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Abstract
Let G be a finite simple graph on the vertex set [n] = {1, ..., n} and K[x,y] = K[x1, ...,
Xns Y1, - - -» Yn] the polynomial ring in 2n variables over a field K with each degx; =

degy; = 1. The binomial edge ideal of G is the binomial ideal Jc C K|[x,y] which is
generated by those binomials x;y; — x;y; for which {7, j} is an edge of G. The Hilbert
series Hg|x,y)/j5 (M) of K[X,y]/Jg is of the form Hgx yj/ 56 (M) = hi(x y/56 M) /(1 — e,
where d = dim K[x, y]/J and where hg(x y) /s (M) = ho + 1A + hoA? 4 -4 hyAS with
each h; € 7Z and with hg # 0 is the h-polynomial of K[x,y]/Jg. It is known that, when
K[x,yl/Jc is Cohen-Macaulay, one has reg(K[x,yl/Jg) = deghgix y)/Jg(A), where
reg(K[x,yl/Jc) is the (Castelnuovo-Mumford) regularity of K[x,y]/Jc. In the present
paper, given arbitrary integers r and s with 2 < r < s, a finite simple graph G for which
reg(K[x,yl/Jg) = r and deg hg[x,y) 5 (A) = s will be constructed.
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1 Introduction

The binomial edge ideal of a finite simple graph was introduced in [2] and in [10] inde-
pendently. (Recall that a finite graph G is simple if G possesses no loop and no multiple
edge.) Let G be a finite simple graph on the vertex set [n] = {1,2,...,n} and K[Xx,y] =
K[x1,..., %4, Y1, ..., yu] the polynomial ring in 2n variables over a field K with each
degx; = degy; = 1. The binomial edge ideal J; of G is the binomial ideal of K[x, y]
which is generated by those binomials x; y; — x;y; for which {i, j} is an edge of G.
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Let, in general, S = K[x, ..., x,] denote the polynomial ring in n variables over a field
K witheachdegx; = 1 and I C § ahomogeneous ideal of S with dim S/I = d. The Hilbert
series Hg/7 (1) of S/1 is of the form Hg;; (1) = (ho + hiA + oA+ hs))/(1 — e,
where each h; € Z[1, Proposition 4.4.1]. We say that hg/; (A) = ho+hi A+hor24- - +hhs
with iy # 0 is the h-polynomial of S/1. Let reg(S/I) denote the (Castelnuovo—Mumford )
regularity [1, p. 168] of S/I. It is known (e.g., [14, Corollary B.4.1]) that, when S/I is
Cohen—Macaulay, one has reg(S/I) = deghs/;(A). Furthermore, in [3] and [4], for given
integers r and s with r, s > 1, a monomial ideal I of § = K[xy, ..., x,] with n > 0 for
which reg(S/I) = r and deghg/; (L) = s was constructed.

Let, as before, G be a finite simple graph on the vertex set [n] with d = dim K[x, y]/Jc
and hgxyl/sg (M) = ho + hiA + oA + - - + hyA® the h-polynomial of K [x, y1/JG.

Now, in the present paper, given arbitrary integers r and s with 2 < r < s, a finite simple
graph G on [n] with n > 0 for which reg(K[x, yl/Jg) = r and deg hg[x,y)/ 75 (A) = s will
be constructed.

Theorem 1.1 Given arbitrary integers r and s with 2 < r < s, there exists a finite simple
graph G on [n] with n > 0 for which reg(K X, yl/Jg) = r and deg hg[x,y1/75(A) = 5.

2 Proof of Theorem 1.1

Our discussion starts in the computation of the regularity and the A-polynomial of the
binomial edge ideal of a path graph.

Example 2.1 Let P, be the path on the vertex set [n] with {1,2},{2,3},...,{n — 1,n}
its edges. Since K|[x, y]/Jp, is a complete intersection, it follows that the Hilbert series
of K[x,yl/Jp, is Hgxyi/ip, M) = (1 4+ )" 1/(1 — )" and that reg(K[x, yl/Jp,)
= deg hK[X,y]/JPn A)=n-—1.

Let G be a finite simple graph on the vertex set [n] and E(G) its edge set. The suspension
of G is the finite simple graph G on the vertex set [n + 1] whose edge set is E(G) =
E(G)U {{i,n+ 1} : i € [n]}. Given a positive integer m > 2, the m-th suspension of G

is the finite simple graph G™ on [n + m] which is defined inductively by Gm = Gml,
where G = G.

