

. n . . N

5= L g (@it gl ) + b np = L eit) () = 5), (0 €.
i,j= i=

px, 1) =0, (x,1) €S,

px,T)=0, xe¢€§2,
19)
we can prove the following results [17, 19].

Theorem 1 The functional J,, (8) is Fréchet differentiable and its gradient V J,, at f has the
form
VI, (f) =0, OpQx, 1) +y (f(x, 1) — f5(x, 1)),

where p(x, t) is the solution to the adjoint problem (19).
Remark 1 When J,, has the form in (17) or (18), we have
i)
T
VI, (f) = / e(x,)p(x, )dt + y(f(x) — f*(x)) for the functional (17).
0
ii)
VJ,(f) = / o(x,t)p(x, t)dx + y(f(t) — f*(t)) for the functional (18).
Q

2.1 Conjugate Gradient Method

To find the minimizer of (16), we use the conjugate gradient method (CG). It proceeds as
follows: Assume that at the k—th iteration we have f*. Then the next iteration is

fk+1 — fk +(Xkdk,

£a
=0 0
©5
ow
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Source Identification for Parabolic Equations... 287

with
e {—wy(fk) if k=0,
—VJ, (f5 + ka1 if k>0,
IIWy(f")IILz(Q)
N2
and

ok = argming~.oJy (f* + adb).

To evaluate ¥ we denote by ii(v, g) the solution to the problem

D -2 i (@ (D) + b =g, (1) € 0,
u(e, ) =0, (x,1)€Ss,
u(x,0) =vkx), xef2

with [ f] being the solution to the linear problem

B 2 (e 0de) +hte ou = fle e, (0 €0,
L=

u(x,t) =0, (x,1)€Ss,

ux,0 =0, xef.

In this case, the observation operators have the form
Lu(f)=Lulfl1+Lu(,g) =A f+Luw,g),i=1,....,N (20)

with A; being bounded linear operators from L?(Q) into L, (0, T). We have

N
. 1 ' Y
I, (f* + ad") = Z S+ ad® = 2il3a 7y + SIS +ad" = F¥17 g,

_ Y
Dladid + A 5 4 i, g) — Baory + Ll + £ = 1224,

\S} \

i

k ) Yook k
|aAid +llu(f Zl”L2(O T) 5”0“1 +f f ||L2(Q)

2
k k
Differentiating J, (f K+ ad*) with respect to  and putting W = 0, after some
elementary calculations, we obtain
k k
ak _ (d yVJ]/(f )>L2(Q)

N

Since d¥ = -V, (f*) + ,skdk—l, rk = —VJ,(f*) and (r, d"‘l)Lz(Q) =0, we have
k ”r ||L2(Q)
o = ,k=0,1,2,....

N

AMLe @ Springer



288 N.T.N. Oanh

Thus, the CG has the form
Step 1: Set k = 0, initiate f©.
Step 2: Calculate r0 = -V/J, (fO) and set d® = 0.

Step 3: Evaluate
0 ”rO ”LZ(Q)
o =

N .

Set f! = f0 4 %",
Step4: Fork =1,2,....Calculate

= VI, (Y, dF =k prak!

with .
ﬁk . ||}’ ||L2(Q)
k—1 :
”r ||L2(Q)
Step 5: Calculate
k
o[k _ ”r ||L2(Q)

=

=
Update
R = phy Gk gk,

2.2 Singular Values

Set

A= (A1, Az, ..., AN),  z=(21.22, .-+, Zn)s
where A; is defined in (20). The problem of determining f in (7) (f has form in (8) or (9)
or (10)) from (11) can be written in the form A f = z, where

A+ L2(Q) (LX) or LX0, T)) — (L0, 7)™

To characterize the ill-posedness degree of the inverse source problem, we have to estimate
the singular values of A, i.e., the eigenvalues of .4*A. In doing so, we proceed as follows.
We will present for the case f depends on both time and space variable, i.e., A : L2(Q) —
(L?(0, T))N. For the operator A;, we have A¥g = ¢(x, ) p(x, 1), where § € L*(0, T) and
p(x, t) is the solution to the adjoint problem
~ n
-2 (@ DEE) + bx.DF = i (0F, (.0 € Q.
i.j=
px,t) =0, (x,1) €S,
p(x,T)=0, xe€f2.

From (20), we have

1 1 .
T =52 Wiu(f) = zillja ) = 5 2 NAf = @ = L@, )72, 7)-
i=1

i=1

£
-0
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Source Identification for Parabolic Equations... 289

Hence,
N
To() =Y AF(Aif — (zi — Li(v, 2))) .
i=1
If we take z; such that z; = [iu(v, g), then due to Theorem 1, we have Jo/(f) =

Z,N=1 ATA; f = o(x,)p*(x, 1), where p* is the solution of the adjoint problem

0 ap* * ul ~
% (e 0T ) +be 0p* = Lenohalf) (oo e e,

prx,1)=0, (x,1) €S,
p*(x, T)=0, xe€5.

ap* 1
ar Z
i,j=

Thus, if f(x,1) € L*>(Q) is given, we can calculate the value Jo(f) = Z,N=1 ATA f =
@(x,1)p*(x, t). Although we do not know the explicit form of A7 A, we can use the Lanczos
algorithm [20] to estimate its eigenvalues when we discretize the problem. The algorithm
looks as follows:

Initialization: Let By = 0, go = 0 and an arbitrary vector b, calculate g; = ﬁ.

Put Q =¢g)andk = 0.

Iteration: Fork =1,2,3, ...

p = A"Aqy,
o =q p.
P =P — Bn—1qn—1 — gk,
Bk = liplls
qk+1 = L~
Il Bl

We will present some numerical examples showing the efficiency of this algorithm in
Section 4.

3 Variational Method for Discretized Problem

In this section, we have to restrict some conditions on the domain and coefficients. We
start with Problem (13)—(14). First, we suppose that £2 is the open parallelepiped (0, L) x
(0, L) x --- x (0, L) in R". Second, in (7), we suppose that a;; = 0, if i # j, and for
simplicity from now on we denote a;; by a;. Following [15, 16, 25] (see also [6, 19]), we
subdivide the domain 2 into small cells by the rectangular uniform grid specified by

N; .
O:x?<x»1:h,-<---<x-‘:Li, i=1,....,n

with h; = L;/N; being the grid size in the x;-direction, i = 1,..., n. To simplify the
notation, we denote by xk = (x/f', R xﬁ”), where k := (ky,...,ky), 0 < k; < N;. We
also denote by h := (hy, ..., h,) the vector of spatial grid sizes and Ah := hy-- - h,. Lete;
be the unit vector in the x;-direction,i =1, ..., n,i.e.,e; = (1,0, ..., 0) and so on. Denote
by

wk)={xe 2 : (ki—05h; <x; < (ki +05h;, Vi=1,...,n}

AMLe @ Springer



290 N.T.N. Oanh

In the following, £2, denotes the set of the indices of all interior grid points and £2;, denotes
the set of the indices of all grid points belonging to £2;, i.e.,

p=ftk=(ky,....ky) : 1<k <N;—1,Vi=1,...,n}.
We also make use of the following sets
Q=tk=(k....ky) : 0<k <N; — 1,1 <kj <N; — 1,Vj #1i}

fori =1, ..., n. For a function u(x, t) defined in Q7, we denote by uk (1) its approximate
value at (x*, ). We define the following forward finite difference quotient with respect to x;
uk+e,' _ le

xXi T hi
Now, taking into account the homogeneous boundary condition, we approximate the integrals
in (13) as follows

/ —ndxdt Ah / > du (t) n* (nd, @1
0

kes2y
(. py 30 B %
/Q a,(x,t)8Xi BXid ~ Ah / Za (t)u NOUMGYS (22)
ke Q’
/ b(x, Hundxdt ~ Ah / > broutnn* @y, (23)
0 0 req,
/ S, De(x, Hndxdt = Ah/ Z Eoe*nt @, (24
kes2y
/ g(x, Hndxdt ~ Ah / > ot wat. (25)
kes2y,

Here bX (1), fk 1), ¢ k@), g k(t) and a k3 (1) are approximations to the functions b(x, t),
f(x, 1), p(x,t), g(x,t) and a;(x, 1) at the grid point x*. More precisely, if these functlons

are continuous at x¥, we take their approximations by their value at x* and a +% (t) =

a; (x*t7 | 1). Otherwise, we take

1 1
i) = —— b(x, )dx, ki) = / Ddx,
O =001 Lo 204 TO=15050 g D9

1
Ddx, _  Ddx,
@] o 00 SO =10 | 800 nd

1
7 i(x, t)dx.
()|mw/@““”x

With the approximations (21), (22), (23), (24) and (25), we have the following discrete
analogue of (13)