Lemma 2.2 Let G be a finite connected simple graph on [n] which is not complete. Suppose
that dim K [x,yl/Jg = n + 1 and deghkx y)/j5 (A) = 2. Then

reg (KX, ¥, Xn+1, ya+11/Jg) = reg(K[x, y1/Jc),
deg hiix,y.xu1,vm411/0g (M) = deghgixy1/06 (M) + 1.
In particular, if reg(K[x, yl/Jg) < deghk(x,y) i (A), then

reg (KIX, ¥, Xnt1, yat11/Jg) < deghi(x.y 75 (V).

Proof The suspension G is the join product [12, p. 3] of G and {n + 1}, and G is not
complete. Hence, by virtue of [11, Theorem 2.1] and [12, Theorem 2.1 (a)], one has

reg (K[X! Y. Xn+1, )’n+1]/~]5) = max{reg(K[x, Y]/JG)7 2} = reg(K[X» Y]/JG)
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Furthermore, [8, Theorem 4.6] says that

20+ (n—1)A2
Hx iy s ma1/9g M) = Hrixyie W) + —q— =5
_ hkpxyiig M) | 2+ (n — 1A
T (L=t (1 — a)nt2
_hkpylyag W) - (1= 2) + 24+ (n — A2
- 1- )\)n+2 .
Thus, deg ik (x,y,xu 1.30411/75 (A) = deg hkixy)/jg (1) + 1, as desired. 0

We are now in the position to give a proof of Theorem 1.1.
Proof of Theorem 1.1 Each of the following three cases is discussed.

Case 1 Let2 <r =s.Let G = P,;. As was shown in Example 2.1, one has

reg(K[x,yl/Jg) = deghgx y) 56 (A) =7.

Case 2 Letr =2and 3 <s.Let G = K;_1 —1 denote the complete bipartite graph on the
vertex set [2s — 2]. By using [13, Theorem 1.1 (c) together with Theorem 5.4 (a)], one has
reg(K[x,yl/Jg) =2 and

_ 1+ @2s—3)A 2 _ 2{1 + (s —2)A}
HK[X*Y]/JG @) = (1- )\)2571 (1 - A)zxfz (1 — 1)
1+ @2s—=3)A4+2(1—1) =2{1 4+ (s —2)A}(1 — k)s_l
- 1- )\)Zs—l ’

Hence, deg hg[x,y1/75 (A) = s, as required.

Case 3 Let3 <r <s.LetG = ﬁ:s_r be the (s — r)-th suspension of the path P,4.
Applying Lemma 2.2 repeatedly shows reg(S/Js) = r and

Hgxy1/06 ()

A+ 27 (=2 + 2 DI =0T 22 I = 1= = 2

(1 _ )\)s+2
B A4+ =25 +2x- 1—(11)0&# + A2 . *1+(1*}»)S_rt)zt{é'*r(lf}\)x_r}
- (11— A.)SJFZ
A+ A=) 4+2{1=A ="} =14+ =1+ s —r(1 —1)* "}
- (1 = 2)s+2
o +0)"A =AD" +1=-00=2)""4+ s —r(1 —=1)°"}
- (1— k)5+2
_ I+sa+ =)+ 2" =1 —ri}
- (1 = 2)s+2 :
Hence, deg hg[x,y1/75 (A) = s, as desired. O

S ATL° @ Springer

Hanoi



372 T. Hibi, K. Matsuda

3 Examples
Proposition 3.1 The cycle C,, of length n > 3 satisfies
reg(K[x,yl/Jc,) < deghkxy/ic, (A)-
Proof Since the length of the longest induced path of C, is n — 2, it follows from [9,

Theorem 1.1] and [7, Theorem 3.2] that reg(K[x, yl/Jc,) = n — 2. Furthermore, [15,
Theorem 10 (b)] says that

1 (n =13),
degh =
ENKIx.¥l/Jc, —1 >3
Hence, the desired inequality follows. (]
Let k > 1 be an integer and p1, p2, ..., px a sequence of positive integers with p; >

p2>--->pr>1land p1 + p2+---+ pr =n.Let Vi, Vo, ..., Vi denote a partition of
[n] with each |V;| = p;. In other words, [n] = ViuVou---uViand V; N V; =@ifi # j.
Suppose that

i—1 i—1 i—1 i
Vi= A pi+ LY pi+2 Y pitpi— LY p;
j=1 j=1 j=1 j=1

for each 1 < i < k. The complete multipartite graph K ,, ... ,, is the finite simple graph on

the vertex set [n] with the edge set

) =1tk 8} keVi, eV, 1<i<j<k}

,,,,,

.....