T
/0 [Z(d; T bRuk fk>n +ZZa x,ﬂx,] r=0. (26)

kes2y, i=1 kEQ’

of (1) =

and

-0

°x
B

ow
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Source Identification for Parabolic Equations... 291

We note that, using the discrete analogue of integration by parts with boundary condition
0=y =0andu™ =" =0, we obtain

k+ei _ Mk nk-‘rei _ nk

k+% k+%u
Z a; uxlnxl - Z 4; h; h:
L L

kth kes2,
. k+e; k . k+te; k

_ e k+e; kg u T —u k
= a. n — a. n

1 hz 1 h2

kes2} ! kes2) !

k—* uk—e,' k+%i uk-‘re,' _ Mk .

=Y |a 7}12 —a4 T |

ke, i i

Hence, replacing this equality into (26), we obtain the following system which approximates
the original problem (7)

. L
{;;+(A1+---+An)u—F=0, o

i1(0) = v,

with it = {u¥, k € £2},} being the grid function. The function ¥ is the grid function approxi-
mating the initial condition v and

=4 K+

a. 2 .

s (uk—uk “)— " ( k“'—uk) 2<ki <N;—2,
i i

. kyk k?%’ i
.17 _ a; a. .
(Ajn)" = " + iy uk — s (uk+el _ uk), ki=1,

1 1
o o

o ? k_ k- HTI

o (u "')—I— i uk ki =N; — 1
i

for k € 2, and B
F={ff¢" + ¢ ke

We note that the coefficient matrices A; are positive semi-definite (see, e.g., [19]). The
boundedness of the solution of (27) has shown in the following theorem.

Theorem 2 Let it be a solution of the Cauchy problem (27). There exists a constant ¢ inde-
pendent of h and the coefficients of the equation such that

méi);2|u(t)| fZZm [2dt < ¢ f Z|f"2dt+2|v| . (28)
] i=1 kel kes2y

Proof For arbitrary t* € (0, T], set

~k : *
g\ Jut@e) ift e0,1%],
T = {0 i1 ¢ [0, "],

Since

1 1
/ ar Y dwit o =5 Y litar -5 Y 0P,

ke, ke, ke

N 2 Springer



292 N.T.N.Oanh

and i* (0) = ¥, it follows from (26) that

n
72 ik ()2 +/t DB Y afak )P | dr

kE.Qh kE.(—Zh i=l1 kEQL (29)
* _ 1
k -k k2
= udt + — v
[ a3y
ke, kes2y

Multiplying the both sides of the equality (29) by 2, applying Cauchy’s inequality to the first
term in the right hand side, noting that bk > 0, we obtain

t n

PIRAG] +2/ >0 ag,*de
kes2y, i=1 req! (30)
/ 3 |f”dt+/ Z @t Pdr + Y |5t
ke kes2y,
Put
vty =Y k@
ke,

From (30) we have

y(r*)s/o (r)dr+/ SR+ Y 1

kE.(Zh kE.Qh

Applying Gronwall’s inequality, we obtain

¥*) = / SR+ Y e (1)

ke, kes2),

Hence, we have

max Z|u(t)|2<c / O Par+ Y 1

kes2y, /(69}, kE.Qh

From the conditions (1), (2) and (3) about the coefficient a;, the inequalities (30) and (31)
we have

T n
/0 DN+ D N fdr < e / S Pd+ Y 1P

kes2y i=1 ke} ke kes2y

Combining the two inequalities, we obtain the inequality (28). O

3.1 Time Discretization

To obtain the finite difference scheme for (27), we divide the time interval [0, T'] into M
sub-intervals by the points #;,i = 0,..., M, 10 = 0,11 = At,...,tyy = MAt = T. For

9%y
2
<

-0
°x

3
]
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Source Identification for Parabolic Equations... 293

simplifying the notation, we set ukm = y*(1,,). We also denote by Frm .— Fk,) and
A" = Ai(tw), m =0, ..., M. In the following, we drop the spatial index for simplifying
the notation. The finite difference scheme is written as follows

{um“ = m" 4 AL[F™ — (A" + - + AMyu™)],
u

3.2 Splitting Method

In order to obtain a splitting scheme for the Cauchy problem (27), we also discrete the time
interval in the same with finite difference method. We denote u 1% := ii(z,, + § A1), AT =
Aty + At/2). We introduce the following implicit two-circle component-by-component
splitting scheme [15]

um+2’%n _ uer% " um+i + um+% )
- 7+Ai—4 =0, i=12,...,n—1,
um+% _ um+"2711 mum+% +um+% F™ At I
R
un  mh o W Lty Al (32)
A T4 T 2 gt
um+1—% _um+1—ﬁ s = + -
Y + A" y =0, i=n—1,n-2,...,1,
0 -
u =v.
Equivalently,
A[ i At i—
(El+TA:n)Mm+ﬂ:<El—TA§n>Mm+T”I i:1,2,...,n—1,
( 0+ %AZ”) (u"“f% - %F’”) = <E,, - %AZ’) Wt
At n At At
(En 4 TAZl> um-&-%nl — (En _ TA;n) (um+% + 7Fm> , (33)
At i- At i
E; + TA;”> W = <E,~ - TAQ”) w"tTE L i=n—1n—-2,...,1,
0 -
u =,
where E; is the identity matrix corresponding to A;, i = 1, ..., n. The splitting scheme (33)

can be rewritten in the following compact form

34
u® = v, G

!um“ = B"u" + AtCM(fM" + ™), m=0,....,M—1,
with
B"=B/"---B"B"...Bl', C"=C|'-..C"

n°

where B" := (E; + %A;”)_I(E,- — %A;"),i =1,...,n.

>h.m.,g @ Springer



294 N.T.N. Oanh

3.3 Discretized Variational Problem

To complete the variational method for multi-dimensional cases, we use the splitting method
for the forward problem and take the discretized functional

2

J(?’A’(f):_ ZZ AR Y ofut () = (35)

i=1 m=1 kes2y

where 1% ( f) shows its dependence on the right-hand side term f and m is the index of grid

points on time axis. The notation a)f.‘ = w; (x*) indicates the approximation of the function

w; (x) in £2;, at points xk. Normally, we take as its average over the cell where xj is located.
For minimizing the problem (35) by the conjugate gradient method, we first calculate the
gradient of objective function Jé”m (f) and it is shown by the following theorem

Theorem 3 The gradient VJOh’At(f) of the objective function JéI’At at f is given by

VI = Aty (€™ "y, (36)

m=0

where 1 satisfies the adjoint problem

M_yg (37)

[nm — (Bm+l)*nm+1 +wm+l’ m=M—1,M—-2,...,0,
with

N
k k ok,
’”:Athi Za)ium—z}" ke, m=0,....M
i=1 kes2,

Here the matrix (B™)* is given by

At At - At A N\
—1 —1
At At At At

Proof For an infinitesimally small variation & f of f, we have from (35) that

1

At N M 2
BN F 8 = Iy = DoAY ot (F s~
=1 m=1 ke

ar g ¥ . ’
= Ah Y ofut " (f) = 2
i=1m=1 kes2y,
A N M
= T3 Y (anefuby’

i=1 m=1kes2,

£a
=0 0
©5
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Source Identification for Parabolic Equations... 295

—I—AtZZAthw {AhZa)k"’" }

i=1 m=1 kef2y kes2y

:7222 (Ahabub a3 an Y ukmgln

i=1 m=1kes2, i=1 m=1 kes2y,
At N M ) N M
=522 D (@hofwhmy Ary Ty Sy, (38)
i=1 m=1kes2, i=1 m=1

where w 1= ub (46 ) —ubm (f) and " = Ahof (Fyeq, @fub™ =2, k € 2.
It follows from (34) that w is the solution to the problem

m+l — Amym 4 ArC™S fo™, =0,....,.M—1,
{w w™ + fo m (39)

wd = 0.