Proposition 3.2 The complete multipartite graph G = K, .. p, satisfies

.....

reg(K[x,yl/Jg) < deghkx,y)/ic(A).

Proof We claim reg(K|[x,yl/Jc) < deghgix,y1/jg(A) by induction on k. If k = 1, then
G = K, is the complete graph and reg(K[x, y]/Jg) = deg hg[x,y1/76(A) = 1.

Letk > 1.If pp = 1,then G = 6’, where G’ = Kp,....pr_,- Lemma 2.2 as well as the
induction hypothesis then guarantees that reg(K [x, y]/Jc) < deg hg[x,y)/J; (A). Hence, one
can assume that p; > 1. In particular, G is not complete. It then follows from [12, Theorem
2.1 (a)] that reg(K [x, y]/JG) = 2. Furthermore, [8, Corollary 4.14] says that

n—pr+1 @Cpr<n+1),

deghiix,yl 06 (A =
/e 2p1—pr QRpr=n+1).

Since k > 1 and py > 1, one has deg hg[x,yj/ 7o (A) = n — pr +1> p; +1 > 3. Thus, the
desired inequality follows. O

Let # > 3 be an integer and K ; the complete bipartite graph on {1, vy, ..., v;} with the

edge set E(K1;) = {{L,vi} : 1 <i <t} Let p1, p2,..., p: be a sequence of positive
integers and P® the path of length p; on the vertex set {w; 1, w; 2, ..., w; p;+1} for each
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1 < i < t. Then the t-starlike graph T, p,,.. p, is defined as the finite simple graph
obtained by identifying v; with w; 1 foreach 1 < i < t. Thus, the vertex set of 7)), p, ... p, IS

,,,,,

t
{l} U U{wi,la wi,27 ey wi,p;-‘,—]}
i=1
and its edge set is

t

E(Tp1pyp) = U {{wi j, wij+1}10<j < pi},

i=1

where w; o = 1 foreach 1 <i <1t.

Proposition 3.3 The t-starlike graph G = Tp, p,. ... p, Satisfies

.....

reg(K[x,yl/Jc) < deghkix y) 16 (A).

Proof Tt follows from [5, Corollary 3.4 (2)] that reg(K[x,y]/Jg) = 2 + Zf‘:l Di-
Furthermore, [13, Theorem 5.4 (a)] guarantees that

1 1+@¢—Dr 1412

Hxixy) g, , () = -0 a—n T a-n=

1= {1+ @ —DAA =)+ 1+ —2r)2
(1=

1+ =02 {20+ — DA}
B (11— '
Hence, by virtue of [8, Corollary 3.3], one has

hiestyae @) = [140 =02 2+ =022 ] a - T,
Thus

t 13
deghipylysgM) =1+ pi>2+ > pi=reg(K[x.yl/Jo),

i=1 i=1

as required. O

Example 3.4 Let m > 0 be an integer and G,, the finite simple graph on the vertex set
[m 4 9] drawn below

O/T\
Gy =

S M @ Springer
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Then K[x, yl/Jg,, is not unmixed. In fact, for each subset S C [m + 9], we define

Ps = Utwiwid Jg,o o Ja g |-
ieS
where G, ..., G¢(s) are connected components of Gy, 97\s and where Gl, R GC(S) is
the complete graph on the vertex set V(Gy), ...,V (GC(S)), respectively. It then follows

from [2, Lemma 3.1 and Corollary 3.9] that Py and P3 g) are minimal primes of Jg,, and
that height Py = m + 8 < height P33y = m + 9. Thus, K[x,y]/Jg,, is not unmixed.
In particular, K[x, y]/Jg,, is not Cohen-Macaulay. However, one has reg(K[x, yl/Jg,,) =
deghk(x.yl/ g, *) =m +6.

A lot of computational experience encourages the authors to propose the conjecture
that, for an arbitrary finite simple graph G, one has reg(K[x, yl/Jg) < deghg(x y) 76 (A)-
However, the conjecture turns out to be false. A counterexample is constructed in [6].

Funding The first author is partially supported by JSPS KAKENHI 19H00637. The second author is
partially supported by JSPS KAKENHI 20K03550.
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