Taking the inner product of both sides of the mth equation of (39) with an arbitrary vector
n" e RNix XNy summing the results over m =0, ..., M — 1, we obtain

S

-1 M—1 M-1
<wm+1,nm> — Z<Bmwm nm Z AIC’”Bf_wm,n'")
m=0

0

(=)

m

(40)

N

M—1
(™, (B™) n™) Z (ALC™S f™, ™).
0 m=0

3
Il

Here (B™)" is the adjoint matrix of B™.
Taking the inner product of both sides of the first equation of (37) with an arbitrary vector

wntl summing the results over m =0, ..., M — 1, we obtain
M—1 M—1 M—1
m=0 m=0 m=0
u y 41
— Z(w Bm * m Z
m=1 m=1
Note that w® = n™ =0, from (40) and (41), we have
M M—1
Doy =Y (AIC"S ™ ™). (42)
m=1 m=0

On the other hand, it can be proved by induction that YN ™M > ke, (of wk'm)2=
o(II8 f ). Hence, from (38) and(42), we obtain

M—1

T +8) = Jg (=Y (6 F, AC™y o™ ™) + oI F1).

m=0

Consequently, the gradient of the objective function Jél can be written as
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Note that, since the coefficient matrices A", i = 1,...,n,m =0, ..., M —1 are symmetric,
we have

At At N\ At At N\

At ar N\ At ar N\
and

At At N\ At At N\
The proof is complete. O

The conjugate gradient method for the discretized function (35) can be written by following
steps:

Step 1. Given an initial approximation f° and calculate the residual 7* = Z,N: iu(f 0y —
zi] by solving the splitting (32) with f being replaced by initial approximation f° and set
k=0.

Step 2. Calculate the gradient 1 = —V.J, (%) given in (36) by solving the adjoint
problem (37). Then we set d% =0,

Step 3. Calculate
0 711
o =

bl

N
> Ld°) + ylld)|
i=1

where [;d° can be calculated from the splitting scheme (32) with f being replaced by d° and
g(x,t) =0, v =0. Then, we set
fl — fO +a0d0.
Step4.Fork = 1,2, ..., calculate rk = -VvJ, (fk), d* =rk + ,Bkdk’l, where
Pl
lrA=1)2"

Step 5. Calculate o*
L 712
o

bl

N
> Wlid* |1 + ylldk]|
i=1

where [;d* can be calculated from the splitting scheme (32) with f being replaced by d* and
g(x,1) =0, v =0. Then, set
fk“rl — fk -I-Odek.

4 Numerical Example

To illustrate the performance of the proposed algorithm, we present in this section some
numerical tests. These algorithms were implemented in Matlab and run on a personal laptop
with 11th Gen Intel(R) Core(TM) i5 2.4Mhz 2419 Mhz 4 Core(s) 8 Logical Processors.

9%y
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4.1 One-Dimensional Problems

In this subsection, we present some numerical examples to estimate singular values and
determine f. Let £2 = (0, 1) and T = 1. Consider the one-dimensional system

u; — (auy)y = fo(x,t) +g(x, 1), x €(0,1),0<r <1,
u@©,0)=u(l,1)=0,0<r<1,
u(x,0)=v, x € (0, 1),

where
a=2xt +x%t +1; v =sin(2rx) and @(x, 1) = (x> + D> + 1).

For discretization, we take the grid size to be 0.02 in x and t. We take 3 observations at
x19=0.2,x% = 0.5 and x¥ = 0.7. The weighted functions w; (x), i = 1, 2, 3 are chosen
as follows

1 10 10
1 f —

or(r) = |25 TXEOTTEXTEO e — 001,
0  otherwise
I 25 25
5; ifx e -, .

or(ry = |26 TXEOTmE xR e o0,
0  otherwise
1 35 35
L1 —

) = 126 TXECT = xTre) e 001
0  otherwise

Approximate singular values of A for the case f depends only on time variable ¢ and space
variable x are drawn in Fig. 1. From this figure, we see that the singular values for the case
when f depends only on x is much smaller than that for the case f depends only on 7.
Therefore, the problem of reconstructing f = f(x) is much more ill-posed than f = f(¢).

Now we present numerical results for reconstructing f (x, t). We test three types of f (x, ):
smooth, non-smooth and discontinuous in the following examples.

Singular Values
T

10°F * ek 1
10-10 L 4
—— Sing. val. when f=f(t)
1015 F —— Sing. val. when f=f(x) 8
1

Fig. 1 Approximation singular values: (a) f depends only on x; (b) f depends only on ¢
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Example 1
f(x,t) =sin(mrx)sin(mwt).

Example 2

2tif t <1/2andt <xandx <1 —1,

£ t) 20— if t>1/2andt>xandx > 1 — ¢,
X, 1) =

2xif x <1/2andx <tandt <1 —x,

2(1 — x) otherwise.
Example 3

1, 0.25<x,t<0.75,

0 otherwise.

3

S, 1) =

In all of three above examples, the initial guess f* = 0, 02(rand(N,, M) — 0, 5) + f, noisy
level § = 0,02, y = 1072 and the initial iteration of the conjugate gradient method f© = 0.
Numerical solutions are presented in Figs. 2, 3 and 4.

Exact function Approximation solution

flx.t)
flx.t)

AN
CRTERR
R
\\:‘“\\\“\“.

8!
5 ‘: SR 1
SSesls
SORROSN I WY
SRRttt
R S
i
e
R
=

N
R
S MBI
T LIS
S8 .&\“:8\“\““\
SSepeitt
\\\\‘

TR
:‘\‘\‘\““\\\\“

1.2 ! - - - 12 . . . .
1F 4 1
08 08
@ [
2 06 2 06
@ @
T T
k] S
T 04 T 04
> >
0.2 0.2
0 0
0.2 . . R . 02 . ’ . .
0 0.2 0.4 06 08 1 0 0.2 0.4 06 08 1

(c) (d)

Fig.2 Example 1. The exact solution in comparison with the numerical solution: (a) Exact function f (x, t); (b)
Reconstruction of f; (¢) Comparison of the exact and approximation solutions at x = 0, 24; (d) Comparison
of the exact and approximation solutions at x = 0, 5
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Exact function ‘Approximation solution !
1
08
s
2 0s
z k]
z g
= ) § 04
SRy 2
s RS o
o
o 02 04 06 08 1

o 02 04 08 08 1

(@

Fig.3 Example 2. The exact solution in comparison with the numerical solution: (a) Exact function f (x, ¢); (b)
Reconstruction of f; (c) Comparison of the exact and approximation solutions at x = 0, 24; (d) Comparison
of the exact and approximation solutions at x = 0, 5

. A " 1
Exact function ‘Approximation solution
1
08
£ os
g 5
X X €
= SRR § 0e
SRR
KON
RN
SOOI 02
KRR
SN
RS
S
SN — e
| —— Approx. sol.
o

o 02 04 06 08 1
t

(©)

Vertical slice

0 02 04 06 08 1

(d)

Fig.4 Example 3. The exact solution in comparison with the numerical solution: (a) Exact function f (x, t); (b)
Reconstruction of f; (¢) Comparison of the exact and approximation solutions at x = 0, 24; (d) Comparison
of the exact and approximation solutions at x = 0, 5
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4.2 Two-Dimensional Problems

We consider the domain £2 = (0, 1) x (0,1), T = 1 and denote the space variable x =
(x1, x2). We take 4 observation distributed in 4 parts: (0, 0.5) x (0, 0.5), (0.5, 1) x (0, 0.5),
(0.5, 1) x (0.5, 1) and (0, 0.5) x (0.5, 1).

Consider the system

ur — (aruy )y, — (@Ux,)x, +alx, Hu = fo(x, 1) +g(x, 1), (x,1) € O,
uO,x2,1) =u(l,x2,1) =u(x1,0,1) =u(x2,1,1) =0, 0 <t < T,
u(x,0)=v, x € £2.

The grid sizes are chosen 0.02 in x and in ¢. The weighted functions w;(x), i = 1,2, 3,4
are chosen as follows

1 _ _

o1 = 12 1fxe(.0,24 £,0,24+¢) x (0,24 —¢,0,24 +¢) with e — 0,01,
0  otherwise
1 _ _

o) = 1% 1fxe(9,74 £,0,74+¢) x (0,24 —¢,0,24 4+ ¢) with & = 0. 01,
0  otherwise
1 _ _

o) = 122 ifx € (.O, 24 —£,0,24 +¢) x (0,74 —¢,0,74 + ¢) with & = 0,01,
0  otherwise
1 _ _

wa(x) = T 1fx€(.0,74 £,0,74+¢) x (0,74 —¢,0,74 +¢) with & = 0, 01.
0  otherwise

We test our algorithm for three cases f: (1) f = f(t),(2) f = f(x)and 3) f = f(x,1).

Example 4 We choose the a priori estimation f* = 0, regularization parameter y = 1072,
9 =0, noise level § = 0, 02 and

ai(x,t) = ax(x, 1) = 0.2(1 — 0.5 cos(3mx;) cos(3mxy) cos(31)),

a=x?4x3+2x11 + 1, v =sin(x;) sin(zrxy),

p(x, 1) = (xf +3)(x3 +3)(* +3).
We suppose that f depends only on the time variable and has the form
Y

f(t) =sin(2mt).

2)
2t ift <0.5,
2(1 —t) otherwise.

f(t)={

3)
X 1 if0.25 <t <0.75,
f@) = .
0 otherwise.

The numerical results of Example 4 are shown in Fig. 5.

-0

°x
B
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Comparison

— exact sol. J app. solution
= = approximation = exact solution

Comparison

05

-051

0.8 [
0.6
04r
02r ’

0 K ADAAL
+app. solution W M
= exact solution

-0.2 L I 1 \
0 0.2 0.4 0.6 0.8 1

t

(c)

Fig.5 Example 4: the exact solution in comparison with the numerical solution: (a) f is of the form 1); (b) f
is of the form 2); (c) f is of the form 3)

Example 5 We choose the a priori estimation f* = 0, 02(rand(Ny, N2) — 0,5) + f, regu-
larization parameter y = 1072, f 0 — 0, noise level § = 0, 02 and

ar(x,t) =ay(x,t) =a =1, a=x12+x%+2x1t+1

v =sin(xy) sin(rx2), o(x,1) = (¢ + (3 +2)( +2).

We suppose that f depends only on the space variable and has the form

1)
f(x1, xp) = sin(rxy) sin(wxy).
2)
2x2 ifxo <05andxy <x;1 <1—xp,
2(1 = xp) ifxp >05andxy > x; > 1— xp,
fxr,x) = 4
2x] ifx; <05andx; <xy <1 —x,
2(1 — x1) otherwise.
e 4 springer
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3)
1 if0.25 <x; <0.75and 0.25 < x» < 0.75,

0 otherwise.

fx1,x2) =

The numerical results of Example 5 are shown in Figs. 6, 7 and 8.

Example 6 We choose the a priori estimation f* = 0, 02(rand(Ny, N2, M) — 0,5) + f,
regularization parameter y = 1072, £ = 0, noise level § = 0, 02 and

aj(x,t) =ax(x,t) =a=0.5, a= xlz +x§ +2x1t + 1
v = sin(x;) sin(rx2), o(x,1) = (x7 +2)(x3 +2)(* +2).
We suppose that f depends on both the space and time variable as follows

f(x1,x2,t) = sin(mwxy) sin(mwxp)t.

The results of Example 6 are shown in Fig. 9.

We now discuss on the role of f*. We will see that its choice is important in the case the
inverse problem has many solutions.

We assume that f depends only on time variable. This guarantee the uniqueness solution
to inverse problem. We take some different values for f*. However, the choice of f* does
not affect much the numerical solution. The information of this test as in the case f depends
only on time variable as in Example 4, regularization parameter y = 1072, f0 = 0, noise
level 8 = 0, 02. The numerical results with f* = 0, f* = 2 and f* = 5 are presented in
Fig. 10 and Table 1 are not much different from each other.

Exact function Approximation solution Error

Vertical slice

Exact sol
| —=—App. solution

(d)

Fig. 6 Example 5, form 1): the exact solution in comparison with the numerical solution: (a) Exact function
f; (b) Reconstruction of f; (c) Point-wise error; (d) Comparison at x; = 1/2
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Exact function Approximation solution Error

SRR
R

il
\‘R\‘\\\\\\\\\\\\\\\\\\\\\\\\\\\

Vertical slice

Fig.7 Example 5, form 2): the exact solution in comparison with the numerical solution: (a) Exact function
[ (b) Reconstruction of f; (¢) Point-wise error; (d) Comparison at x; = 1/2

In the case when the solution is not unique, the choice of f* is crucial. As mention above,
there may be infinitely many solutions to the inverse problem, the prediction f* plays a
significant role for selecting the solution. We use the system as in the case f depends both
on time and space variables as in Example 6, regularization parameter y = 1072, f0 =0,

Exact function Approximation solution Error

error

Vertical slice

°

[—— Exact sol
| —=— App. solutions.
04 06 08 1

%

(d)

Fig. 8 Example 5, form 3): the exact solution in comparison with the numerical solution: (a) Exact function
[ (b) Reconstruction of f; (c) Point-wise error; (d) Comparison at x; = 1/2

°
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Exact function Approximation

Error

SR
SN

error

IR
)

NN
RS

X
BRI
Y
IR
SR

Vertical slice

Fig.9 Example 6. The exact solution in comparison with the numerical solution at # = 1/2: (a) Exact function
[ (b) Reconstruction of f; (c) Point-wise error; (d) Comparison at x; = 1/2 and t = 1/2

Comparison
T T
1b exact sol. 4
~ 7 7 ~ approx. sol. with =0
approx. sol. with f=2
—*— approx. sol. with =5
0.5
0
-0.5
-1
0 0.2 0.4 0.6 0.8 1

t

Fig. 10 Exact solution and its approximation with f* =0, f* =2, f* =5

Tabl.e 14 L2 —error with f* 0 5 5

prediction

[r=0,f"=2f"=5 L2— emor 0.070528 0.077008 0.89275
S
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Exact function Approximation

Error

error

(b) (c)

Fig. 11 The exact solution in comparison with the numerical solution with f* = fl*: (a) Exact solution; (b)
Reconstruction of f; (¢) Point-wise error

Exact function Approximation
Error

error

X5 Wt
IR
e WM
S AT
S S L
RS
sttt
s
S

(b)

Fig. 12 The exact solution in comparison with the numerical solution with f* = fz*: (a) Exact solution; (b)
Reconstruction of f; (¢) Point-wise error

Exact function Approximation
Error

‘, hill

TR

IS ADTAN AT

|/ ANy Hl“‘
|

e

error

A
SRR
W

s

RS

i

‘\“‘“\x“x\\\\\\\\\
R

S
oot
¥

(b)

Fig. 13 The exact solution in comparison with the numerical solution with f* = f3*: (a) Exact solution; (b)
Reconstruction of f; (c) Point-wise error

Table2 LZ—error with the f £ £
prediction f", f5", f3 1 2 3

L2— error 0,23757 0,26129 0,30358
g i
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Comparison
s - = exact sol.
— — approximation
05
ol
-05[
At
0 0.2 0.4 0.6 0.8 1
t
Ci Ci
12 T T T 1.2 T
—— app. solution
it =l : s
08 08
06 06
0.4 0.4
02y, 02
ok 0 —+— app. solution
exact solution
02 . . . . . . . . . 02 . . . . . . . . .
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

(b) (©)

Fig. 14 The exact solution in comparison with the its approximation with 9 observations: (a) f = sin(2xt);
2t ifr <0.5, 1 if0.25 <t <0.75,

o) f= @ f= .
2(1 —t) otherwise 0 otherwise.

noise level § = 0, 02. By varying f™* near f, we can see that the conjugate gradient method
will reconstruct the approximation which is closest f*.
In the test, if we choose f* by

S =0,02(rand(Ny, No, M) = 0,5) + f
=0, l(rand(Nl, Na, M) — 0, 5) ny

fi =0, S(rand(Nl, Na, M) — 0, 5) s

Table3 LZ—error with 3 observations and 9 observations

2tift < 0.5, 1 if0.25 <t <0.75,
= sin(2wt = = - -
f =sin(@r1) ! {2(1 — t) otherwise ! iO otherwise
3 observations 0,052077 0,055625 0,074178
9 observations 0,049649 0,050122 0,054525

<on
> o

@ Springer

Ty



Source Identification for Parabolic Equations... 307

The numerical results are presented as in Figs. 11, 12, 13 and Table 2. We can see that if
f*is not close to the exact f, the algorithm cannot reconstruct the chosen f, but maybe the
other one.

In the last example, we will test in case we have more observations. The priori esti-
mation f* = 0, noise level § = 0,02, regularization parameter y = 1072, f 0 —
0, aj(x,t),ax(x,t),a(x,t) and the initial condition v are chosen as in Example 4.
The grid sizes are chosen 0.02 in x and in 7. We choose 9 observations in domains
(0,0,34) x (0,0,34), (0,0,34) x (0,34,0,68), (0,0,34) x (0,68,1), (0,34,0,68) x
(0,0, 34), (0,34,0,68)x(0, 34,0, 68), (0,34, 0,68)x(0, 68, 1), (0,68, 1) x(0, 0, 34), (0,
68, 1) x (0, 34,0, 68), (0,68, 1) x (0, 68, 1). The results for reconstructing f are shown in
Fig. 14. The comparison of the error between 3 observations and 9 observations is presented
in Table 3. We can see that the numerical results for the case of 9 observations are better than
that for the case of 3 observations.
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